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TESTS OF UNIT ROOT HYPOTHESIS WITH
HEAVY-TAILED HETEROSCEDASTIC NOISES
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Abstract: This study examines unit-root testing with unspecified and heavy-tailed
heteroscedastic noise. A new weighted least squares estimation (WLSE) is designed
for the Dickey—Fuller (DF) test, the asymptotic normality of which is verified. How-
ever, the performance of the DF test relies strongly on the estimation accuracy of
the asymptotic variance, which is not stable for dependent time series. To overcome
this issue, we develop two novel unit-root tests by applying the empirical likelihood
technique to the WLSE score equation. We show that both empirical likelihood-
based tests converge weakly to a chi-squared distribution with one degree of free-
dom. Furthermore, the limiting theory is extended to the weighted M-estimation
score equation. In contrast to existing unit-root tests for heavy-tailed time series,
empirical likelihood tests do not involve any estimators of the unknown parameters
or any restrictions on the tail index of the noise. This makes them appealing in
practice, with wide applications in finance and econometrics. Extensive simulation
studies are conducted to examine the effectiveness of the proposed methods.

Key words and phrases: Empirical likelihood, GARCH type noise, heavy-tailed,
unit-root.

1. Introduction

Consider the following AR(1) model:

Yt = QY1 + €, (1.1)

where the noise {¢;} is a sequence of stationary random variables. We are in-
terested in detecting a possible unit root in model ; that is, we test the
null hypothesis Hy : ¢ = 1 versus the alternative Hy : |¢| < 1. There is an
extensive and relatively complete body of literature on unit-root estimation and
testing when Fe? is finite. When the noise {g;} is an independent and identi-
cally distributed (i.i.d.) random variable, |Dickey and Fuller (1979) and Evans
and Savin| (1981)) proposed the classical Dickey-Fuller (DF) test and Student’s
t test, respectively, based on the ordinary least squares estimator (LSE) of the
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regression parameter. Phillips (1987) further studied these tests and established
the corresponding limiting theory when the noise is strong-mixing. For a concise
review on this topic, see (Chan/ (2009).

In the past two decades, a growing number of empirical studies have docu-
mented heavy-tailed noise in financial markets. |Koedijk and Kool| (1992)) studied
the exchange rate returns for three East European currencies, and found that
their tail indices are smaller than two. [Francq and Zakoian| (2013) investigated
nine major financial markets, arguing that time series modeling driven by heavy-
tailed noise may be more appropriate for financial data analyses; see [Rachev
(2003) and [She and Ling| (2020), among many others. All previous findings show
that there is a practical and urgent need to study heavy-tailed time series. More-
over, unit-root detection for models with heavy-tailed innovations is of practical
importance.

However, when the noise is heavy-tailed (i.e., Ee7 = o), a unit-root in-
ference is much more complicated and challenging, even for the i.i.d. case. For
instance, Chan and Tran| (1989))) studied the DF test when &; lies in the domain
of attraction of a stable law with tail index o < 2, such that they have an infinite
variance. They found that, compared with the finite-variance case, the limiting
distributions of the classical DF tests are no longer pivotal, because they depend
on the unknown tail index of the noise, which is very difficult to estimate prop-
erly in practice (Resnick| (1997)). To bypass the problem in heavy-tailed time
series, one popular approach is to use the bootstrap or subsampling method to
approximate the critical values. For example, |Cavaliere, Georgiev and Taylor
(2018) proposed a sieve wild bootstrap method to obtain the null distribution
of the augmented DF (ADF) test when the noise is a linear process driven by
ii.d. heavy-tailed innovations; see Horvath and Kokoszka| (2003) and [Moreno
and Romo (2012) for early work. |Zhang and Chan| (2020)) extended the results
in |Cavaliere, Georgiev and Taylor (2018) to the case where the noise is from a
standard GARCH model. However, their simulation results indicate that the
aforementioned wild bootstrap method cannot deal with heavy-tailed GARCH
noise. Recently, Huang et al.| (2020) proposed a novel empirical-likelihood-based
method to construct a unified test for model , with the noise following the
standard GARCH(p, ¢) model, namely,

P q
e =nhy, B} =w+ Z aief; + Z Bihi_j, (1.2)
i=1 =1

where w > 0,a; > 0, and §; > 0. The core part of their work is to bound the
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possible heavy tail of h; by some weighting or normalizing function so that the
heavy tail effect in h; is eliminated, leading to the robustness of their test. Using
the empirical likelihood technique, their test also removes the estimation for the
nuisance parameters. Nonetheless, the form of their normalizer may rely on the
specific structure of h; in , making it infeasible in cases without a priori
knowledge on the structure of h;. Furthermore, the conditions imposed on the
moments of 7; and h; (e.g., En? < oo and Eh; < oo) are relatively restrictive,
and exclude the classical heavy-tailed i.i.d. case (En? = oo and h; = 1). The
heavy-tailed case with Eh; = co is also indispensable, even under the condition
En? < oo, as illustrated by the domain Dy in Figure 1. Therefore, these issues
identified in |[Huang et al.| (2020 motivate us to construct a unified unit-root test
for model or its extensions that is free of strong moment conditions on the
noise and does not require a priori information on the structure of h;.

