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S1 Additional Theoretical Results

Proposition 1. To PMS statistics, we have

β̂
PMS

= µ+ ΛXTΩ(Y −Xµ), (S1.1)

where Ω = (XΛXT + θIn)−1.

This results can be straightforwardly derived from the well-known Sherman–Morrison–

Woodbury formula. The similar result has been adopted to compute the ridge regression (Lu

et al. 2013). The detailed proof of Proposition 1 is in section S3.

Lemma 1. To a positive definite matrix ΛK and a k × p matrix K, assume that

λmin(ΛK) ≥ c−1
k n−τk , λmax(KKT) ≤ ck1n

τk1 and λmin(KKT) ≥ c−1
k2
n−τk2 ,

where ck, ck1 ,ck2 , τk, τk1 and τk2 > 0 are constants. Then there exists a g > 0, such that

(G1)j,j/(G2)j,j = O(ng), j = 1, . . . , k
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where (G)j,j refers to the jth diagonal element of matrix G, G1 and G2 take the forms of

G1 = XKT(XKTΛKKXT + θIn)−1KXT,G2 = XKT(XΛXT + θIn)−1KXT.

Based on Lemma 1, we obtain the theoretical properties of PMS with prior on selection

and group level importance.

S2 Additional Technical Conditions

Additional conditions for Theorem 1.

A1. Let Z = XΣ−1/2, there are some c1 > 1 and C1 > 0 such that

P
{
λmax

(
p−1ZZT

)
> c1 or λmin

(
p−1ZZT

)
< c−1

1

}
≤ exp (−C1n) ,

where λmin(·) and λmax(·) denote the smallest and largest eigenvalues of a matrix respec-

tively, Σ = Cov(xi) with xi be the ith row of X.

A2. For some c2, c3, c4, c5, c6 > 0 and τ1, τ2, τ3, τ4, τ5 ≥ 0, we have

λmax (Λ) ≤ c2nτ1 , λmin (Λ) ≥ c−1
3 n−τ2 , λmax (ΣΛ) ≤ c4nτ3 , λmin (ΣΛ) ≥ c−1

5 n−τ4 ,

and cond (Σ) ≤ c6nτ5 ,

where cond(·) = λmax(·)/λmin(·) is the condition number of a matrix.

A3. The random error vector ε is independent with x = (x1, . . . , xp)
T and has mean 0 and

standard deviation σ. ε/σ has q-exponential tails with some function q(·).

Following are additional regularization conditions for Theorem 2.

B2. There exist some constants τs1 , τs2 , cs1 and cs2 > 0, such that

λmax(ΛS) ≤ cs1n
τs1 and λmin(ΛS) ≥ c−1

s2 n
−τs2 .
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B3. CS is a q × p matrix such that XS = XCT
S , let λcj =

(
λcj1, . . . , λ

c
jq

)T
be the jth row of

matrix CSΛ
−1/2, then to some constant ε1 > 0, we have

q∑
u=1

∑
v 6=u

∣∣λcjuλcjv∣∣ = O
(√

lognnε1
)
,

as well as

q∑
u=1

(
λcju
)2

= O
(
n1−2τs1−τs2−3τ3−3τ4−3τ5−2γ̄) ,

where τ3, τ4 and τ5 are defined in condition A2.

This part lists some additional conditions for Theorem 3.

C1. To some constants c̄8, c̄9, τ6 and τ7 > 0, we have

λmax

(
BBT

)
≤ c̄8nτ6 and λmin

(
BBT

)
≥ (c̄9)−1 n−τ7 .

C3. There exist some constants cb1 , cb2 , τb1 and τb2 > 0, such that

λmax(ΛB) ≤ cb1n
τb1 and λmax(ΛB) ≤ cb2n

τb2 .

C4. Let λB
j =

(
λB
j1, . . . , λ

B
jm

)T
be the jth row of matrix BΛ−1/2, then to some ε2 > 0, we

have

m∑
u=1

∑
v 6=u

∣∣∣λB
juλ

B
jv

∣∣∣ = O
(
nε2
√

logn
)
,

and

m∑
u=1

(λB
ju)2 = O

(
n1−3τb1−τb2−2τ3−3τ4−5τ5−4τ6−5τ7−2γ̄2

)
,

where τ3, τ4 and τ5 are defined in condition A2.
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S3 Detailed Theoretical Proofs

The proof of Proposition 1

This part lists the detailed proof of the equivalence of two PMS statistics expressions.

Proof: To PMS screening statistics

ν =(θΛ−1 + XTX)−1(θΛ−1µ+ XTY)

=(θΛ−1 + XTX)−1θΛ−1µ+ (θΛ−1 + XTX)−1XTY

:=ν1 + ν2.

One the one hand, from the Sherman-Morrison-Woodbury formula

(A + UDV)−1 = A−1 −A−1U(D−1 + VA−1U)−1VA−1,

let A = θΛ−1, U = XT, D = In and V = X, we obtain

ν1 =(θΛ−1 + XTX)−1θΛ−1µ

={1

θ
Λ− 1

θ
ΛXT(XΛXT + θIn)−1XΛ}θΛ−1µ

=µ−ΛXT(XΛXT + θIn)−1Xµ.

On the other hand,

ν2 = (θΛ−1 + XTX)−1XTY = {(θIp + XTXΛ)Λ−1}−1XTY = Λ(θIp + XTXΛ)−1XTY.

From the Sherman-Morrison-Woodbury formula, choosing A = θIp, U = XT, D = In and

V = XΛ, we have

θ(θIp + XTXΛ)−1 =θ{1

θ
Ip −

1

θ
XT(In +

1

θ
XΛXT)−1XΛ

1

θ
Ip}

=Ip −XT(θIn + XΛXT)−1XΛ.
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So

θ(θIp + XTXΛ)−1XTY ={Ip −XT(θIn + XΛXT)−1XΛ}XTY

=XTY −XT(θIn + XΛXT)−1XΛXTY

=XTY −XT(θIn + XΛXT)−1(θIn + XΛXT − θIn)Y

=XTY −XTY + θXT(θIn + XΛXT)−1Y

=θXT(θIn + XΛXT)−1Y.

That is to say

(θIp + XTXΛ)−1XTY = XT(θIn + XΛXT)−1Y.

Thus

ν2 = ΛXT(θIn + XΛXT)−1Y.

To sum up, we obtain that

ν =ν1 + ν2

=µ−ΛXT(XΛXT + θIn)−1Xµ+ ΛXT(θIn + XΛXT)−1Y

=µ+ ΛXT(XΛXT + θIn)−1(Y −Xµ)

=µ+ ΛXTΩ(Y −Xµ),

where Ω = (XΛXT + θIn)−1. �
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Proof of Theorem 1

Proof:

β̂
PMS

= µ+ ΛXT
(
XΛXT + θIn

)−1

(Y −Xµ)

= µ+ ΛXT
(
XΛXT + θIn

)−1

(Xβ + ε−Xµ)

= µ+ ΛXT
(
XΛXT + θIn

)−1

X (β − µ) + ΛXT
(
XΛXT + θIn

)−1

ε

= µ+ ΛXT
(
XΛXT + θIn

)−1

XΛΛ−1 (β − µ) + ΛXT
(
XΛXT + θIn

)−1

ε.

