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Abstract: Statistical analysis in modern scientific research nowadays has oppor-

tunities to utilize external summary information from similar studies to gain

efficiency. However, the population generating data for current study, referred to as

internal population, is typically different from the external population for summary

information, although they share some common characteristics that make efficiency

improvement possible. The existing population heterogeneity is a challenging issue

especially when we have only summary statistics but not individual-level external

data. In this paper, we apply an empirical likelihood approach to estimating

internal population distribution, with external summary information utilized as

constraints for efficiency gain under population heterogeneity. We show that our

approach produces an asymptotically more efficient estimator of internal population

distribution compared with the customary empirical likelihood without using any

external information, under the condition that the external information is based on

a dataset with size larger than that of the dataset from internal population. Some

simulation results are given to supplement asymptotic theory. A real data example

is also illustrated.
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1. Introduction

Consider the estimation of a population distribution FX,Z defined on the k-

dimensional Euclidean space Rk, where X and Z are vectors with dimensions

l and k − l, respectively, based on a random sample {Xi, Zi, i = 1, . . . , n}
from FX,Z . Nowadays we often also have information in the form of summary

statistics, not necessarily individual-level data, from external sources (such as

past similar studies), which can be utilized to increase statistical accuracy in

estimating FX,Z and its characteristics. Specifically, there is an external sample

{XE
i , i = 1, . . . ,m}, independent of {Xi, Zi, i = 1, . . . , n}, from an external

population distribution FE
X , where XE and X measure the same quantity and

have the same dimension l, but FE
X is not necessarily the same as FX , the

distribution of X. When l < k, the vector Z is not measured externally due

to progress of new technology and/or new scientific relevance or other practical
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