In this study, we examine the unit-root process with unspecified and heavy-
tailed heteroscedastic noise. To address the foregoing issues, a new weighted
least squares estimation (WLSE) is proposed and embedded in the traditional
DF test. We show that the derived DF-type test converges in distribution to a
normal distribution under the null hypothesis, and to negative infinity under the
alternative. However, the performance of the new DF test is vulnerable to the
estimation accuracy of the asymptotic variance, which is not stable for strongly
dependent time series. We thus develop two novel unit-root tests by applying
the empirical likelihood technique to the WLSE score equations. Both empirical
likelihood-based tests are shown to be asymptotically chi-squared with power
approaching one. The corresponding asymptotic theory is also extended to the
general weighted M-estimation score equations. As expected, our unit-root tests
remove the estimations of the regression parameters, tail index of the noise, and
structure of the heteroscedasticity, and thus have a broader application in finance
and econometrics. In addition, the proposed tests can be used in more general
settings, such as the unit root with a constant term and the unit root in the
AR(r) model. A simulation study is conducted to demonstrate the performance
of the proposed tests.

The rest of the paper is organized as follows. Section 2 gives a fundamental
assumption and studies the DF-type test based on the new WLSE. Section 3
derives the asymptotic properties of the proposed unit-root tests using the stan-
dard empirical likelihood method and the adjusted empirical likelihood method.
Extensions to more general unit-root models are presented in Section 4. The
results of the simulation studies and a comparison with existing tests are sum-
marized in Section 5. The technical proofs of the main results are given in the
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Figure 1. The regions of the tail index « of h; in the GARCH(1,1) model when 7; ~
N(0,1), Laplace(0,1), to, or Cauchy distribution, where D; means the domain of no
stationary solution, Ds means the domain of tail index a € (0, 1), D3 means the domain
of tail index « € (1,2), and D4 means the domain of tail index « € (2, 0).

Supplementary Material.

2. Assumption and the WLSE
2.1. Assumption

Throughout this paper, we focus on the noise satisfying the heteroscedastic

form:
& = ’I]tht and ht = h(nt—la MNe—2, - - .), (21)

where the innovation {7;} is a sequence of i.i.d. symmetric random variables with
P(n; # 0) > 0, and h(-) is a measurable positive function. Because the struc-
ture of h; is not specified, it is general enough, and many popular G/ARCH-
type models are included in model , such as the absolute value GARCH
model in (Taylor| (1986)) and Schwert| (1989), nonlinear GARCH model in En-
gle| (1990), GJR model in |Glosten, Jagannathan and Runkle (1993)), threshold
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GARCH model in Zakoian (1994)), quadratic ARCH model in Sentana (1995),
and volatility switching GARCH model in [Fornari and Mele| (1997). We make
the following fundamental assumption on {e;}.

Assumption 1. There exists some strictly positive deterministic sequence {ay},
such that, in the Skorohod space D[0, 1] equipped with an S-topology,

[n7]

Sn(T) = aln Zet 5 S(7),

t=1
where a, — oo and fol S%(r)dr > 0 almost surely.

Assumption 1 is actually a very mild condition that allows for both the
finite-variance case (o« > 2) and the infinite-variance case (o < 2). For a better
illustration, we now provide several examples and conditions under which As-
sumption 1 holds, especially for those commonly used in the literature and the
model used in the simulation.

Note that the S-topology is a sequential topology on the Skorohod space
DI0, 1] proposed by Jakubowski (1997))). By Proposition 3.1 and Theorem 3.5 in
that paper, for Assumption 1 to hold, it is sufficient to show that

(Sn(71)s- - s Su(m)) -5 (S(71),-.., S(7)), ¥k €Nand ; € [0,1],  (2.2)
1Sl = Op(1), and for any a < b, we have N“°(S,,) = O,(1), (2.3)

where [|Sy || = sup,¢(o,1) [Sn(7)], and N@b(S,,) is the usual number of up-crossing
defined by the following relation: N%%(S,,) > [ if and only if there exist numbers
0< T <m< - <m_1 <19 <1 such that Sn(Tzi) > b and Sn(TQi_l) < a,
for all ¢+ = 1,...,l. Although the weak convergence in an S-topology is much
weaker than that in a Jj-topology (or uniform topology), it has been proved
that the well-known almost sure Skorohod representation theorem still holds; see
Jakubowski| (1997))) for details. Thus, the S-topology can be widely used in many
scenarios, especially for heavy-tailed data.

Remark 1. The convergence in is well known as the convergence of a
finite-dimension distribution, and is found in many G/ARCH-type processes.
For example, consider one representative class of G-GARCH processes in [Zhang
and Ling (2015), with

h? =w+ C(nt—l)h’?—lv

where w > 0, and ¢(-) is a nonnegative function with ¢(0) < 1. Zhang and Ling
(2015) show that there exists a unique o € (0,2ko] such that E(c(n;))*/? = 1,
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and the noise ¢; is a regular variation with tail index « (i.e., P(|e] > x) ~ x™%),
under the following conditions:

(a) Elog(c(n)) < 0;

(b) There exists a kg > 0 such that E(c(n;))* > 1 and E[(c(n;))* log™ (c(n:))] <
o0, and E(|n|?*) < oo, where log™ (x) = max{0,log(z)};

(c) The density f(z) of n, is positive in the neighbourhood zero.

Furthermore, using similar arguments to those for Theorem 2.1 in [Chan and
Zhang (2010), it is straightforward to obtain condition , in which a, = \/n
for o > 2 (light-tail) and a,, = n'/® for a < 2 (heavy-tail).