By singular value decomposition, we have Z = VDUT, where V ∈ O(n), D is an n × n

diagonal matrix and U ∈ Vn,p, O(n) is the orthogonal group and Stiefel manifold Vn,p ={
B ∈ Rp×n : BTB = In

}
. So

ΛXT
(
XΛXT + θIn

)−1

XΛ

=ΛΣ1/2UDVT
(
VDUTΣ1/2ΛΣ1/2UDVT + θIn

)−1

VDUTΣ1/2Λ

=ΛΣ1/2UDVT
{

VD
(
UTΣ1/2ΛΣ1/2U + θD−2

)
DVT

}−1

VDUTΣ1/2Λ

=ΛΣ1/2UDVTVD−1
{

UT
(
Σ1/2ΛΣ1/2

)
U + θD−2

}−1

D−1VTVDUTΣ1/2Λ

=ΛΣ1/2U
{

UT
(
Σ1/2ΛΣ1/2

)
U + θD−2

}−1

UTΣ1/2Λ

Denote A =
{

UT
(
Σ1/2ΛΣ1/2

)
U
}1/2

, we have

ΛΣ1/2U
{

UT
(
Σ1/2ΛΣ1/2

)
U + θD−2

}−1

UTΣ1/2Λ

= ΛΣ1/2U
(
ATA + θD−2

)−1

UTΣ1/2Λ

= ΛΣ1/2U
{

ATA−T
(
ATA + θD−2

)
A−1A

}−1

UTΣ1/2Λ

= ΛΣ1/2U
{

AT
(
In + θA−TD−2A−1

)
A
}−1

UTΣ1/2Λ

= ΛΣ1/2UA−1
(
In + θA−TD−2A−1

)−1

A−TUTΣ1/2Λ

(S3.2)
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= Λ1/2Λ1/2Σ1/2UA−1
(
In + θA−TD−2A−1

)−1

A−TUTΣ1/2Λ1/2Λ1/2

= Λ1/2Λ1/2Σ1/2UA−1

{
In +

∞∑
k=1

(−θ)k
(
A−TD−2A−1

)k}
A−TUTΣ1/2Λ1/2Λ1/2

= Λ1/2Λ1/2Σ1/2UA−1A−TUTΣ1/2Λ1/2Λ1/2 + M (S3.3)

:= Λ1/2HHTΛ1/2 + M,

where H = Λ1/2Σ1/2U
{

UT
(
Σ1/2ΛΣ1/2

)
U
}−1/2

. It is obvious that

‖A−TD−2A−1‖ ≤ λmax

(
A−TD−2A−1

)
≤ λmax(D−2)λmax(A−TA−1)

= λmax(D−2)λmax

{
(AAT)−1

}
=
{
λmin

(
D2)}−1

{
λmin

(
AAT

)}−1

.

On the one hand,

λmin

(
AAT

)
= λmin

{
UT

(
Σ1/2ΛΣ1/2

)
U
}
≥ λmin

(
UTU

)
λmin

(
Σ1/2ΛΣ1/2

)
= λmin (ΣΛ) ≥ c−1

5 n−τ4 .

On the other hand, from A1, we have

P
(
λmin

(
D2) < pc−1

1

)
= P

(
p−1λmin

(
ZZT

)
< c−1

1

)
< exp(−C1n).

Thus,

P
(
‖ A−TD−2A−1 ‖≤ c1c5p−1nτ4

)
≥ 1− exp(−C1n).

So the necessary condition for (S3.2) is that θ ≤ c−1
1 c−1

5 pn−τ4 , which can ensure that the norm

of matrix θA−TD−2A−1 is smaller than 1.

From the definition of H, we can test

HTH = A−TUTΣ1/2Λ1/2Λ1/2Σ1/2UA−1 = A−1
{

UT
(
Σ1/2ΛΣ1/2

)
U
}

A−1 = In,
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which indicates that H ∈ Vn,p. As

λmax

{
Λ1/2Λ1/2Σ1/2UA−1

(
A−TD−2A−1

)k
A−TUTΣ1/2Λ1/2Λ1/2

}
≤λmax

{(
A−TD−2A−1

)k}
λmax

(
Λ1/2HHTΛ1/2

)
= λmax

{(
A−TD−2A−1

)k}
λmax(Λ),

thus,

λmax (M) ≤ λmax (Λ)

∞∑
k=1

θk
{
λmax

(
A−TD−2A−1

)}k
≤
{
θλmax(Λ)λmax

(
A−TD−2A−1

)}
/
{

1− θλmax

(
A−TD−2A−1

)}
.

P
(
λmax(M) > θc1c2c5n

τ1+τ4/(p− θc1c5nτ4)
)

≤P
({
θλmax

(
A−TD−2A−1

)
λmax (Λ)

}
/
{

1− θλmax

(
A−TD−2A−1

)}
> θc1c2c5n

τ1+τ4/(p− θc1c5nτ4)
)

≤P
({
θλmax

(
A−TD−2A−1

)
c2n

τ1
}
/
{

1− θλmax

(
A−TD−2A−1

)}
> θc1c2c5n

τ1+τ4/(p− θc1c5nτ4)
)

≤P
(
λmax

(
A−TD−2A−1

)
> c1c5n

τ4/p
)
< exp(−C1n).

So

max
i∈{1,...,p}

∣∣∣eT
i MΛ−1 (µ− β)

∣∣∣2 ≤ λmax

(
M2) ‖Λ−1 (µ− β) ‖2 ≤ λmax

(
M2) c27n2γ/p.

Thus

P

(
max

i∈{1,...,p}

∣∣∣eT
i MΛ−1(µ− β)

∣∣∣ > n1−(τ3+τ4)−γ+ν

p

θc1c2c5c7n
τ1+τ3+2τ4+2γ−ν−1

√
p− θc1c5nτ4/

√
p

)
< exp(−C1n).

Let θ satisfying that

θc1c2c5c7n
τ1+τ3+2τ4+2γ−ν−1

√
p− θc1c5nτ4/

√
p

= o(1),

above conclusion can be summarized as

P

(
max

i∈{1,...,p}

∣∣∣eT
i MΛ−1 (µ− β)

∣∣∣ > o(1)
n1−(τ3+τ4)−γ+ν

p

)
< exp(−C1n).
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From the conclusion of Wang and Leng (2016), we know that

P

(
bTHHTb > c̃1

n1+(τ3+τ4)

p

)
< 2 exp(−Cn),

for any p× 1 vector b satisfying ‖b‖ = 1. So

P

(
λ̄

T
i HHTλ̄i > c̃1‖λ̄i‖2

n1+(τ3+τ4)

p

)
< 2 exp(−Cn),

where λ̄i =
(
λ̄i1, . . . , λ̄ip

)T
is the ith row of matrix Λ1/2. From A4, we can get

P

(
eT
i Λ1/2HHTΛ1/2ei > c̄1

n1+(τ3+τ4)+ν

p

)
< 2 exp(−Cn).

In addition, we also know that

P

(∣∣∣eT
i HHTej

∣∣∣ ≤ M√
logn

n1+(τ3+τ4)−α

p

)
≥ 1−O

{
exp

(
−Cn

1−2α

2 logn

)}
,

for any 0 < α < 1/2 and j 6= i; i, j = 1, . . . , p. Choosing α = 2τ3 + 2τ4 + γ, above result can be

summarized as

P

(∣∣∣eT
i HHTej

∣∣∣ ≤ M√
logn

n1−(τ3+τ4)−γ

p

)
≥ 1−O

{
exp

(
−Cn

1−4τ3−4τ4−2γ

2 logn

)}
.

