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S1 Preliminary result

Denote {J;} as the coefficient series in the representation AY;_; = > "% Jie,;_;,

see Johansen (1995). We give the following lemma and its proof.

Lemma S1. Suppose that the conditions of Theorem 4 are satisfied. Then

(a)‘ a'r:Q[F;r,n(l)? Tty F;,n(m)]/ —d Q*T177TOR2T277TO’

where Q* is the normalized left eigenvector matrixz of eigenvalues of 11,

Tir, = In — (o) '), Tor, = (B, 10t 1) '8, and Ry is defined
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i Lemma 2. Furthermore,

0). @ (1) Fon(p)) —a Ris - R

when a € (1,2) or a=1 and L(n) — 0,

(€).  na?[Fypn(l),- - Fyn(p)] —a Rol3 Tays — Ry Ton I Ty

when a € (0,1) or a =1 and L(n) — oo,

where T5,5 = > 00 AiS1J}, and Rig and T, are defined as R} and T,

in Lemma 3 with B; replaced by J;, respectively.

Proof . We rewrite a,F; (k) as

_ P, (k) < ~ P
anQan(k) = # tzl(AYt — HnYt,1 — Zan’jAYtij)Yéil
= j=

. k n N B n
= B S vy (Bs - 050)Q5" S Zs 1Y) +or(1),
" t=1

a.
t=1

where the second equality is by P, = Q. ! and Q, is normalized. By

Lemma 2,

n n

-2 T / -2

a, E el | = [an E €Y, 18, a, Rgn]
t=1 t=1

i[O [ PP LY s



S1. PRELIMINARY RESULT

and

Dn,S Z?:l Z87t—1 Z;_l 0(mp+ro)xro 0
—d

0 [T 0l fy P(r)P(r)dr]y/[1, 0]

Using the expression (é\,‘g’n — OS’O)leD;}S in the proof of Theorem 4, we

obtain

ar_LQ(é\S,n - OS,o)le Z Zs,t71zfg_1

t=1

= 4,205, — 050)Q5'D; 5Dus > ZsiZy

t=1
1
—d [O,ao(a;ao)_la;[/ P(r)dP’(r)]”gb’[Id,O]’} : (S1.2)
0
The results in (S1.1)) and ((S1.2)) imply that
n k a N _ a _
@, Fr(k) =Qa§ : [Z eZi_y — <es,n—es,o>Q;Zzs,Hz;1] Q'
no =1 t=1

%dQ* (k) [Im - ao<a/oao)_1ai>] R2 (ﬁé,J_ao,J)_l/B;,JJ

where Q*(k) is the k-th row vector of Q" and Q* is the normalized left
eigenvector matrix of eigenvalues of I, and Ry is defined in Lemma 2. It
is easy to show the joint weak convergence of (a,?F, ,(k),k = 1,--- ,m).

n

Thus, (a) holds. We next show the claim of (b) and (c). When « € (1,2),
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or a =1 and L(n) — 0, we rewrite a; ' Fy,.(j) as

d;IFb,nU) = dil[z EtAleﬁ—j - (§S,n - OS,o)le Z ZS,t—lAY,/gfj}
t=1

t=1
Using the arguments in the proof of Theorem 4,

1 ” / o — " ’
—[Z gAY, ; — (Os,n — 05,0)Qs" Z Zs,—1AY;_j]
t=1

a
n t=1

1 n 1 n n B n
= a hZIEtAYifj - a t:ZIstZﬁs,tfl(t:ZI le,t_lzgs,t,l) ! Z le,t_lAYé,j + 0p(1)

t=1

—a Ris — RaT''Tys, (S1.3)

x oo o !/ * . oo /
where Rig =37 Sivjadi and Iy = 350 ASudi,, ;.

When a € (0,1), or a = 1 and L(n) — oo, we rewrite na; >Fy . (j) as

nay Fyn(j) = na, (Y AY, ; — (05, — 050)Q5" Y Zsi1AY] ).

t=1 t=1

Then by Lemma 2 and Theorem A.1 in She and Ling (2020),

nay,* [y etAY,_; — (Bsn — 050)Qs" > Zsi 1AY] ]

t=1 t=1

n n n
-2 / ! —1 i
= na, E €tZQ,t—1(§ Zs-1Zo, 1) E Zs1AY,
t=1 t=1 t=1

n n n
-2 ’ / —1 /
— Nay, E EtZQ,t—l(E Zoys 175, 1) E Zoi 121511
=1 =1 =1

X (O Zasi1Zhise-1) 'Y Zasi 1 AY,_; +o0p(1)
t=1

= t=1

—a RaT5) T35 — Rolp, T T T s, (S1.4)