Remark 2. On the other hand, one can easily show that condition is
satisfied for the two foregoing cases. In the first case, the tail index o > 2 and
an = y/n. Here, because S, (7) is martingale and by Doob’s inequality, it follows
that, for any M > 0,

P(||Su] > M) <3M~" sup E[Su(7)],
T7€[0,1]

EN“’b(S ) < 1<|a|+ sup E|S,(7 )|>
b T7€[0,1]

Then, condition (2.3) holds from sup,, sup,¢o,1) £]Sn(7)| < (Ee?)'/? < co. In the
second case, the tail index a < 2 and a,, = n'/®. Rewrite

[nT [n7]
a etl(e,>a,
Z |€t|< n) Z t (\; |>an) — Snl(T) + SnQ(T)-

t=1 t=1 n

Note that Sp1(7) is still martingale, and by Karamata’s theorem, we have

nEE%l(‘EtKan) N [e%

sup ES,%l(T) =

5 5 AN — 00.
T7€[0,1] an

Then, condition (2.3)) holds for S,1(7). Furthermore, choose p € (0,a«A1). Then,
by Karamata’s theorem again, we have

TLE’&}‘ 1 (lee|>an) . (6]

)
ah a—p

E||Sy2]|P < as n — 0o,
which implies that [|Spa|| = Op(1). For N%°(S,3), because N¥(S,0) < "1,
L(je,[>a,), limsup, EN%b(S,5) < limsup, nP(|e;| > a,) < co. Thus, (2.3) holds
for Spa(7). As a result, condition (2.3) holds for Sy, (7) = Sp1(7) + Sna(7).
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2.2. The WLSE approach

Now, we investigate the estimation of ¢. The ordinary LSE is defined as

n Zn
Plse = argminz (yt — ¢yt—1)2 _ %
t=1 D1 Vi

Conventionally, when ¢ = 1 (i.e., under Hy), Assumption 1 may imply that

) Zt 15tyt 1 i> fo T)
>t Vi fo 52

where S7(7) denotes the left-hand limit of S(7). When the variance of ¢; is
infinite, S(7) is always a stable process with a tail index smaller than two, as

n(&lse -

in (Chan and Zhang (2010) and the references therein. In this case, the above
limiting distribution is not pivotal, and the existing bootstrap methods are very
sensitive to the structure and tail index of ¢; (Cavaliere, Georgiev and Taylor
(2018); Zhang and Chan| (2020)). It seems infeasible to use a unified bootstrap
method to deal with this issue.

Inspired by the main ideas of |(Chan, Li and Peng| (2012) and Huang et al.
(2020)), we define the WLSE as

(ye — Pyr—1)*
(1+y7 ) V2[1 + (Ayy)? V2

gbwlse - argmlnz

where Ay, =y — y:—1. Then, under the null hypothesis, it is easy to get that

n 2 n

Yi—1 7 Yt—1Et
wise — 1) = :
D TR o DA DY 7 RO TIE

t=1 t=1

Thus, we can derive the DF-type test statistic

2
T, =n~1/2 i1 hotee — 1).
> A e

The asymptotic properties of T;, are given in Theorem 1.

Theorem 1. Suppose that Assumption 1 holds. Under Hy, it follows that
T, -5 N(0,0?),

where 02 = Ele2/(1+ €2)]. Under Hy, it follows that T}, — —cc.
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Remark 3. In practice, we can replace 0% with 62=n"1>"1" | (Ay)?/[1 + (Ay)?]
and develop the WLSE-based test as

. T
T, =-""2

G

Because 6 is a consistent estimator of ¢ under Hy, by and the ergodic
theorem, it is obvious that 7}, converges in distribution to N(0,1). At the same
time, because & is bounded by one, we still have T}, 25 —60 under Hi. Then, at
the given significant level «, the null hypothesis should be rejected when T, < Uy,
where u, denotes the ath quantile of the standard normal distribution. Under

this criterion, the power approaches one as n — oo.

However, it is well known that the estimation of the asymptotic variance
is not always stable, especially for strongly dependent time series or a small
sample size. As a result, the WLSE-based test T, may suffer from a serious size
distortion, as shown in Section 5. In the next section, we attempt to bypass the
estimation of the nuisance parameters by using the empirical likelihood technique
in Owen| (2001), which has been found to be very useful in many scientific fields.

3. Empirical Likelihood Methods
3.1. Empirical likelihood test

Recall that the proposed WLSE is based on the core idea that, under the null

hypothesis, the heavy-tailed term &; (i.e.,Ay;) can be bounded by [1+4 (Ay;)?]'/?,

1/2

whereas -1 can be bounded by (1 + y2 ;) Thus, we consider the score

function

Ye-1(Ye — PYyr—1)
Z4(¢) = . (3.1)
L+ g2 )V + (g — dwu1)’]?
The empirical likelihood function is given by

n

L(¢) = Sup { H(npt) : Zpt = 1azptZt(¢) = Oapt > O7t = 17' . 'an}'
t=1 t=1

t=1
Using the Lagrange multiplier technique, we can show that

n

1
L) =11 1+ \Zy(¢)

t=1

where the Lagrange multiplier A is the solution of
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z”: Z(9) _,
P 1+ XZy() '

At the same time, the empirical log-likelihood ratio is

I(¢) = —2log L(¢) = 2 ) _ log[l + AZ(9)].

t=1

Now, we give the asymptotic results for I(¢) in the following theorem.

Theorem 2. Suppose that Assumption 1 holds. Under Hy, it follows that
(1) =5,

as n — oo. Under Hy, we have 1(1) =5 0o and 1(¢) LN X3, as n — oo.