Thus,

∣∣∣eT
i Λ1/2HHTΛ1/2ej

∣∣∣ =
∣∣∣λ̄Ti HHT λ̄j

∣∣∣ =

∣∣∣∣∣
p∑

u=1

p∑
v=1

λ̄iuλ̄jve
T
uHHTev

∣∣∣∣∣
≤

p∑
u=1

p∑
v=1

∣∣∣λ̄iuλ̄jveT
uHHTev

∣∣∣
=

p∑
u=1

∑
v 6=u

∣∣∣λ̄iuλ̄jveT
uHHTev

∣∣∣+

p∑
u=1

∣∣∣λ̄iuλ̄jueT
uHHTeu

∣∣∣
≤ M√

logn

n1−(τ3+τ4)−2γ

p
c̄3n

ν +
c̄1n

1+(τ3+τ4)

p

c̄4n
ν−2τ3−2τ4−2γ

√
logn

≤ M∗√
logn

n1−(τ3+τ4)+ν−2γ

p
,

where M∗ = c̄3M + c̄1c̄4 with probability greater than 1−O
{
p2 exp

(
−Cn

1−4τ3−4τ4−4γ

2 logn

)}
−

2p exp(−C1n).
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As long as

log p = o

(
n1−4τ3−4τ4−4γ

logn

)
,

we can get the conclusion that

P

(∣∣∣eT
i Λ1/2HHTΛ1/2ej

∣∣∣ ≤ M∗√
logn

n1−(τ3+τ4)+ν−2γ

p

)
≥ 1−O

{
exp

(
−Cn

1−4τ3−4τ4−4γ

2 logn

)}
.

Let η(θ) = ΛXT
(
XTΛX + θIn

)−1
ε, we have

ηi(θ) = eT
i ΛT (XΛX + θIn)−1 ε.

Assume that

a =

(
XΛXT + θIn

)−1
XΛei

‖ (XΛXT + θIn)−1 XΛei‖
,

then we have

ηi(θ) = ‖
(
XΛXT + θIn

)−1

XΛei‖σω.

As

‖
(
XΛXT + θIn

)−1

XΛei‖2 = eT
i ΛXT

(
XΛXT + θIn

)−2

XΛei

=eT
i ΛXT

(
XΛXT + θIn

)−1/2 (
XΛXT + θIn

)−1 (
XΛXT + θIn

)−1/2

XΛei

≤λmax

{(
XΛXT + θIn

)−1
}

eT
i ΛXT

(
XΛXT + θIn

)−1

XΛei

≤
{
λmin

(
XΛXT

)}−1

eT
i

(
Λ1/2HHTΛ1/2 + M

)
ei

≤
{
λmin

(
XΛXT

)}−1 {
eT
i

(
Λ1/2HHTΛ1/2

)
ei + λmax (M)

}
.

It is obvious that

λmin

(
XΛXT

)
= λmin

{
Z
(
Σ1/2ΛΣ1/2

)
ZT
}
≥ λmin

(
Σ1/2ΛΣ1/2

)
λmin

(
ZZT

)
= pλmin (ΣΛ)λmin

(
1

p
ZZT

)
≥ c−1

1 c−1
5 pn−τ4 .
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From previous proof, we know that

P

(
λmax (M) >

θc1c2c5n
τ1+τ4

p− θc1c5nτ4

)
< exp(−C1n),

and

P

(
eT
i Λ1/2HHTΛ1/2ei ≥ c̄1

n1+τ3+τ4+ν

p

)
≤ 2 exp(−Cn).

So,

P

({
λmin

(
XΛXT

)}−1

eT
i

(
Λ1/2HHTΛ1/2

)
ei > c1c̄1c5

nτ3+2τ4+ν+1

p2

)
< 3 exp(−C∗n),

and

P

({
λmin

(
XΛXT

)}−1

λmax (M) >
nτ3+2τ4+ν+1

p2

θc21c2c
2
5n
τ1−τ3−ν−1

1− θc1c5nτ4/p

)
< 2 exp(−C∗n),

where C∗ = min {C,C1}. If θ satisfies

θc21c2c
2
5n
τ1−τ3−ν−1

1− θc1c5nτ4/p
= o(1),

we have

P

({
λmin

(
XΛXT

)}−1

λmax (M) > o(1)
nτ3+2τ4+ν+1

p2

)
< 2 exp(−C∗n).

Thus, above conclusions can be rewritten as

P

(
‖
(
XΛXT + θIn

)−1

XΛei‖2 > {c1c̄1c5 + o(1)} n
τ3+2τ4+ν+1

p2

)
< 5 exp(−C∗n).

From Assumption A3, we know that

P (|ω| > t) = P

(∣∣∣∣∣
n∑
i=1

aiεi
σ

∣∣∣∣∣ > t

)
≤ exp {1− q(t)} .

Choosing t =

√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

, we have

P (|ω| > t) < exp

{
1− q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}
.
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So

P

(
|ηi (θ)| >

σ
√
C∗ {c1c̄1c5 + o(1)}√

logn

n1−(τ3+τ4)−γ+ν

p

)

< exp

{
1− q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}
+ exp(−C1n).

As long as

log p = o

{
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}
,

we have

P

(
max

i∈{1,...,p}
|ηi (θ)| >

σ
√
C∗ {c1c̄1c5 + o(1)}√

logn

n1−(τ3+τ4)−γ+ν

p

)

<p exp

{
1− q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}
+ p exp(−C1n)

<O

[
exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}
+ exp(−C

∗

2
n)

]
.

From

β̂
PMS

= µ+ ΛXT
(
XΛXT + θIn

)−1

XΛΛ−1 (β − µ) + ΛXT
(
XΛXT + θIn

)−1

ε,

we have

∣∣∣β̂PMS
i

∣∣∣ =

∣∣∣∣µi + eT
i ΛXT

(
XΛXT + θIn

)−1

XΛΛ−1 (β − µ) + eT
i ΛXT

(
XΛXT + θIn

)−1

ε

∣∣∣∣ .
As

|µi − βi| =
∣∣∣eT
i ΛΛ−1 (β − µ)

∣∣∣ =
∣∣∣λTi Λ−1 (β − µ)

∣∣∣ =

∣∣∣∣∣
p∑
j=1

λije
T
j Λ−1 (β − µ)

∣∣∣∣∣
≤ max
j∈{1,...,p}

∣∣∣eT
j Λ−1 (β − µ)

∣∣∣ p∑
j=1

|λij | ≤
c7n

γ

p

c̄5n
1−(τ3+τ4)−2γ+ν

√
logn

≤ c7c̄5√
logn

n1−(τ3+τ4)−γ+ν

p
.

To i 6∈ M0, we have

|µi| = |µi − βi| ≤
c7c̄5√
logn

n1−(τ3+τ4)−γ+ν

p
.
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Thus,

∣∣∣β̂PMS
i

∣∣∣ ≤ |µi|+
∣∣∣∣eT
i ΛXT

(
XΛXT + θIn

)−1

XΛΛ−1 (β − µ)

∣∣∣∣+

∣∣∣∣eT
i ΛXT

(
XΛXT + θIn

)−1

ε

∣∣∣∣
= |µi|+

∣∣∣eT
i

(
Λ1/2HHTΛ1/2 + M

)
Λ−1 (β − µ)

∣∣∣+

∣∣∣∣eT
i ΛXT

(
XΛXT + θIn

)−1

ε

∣∣∣∣
≤ |µi|+

∣∣∣∣eT
i ΛXT

(
XΛXT + θIn

)−1

ε

∣∣∣∣+
∣∣∣eT
i

(
Λ1/2HHTΛ1/2 + M

)
eie

T
i Λ−1 (β − µ)

∣∣∣
+

p∑
j = 1

j 6= i

∣∣∣eT
i

(
Λ1/2HHTΛ1/2 + M

)
eje

T
j Λ−1 (β − µ)

∣∣∣

≤ c7c̄5√
logn

n1−(τ3+τ4)−γ+ν

p
+
σ
√
C∗ {c1c̄1c5 + o(1)}√

logn

n1−(τ3+τ4)−γ+ν

p
+
c̄1n

1+(τ3+τ4)+ν

p

c7n
γ

p

+

{
p

(
M√
logn

+ o(1)

)
n1−(τ3+τ4)−2γ+ν

p

}
c7n

γ

p

=
c∗√
logn

n1−(τ3+τ4)−γ+ν

p
, (S3.4)

where c∗ = c7M + c7c̄5 + σ
√
C∗ {c1c̄1c5 + o(1)}, with probability greater than

1−O
{
p exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)}
−O

[
exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
.