S2. OTHER SIMULATION RESULTS

where I'5 s = R, D> o0 Ji+[15,0] > > 4p;S1J;. From the results in ((S1.3

=0 j=0
and (S1.4), it is easy to show the joint weak convergence of (£}, (j),] =

1,---,p). Thus, (b) and (c) holds. This completes the proof. O

S2 Other Simulation Results

Table and report simulation results of estimated parameters in model (5.1)

when r, = 0 and r, = 2, i.e., I, is specified as follows:

0 0 —-0.5 0.1
II, = and
0 0 02 -04

Table and report simulation results of estimated parameters in model (5.2)

when r, = 1 and r, = 2, i.e., I, is specified as follows:

-0.5 —-0.25 0.5 -0.5 -0.2 0.7
I, =1 0.1 0.05 —0.1| and | 0.1 —-0.3 0.2
0.2 0.1 —-0.2 0.2 02 —-04

S3 Proofs of Lemmal and Lemma 3
Proof of Lemma 1. For any k € Sy, by Lemma 3(b) we know that

ok (Myse) [ = |6(IL) ]|~ > 0,

which implies
T1 \ *
T1 n )\T7kan

NGy = — Tk
(| P (T 1) ||
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Table S2.1: Finite sample properties of the shrinkage estimates of model (5.1)

ro = 0 and n=400
11,4 1o, II12 II22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.00057 0.01008 0.00070 0.01392 0.00147 0.01787 0.00012 0.00927
OLS 0.00925  0.06551 0.01801 0.23447 0.00168  0.05989  0.01297  0.06494
Oracle  0.00000  0.00000 0.00000 0.00000 0.00000  0.00000  0.00000  0.00000
a=1.3 Lasso 0.00094  0.00528 0.00036 0.00569 0.00022  0.00822  0.00096  0.00530
OLS 0.00171  0.00957 0.00041 0.01723 0.00002  0.00927  0.00222 0.0080
Oracle  0.00000  0.00000 0.00000 0.00000 0.00000  0.00000  0.00000  0.00000
Bi11 By 21 Bi,12 B 22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.07673 0.35755 0.00898 0.43545 0.00092 0.33002 0.08249 0.35720
OLS 0.02417 0.24134 0..01307 0.35951 0.01968 0.37631 0.02887 0.23954
Oracle  0.00972  0.24020 0.00462 0. 83921  0.01156  0.33349  0.00224  0.23641
a=1.3 Lasso 0.00454  0.11952 0.00523 0.12750 0.00847  0.19159  0.00673  0.12012
OLS 0.00922  0.06087 0.00423 0.10971 0.00238  0.11584  0.00676  0.05712
Oracle  0.00351  0.05071 0.00154 0.09728 0.00480  0.08263  0.00559  0.04968
Bj 11 B3 21 B3 12 B3 22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.00015  0.00179 0.00004 0.00476 0.00001  0.00067  0.00012  0.00179
OLS 0.00279 0.16952 0.00091 0.23405 0.00715 0.29294 0.00190 0.17617
Oracle 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
a=1.3 Lasso 0.00037  0.10930 0.00399 0.11840 0.00671  0.15588  0.00027  0.10523
OLS 0.00271  0.10241 0.00246 0.14440 0.00984  0.17708 0.00289  0.10518
Oracle  0.00000  0.00000 0.00000 0.00000 0.00000  0.00000  0.00000  0.00000
B3 11 B3 21 Bs 12 B3, 22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.04564  0.25509 0.01345 0.33630 0.01318  0.25153  0.05585  0.25624
OLS 0.03252  0.17117 0.02544 0.20248 0.00431  0.26082  0.01603  0.16745
Oracle 0.04540 0.57318 0.00568 0.65972 0.00266 0.46912 0.03398 0.57466
a=13 Lasso 0.00024 0.07089 0.00061 0.08057 0.00147 0.12696 0.00842 0.07755
OLS 0.01098  0.08961 0.00173 0.16535 0.00017  0.12253  0.00778  0.08903
Oracle  0.00664 0.05216 0.00328 0.08345 0.00016  0.07124  0.00238  0.05370

Note: The oracle estimate is simply the OLS estimate with the restriction that IT, = 0 and B, 2 = 0.
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Table S2.2: Finite sample properties of the shrinkage estimates of model (5.1)