According to Theorem 2, we reject the null hypothesis at the significance
level a if I(1) > x7,_,, where x7,_, denotes the (1 — a)th quantile of a chi-
squared distribution with one degree of freedom. After rejecting Hy, Theorem 2
implies that the confidence interval for ¢ at level 1 — « can be constructed as

I o= {¢ : l(¢) < X%,l—a}'

Remark 4. The new empirical likelihood test (ELT) based on the score function
Z1(¢) in (3.1)) is essentially distinct from the ELT proposed by [Huang et al.| (2020)
in terms of both model settings and methodology. In our settings, under the null,

_ yt—1 Ayt
Z(1) = 2 \1/2 A )21/2°
(L4 g )21+ (Ay)7]

Because Ay; = &; must be bounded by the normalizer [1 4 (Ay;)?]'/?, all the
heavy-tailed effects in the noise &; cancel out. As a result, our method does
not rely on any specific form of hA(-) and no moment condition on h; or 7 is
required, making it applicable to many popular G/ARCH-type models, such as
the standard GARCH, nonlinear GARCH, and GJR, among many others. In
contrast, Huang et al. (2020) mainly considered noise ¢; satisfying the standard
GARCH(p,q) model, as in , and their ELT method depends on the functional
of h(-). For instance, when ¢ = 0 (ARCH model), under the null, they use the
following score equation:

Ye—1Ay;
(T + 2 DV + 350 (Ayr) )2

Yi(1) =
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Yi—1he
(T+yf DV 4+ 200 (Ayep) V%

where m is chosen to be larger than p to guarantee the inequality

1+ Z (Ayt—k)Ql :

k=1

:ntx

h? < max {w, ag,...,qp}

Therefore, a priori information on the model structure h(-) is indispensable, albeit
typically unknown in practice, especially when checking the stationarity of a
time series. On the other hand, the normalizer [1 + >_7", (Ay;—1)?]"/? in the
denominator of Y;(1) is only able to remove the heavy-tailed effect in hy, resulting
in the inefficiency for the case with En? = oo, as shown in Section 5. See Figure
1, in which [Huang et al. (2020) may not be able to handle the domain D.

3.2. Adjusted ELT

In order to improve the size performance of the proposed ELT, we further
consider the adjusted empirical likelihood approach proposed by |Chen, Variyath
and Abraham (2008). Define the additional term

Zn1(9) = =ban™" Y Z4(9),
t=1

where Z;(¢) is defined in (3.1) and b, is some positive constant. Then, the
adjusted empirical likelihood function is defined as

n+1 n+1 n+1
L (9) :sup{ H (n+1)pe:pe >0,t= 1,...,n+1;2pt = 1,ZptZt(¢) :0}.
t=1 t=1

t=1
Similarly, the corresponding adjusted empirical log-likelihood ratio is

n+1

1°(¢) = —2log L(¢) = 2) _log[1 + AZ(9)],

t=1

where the Lagrange multiplier A is the solution of

n+1
Zi(d)
; L+ MZ(p) 0

Then, the limiting theory of {%(¢) can be derived as follows.
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Theorem 3. Suppose that Assumption 1 holds and b, /n + 1/b, = o(1). Under
Hy, it follows that

(1) -5 3,

as n — oo. Under Hy, we have 1%(1) <= 0o and 1°(¢) N X3, as n — oo.

Theorem 3 shows that we need to reject the null hypothesis at the signifi-
cance level « if [%(1) > X%,l— ., and the confidence interval of ¢ at level 1 — « is
constructed as I , = {¢: 1%(¢) < xT1_o}-

Remark 5. Here, we simply point out the difference between the two empirical
likelihood methods based on I(¢) and [%(¢). By the definition of L(¢), we can see
that the necessary and sufficient condition for its existence is that the original
point is an interior point of the convex hull of {Z;(¢),t < n}. Under some moment
and dependence assumptions, this condition can hold with probability tending to
one as n — oo (Owen| (2001))). However, for general time series or in the case of a
small sample size, this may be a serious limitation (Chen, Variyath and Abraham
(2008)). Thus, the adjusted term Z,,11(¢) is used to ensure that the original point
is an interior point of the convex hull of {Z;(¢),t < n+ 1} such that L%(¢) is well
defined. As shown in our simulations, [*(1) has better size performance than that
of [(1). At the same time, b,, can be chosen as max{1,log(n)/2}, as recommended
by |Chen, Variyath and Abraham| (2008)). For more discussions on the two ELTs,
we refer to Zheng and Yu, (2013).

We are now ready to extend the score function Z;(¢) to a more general form

Yi—
Zy(¢) = Wﬁ(yt — oY1), t=1,...,n,

and Zp41(0) = —byn 131 | Zi(¢), where p(x) is a function on the real line.
Using a proof similar to those of Theorems 2-3, it is not hard to obtain the
following corollary.

Corollary 1. Suppose that Assumption 1 holds and by, /n+1/b, = o(1). If p(x)

1s a bounded odd monotonic function, and one of the following conditions holds:
1. p(z) is strictly monotonic;

2. p(x) # p(y), Vey < 0, and the density of n; is positive in the neighborhood
of zero.

Then, all the limiting results in Theorems 2-3 still hold.