If only

log p = o

[
min

{
n1−4τ3−4τ4−4γ

logn
, q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
,

the probability of (S3.4) is greater than

1−O
{

exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)}
−O

[
exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
.

In addition, to i ∈M0, we have

|µi| ≥ |βi| −
c7c̄5√
logn

n1−(τ3+τ4)−γ+ν

p
≥
(
c8 −

c7c̄5√
logn

)
n1−(τ3+τ4)−γ+ν

p
,
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so we can get that

∣∣∣β̂PMS
i

∣∣∣ ≥ |µi| − ∣∣∣eT
i

(
Λ1/2HHTΛ1/2 + M

)
Λ−1 (β − µ)

∣∣∣− ∣∣∣∣eT
i ΛXT

(
XΛXT + θIn

)−1

ε

∣∣∣∣
≥ |µi| −

∣∣∣∣eT
i ΛXT

(
XΛXT + θIn

)−1

ε

∣∣∣∣− ∣∣∣eT
i

(
Λ1/2HHTΛ1/2 + M

)
eie

T
i Λ−1 (β − µ)

∣∣∣
−

p∑
j = 1

j 6= i

∣∣∣eT
i

(
Λ1/2HHTΛ1/2 + M

)
eje

T
j Λ−1 (β − µ)

∣∣∣

≥
(
c8 −

c7c̄5√
logn

)
n1−(τ3+τ4)−γ+ν

p
−
σ
√
C∗ {c1c̄1c5 + o(1)}√

logn

n1−(τ3+τ4)−γ+ν

p
− c̄1n

1+(τ3+τ4)+ν

p

c7n
γ

p
−
[
p

{
M√
logn

+ o(1)

}
n1−(τ3+τ4)−2γ+ν

p

]
c7n

γ

p

≥(c8 −
c̃√

logn
)
n1−(τ3+τ4)−γ+ν

p
≥ c8

2

n1−(τ3+τ4)−γ+ν

p
,

where c̃ = c7c̄5 + σ
√
C∗ {c1c̄1c5 + o(1)}+ c7M , with probability greater than

1−O
{

exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)}
−O

[
exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
.

From above results,

P

(
max
i 6∈M0

∣∣∣β̂PMS
i

∣∣∣ > c∗√
logn

n1−(τ3+τ4)−γ+ν

p

)
≤O

[
p exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)
+ p exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
≤O

[
exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)
+ exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
.

Similarly, we have

P

(
min
i∈M0

∣∣∣β̂PMS
i

∣∣∣ < c8
2

n1−(τ3+τ4)−γ+ν

p

)
≤ O

[
exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)
+ exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
.

Choosing
c∗√
logn

n1−(τ3+τ4)−γ+ν

p
< αn <

c8
2

n1−(τ3+τ4)−γ+ν

p
, we can get the conclusion that

P

(
min
i∈M0

∣∣∣β̂PMS
i

∣∣∣ > αn > max
i6∈M0

∣∣∣β̂PMS
i

∣∣∣) ≥ 1−O
[
exp

(
−Cn1−4τ3−4τ4−4γ

2 logn

)
+ exp

{
1− 1

2
q

(√
C∗n1/2−3τ3/2−2τ4−γ+ν/2

√
logn

)}]
.

Let ξ1 = 4τ3 + 4τ4 + 4γ,ξ2 = 3τ3/2 + 2τ4 + γ − ν/2 and C̃ =
√
C∗, above conclusion can be
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rewritten as

P

(
min
i∈M0

∣∣∣β̂PMS
i

∣∣∣ > αn > max
i6∈M0

∣∣∣β̂PMS
i

∣∣∣) ≥ 1−O
[
exp

(
−Cn1−ξ1

2 logn

)
+ exp

{
1− 1

2
q

(
C̃n1/2−ξ2
√

logn

)}]
.

where max{ξ1, 2ξ2} < 1.

This completes the proof of sure screening. �

Proof of Lemma 1

Proof: First of all, from the property of minimize eigenvalue, we know that

λmin(G2) = λmin{XKT(XΛXT + θIn)−1KXT}

≥ λmin(XXT)λmin(KTK){λmax(XΛXT) + θ}−1

≥ λmin(XXT)λmin(KTK)

λmax(XXT)λmax(Λ) + θ
≥ cλmin(XXT)λmin(KTK)

λmax(XXT)λmax(Λ)
.

Similarly, form the property of maximize eigenvalue, we also obtain that

λmax(G1) = λmax{XKT(XKTΛKKXT + θIn)−1KXT}

≤ λmax(XXT)λmax(KTK){λmin(XKTΛKKXT) + θ} ≤ λmax(XXT)λmax(KTK)

λmin(XXT)λmin(KTK)λmin(ΛK)
.

It is obvious that

(G1)jj
(G2)jj

≤ λmax(G1)

λmin(G2)
≤ c−1 λmax(XXT)λmax(KTK)

λmin(XXT)λmin(KTK)λmin(ΛK)

λmax(XXT)λmax(Λ)

λmin(XXT)λmin(KTK)

= c−1{cond(XXT)}2cond(KTK){λmin(KTK)}−1{λmin(ΛK)}−1λmax(Λ)

≤ c∗nτ1+2τ5+τk+τk1
+2τk2 ≤ C∗ng.

This completes the proof of Lemma 1. �
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Proof of Theorem 2

Proof: Assume that S = S1 ∪ S2, where S1 ⊂ M0, S2 ∩M0 = ∅. In addition, assume that

S3 = Sc ∩M0, then we have

Y = Xβ + ε = XS1βS1 + XS3βS3 + ε = XSβS + XS3βS3 + ε,

then from the expression of µ̃S , when q ≤ n,

µ̃S =(XT
SΩSXS)−1XT

SΩSY

=(XT
SΩSXS)−1XT

SΩSXSβS + (XT
SΩSXS)−1XT

SΩSXS3βS3 + (XT
SΩSXS)−1XT

SΩSε.

To any j ∈ S, we have

β̂PMS
S,j =eT

j (XT
SΩSXS)−1XT

SΩSXSβS + eT
j (XT

SΩSXS)−1XT
SΩSXS3βS3 + eT

j (XT
SΩSXS)−1XT

SΩSε

=βj + eT
j (XT

SΩSXS)−1XT
SΩSXS3βS3 + eT

j (XT
SΩSXS)−1XT

SΩSε.

Thus we have

|β̂PMS
S,j − βj | ≤ |eT

j (XT
SΩSXS)−1XT

SΩSXS3βS3 |+ |e
T
j (XT

SΩSXS)−1XT
SΩSε|.