7o = 2 and n=400

H11 H21 H12 H22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.03127 0.14316 0.02279 0.11743 0.01567 0.07149 0.01586 0.07139
OLS 0.00512 0.05476 0.01647 0.10598 0.00127 0.04812 0.00748 0.05061
Oracle 0.00056 0.05796 0.00229 0.08451 0.00179 0.05583 0.00224 0.04834
a=1.3 Lasso 0.02081 0.05484 0.00749 0.06985 0.00035 0.04580 0.02442 0.05694
OLS 0.00063 0.05589 0.00641 0.08858 0.00081 0.04241 0.00430 0.04424
Oracle 0.00275 0.05252 0.00408 0.07291 0.00197 0.04270 0.00198 0.04147
Bi,11 Bi,21 Bi,12 Bi,22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.01946 0.07179 0.00247 0.04293 0.00428 0.03732 0.09407 0.07346
OLS 0.00245 0.06992 0.00416 0.12533 0.01047 0.07991 0.00334 0.06969
Oracle 0.00211 0.07049 0.00156 0.09715 0.00264 0.07259 0.00106 0.06706
a=1.3 Lasso 0.01760 0.06866 0.00408 0.08581 0.00190 0.06510 0.01227 0.07422
OLS 0.00014 0.06714 0.00369 0.10401 0.00058 0.06960 0.00231 0.06591
Oracle 0.00069 0.06497 0.00233 0.07556 0.00451 0.06008 0.00061 0.05181
B2 11 B2 21 B2 12 B2 22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
OLS 0.00950 0.07158 0.00755 0.14329 0.00847 0.08178 0.01025 0.07254
Oracle 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
a=1.3 Lasso 0.01183 0.04105 0.00042 0.05063 0.00024 0.05168 0.00983 0.03680
OLS 0.00037 0.05777 0.00484 0.12853 0.00187 0.06523 0.00128 0.05834
Oracle 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
B3 11 B3 21 B3,12 B3 22
Bais Std Bais Std Bais Std Bais Std
a=0.2 Lasso 0.09178 0.08305 0.00056 0.04556 0.00526 0.04938 0.08057 0.08425
OLS 0.00848 0.08109 0.01558 0.12233 0.00197 0.11189 0.01183 0.07611
Oracle 0.00643 0.07765 0.00438 0.11304 0.00155 0.08754 0.00454 0.07381
a=1.3 Lasso 0.01522 0.07394 0.00701 0.08625 0.00438 0.07636 0.01761 0.07545
OLS 0.00546  0.05863  0.00128  0.10052  0.00064 0.06551  0.00311  0.05709
Oracle 0.00184 0.05511 0.00247 0.08196 0.00278 0.05941 0.00606 0.05378

Note: The oracle estimate is simply the OLS estimate with the restriction that B, 2 = 0.
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Table S2.3: Finite sample properties of the shrinkage estimates of model (5.2)