226 SHE

Remark 6. The traditional M-estimator (5M of ¢ is the solution of the equation

n
Z Ye—1p(yr — dyi—1) = 0,
t=1
where p(x) is typically the first derivative of some loss function. In this case, the
statistical inference is based on the asymptotic property of &M. To guarantee
the derived DF-type test to be asymptotically Gaussian under Hj, additional
continuous conditions for p(x) are often needed (Knight| (1991); |Shin and So
(1999); [Samarakoon and Knight| (2009)). However, the proposed unit-root tests
do not rely on any estimator of ¢ or need any continuous assumption for p(-).
Thus, many widely used functions are incorporated in this framework, such as

the Huber function p(z) = min [c,max (—¢,z)] and the sign function p(z) =

1 (z>0) — 1 (z<0)-

4. Extensions to Other Models

In this section, we further generalize the proposed empirical likelihood method
to other unit-root models. We first study the unit-root model with a constant
term, namely,

Yo = pi+ dyi—1 + e, (4.1)

where (1 is a constant and e, satisfies the heteroscedastic form (2.1). Recall that
the LSE of the parameters (¢, ) is the solution of the equations

Z€t<¢7 /'L) =0 and Zyt—lﬁt@ﬁ; M) - 07
t=1 t=1

where e(¢, 1) = y¢ — p — ¢y¢—1. Then, it is natural to consider the weighted LSE
score equations Zt(¢7 p’) = (Zt,1(¢7 /’L)’ Zt,2(¢7 u)),v with

e, _
U and Zua(6,) = — Y 21 (60).

B Y1
Zs1(o, 1) = [+ (6, )] (1+vy2,)

Under Hy, because |y,|/(1 4 y2)'/2 5 1, it is not hard to show that
-1/2 - d 2
n ZZt,i(L}uO) H]V(O’O- )7
t=1

for i = 1,2, where g is the true parameter and o2 is defined in Theorem 1. At
the same time, n='/2 31" | Z; o(1, uo) is asymptotically equivalent to n=1/2 37"
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Z:1(1, po), which implies that neither of them are bivariate normal. To overcome
this degenerate issue, similarly to [Li, Chan and Peng (2014) and Huang et al.
(2020), we add some independent samples into the score equations. Specifically,

define Z(¢, 1) = (Ze1(9, ), Ze2($, 1)), with
5t(¢a /‘L)

Al = g,
Zio(¢,p) = (1+yty§11)52t’1(¢’ 1) + we,

where the constant § > 1/2 and w; is a sequence of i.i.d. random variables with
P(wy = +£1) = 1/2. As suggested by Li, Chan and Peng (2014), ¢ is usually set
to 0.75. Then, the associated empirical likelihood function is given by

n

L(¢, ) = sup { H (npt) : pr > Ovzpt = 1yzptzt(¢7ﬂ) = 0}‘ (4.2)
=1

t=1 t=1

Because the true parameter pq is unknown, we need to consider the profile empir-
ical likelihood function L(¢) = max, L(¢, ) and put 1(¢) = —2log(L(¢)). The
following theorem gives its limiting property.

Theorem 4. Suppose that Assumption 1 holds and a,/n — ¢ € [0,00]. Then,
under Hy, it follows that l~(1) LN X3, as n — oo. Furthermore, under Hy, it
follows that 1(1) 2 cc.

Now, we investigate a more complicated unit-root AR(r) model with a con-
stant term, namely,

T
Yt =p+ oyi—1 + Z¢jAyt—j +e, r>1 (4.3)
=1

Denote 0 = (u, ¢1,...,¢,) and (4, 0) = yr — pp — pys—1 — Z;:1 ¢jAys—j. Note
that, under the null hypothesis, the term Ay;_; is also likely to be heavy tailed,
and thus the score equations are modified as follows:

5t(¢’ 0)

Zi1(,0) = . ,
W00 = S (B PR + (6, O
Z12(¢,0) = ufﬁi&,l(@ 0) + wy,
t—1
_ Ay - )
Zt,2+j (¢a 0) = [1 + (Ayifj)2]l/2 Zt,l(qba 0), for J = ]-7 cen T

where the additional term [1 +37%_; (Ay;—;)?*/? in the denominator is used to
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bound 0% Z; 1(¢,0)/00%, for k = 1,2,3. Let Z(¢,0) = (Zi1(4,0), Z12(9,0), ...,
Z194r(¢,0)) and the empirical likelihood function is

n

L(¢,0) = sup { H (npt) : pr > 0, Zpt =1, Zptzt(gb, 0) = 0}. (4.4)
t=1 t=1

t=1

Similarly, define L(¢) = maxg L(¢, ) and [(¢) = —2log(L(¢)). Note that Ay, is
a linear process with respect to the noise ;. Hence, before showing its limiting
property, we need the following counterpart of Assumption 1.

Assumption 2. There exists some deterministic sequence {a,}, such that

[n7]
up — S(7),
=1

Sp(r) =

1
an,
where G, — 00 and uy =y ;> piE¢—; with p = O(p"), for some p € (0,1).

Remark 7. When ¢; is a sequence of i.i.d. heavy-tailed noises, |[Avram and Taqgqu
(1992) show that, under the classical J;-topology, Assumption 2 holds if and if
only the linear process {u;} is independent. Assumption 2, though it seems to
be unreasonable under the Ji-topology, does make sense under the S-topology.
Indeed, one can easily derive Assumption 2 from Assumption 1 using the sufficient
conditions in and , if the following additional condition holds:

[n7]
aglzut,H‘ > 77) =0,

t=1

H—00 npn—oo 0<r<1

lim limsup P < sup

where 7 is any positive number and wus iz = > ;% ;.1 pr&4—1- In this case, S(t) =
(320 p)S(7) and @y, = ay; see |Zhang, Sin and Ling| (2015) for some examples.