On the one hand, to |eT
j (XT

SΩSXS)−1XT
SΩSXS3βS3 |, we have

|eT
j (XT

SΩSXS)−1XT
SΩSXS3βS3 |

2

=eT
j (XT

SΩSXS)−1XT
SΩSXS3βS3β

T
S3XT

S3ΩSXS(XT
SΩSXS)−1ej

≤‖XS3βS3‖
2eT
j (XT

SΩSXS)−1XT
SΩ2
SXS(XT

SΩSXS)−1ej

≤‖XS3βS3‖
2λmax(ΩS)eT

j (XT
SΩSXS)−1ej

≤‖XS3βS3‖
2λmax(ΩS)eT

j (XT
SΩSXS)1/2(XT

SΩSXS)−2(XT
SΩSXS)1/2ej

≤‖XS3βS3‖
2λmax(ΩS)λmax{(XT

SΩSXS)−2}eT
j XT
SΩSXSej

≤‖XS3βS3‖
2λmax(ΩS){λmin(XT

SΩSXS)}−2eT
j XT
SΩSXSej .
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Let CS be a q × p matrix such that XS = XCT
S , it is obvious that only one element in

each row of CS is equal to 1 and 0 else, and we could demonstrate that CSC
T
S = Iq. So,

λmax(ΩS){λmin(XT
SΩSXS)}−2 ≤λmax(ΩS){λmin(XT

SXS)λmin(ΩS)}−2

≤cond(ΩS){λmin(XT
SXS)}−2{λmin(ΩS)}−1.

As

{λmin(ΩS)}−1 ={λmin(XSΛSX
T
S + θIn)−1}−1 = λmax(XSΛSX

T
S + θIn) = λmax(XSΛSX

T
S ) + θ,

and

cond(ΩS) =
λmax{(XSΛSXS + θIn)−1}
λmin{(XSΛSXT

S + θIn)−1}
=
λmax(XSΛSX

T
S + θIn)

λmin(XSΛSXT
S + θIn)

=
λmax(XSΛSX

T
S ) + θ

λmin(XSΛSXT
S ) + θ

≤λmax(XSΛSX
T
S )

λmin(XSΛSXT
S )
≤ λmax(XSX

T
S )λmax(ΛS)

λmin(XSXT
S )λmin(ΛS)

≤ λmax(CT
SCS)λmax(ZZT)λmax(Σ)λmax(ΛS)

λmin(CT
SCS)λmin(ZZT)λmin(Σ)λmin(ΛS)

=cond(ZZT)cond(Σ)cond(ΛS) ≤ c21c6cs1cs2n
τ5+τs1+τs2 ,

so

λmax(ΩS){λmin(XT
SΩSXS)}−2 ≤cond(ΩS){λmin(CSC

T
S )λmin(XTX)}−2{λmax(XSΛSX

T
S ) + θ}

≤cond(ΩS){λmin(XTX)}−2λmax(XXT)λmax(ΛS) + θcond(ΩS){λmin(XTX)}−2

=cond(ΩS)cond(XXT){λmin(XTX)}−1λmax(ΛS) + θcond(ΩS){λmin(XTX)}−2

≤c51c36c2s1cs2
n3τ5+2τs1+τs2

p
+ θc41c

3
6cs1cs2

n3τ5+τs1+τs2

p2
≤ 2c51c

3
6c

2
s1cs2

n3τ5+2τs1+τs2

p
.

To eT
j XT
SΩXSej , we have

eT
j XT
SΩXSej =eT

j CSX
T(XΛXT + θIn)−1XCT

Sej

=eT
j CSΣ

1/2ZT(ZΣ1/2ΛΣ1/2ZT + θIn)−1ZΣ1/2CT
Sej

=eT
j CSΣ

1/2UDVT(VDUTΣ1/2ΛΣ1/2UDVT + θIn)−1VDUTΣ1/2CT
Sej
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=eT
j CSΣ

1/2UDVT{VD(UTΣ1/2ΛΣ1/2U + θD−2)DVT}−1VDUTΣ1/2CT
Sej

=eT
j CSΣ

1/2U(UTΣ1/2ΛΣ1/2U + θD−2)−1UTΣ1/2CT
Sej

=eT
j CSΛ

−1/2Λ1/2Σ1/2U(UTΣ1/2ΛΣ1/2U + θD−2)−1UTΣ1/2Λ1/2Λ−1/2CT
Sej

=eT
j CSΛ

−1/2Λ1/2Σ1/2UA−1(In + θA−TD−2A−1)−1A−TUTΣ1/2Λ1/2Λ−1/2CT
Sej ,

similar with the proof in Theorem 1, by Taylor expansion, we have

eT
j XT
SΩXSej = eT

j CsΛ
−1/2HHTΛ−1/2CT

Sej + eT
j M1ej ,

where

H = Λ1/2Σ1/2U{UT(Σ1/2ΛΣ1/2)U}−1/2,

and

M1 =

∞∑
k=1

(−θ)kΣ1/2UA−1(A−TD−2A−1)kA−TUTΣ1/2.

On the one hand,

eT
j CSΛ

−1/2HHTΛ−1/2cT
Sej = (λcj)

THHTλcj ≤
p∑

u=1

∑
v 6=u

|λcjuλcjveT
uΛ1/2HHTev|+

p∑
u=1

(λcju)2eT
uHHTeu.

From conclusion in Wang and Leng (2016), we know that

Pr

(
|eT
uHHTev| ≤ c̄1

n1+(τ3+τ4)−α

p

)
≥ 1−O

{
exp

(
−Cn

1−2α

2 logn

)}
, Pr

(
eT
uHHTeu > c̃1

n1+(τ3+τ4)

p

)
< 2 exp(−Cn),

choosing α = 3τ3 + 3τ4 + 3τ5 + 2τs1 + τs2 + 2γ̄1 + ε1 − 1, we have

eT
j CSΛ

−1/2HHTΛ−1/2cT
Sej

≤ M√
logn

n2−2τ3−2τ4−3τ5−2τs1−τs2−2γ̄1−ε1

p

p∑
u=1

∑
v 6=u

|λcjuλcjv|+ c̃1
n1+(τ3+τ4)

p

p∑
u=1

(λcju)2

≤M∗c̃1
n2−2τ3−2τ4−3τ5−2τs1−τs2−2γ̄1

p
+ c̃2

n1+(τ3+τ4)

p
n1−3τ3−3τ4−3τ5−2τs1−τs2−2γ̄1 ≤M∗1

n2−2τ3−2τ4−3τ5−2τs1−τs2−2γ̄1

p
,
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where M∗1 = M∗c̃1 + c̃2 with probability greater than

1−O
{

exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)
+ exp(−Cn)

}
.

On the other hand, as

λmax(Λ−1/2Λ1/2ΣUA−1(−A−TD−2A−1)kA−TUTΣ1/2Λ1/2Λ−1/2)

≤λmax{(A−TD−2A−1)k}λmax(Λ−1/2HHTΛ−1/2) ≤ λmax{(A−TD−2A−1)k}λmax(Λ−1).

thus

λmax(M1) ≤λmax(Λ−1)

∞∑
k=1

θk{λmax(A−TD−2A−1)}k ≤ θλmax(Λ−1)λmax(A−TD−2A−1)

1− θλmax(A−TD−2A−1)
.

W can obtain that

Pr

(
λmax(M1) >

θc1c3c5n
τ2+τ4

p− θc1c5nτ4

)
≤Pr

(
θλmax(Λ−1)λmax(A−TD−2A−1)

1− θλmax(A−TD−2A−1)
>
θc1c3c5n

τ2+τ4

p− θc1c5nτ4

)
≤Pr

(
λmax(A−TD−2A−1) >

c1c5n
τ4

p

)
≤ exp(−C1n),

which indicates that

eT
j M1ej ≤ λmax(M1) ≤ θc1c3c5n

τ2+τ4

p− θc1c5nτ4
,

with probability greater than 1− exp(−C1n). Choosing θ, such that

θc1c3c5n
τ2+2τ3+3τ4+3τ5+2τs1+τs2+2γ̄1−2

1− θc1c4nτ4/p
= o(1),

we can deduce that

Pr

(
eT
j XT
SΩXSej ≤ (M∗1 + o(1))

n2−2τ3−2τ4−3τ5−2τs1−τs2−2γ̄1

p

)
≥ 1−O

{
exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)}
.