7o = 1 and n=400

a=0.6 a=13
Lasso OLS Oracle Lasso OLS Oracle
Bais Std Bais Std Bais Std Bais Std Bais Std Bais Std
I3 0.0697  0.1051  0.0113  0.0703  0.0011  0.0116 0.0919 0.0654 0.0197  0.0536  0.0019  0.0125
oy 0.0184  0.0765 0.0023  0.0498 0.0193  0.0527 0.0245 0.0460  0.0055  0.0430  0.0050  0.0357
1I31 0.0278  0.0608 0.0122  0.0816 0.0031  0.0775 0.0374 0.0513  0.0009 0.0663  0.0025  0.0547
T2 0.0873  0.1083  0.0135 0.0740 0.0044 0.0128 0.00695 0.0663 0.0195 0.0438 0.0024 0.0127
a2 0.0184  0.0784  0.0038 0.0524 0.0193  0.0537 0.0344 0.0465 0.0040 0.0473  0.0011  0.0358
II32 0.0275  0.0627  0.0090  0.0848  0.0038  0.0763 0.0367 0.0517  0.0008 0.0671  0.0632  0.0548
T3 0.0703  0.1056  0.0117  0.0730 0.0144 0.0121 0.0603 0.0656  0.0191  0.0439  0.0020 0.0126
II23 0.0165  0.0739  0.0008 0.0505 0.0194  0.0532 0.0244 0.0460  0.0054  0.0431  0.0046  0.0358
II33 0.0290  0.0615  0.0078  0.0839  0.0030  0.0766 0.0369 0.0517  0.0023  0.0667  0.0088  0.0546
By 0.1258  0.0717  0.0015  0.0516  0.0277  0.0899 0.0758 0.0618  0.0046  0.0412  0.0069  0.0407
Bi21 0.0056 0.0271  0.0237  0.0454 0.0138  0.0450 0.0045 0.0333  0.0026  0.0432  0.0011  0.0326
Bi,31 0.0048  0.0308 0.0785 0.0649 0.0066  0.0547 0.0087 0.0492  0.0042 0.0623  0.0080 0.0474
Bi12 0.0137  0.0611  0.0274  0.0980  0.0254  0.0989 0.0318 0.0740  0.0278  0.0647  0.0048  0.0501
Bi22 0.0985 0.0782 0.0136 0.0807 0.0315 0.0762 0.0689 0.0694 0.0139 0.0648 0.0122  0.0594
By,32  0.0068 0.0498 0.1019 0.1143  0.0180  0.0800 0.0220 0.0693  0.0023  0.0981  0.0027  0.0656
Bi13 0.0047  0.0456  0.0067  0.0685  0.0432  0.0951 0.0169 0.0610  0.0183  0.0517  0.0019  0.0484
Bi23 0.0022 0.0319 0.0205 0.0568 0.0015  0.0183 0.0078 0.0400  0.0036  0.0502  0.0050 0.0191
Bizz  0.1074 0.0724 0.0846  0.0960 0.0246  0.0721 0.0596 0.0632  0.0049 0.0738  0.0068  0.0522
Bz 11 0.0000 0.0000 0.0096  0.0428  0.0000  0.0000 0.0000 0.0000  0.0093  0.0379  0.0000  0.0000
Bs21  0.0000 0.0000 0.0060 0.0401  0.0000  0.0000 0.0000 0.0000  0.0043  0.0412  0.0000  0.0000
Bz,;31  0.0000 0.0000 0.0034 0.0565 0.0000  0.0000 0.0000 0.0000  0.0010 0.0585  0.0000  0.0000
B> 12 0.0000 0.0000 0.0017 0.0783  0.0000  0.0000 0.0000 0.0000  0.0134 0.0594  0.0000  0.0000
Bz 22 0.0000 0.0000 0.0055 0.0602 0.0000 0.0000 0.0000 0.0000  0.0070  0.0600  0.0000  0.0000
Ba 32  0.0000 0.0000 0.0014 0.0971  0.0000  0.0000 0.0000 0.0000  0.0001  0.0896  0.0000  0.0000
B> 13 0.0000 0.0000 0.0080 0.0525  0.0000  0.0000 0.0000 0.0000  0.0084 0.0421  0.0000  0.0000
Bs23 0.0000 0.0000 0.0034 0.0424 0.0000  0.0000 0.0000 0.0000  0.0029  0.0437  0.0000  0.0000
Bs 33 0.0000 0.0000 0.0083 0.0646  0.0000  0.0000 0.0000 0.0000  0.0064  0.0625  0.0000  0.0000
B3 ;1 0.1185 0.0832  0.0092  0.0510 0.0189  0.0506 0.0881 0.0572  0.0013  0.0368  0.0020  0.0369
Bs21 0.0080 0.0315 0.0102 0.0407 0.0156  0.0311 0.0099 0.0337  0.0014  0.0402  0.0021  0.0309
Bszp  0.0012 0.0323  0.0002 0.0637  0.0405 0.0797 0.0055 0.0462  0.0020 0.0596  0.0033  0.0585
Bz 12 0.0057 0.0473  0.0059 0.0604 0.0164 0.0571 0.0101 0.0455  0.0073  0.0507  0.0052  0.0493
Bs22 0.1218 0.0762 0.0274 0.0646  0.0326  0.1008 0.0799 0.0503  0.0076  0.0488  0.0039  0.0626
Bsz2  0.0010 0.0387 0.0176  0.0988  0.0277  0.0888 0.0045 0.0517  0.0036  0.0775 0.0126  0.0729
Bs13  0.0052 0.0324 0.0058 0.0416 0.0014  0.0483 0.0152 0.0422  0.0127  0.0355  0.0054  0.0433
B33 0.0040 0.0230 0.0052 0.0453 0.0167  0.0631 0.0029 0.0285  0.0004 0.0382  0.0103 0.0511
B33z 0.1094 0.0728  0.0167 0.0649 0.0051 0.0234 0.0831 0.0532  0.0106  0.0510  0.0037  0.0237

Note: The oracle estimate refers to the RLSE with 7, = 1 and the restriction that B, 2> = 0.
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Table S2.4: Finite sample properties of the shrinkage estimates of model (5.2)

ro = 2 and n=400

a=0.6 a=1.3
Lasso OLS Oracle Lasso OLS Oracle
Bais Std Bais Std Bais Std Bais Std Bais Std Bais Std

111 0.1106  0.0930  0.0204 0.0839 0.0065 0.0114 0.1089 0.0744 0.0130 0.0446  0.0020  0.0319
T2y 0.0211  0.0568  0.0019  0.0402  0.0007  0.0761  0.0157  0.0357  0.0073  0.0479  0.0007  0.0646
II31 0.0621  0.0462  0.0354 0.0813 0.0076  0.0813 0.0301  0.0384 0.0013 0.0748  0.0004  0.0850
II12 0.0417  0.0959 0.0066  0.0534  0.0278  0.0875 0.0169 0.0532 0.0049 0.0394 0.0079  0.0604
T2z 0.0942  0.0580 0.0017  0.0452  0.0380  0.1071  0.0680  0.0336  0.0058 0.0410 0.0148 0.0756
132 0.0175 0.0533  0.0071  0.0706  0.0213 0.0728 0.0258 0.0311  0.0071  0.0661  0.0249  0.0694
I3 0.0670  0.1150  0.0137  0.1017  0.0353  0.0895 0.0829 0.1198 0.0168 0.0696  0.0056  0.0655
123 0.0133  0.1049 0.0037 0.0723 0.0376  0.1194 0.0051  0.0590 0.0036 0.0763 0.0156  0.0830
1133 0.0891  0.0843 0.0411 0.1217 0.0239 0.1073  0.0650 0.0617  0.0098 0.1089 0.0246  0.1230