Theorem 5. Suppose that Assumption 2 holds and a,/n — ¢ € [0,00]. Then,
under Hy, if {Ay} is strictly stationary, then it follows that 1(1) 4, X? as
n — oo. Furthermore, under Hy, if {y:} is strictly stationary , then it follows

that I(1) 25 0.

Theorems 4-5 show that the proposed profile ELTs are still asymptotically
chi-squared, even in the more complicated unit-root models (4.1) and (4.3). In
general, time series {y;} is generated from the linear model

k r m
ve=> vifit)+ oy + > G Ayt Y piE,
i=1 =1 =1
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where { f;(t)} are time trend functions. Let @ = (v;,...,¢j,...,p1,...) and define

k r m
er($,0) =y — > _vifilt) — ¢y — > diAy;— Y pei(4,6),  (45)
=1 =1

Jj=1

where g,(¢,0) = 0, for t < 1. Then, the weighted score functions denoted by
Z(¢,0) can be constructed in the same way as those in and (4.4). Fur-
thermore, if n=1/2 37" | Z(1,6p) is asymptotically normal and 9*Z; (¢, 0)/00" is
uniformly bounded for k = 1, 2,3, the asymptotically chi-squared property can
be derived using a similar proof procedure to those of Theorems 4-5; see the
Supplementary Material for technical details. Therefore, our empirical likelihood
methods are feasible for many structures of unit-root models.

Remark 8. As suggested by one of the referees, we consider the unit-root testing

problem when the noise is a linear process, namely,

o0
Yt = Qyr—1 + ur = dyr—1 + ¢ + Zﬂz&;—l- (4.6)
=1

In contrast to all the foregoing models, infinite numbers of parameters {p1, po, ...}
are involved in . Thus, it is not feasible to use the recursive definition for
ei(, 0) as , where m is finite. One possible method is to use the basic idea
in the ADF test, as in [Zhang and Chan| (2020)). Specifically, under Hp, model
(4.6) can be rewritten as

k

Y=oy 1+ > BiAyj + e+ pek (4.7)
j=1

where (1 —>22%, Bjz7) is the inverse function of (1 + >.7°, p2!) and pyy =
> i1 Bjur—j. Then, we define €/(¢,0) = yr — dyr—1 — Z§:1 B Ay;—;, with
0 = (Bi,...,0k). Note that £(1,6y) = & + pr and, thus, it is necessary to
select an appropriate k — oo as n — oo. Nevertheless, this procedure involves
a high-dimensional empirical likelihood, which is substantially different from the
methodology in the fixed-dimensional case. Therefore, we leave this problem for
future work.

5. Simulation Studies

To examine the finite-sample behavior of the proposed unit-root tests, we
focus on model (1.1f), with ¢ = 1 corresponding to the null hypothesis (i.e., unit
root), and ¢ € {0.95,0.9,0.85} corresponding to the alternative (i.e., stationary).
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In all simulations, we take 1,000 replications for each case, and the results are
reported at the 5% significance level.

5.1. GARCH-type noise

In this section, we consider the following GARCH-type noise

et = nehy, hi =w+ [B1 +oanp_q + 777?711(m,l<0)]ht2717 (5.1)
et = nhy, b = w+ {B1 + aq[l — 2ysign(ne—1) + ¥ Inf_1 thi1, (5.2)

where w = 0.1 and v = 0.1. Let 8 = (1, 1) be the unknown parameters, and
« be the tail index of ;. By Remark 1, the following heavy-tailed cases are
considered:

1. For a € (1,2), we uniformly take (i) 8 = (0.6, 0.4), with n; being N (0,1); (ii)
0 = (0.5,0.3), with 7, being a Laplace(0,1) distribution; (iii) @ = (0.7,0.1),
with 7; being a t3 distribution; and (iv) @ = (0.5,0.1), with 7, being a t2
distribution.

2. For a € (0,1), we uniformly take (i) @ = (0.6,0.5), with n; being N (0, 1); (ii)
0 = (0.5,0.4), with 7, being a Laplace(0,1) distribution; (iii) 8 = (0.65,0.1),
with 7; being a to distribution; and (iv) 8 = (0.35,0.1), with 7, being a
Cauchy distribution.

For comparison, we also implement the ELT proposed by [Huang et al. (2020)
with the order m = 2 (see Remark 4).

Tables 1-2 report the size and power of the tests with a € (1,2) when n = 100
and n = 300, respectively. Under the null hypothesis (¢ = 1), it is apparent that
the proposed test T}, is always undersized. In particular, the size of T, is only
0.016 in model when 7, ~ N(0,1) and n = 100. Instead, the proposed ELTs
(1) and [*(1) present satisfactory size performance, whereas the ELT is oversized
and the size distortion becomes more severe as the tail of 1; becomes heavier. In
addition, all the ELTs improve in terms of power when the sample size increases
from 100 to 300. The proposed tests [(1) and [*(1) are more powerful than the
ELT in almost all cases, except for n; ~ N(0,1), where the ELT is better, but
the gap is acceptable. Similar phenomena are observed in Tables 3-4, which
summarize the associated simulation results for a € (0, 1).