In addition, from condition B3, we know that

eT
j XT
SΩSXSej ≤ cg(M∗1 + o(1))

n2−2τ3−2τ4−3τ5−2τs1−τs2−2γ̄1+g

p
,
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with probability greater than 1−O
{

exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)}
.

To sum up, we can prove that

Pr

(
|eT
j (XT

SΩSXS)−1XT
SΩSXS3βS3 |

2 >
K∗1n

2−2τ3−2τ4+g

p2

)
≥ 1−O

{
exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)}
,

where K∗1 = 2c51c
3
6cs1cs2cg c̄

2
1{M∗1 + o(1)}.

To the noise part, we have

‖eT
j (XT

SΩSXS)−1XT
SΩS‖2 =eT

j (XT
SΩSXS)−1XT

SΩ2
SXS(XT

SΩSXS)−1ej

≤λmax(ΩS)eT
j (XT

SΩSXS)1/2(XT
SΩSXS)−2(XT

SΩSXS)1/2ej

≤λmax(ΩS)λmax{(XT
SΩSXS)−2}eT

j XT
SΩSej .

From previous proof, we know that

Pr

(
eT
j XT
SΩSXSej ≤M∗2

n2−2τ3−2τ4−3τ5−2τs1−τs2−2γ̄1+g

p

)
≥1−O

{
exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)}
,

where M∗2 = cg{M1 + o(1)}, as well as

Pr

(
λmax(ΩS){λmin(XT

SΩSXS)}−2 ≤ 2c51c
3
6cs1cs2

n3τ5+2τs1+τs2

p

)
≥ 1− exp(−C1n).

So we have

Pr

(
‖eT
j (XT

SΩSXS)−1XT
SΩS‖ ≤ K∗2

n1−τ3−τ4−γ̄1+g/2

p

)
≥1−O

{
exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)}
,

where K∗2 =
√

2c51c
3
6cs1cs2M

∗
2 . Choosing t =

√
C∗1

nγ̄1√
logn

, then from inequality

Pr (|ω| > t) < exp

{
1− q(

√
C∗1n

γ̄1

√
logn

)

}
,
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we have

Pr

(
|eT
j (XT

SΩSXS)−1XT
SΩSε| ≤

σK∗3√
logn

n1−(τ3+τ4)+g/2

p

)
≥ 1−O

[
exp

{
1− q(

√
C∗1n

γ̄1

√
logn

)

}]
,

where K∗3 = K∗2
√
C∗1 . To sum up, we have

Pr

(
|β̂PMS
S,j − βj | ≤ K∗

n1−(τ3+τ4)+g/2

p

)
≥1−O

{
exp

(
−Cn

3−6τ3−6τ4−6τ5−4τs1−2τs2−4γ̄1−2ε1

2 logn

)}
−O

[
exp

{
1− q(

√
C∗1n

γ̄1

√
logn

)

}]
,

where K∗ =
√
K∗1 +

σ
√
K2√

logn
. �

Proof of Theorem 3

Proof: Denoting B∗ as the true m× p group indicator matrix, we have

Y = X(B∗)Tβ̄ + ε = XBTβ̄ −X
{

BT − (B∗)T
}
β̄ + ε,

where β̄ = (β1, . . . , βm)T is the true parameters in each group. So

ν̄ =
(
BXTΩBXBT

)−1

BXTΩBY =
(
BXTΩBXBT

)−1

BXTΩB

[
XBTβ̄ −X

{
BT − (B∗)T

}
β̄ + ε

]
= β̄ −

(
BXTΩBXBT

)−1

BXTΩBX
{

BT − (B∗)T
}
β̄ +

(
BXTΩBXBT

)−1

BXTΩBε,

which indicates that

∣∣ν̄j − β̄j∣∣ ≤ ∣∣∣∣eT
j

(
BXTΩBXBT

)−1

BXTΩBX
{

BT − (B∗)T
}
β̄

∣∣∣∣+∣∣∣∣eT
j

(
BXTΩBXBT

)−1

BXTΩBε

∣∣∣∣ .
(S3.5)

To the first part in inequality (S3.5), we have

∣∣∣∣eT
j

(
BXTΩBXBT

)−1

BXTΩBX
{

BT − (B∗)T
}
β̄

∣∣∣∣2
=eT

j

(
BXTΩBXBT

)−1

BXTΩBX
{

BT − (B∗)T
}
β̄β̄

T
(B−B∗) XTΩBXBT

(
BXTΩBXBT

)−1

ej
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≤‖ (B−B∗) β̄‖2eT
j

(
BXTΩBXBT

)−1

BXTΩBXXTΩBXBT
(
BXTΩBXBT

)−1

ej

≤‖ (B−B∗) β̄‖2λmax

(
BXTΩBXXTΩBXBT

)
eT
j

(
BXTΩBXBT

)1/2 (
BXTΩBXBT

)−3

(
BXTΩBXBT

)1/2

ej

≤‖ (B−B∗) β̄‖2λmax

(
BXTΩBXXTΩBXBT

)
λmax

{(
BXTΩBXBT

)−3
}

eT
j

(
BXTΩBXBT

)
ej .

It is obvious that

λmax

(
BXTΩBXXTΩBXBT

)
λmax

{(
BXTΩBXBT

)−3
}

≤λmax

(
BBT

){
λmax

(
XXT

)}2

{λmax (ΩB)}2
{
λmin

(
BBT

)
λmin

(
XXT

)
λmin (ΩB)

}−3

=cond
(
BBT

){
cond

(
XXT

)}2

{cond (ΩB)}2
{
λmin

(
BBT

)}−2 {
λmin

(
XXT

)}−1

{λmin (ΩB)}−1 .

As

{λmin (ΩB)}−1 =

{
λmin

(
XBTΛBBXT + θIn

)−1
}−1

= λmax

(
XBTΛBBXT + θIn

)
= λmax

(
XBTΛBBXT

)
+ θ ≤ λmax

(
XXT

)
λmax(BTB)λmax (ΛB) + θ,

similarly, we have

cond(ΩB) ≤ cond(ZZT)cond(Σ)cond(BTB)cond(ΛB).