Bi111 0.1362  0.0399  0.0163  0.0527  0.0099 0.0684 0.0915 0.0569  0.0075 0.0450 0.0005 0.0464
Bi 21 0.0048  0.0544  0.0043 0.0383 0.0191 0.0646  0.0421  0.0314 0.0185 0.0484 0.0082  0.0653
Bi 31 0.0059  0.0564  0.0198 0.0578  0.0241  0.0857  0.0059  0.0287  0.0145 0.0753 0.0091  0.0836
Bi2 0.0127  0.0843 0.0164 0.0542 0.0210 0.0745 0.0038  0.0480  0.0037  0.0521  0.0038  0.0614
Bi22 0.0966 0.0425 0.0072 0.0553 0.0086  0.0620 0.0744 0.0622 0.0093 0.0508 0.0015 0.0482
Bi32 0.0124  0.0734 0.0068 0.0706  0.0155 0.0979  0.0089  0.0395 0.0002  0.0792  0.0032  0.0874
Bi,j3  0.0071  0.0785  0.0040 0.1099 0.0407 0.1086 0.0072 0.0614 0.0207 0.0729 0.0146  0.1023
Bi23 0.0117  0.0890 0.0099 0.0659 0.0195 0.0893 0.0374 0.0486  0.0374 0.0797 0.0235 0.0875
B3z 0.1032  0.0410 0.0471  0.0952 0.0353 0.1132  0.0617  0.0590  0.0211  0.0904 0.0072  0.1192

B2 11 0.0000  0.0000  0.0028 0.0398  0.0000  0.0000 0.0001  0.0081  0.0075 0.0428  0.0000  0.0000
B2 21 0.0000  0.0000 0.0171  0.0355 0.0000 0.0000 0.0002 0.0088 0.0280 0.0451  0.0000  0.0000
B2 31 0.0000  0.0000 0.0146  0.0489  0.0000 0.0000 0.0008 0.1267 0.0156 0.0660  0.0000  0.0000
Bz 12 0.0000 0.0000 0.0049 0.0577  0.0000 0.0000 0.0007  0.0105 0.0041  0.0512  0.0000  0.0000
Bz 22 0.0000 0.0000 0.0249 0.0589  0.0000 0.0000 0.0017 0.0106 0.0023  0.0520  0.0000  0.0000
Bz 32 0.0000 0.0000 0.0069 0.0657 0.0000 0.0000 0.0008 0.0162 0.0013 0.0832  0.0000 0.0000
Bz 13 0.0000 0.0000 0.0201 0.0841 0.0000 0.0000 0.0014 0.0132 0.0137 0.0606  0.0000  0.0000
Bz 23  0.0000 0.0000 0.0293 0.0561 0.0000 0.0000 0.0006 0.0142 0.0459 0.0658  0.0000 0.0000
Bz 33 0.0000 0.0000 0.0122 0.0778 0.0000 0.0000 0.0016  0.0200  0.0199  0.0860  0.0000  0.0000

Bs,11 0.0971  0.0451  0.0194 0.0515 0.0245 0.0636  0.0699 0.0486  0.0099 0.0396 0.0131  0.0587
B3 21 0.0109  0.0946  0.0014 0.0334 0.0158 0.0941 0.0326  0.0281 0.0334 0.0408 0.0147 0.0816
Bs 31 0.0118  0.0986  0.0228 0.0493 0.0134 0.0956  0.0073  0.0259 0.0016 0.0605 0.0119  0.0851
Bz 12 0.0022  0.0127 0.0343 0.0470 0.0296 0.0926  0.0533  0.0404 0.0100 0.0487  0.0095 0.0813
B3z 22 0.0753  0.0504 0.0116 0.0484 0.0159 0.0819  0.1011  0.0379  0.0105 0.0486  0.0058  0.0792
B3 32 0.0030 0.0950 0.0603 0.0666 0.0437 0.1057 0.0022 0.0334 0.0009 0.0765 0.0187  0.0831
Bz ;13 0.0096 0.0980 0.0033 0.0444 0.0120 0.0735 0.0032 0.0280  0.0056  0.0497  0.0010 0.0739
B3 23 0.0061 0.0796 0.0197 0.0429 0.0299 0.0864 0.0021  0.0261  0.0196  0.0526  0.0053  0.0733
Bz 3z 0.1308 0.0491  0.0007 0.0594 0.0224 0.0253 0.0861 0.0379 0.0016 0.0766 0.0047  0.0374

Note: The oracle estimate refers to the RLSE with 7, = 2 and the restriction that B, 2> = 0.
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On the other hand, for any k € S, by Lemma 3 (c), Inde(Mig)||® —a Gor]| = O,(1),
which implies that

nl ) 1/\;kn

“L(n
||ﬂ¢>k(ﬁ £l

nl_%f/(n)_l)\r,k,n =

—p 0.