For extremely heavy-tailed noise, Tables 3—4 show that the size and power
performance of /(1) and (1) are quite robust, with a stable size and a rational
power. However, when 7, follows a Cauchy distribution, the ELT can suffer from

serious size distortion and a severe loss in power, even for a large sample size.



EMPIRICAL LIKELIHOOD-BASED TESTS 231

Table 1. Size and power of the unit-root tests (x100) with « € (1,2) and n = 100.

e+ ~model 1) e+ ~model lb
N ~ ¢ T, (1) 1°(1) ELT T, (1) 1°(1) ELT
N(0,1) 1.00 24 48 47 5.7 1.6 45 49 67
0.95 19.3 198 173 226 176 195 16.7 23.5

0.90 34.1 36.0 339 47.0 326 39.0 370 493
0.85 549 581 559 68.4 51.5 60.2 575 728
Laplace 1.00 3.4 5.3 4.8 6.5 2.9 4.9 4.8 6.2
0.95 427 39.0 366 289 382 36.1 340 255
0.90 64.1 623 599 475 59.7 60.1 57.0 48.7
0.85 771 787 787 589 779 794 781 63.9
t3 1.00 2.8 5.1 4.7 7.3 2.8 4.2 5.0 7.1
0.95 352 286 269 215 279 269 252 23.0
0.90 574 53.0 50.5 393 58.1 60.5 582 40.3
0.85 779 76.1 739 52.1 80.8 84.7 828 55.9
t2 1.00 4.3 5.5 4.9 8.8 3.6 5.6 5.1 8.8
0.95 54.4 51.1 488 28.0 54.2 52,5 50.1  25.7
0.90 80.2 80.3 779 41.7 81.9 827 814 434
0.85 91.5 915 903 51.0 92.0 946 942 49.2

Table 2. Size and power of the unit-root tests (x100) with « € (1,2) and n = 300.

et ~model (]5—1[) ¢ ~model (]5—2b
e ~ ) T, (1) 1I*(1) ELT T, (1) 1I*(1) ELT
N(0,1) 1.00 36 55 53 57 36 46 47 54
0.95 71.6  66.7 65.6 76.6 731 684 67.0 75.0
0.90 942 923 916 96.6 96.1 965 954 97.6
0.85 98.9 985 983 99.3 99.5  99.5 99.4 99.8
Laplace 1.00 37 49 47 64 33 43 49 57
0.95 96.3 941  93.8 79.0 93.9 928 926 804
0.90 99.6  99.9  99.6 92.8 99.7  99.9  99.7 94.7
0.85 100 100 100  94.8 100 100 100  98.2
t3 1.00 43 54 52 6.5 39 53 50 69
0.95 91.4 863 855 844 91.9 888 889 59.9
0.90 99.4 991  99.1 764 99.7  99.7  99.7 83.7
0.85 100 100 100  89.3 100 100 100  91.9
ty 1.00 36 47 49 80 35 44 48 17
0.95 99.2  98.7 985 59.3 99.1  98.8 988 59.4
0.90 100 100 100  73.1 100 100 100  75.3
0.85 100 100 100  79.8 100 100 100  82.7

Therefore, the existing ELT is sensitive to the tail of 7;, and may not be used
in unit-root testing when the tail index is unknown. In summary, our proposed
ELTs are efficient and powerful for detecting a possible unit root, especially for
models with heavy-tailed innovations.
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Table 3. Size and power of the unit-root tests (x100) with o € (0,1) and n = 100.

€¢ ~model 1] e¢ ~model 1)
N ~ b T, 1(1) 1*(1) ELT T, (1) 1*(1) ELT
N(0,1) 1.00 39 5.0 4.8 5.6 32 5.0 4.7 6.1

0.95 219 216 19.2 235 224 194 174 219
0.90 379 314 300 39.7 36.9 340 31.1 445
0.85 49.0 43.7 41.2 558 53.5 51.3 494 604
Laplace 1.00 41 5.5 4.7 6.3 3.3 4.6 4.9 5.9
0.95 478 411  40.7  29.7 48.7 41.7  41.2  29.1
0.90 66.8 58.8 56.7 43.8 66.9 61.0 582 453
0.85 78.0 729 709 514 785 757 746 58.1
12 1.00 3.3 4.6 4.5 9.1 3.6 4.9 4.8 103
0.95 51.9 415 41.8 26.5 51.7 443 43.7 24.0
0.90 749 674 653 353 7.9 734 707 372
0.85 829 785 76.7 414 91.6 90.2 89.1 454
Cauchy 1.00 4.2 438 4.5 21.6 46 5.2 4.7 19.5
0.95 934 89.3 887 338 95.0 929 925 36.1
0.90 98.2 96.2 958 355 99.2 981 978 353
0.85 99.0 975 975 38.8 99.3 989 989 36.3

Table 4. Size and power of the unit-root tests (x100) with « € (0,1) and n = 300.