So we get

λmax

(
BXTΩBXXTΩBXBT

)
λmax

{(
BXTΩBXBT

)−3
}

≤{cond
(
BBT

)
}2
{

cond
(
XXT

)}3

{cond (ΩB)}2
{
λmin

(
BBT

)}−1

λmax (ΛB)

+ θcond
(
BBT

){
cond

(
XXT

)}2

{cond (ΩB)}2
{
λmin

(
BBT

)}−2

{λmin

(
XXT

)
}−1

≤{cond
(
BBT

)
}4
{

cond
(
ZZT

)}5

{cond(Σ)}5 {cond(ΛB)}2
{
λmin(BBT)

}−1

λmax(ΛB)

+ θ{cond(BBT)}3{cond(ZZT)}4{cond(Σ)}4{cond(ΛB)}2{λmin(BBT)}−2{λmin(XXT)}−1
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≤c10
1 c

5
6c̄

4
8c̄

5
9c

3
b1c

2
b2n

5τ5+4τ6+5τ7+3τb1+2τb2 + θc91c
5
6c̄

3
8c̄

4
9c

2
b1c

2
b2

n5τ5+3τ6+5τ7+2τb1+2τb2

p

≤2c10
1 c

5
6c̄

4
8c̄

5
9c

3
b1c

2
b2n

5τ5+4τ6+5τ7+3τb1+2τb2 .

with probability greater than 1− exp(−C1n). In addition,

eT
j BXTΩXBTej =eT

j BΣ1/2ZT(ZΣ1/2ΛΣ1/2ZT + θIn)−1ZΣ1/2BTej

=eT
j BΣ1/2UDVT(VDUTΣ1/2ΛΣ1/2UDVT + θIn)−1VDUTΣ1/2BTej

=eT
j BΣ1/2UDVT{VD(UTΣ1/2ΛΣ1/2U + θD−2)DVT}−1VDUTΣ1/2BTej

=eT
j BΣ1/2U(UTΣ1/2ΛΣ1/2U + θD−2)−1UTΣ1/2BTej

=eT
j BΛ−1/2Λ1/2Σ1/2UA−1

{
In +

∞∑
k=1

(−θ)k(A−TD−2A−1)k
}

A−TUTΣ1/2Λ1/2

Λ−1/2Bej

=eT
j BΛ−1/2HHTΛ−1/2Bej + eT

j M2ej ,

where M2 =
∞∑
k=1

(−θ)kBΛ−1/2Λ1/2Σ1/2UA−1(A−TD−2A−1)kA−TUTΣ1/2Λ1/2Λ−1/2BT.

First of all,

eT
j BΛ−1/2HHTΛ−1/2Bej =λB

j HHTλB
j ≤

p∑
u=1

∑
v 6=u

|λB
juλ

B
jve

T
uHHTev|+

p∑
u=1

(λB
ju)2eT

uHHTeu.

Choosing α = 3τ3 + 3τ4 + 5τ5 + 4τ6 + 5τ7 + 3τb1 + 2τb2 + 2γ̄2 + ε2 − 1, from

Pr

(
|euHHTev| >

M√
logn

n1+(τ3+τ4)−α

p

)
≥ 1−O

{
exp

(
−Cn

1−2α

2 logn

)}
, Pr

(
eT
uHHTeu > c̃1

n1+(τ3+τ4)

p

)
< 2 exp(−Cn),

we know that

eT
j BXTΩXBTej

≤ M√
logn

n2−2τ3−2τ4−5τ5−4τ6−5τ7−3τb1−2τb2−2γ̄2−ε2

p

p∑
u=1

∑
v 6=u

|λB
juλ

B
jv|+ c̃1

n1+(τ3+τ4)

p

p∑
u=1

(λB
ju)2

≤K̃1
n2−2τ3−2τ4−5τ5−4τ6−5τ7−3τb1−τb2−2γ̄2

p
,
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with probability greater than

1−O
{

exp

(
−Cn

3−6τ3−6τ4−10τ5−8τ6−10τ7−6τb1−4τb2−4γ̄2−2ε2

2 logn

)}
,

where K̃1 = Mc2γ̄2 + c̃1cε2 . As

λmax{BΛ−1/2Λ1/2Σ1/2UA−1(A−TD−2A−1)kA−TUTΣ1/2Λ1/2Λ−1/2BT}

≤λmax{(A−TD−2A−1)k}λmax(BBT)λmax(Λ−1)λmax(HHT),

thus

λmax(M2) ≤λmax(BBT)λmax(Λ−1)

∞∑
k=1

θk{λmax(A−TD−2A−1)k}

≤θλmax(Λ−1)λmax(BBT)λmax(A−TD−2A−1)

1− θλmax(A−TD−2A−1)
.

So

Pr

(
λmax(M2) >

θc1c3c5c̄8n
τ2+τ4+τ6

p− θc1c5nτ4

)
≤ Pr

(
λmax(A−TD−2A−1) >

c1c5n
τ4

p

)
< exp(−C1n),

which indicates that

eT
j M2ej ≤ o(1)

n2−2τ3−2τ4−5τ5−4τ6−5τ7−3τb1−τb2−2γ̄2

p2

with probability greater than 1− exp(−C1n) if θ satisfying that

θc1c3c5n
τ2+2τ3+3τ4+5τ5+5τ6+5τ7+3τb1+τb2+2γ̄2−2

1− θc1c5nτ4/p
= o(1).

To sum up, we obtain that

Pr

(
eT
j XTΩXBTej ≤ {K̃1 + o(1)}n

2−2τ3−2τ4−5τ5−4τ6−5τ7−3τb1−2τb2−2γ̄2

p

)
≥ 1−O

{
exp

(
−Cn

3−6τ3−6τ4−10τ5−8τ6−10τ7−6τb1−4τb2−4γ̄2−2ε2

2 logn

)}
.
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From condition C3, we have

Pr

(
eT
j XTΩBXBTej ≤ cb{K̃1 + o(1)}n

2−2τ3−2τ4−5τ5−4τ6−5τ7−3τb1−2τb2−2γ̄2+b

p

)
≥ 1−O

{
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To the first part, we obtain the conclusion that

Pr

(
‖eT
j (BXTΩBXBT)−1BXTΩBX{BT − (B∗)T}β̄‖ >

√
K̃2

n1−(τ3+τ4)+b/2

p
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{
exp
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,

where K̃2 = 2c10
1 c

5
6c̄

4
8c̄

5
9c

3
b1
c2b2cb{K̃1 + o(1)}.

To the noise part, we have

‖eT
j (BXTΩBXBT)−1BXTΩB‖2 = eT

j (BXTΩBXBT)−1BXT(ΩB)2XBT(BXTΩBXBT)−1ej

≤λmax(ΩB)eT
j (BXTΩBXBT)−1ej ≤ λmax(ΩB)λmax{(BXTΩBXBT)−2}eT

j BXTΩBXBTej
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In addition, as

Pr

(
eT
j XTΩBXBTej ≤ cb{K̃1 + o(1)}n

2−2τ3−2τ4−5τ5−4τ6−5τ7−3τb1−2τb2−2γ̄2+b
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we obtain
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Choosing t =
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√
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, from

P (|ω| > t) < exp
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,

we have
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That is to say

P
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|ν̄j − β̄j | ≤ K̃
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where K̃ =
√
K̃2 +
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√
C̄K̃3√
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. �
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The Proof of Theorem 4:

Proof: To finite K and |M0|, it is obvious that

{
min
j∈M0

max
k∈{1,...,K}

|β̂(k)
j | > max

j 6∈M0

max
k∈{1,...,K}

|β̂(k)
j |
}

=

{
max

k∈{1,...,K}
min
j∈M0

|β̂(k)
j | > max

k∈{1,...,K}
max
j 6∈M0

|β̂(k)
j |
}
,

for simplicity, we denote

Ak =

{
min
j∈M0

|β̂(k)
j | > max

j 6∈M0

|β̂(k)
j |
}
, k = 1 . . . ,K.

Then, to combined PMS statistics, we have

P

(
min
j∈M0

|β̂CPMS
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(
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Āk

)
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K∑
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{1− P (Ak)} .

From the conclusion of Theorem 1, to each k ∈ {1, . . . ,K}, we have

1− P (Ak) = O

{
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3

2 logn
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2
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,

with 0 < ξ
(k)
3 , 2ξ

(k)
4 < 1. Choosing ξ̃3 = max

k∈{1,...,K}
{ξ(k)

3 } and ξ̃4 = max
k∈{1,...,K}

{ξ(k)
4 }, we can

finally prove that
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√
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That completes the proof. �

S4 Additional Simulation Studies

S4.1 Compound Symmetry Case

In this setting, we assigned a standard normal distribution to the marginal distribution of all

covariates. And the covariance matrix had a compound symmetry structure with correlation
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ρ = 0.5. We chose sample size n = 200, dimension of features p = 10, 000, and signal-to-noise

ratio R2 = 0.5, 0.9. The coefficient vector was specified as β = (3, 3, 3, 3, 3,−7.5, 0, . . . , 0)T,

which indicates the number of active features was 6.