Similarly, for any j € Sp, by Lemma 3 (a) ||]§1St,j||“’ —p [|Bo,;l| > 0, then we have

T1 w \ *
. _onTmEAL
bn = P

1B 1,

For any j € 8%, when a € (1,2) or @ = 1 and L(n) — 0 by Lemma 3 (a) ||n5]§15t7j\|‘” =
0O,(1), then we obtain

1-L w27 —1y*
- n'"am¥naL(n)" A
nlféL(n)*l)\(,’jn _ (n) b,j,n

s 15 p ’
[ Bt j|
and when a € (0,1) or & = 1 and L(n) — oo, ||n]§1$t,j||w = 0p(1)
2—2  wowT —1y*
- n"am¥n¥L(n)"' X,
”L( ) 1)\b,j,n — »Js »

[nB1st; ]|

Proof of Lemma 3. (a) When a € (1,2) or o = 1 and L(n) — 0, we have

-1

P i 1 1 LS. 4S5,
(s, Big) — (IL,, B,)]Qp' D,y = (—Rin —Ray) | "
, p 02 1
n n man S2in gz S22n
Ri, Siin 1 _ _
= {&1 R2nszzns21n}{ 11 Tsélnszzlnsﬂn} 17
RQn SQQn

1 _ _
- 72821nslllrLS/21n} !

na?

{ 5 a Rlnsllnséln}{

= [Llna L2n]

a
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By Lemma 2, we have

1 1 Soon._1S21n) [ 1 1 Soon 1 S21n )
Lln:{~R1n_mR2n( 2 ) 122 }{QSlln_aQSéln( - ) =2 }

2 2 2
a2 a 2 na? na?

where the second equality is by ﬁRgn = 0p(1) and #Sggn = 0,(1). Similarly, we

have

1 1 Stin. 1 Shin 1 1 Siin. 1 Shin "
LQnZ{G%RQn_aQRIn( p) ) - Wsmn—wszln( a% ) -

2 2
n an an n n an,

-1
1 1 -
= {GQRQn + 017(1)} {naQSmn + Op(l)} —d R2F221’

n n

1
2
naz

where the second equality is by G%Rln = 0p(1) and S21n = 0p(1). Hence we obtain

(M1, Bror) — (T, Bo)|Qp D,y —a [RIT; L RaT'oy).
When a € (0,1) or & = 1 and L(n) — oo, we have

(M1, Biae) — (T, B,)]QE'D,

1 1 _ 1 1 _ _
= {7R1n - gRQnSQQzSQIn}{Wslln - ﬁ /21nS221nSZln} 17
L n n n

Qr

1
naz

1 1 _
{GTRQH - aigRlnslllnséln}{

n

1 _ _

2 SZQn - @Sﬂnsll{nséln} 1:|
= I:LTTH LQ"L]'

By Lemma 2, we have Lo, —4 R2r2_21 and

1 SQQTL
2n(

)

~ ~ ~ ~ -1
/
L5 — 1 R nany 1 San nany Slln nanp S21n SQ2n —1 San nan
TG, a2 na? na, a2 na, a2  na2 (na2 ) na, a2
mn n n n n n n n n n

T a2
n an

o 1 SQQn -1 S21n 1 ! —1 *—1
= Op(l) — 7R2n( ) X anSnn + 0p(1) —d 7R21—‘22 I‘21I‘11 .

2 2
nay an, n
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Hence we have

(14, Bror) — (T, B,)|Q' D,y —a [~Raly Ton Ty ! Rol5y ).
(b) This result follows directly by (a) and the continuous mapping theorem.
(c) Define S,,(u) = £1,,, — ﬁlst~ Then

1Sn ()] % [(Bo, Bo,1)I?

= Po Sn () (50, @;4)

1
o, L

ﬁgsn (’u)ﬁo B;Sn (N)IBO,L
ﬁtg,LSn(p‘)ﬁo /6:)7Lsn(/i)/80,J_

= ‘ﬂgsn(/‘)ﬁo| X |/6;,L{Sn(.u) - Sn(N)Bo[5QSH(U)ﬁ0]7lﬁlosn(.u)}ﬁ0,L|-

Let pf = noy (ﬁlst)(k =7r,+1,...,m). Then p is a solution of the equation

1858 (1) 8ol % 185, 1 {Sn (1) — Sn(1)Bo[B5Sn (1) Bo] ™' B4 Sn (1)} Bo, 1| = 0.