gt ~model gt ~model
Ny ~ ) T, 1(1) I°(1) ELT T, (1) I°(1) ELT
N(0,1) 1.00 44 48 48 72 47 49 48 66
0.95 67.2 58.0 57.3 65.8 74.2 65.4 64.6 T71.1
0.90 85.6 78.4 77.3 84.4 90.6 85.8 85.4  90.1
0.85 96.0 91.7 91.6 94.2 96.9 95.7 95.5 96.2
Laplace 1.00 5.8 5.1 5.0 6.6 4.8 4.9 4.7 6.5
0.95 97.3 94.0 94.7 747 96.6 94.7 94.2 T78.1
0.90 99.4 98.9 98.9 84.0 99.8 99.6 99.6 89.3
0.85 99.8 99.8 99.8 89.1 99.6 99.6 99.5 94.3
to 1.00 4.7 5.3 5.2 9.2 4.2 4.6 4.7 7.6
0.95 98.1 95.9 95.7 49.8 98.7 97.6 97.4  50.5
0.90 99.8 99.6 99.6 60.1 100 100 100 69.9
0.85 100 100 100 66.8 100 100 100 72.9
Cauchy 1.00 4.2 5.4 5.2 205 4.4 4.5 4.6 226
0.95 100 100 100 42.3 100 100 100 42.3
0.90 100 100 100 39.1 100 100 100 39.9
0.85 100 100 100 35.4 100 100 100 37.7

5.2. The i.i.d. noise

We now conduct a simulation study to illustrate that the proposed tests are
still valid when &; are i.i.d. (i.e., hy = 1) with an infinite variance. Specifically,
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the noise ¢; is generated from the model

er = |me| Y sign(ny),

where 1 ~Cauchy distribution and « is the tail index. For comparison, we also
consider two common ADF-type tests:

p _=RE-1)

n,K —

~ I QTL,R = R
1- Z?:l Bj s(®)

where (gﬁ, Bi, ..., Bk) is the LSE of the regression parameters in model l , s(qAS)
is the usual standard error of ¢, and k = [r(n/100)'/4] is the selected lag length,
with k = 4 and 12. To implement these two tests in heavy-tailed cases, we

employ the wild sieve bootstrap method proposed by [Cavaliere, Georgiev and
Taylor| (2018) with bootstrap size b = 1,000, and denote the associated tests as
RZ’H and Qg’ﬁ. The simulation results are presented in Tables 5-6.

The results show that the proposed ELTs [(1) and [%(1) outperform all com-
petitors in terms of power performance, with a stable size for nearly all cases.
The wild bootstrap tests are sensitive to the selected lag length x, where a smaller
k means higher power, which is consistent with that in |Cavaliere, Georgiev and
Taylor| (2018)). In addition, it is interesting that the proposed tests become more
powerful when the tail of the noise becomes heavier.

Supplementary Material

The Supplementary Material contains technical proofs for the results in Sec-
tions 2—4, and the simulation results for the confidence interval estimation under
the alternative.
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Table 5. Size and power of the unit-root tests (x100) for i.i.d. noise when n = 100.

Empirical likelihood Wild bootstrap

¢ T, (1) (1) ELT ha Bhg Qb Ry

a=20 1.00 3.0 4.5 4.4 8.9 5.5 3.7 5.2 4.7
0.95 321 304 278 23.6 33.0 318 26.9 17.9

0.90 61.7 61.3 588 40.4 67.0 609 432 328

0.85 80.4 823 80.2 53.1 84.4 823 55.0  40.7

a=1.5 1.00 4.6 5.6 5.2 10.5 5.1 4.6 6.3 5.2
0.95 69.5 644 625 26.1 39.6 373 342 22.2

0.90 91.2 89.7 88.9 33.2 69.9 67.6 51.9 377

0.85 97.3 96.8 96.3 41.7 86.0 85.6 64.6 489

a=10 1.00 4.9 5.3 4.9  20.8 5.0 5.6 6.9 5.0
0.95 98.6  97.7 972 29.5 56.0 50.0 45.8  35.5

0.90 99.8 99.7 99.7 34.7 78.9 76.5 60.9  49.0

0.85 100 100 100 34.5 88.3 88.9 72.3  59.5

a=0.5 1.00 4.0 5.2 4.7 447 4.5 4.8 9.2 6.7
0.95 100 100 100 51.7 75.1 75.5 65.7 604

0.90 100 100 100 50.0 87.4 86.2 784 673

0.85 100 100 100 50.5 92.2  93.2 81.7 759

Table 6. Size and power of the unit-root tests (x100) for i.i.d. noise when n = 300.

Empirical likelihood Wild bootstrap

¢ T, (1) 1*(1) ELT b4 RZ;L.4 P12 Rg,u

a=20 1.00 4.3 4.8 4.7 8.0 5.6 5.4 4.7 4.6
0.95 89.1 84.9 84.2 53.9 91.8  93.7 78.9 76.7

0.90 99.8 99.8 99.8 75.7 99.8  99.7 97.1 94.7

0.85 100 100 100 84.5 100 100 98.2 95.9

a=1.5 1.00 3.5 4.7 49 11.3 4.7 5.4 4.9 4.3
0.95 99.7 994 994 43.7 91.6 924 82.3 80.2

0.90 100 100 100 54.2 99.7  99.5 95.4 94.7

0.85 100 100 100 62.5 99.6  99.6 97.1 95.0

a=1.0 1.00 5.3 5.1 46 21.0 4.9 5.5 6.0 4.8
0.95 100 100 100 33.5 94.4  92.7 86.6 84.9

0.90 100 100 100 33.2 98.8  98.5 94.3 93.7

0.85 100 100 100 35.3 99.0 99.8 97.0 95.5

a=0.5 1.00 4.8 5.2 4.9 464 4.7 4.4 5.2 5.8
0.95 100 100 100 49.5 95.2  94.1 89.9 90.5

0.90 100 100 100 47.9 97.7  98.9 94.1 95.5

0.85 100 100 100 47.0 98.3 98.3 95.3 94.9
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