For PMS, we chose Λ = Ip, a case without any prior correlation information. To incor-

porate prior mean information, we considered four specific cases. Case I was a similar case

with Kang et al. (2017). Under this setting, we divided all 10, 000 features into 357 groups

with group labels gj =
357∑
g=1

gI{28g − 27 ≤ j ≤ 28g}, g = 1, . . . , 357, as well as gj = 357, j =

9997, . . . , 10000. Thus, the first 356 groups included 28 features while the 357th group had 32.

We introduced that partition structure to PartS, which allocated all 6 active features into the

same group. At the same time, we designed SI = {j : gj = 1} as the prior selected set to the

PMS method with a total of 28 variables. For these cases (designed as II-IV), we chose the prior

selected set as SII = {2, 6}, SIII = {6, 8} and SIV = {2, 8}. SII consisted of 2 active variables,

while SIII and SIV only contained 1 active variable, a prime active one and a subordinate active

one respectively. To apply the PartS method, we randomly partitioned all features into 357

groups and assigned two features in set Sj , j ∈ {II, III, IV} into group 1. We also considered

the PMS group method in cases II-IV, with the corresponding groups denoted as G1 = {sj1},

G2 = {sj2} and G3 = {j : j 6∈ Sj} with Sj = {sj1 , sj2}, j ∈ {II, III, IV}. In addition to PartS,

we also compared the various PMS methods with SIS, HOLP and CIS. The simulation results

are summarized in Table 1.

S4.2 Evaluation of Random decoupling

Using the same simulation design with previous section S4.1, we compensated the simulation

results of choosing the thresholding parameter by the random decoupling method. The results

are summarized in Table 2, which indicate that random decoupling is an effective method to
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Table 1: Screening accuracy for predictors with the compound symmetry correlation structure.

R2 = 0.5 R2 = 0.9
Method FPR FNR Model Size FPR FNR Model Size
SIS 72 (97) 183 (100) 5037 (1945, 8609) 9 (26) 149 (56) 5073 (2095, 8329)
HOLP 31 (35) 86 (100) 839 (359, 1925) 1 (3) 3 (20) 39 (16, 120)
CIS 23 (22) 0 (0) 657 (267, 710) 0 (1) 0 (0) 9 (7, 19)
PartS-I 43 (38) 91 (114) 912 (380, 1663) 1 (1) 0 (0) 23 (14, 38)
PartS-II 35 (42) 81 (102) 901 (440, 1888) 2 (4) 5 (29) 58 (22, 168)
PartS-III 41 (47) 97 (110) 976 (513, 2510) 3 (7) 8 (35) 72 (24, 228)
PartS-IV 39 (43) 91 (107) 952 (474, 2467) 2 (5) 9 (38) 66 (23, 229)
PMS-selection-I 0 (0) 0 (0) 6 (6, 7) 0 (0) 0 (0) 6 (6, 6)
PMS-selection-II 12 (20) 33 (71) 335 (103, 827) 0 (0) 0 (0) 6 (6, 7)
PMS-selection-III 23 (29) 65 (94) 593 (228, 1392) 0 (1) 2 (17) 11 (8, 23)
PMS-selection-IV 22 (29) 66 (90) 659 (238, 1558) 1 (1) 3 (20) 22 (11, 64)
PMS-group-II 7 (15) 27 (66) 194 (65, 550) 0 (0) 0 (0) 6 (6, 6)
PMS-group-III 12 (20) 38 (76) 281 (128, 886) 0 (0) 0 (0) 7 (7, 7)
PMS-group-IV 21 (27) 66 (88) 579 (222, 1398) 1 (1) 1 (12) 21(10, 55)

PMS method in selecting a suitable threshold value.

Table 2: Selection accuracy for random decoupling.

R2 = 0.5 R2 = 0.9
Method PIT FPR* FNR* Model Size PIT FPR* FNR* Model Size
SIS 680 (468) 677 (211) 53 (78) 6979 (5463, 8557) 965 (184) 929 (81) 6 (31) 9603 (9061, 9854)
HOLP 255 (437) 35 (4) 188 (145) 356 (328, 381) 870 (337) 25 (4) 23 (59) 256 (228, 288)
CIS 390 (489) 43 (2) 141 (139) 436 (424, 449) 990 (100) 36 (2) 2 (17) 363 (351, 376)
PartS 285 (453) 41 (3) 198 (161) 418 (403, 438) 1000 (0) 36 (3) 0(0) 370 (350, 391)
PMS-selection 355 (480) 18 (4) 150 (139) 185 (159, 211) 995 (71) 4 (2) 1 (12) 42 (32, 52)
PMS-group 420 (495) 13 (4) 128 (130) 134 (114, 159) 990 (100) 1 (1) 2 (17) 13 (10, 17)

Note: “PIT” refers to the estimated probability of including all true predictors in the top n selected
predictors multiplied by 1000, “FPR*” and “FNR*” respectively refer to the false positive and false
negative rates multiplied by 1000. The others are same with Table 1 in the main text.

S4.3 Evaluation of CPMS

In this part, we test the performance of CPMS method based on additional numerical studies for

the imaging regression. The true signal is same with section 5.2 in the main text. However, the

prior information is different, which is summarized in Figure 1. For prior covariance matrix, we

set Λ = (λij) = (exp{−0.3‖si− sj‖22}). Here we only considered the results of PMS with group

level by setting all features in set “PTP” as one group and the others as another group. Firstly,

we applied the PMS method to Case I–VI respectively. To apply CPMS, we combine prior

information from I and II, III and IV, and V and VI respectively, which are denoted as “CPMS-

I”, “CPMS-II” and “CPMS-III”. All simulation results based on (n, p) = (200, 10000) are
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summarized in Table 3. From these results, we could find that incorporating prior information

from different sources by CPMS can improve the screening results.

Table 3: Screening accuracy for the CPMS method under imaging regression case.

R2 = 0.5 R2 = 0.9
Method FPR FNR Model Size FPR FNR Model Size
PMS-I 250 (66) 474 (178) 3763 (2911, 4935) 219 (43) 284 (28) 3576 (3176, 4102)
PMS-II 242 (69) 533 (219) 3996 (3453, 4578) 226 (25) 537 (194) 3396 (3092, 3684)
CPMS-I 237 (76) 402 (123) 3818 (3079, 4404) 200 (32) 373 (109) 2869 (2674, 3095)
PMS-III 305 (92) 503 (187) 4765 (3867, 5608) 290 (36) 443 (145) 4053 (3641, 4514)
PMS-IV 211 (45) 358 (163) 3425 (3006, 3908) 186 (29) 227 (7) 2896 (2671, 3191)
CPMS-II 196 (74) 289 (103) 3458 (2843, 4286) 111 (45) 174 (77) 2647 (2045, 3148)
PMS-V 104 (67) 206 (184) 2111 1350, 2934) 43(32) 41 (79) 1167 (805, 1541)
PMS-VI 93 (73) 183 (199) 1638 (1061, 2445) 31(31) 25 (76) 700 (505, 1089)
CPMS-III 0(0) 0 (0) 217 (217, 217) 0(0) 0(0) 217 (217, 217)

Figure 1: Case plots in CPMS study.
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