Then, we can invoke the results in (a) to show

5;871(#)/30 = %/6:)/30 - ﬂé(ﬁlst - HO)ﬂo - IB:)]'_‘[Oﬁo —p ﬁ;ao,ﬂgﬁo. (83-1)

From Assumption 1 (b), we have

|5/oa0ﬁ:7ﬂ0| = |/6/0a0‘ X |ﬁé;/30| # 0.

Thus, uj, are asymptotically the solutions of the following determinantal equation

|ﬁé,L{Sn(N) - Sn(:u)ﬁo[[%)Sn(M)/@o]illggsn(u)}lgo#‘ =0,
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where

ﬁg7l57l(u)ﬁ07l :%Im—ro - /8(/)7l(ﬁlst - Ho)ﬁo,Lv
M o~
ﬁ;,LSn(M)ﬁo Zﬁﬂ;@_ﬂo - ﬁg,J_Hlstﬂo — _ﬁz/),J_aO/Bg/BOa

Bésn(ﬂ)ﬂo,L = - ﬁé(ﬁlst - Ho)ﬁo,L~
Using (S3.1)-(S3.4), we can show that

ﬁ;,L{Sn (1) = S (1) BoB,Sn (11)Bo] " BoSn (1) }Bo,1

= %Im—ro - B;,L[Im - ao(ﬁ/oao)71,3; + Op(l)](ﬁlst - Ho)ﬁo,L-

Note that
(Mg — I1,)B,1 —a R2F2_21a/o,lﬁo,L-
Using , and the equality
o (Boa0) "B, + Bo, () 1 Bo, 1) T, | =L,

s

and since ,BL’J_,BO_,L =I,,_,, we deduce that

nﬁ;,L[Im - O‘O(B;af))ilﬁg + Op(l)](ﬁlst —1I1,)8,,1

-1 —1
—d (a;,L/@o,L) a;,LRQFQQ a;7lﬁo,L7

which implies

(53.2)
(93.3)

(S3.4)

(93.5)

(93.6)

(93.7)

|n/6:>,L{Sn(ﬂ) - Sn(U)/@o[:Bll)sn(U)ﬁo]ilﬁgsn(ﬂ)}ﬁo@| —a |y, — ag,LRZI‘Q_QlL

The result in (c) follows from (S3.8) and by continuous mapping,.

(93.8)
O
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S4 Proofs of Theorem 1 and Theorem 2

Proof of Theorem 1. Let Wiy = [Y_;, AX{,J', AY = (AY1,.., AY )y and
W_; = Wo,...,W,_1)mxn. We can write

L,(TLB) =) |AY; — 6W, 4|
=1

~+

= [vec(AY) — (W' @ I,,)vec(0)] [vec(AY) — (W' ; @ L, )vec(0)],
where 6 = (I1, B). Denote

Vo (0) =[vec(AY) — (W', @ L, )vec(0)]'[vec(AY) — (W', @ I, )vec()]

p m
A1) Mol Bill + 1) Ak | @k (T (S4.1)
j=1 k=1

Set é\n = (ﬁn, ﬁn) and 0, = (I1,,B,). Define an infeasible estimator gn = (IL,,¢, B,).
Then
(571 - eo)leD;}B = (Hn,f - ]-_-[07 O)leD;}B = OP(1)7 (842)

where the last equality holds by (7.3). By definition of 6,, Vn(@,,) < V,n(8,). Further-
more, by (S4.1)), we can show that

vec(,, — §,L)’(Z W, W/, @ L,)vec((6, — 6,) + 2vec(6,, — an)’vec(z W,_1€})
t=1 t=1

+2vec((0, — 0,) (O W1 W, ® Ly )vec(8, — 8,,) < d,, (54.3)

t=1
where dn = n 3703 AbjnllBoill = [Brjlll 473750 Arsen | @k (T, )| = ([ @i (T ]
When r, = m, W, is a stationary process. By Theorem A.2 in She and Ling (2020)

and ((S4.2)), we have

e = llag® Y Wiorel]| = Opln~+ L(n) ], (54.4)
t=1
con = mlaz? S Wi Wi [0, — 8]l = Opln~*L(n)™").  (S4.5)

t=1
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Let {15, min be the smallest eigenvalue of a,, > | W,_; W;_,, which is positive w.p.a.1.

By (S4.3)-(S4.5)), we get
fi1nmin||On — Onl|* = 2(c1n + c20)]|0n — On]| — a;2d,, < 0. (54.6)

By (7.1), (7.2), 6, = 0p(1) and &, = 0,(1), we have a,,%d,, = 0,(1). So, it is straight-
forward to deduce that |6, — 6, = op(1) from . The consistency of 8,, follows
from the triangle inequality and the consistency of §n

When 0 < r, < m, we first consider the case when o € (1,2), or « = 1 and
ﬂ(n) — 0. Denote B,, = (D,, 35Qp)~ !, and Hp = diag(i—:lro+mp,n*%anlm,ro). By

Lemma 2, we can deduce

. ' ~,BiS1B, 0
H;'B, 'Y W, W, B VH;' —, oo BiS1B,

(54.7)
=1 0 Lo
By Lemma 2 and (S4.2)), we have
e = [H5'B; 'S Wisel]| = 0,(nt ), (545)

t=1

eon = mHE' B Y Wi Wi B HE (|6, — 6,)B,Hp | = O, (n+~¥34.9)
t=1

Let f2,, min be the smallest eigenvalue of H5'B, 1 Y7 | Wt_lwg_lBglngl, which is
positive w.p.a.1. Then
vee(8,—0,)' (O Wi W,y @L)vec(8y —0,) > pion minl| (0, — 0,)B, Hp || (84.10)
t=1
Note that

vec(6, — 8,)vec(d  Wi_1€})| < [|(6, — 6,)B,Hplle1 n, (S4.11)

t=1
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n
jvee(8, — 6,)' (S Wit W)y @ L )Jvee(8, — 0,)] < [|(6, — 0,)BHpllea,. (S4.12)
t=1

From (54.3)) and (S4.10)-(S4.12), we have

1120 min||(@n — 0,)BoHp||? = 2(e1, + €2.,)[(8n — 6,)B,Hp| < dy. (S4.13)
By the definition of the penalty function and Lemma 3, we find

dp <1 Nl Boll +10 Y APk (M )| = Op(ndyn + ndrn).
j€SH kES,

From (S4.13|), we have

+n¥o2,), (S4.14)

Koo
3

(6, — 6,)B,Hp = O,(n="% +n3§

0, —0,=o0,(1), (54.15)
which implies the consistency of én

When a € (0,1) or a = 1 and L(n) — oo, using the similar argument, we can show

the consistency of én O

Proof of Theorem 2. By the triangle inequality and (7.2), we have

P
| Z Arin 1@ e (T, )l = 1@ LN+ D Ao 1Bl — 1B ]
j=1

= 1Bl

< |Z/\r,k,nH|(I)n,k(Hn,f)H - ||(I)n,k(ﬁn)||]| +1 Z /\b7j,n[||Bo,j|
k=1

JESB

< c(0p,n + 5nn)”§n - én”a (54.16)
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where ¢ is some positive constant. Using (S4.16)) and invoking (S4.3)), we get

vec(,, — én)’(z W, W,_, @ L,)vec((6,, — 6,,)
t=1

+ 2vec(B, — é\n)’vec(z W;_i€})
t=1

+2vec((0, — 0,)' (> W, W,_; ® L )vec(8, — 6,)
t=1

< nc(8pm + Orn) |6 — By l. (S4.17)
When r, = m, we use (S4.17)) to obtain
Li1mmin |8 — O ||? = 2(c1n + con + na;,26,)]16, — 6, <0, (S4.18)

where 8, = 3y + by Min,min, C1n and ci,, are defined in (S4.6). (S4.18) and (7.3) lead

to

)
i
R
o

0, —0,=0,(n"=L(n)~' +n'"

When 0 < r, <m and a € (1,2) or a = 1 and L(n) — 0, denote

v = a,||[(T, ; — I01,) 8, By — B,]||, va = n2a,|(IL, s — IL,)3. ||,

n
—1p-1 ! / / /
H; B, E W;_1g;, = [el’l,elyg] , and

t=1

Hngr_Ll Z Wtflwi—lBr_Llngl[(én —0,)B,Hp| = [e/2,17 e/2,2}/7

t=1

where e 3 and eg 5 are the last m — r, rows of the corresponding matrices. By Lemma

2 and (S4.2)), we have

an 1 an, 1
€11 = Op(?)7el72 = Op(TL 2an),62,1 = Op(?),eg72 = Op(n 2an). (8419)

n n

Note that

~ o~

vec(gn - én)'(z W; W, | ®@1,)vec(6, —0,) > ugn,7m,;n(1/12 + V%),
t=1
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n
vec(Bn — 6,,) vec(d Wy _1€})| < millers]| + vafler s,

t=1

and

n
vec(Bn — 6,) (> Wi AW, @ L )vec(8, — 0,)| < villeas || + vallez |-

t=1

Then, we can deduce that
_ 1
pzn,min (V7 +13) = 2([leva ]| + lezal)vr —2(llevz]| + lezzl)ve < enag davi+enZay d,e,

which together with (S4.19) implies that vy = O, (an/a,+na,*6,) and vo = O, (n*%anqL

nza;'é,). So, we get

a2 /i, [(TL, — T1,)3, B, — B,] = 0,(1 + na; '5,),

(I, — I,)B1 = Oy(1 + na, 6,,).
When 0 < r, < m and a € (0,1) or & = 1 and L(n) — 0o, using the same arguement as

previous, we can show that

~

(6, —6,)B,, = 0,(1),

which finishes the proof.
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