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Supplementary Material

S1 Additional Theoretical Results

Proposition 1. To PMS statistics, we have
~PMS

B =pu+AXTQ(Y - Xp), (S1.1)

where = (XAXT + QIn)fl.

This results can be straightforwardly derived from the well-known Sherman—Morrison—
Woodbury formula. The similar result has been adopted to compute the ridge regression (Lu

et al. 2013). The detailed proof of Proposition 1 is in section S3.

Lemma 1. To a positive definite matrix Ax and a k X p matrix K, assume that
Amin(Ax) > ¢ 'n7 ™, Amax(KK") < e, n™1 and Amin(KK") > ¢ 'n "2,
where ci, Cry ,Chy, Tk, Tk, and Ti, > 0 are constants. Then there exists a g > 0, such that

(Gl)j,j/(GQ)j,j = O(ng)7j =1,.. ~7k
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where (G);,; refers to the jth diagonal element of matrix G, G1 and G2 take the forms of
G, = XK' (XKTAxKXT +01,,) 'KX", Gy = XK (XAX" 4+ 01,) 'KX".

Based on Lemma 1, we obtain the theoretical properties of PMS with prior on selection

and group level importance.

S2 Additional Technical Conditions

Additional conditions for Theorem 1.
Al. Let Z = XX~ Y2 there are some ¢; > 1 and C; > 0 such that
P {)\max (pilzZT) > €1 OT Amin (p71ZZT) < cfl} <exp(—Cin),

where Amin(+) and Amax(-) denote the smallest and largest eigenvalues of a matrix respec-

tively, 3 = Cov(x;) with x; be the ith row of X.
A2. For some cz,cs3,c4,c5,c6 > 0 and 71,72, 73,74, 75 > 0, we have

>\max (A) S 6277«7—1 ) >\min (A) 2 63_17'1/_7-27 >\n’1ax (EA) S C47IT3, Amin (EA) Z Cgln_T4,

and cond (X) < ¢n™,
where cond(:) = Amax(:)/Amin(+) is the condition number of a matrix.

A3. The random error vector € is independent with x = (z1,..., z,)" and has mean 0 and

standard deviation o. /0 has g-exponential tails with some function ¢(-).
Following are additional regularization conditions for Theorem 2.
B2. There exist some constants 7, , Ts,, ¢s; and cs, > 0, such that

Amax(As) < cs;n™1  and  Amin(As) > c;ln*“?.
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B3. Cs is a ¢ X p matrix such that Xs = XCZE, let AS = (Ay,...,A%,)" be the jth row of

matrix CsAfl/z, then to some constant €; > 0, we have

35 Pl =0 (Viogm).

u=1v#u
as well as

q

Z ()\ju) -0 (n1727'51 77'52737'3737'4737'572'?) ,

u=1

where 73,74 and 75 are defined in condition A2.

This part lists some additional conditions for Theorem 3.

C1. To some constants cg, Co, 76 and 77 > 0, we have

Amax (BBT> &n™ and  Amin (BBT) > (Go) ' n.

C3. There exist some constants cy, , Cp,, Tp, and 7y, > 0, such that

/\max(AB) S Cby nTbl and )\max (AB) S Cbhy nTb2 .

C4. Let )\;3 = ()\Jl,...,)\f’m) be the jth row of matrix BA~/2, then to some ez > 0, we

have

Zz‘/\B/\B

u=1v#u

~ 0 (s imgr)

and
B\2 __ 1-37p, —Tp, —273—3T4—575—476 =577 —2%2
S (B2 =0 (n! ¥ 5 ),

where 73,74 and 75 are defined in condition A2.
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S3 Detailed Theoretical Proofs

The proof of Proposition 1

This part lists the detailed proof of the equivalence of two PMS statistics expressions.

Proof: To PMS screening statistics
v=OA"+X"X)"'OA '+ XTY)
=OA " +XTX) A T+ (AT - XTX) XY
=V + V2.
One the one hand, from the Sherman-Morrison-Woodbury formula
(A+UDV) '=A"'—A'UD '+ VATIU) VAT,
let A=0A"! U=XT D=1I, and V = X, we obtain

vi=0A" + X X) A
:{éA - éAXT(XAXT +6L,) ' XAMWA 'p

=p — AXT(XAXT +01,) ' Xp.
On the other hand,
vo=(OA' + XTX)T'XTY = {(0L, + X"XA)A T} IXTY = A0, + XTXA) ' XTY.
From the Sherman-Morrison-Woodbury formula, choosing A = 0I,, U = XT, D =1, and

V = XA, we have

0(AL, + X XA) ! :9{%1,1 - éXT(In + %XAXT)_IXAélp}

=1, - X7 (0L, + XAXT) !XA.
P
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So
0(0L, + X"XA) ' XTY ={I, - X" (0L, + XAX")'XAIXTY

=X"Y - X"T(0L, + XAX")'XAX"TY
=Xy — X" (601, + XAX")" (01, + XAXT —01,)Y
=X"Y - X"Y 40X (0L, + XAX")'Y
=0X" (01, + XAX")'Y.

That is to say

(01, + X"XA) XY = X701, + XAXT)1Y.

Thus
vo = AXT (01, + XAXT) Y.

To sum up, we obtain that

VvV =vi + V2
=p — AXT(XAX" +0L,) ' Xp + AXT (01, + XAXT)'Y
=p + AXT(XAX" +01,) 7 (Y — Xp)

—p+ AXTQ(Y - Xp),

where Q = (XAX™ 4 61,)7L. O
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Proof of Theorem 1

Proof:

-1
—p+ AX" (XAXT + eln) XAA ' (B — p) + AXT (XAXT n 0In) .

By singular value decomposition, we have Z = VDU?T, where V € O(n), Disann xn
diagonal matrix and U € V, ,, O(n) is the orthogonal group and Stiefel manifold V,, , =
{Be R :B"B=1,}. So
AX" (XAXT n HIn) “'xaA
—AS?UDV" (VDUT21/2A21/2UDVT + OIn) “'vDUuTs2A
—ASY?UDV" {VD (UT21/2A21/2U + 9D_2) DVT}_1 vDU"E!/2A
—AS2UDVTVD"! {UT (21/2A21/2) U+ 0D_2}_1 D 'VTVDU"s!/?A
—Ax?u{Uu” (z'2As?) U+ 0D’2}_1 UTs'/2A
Denote A = {UT (21/2A21/2) U}l/Q, we have
ASY2U {UT (21/2A21/2) U+ HD_Z}A UTs2A
— AXY?U (ATA n 9D_2)71 uTs/2A
- AXY?U {ATA—T (ATA n 9D_2) A‘lA}A uTs/2A
- AU {AT (In n 9A—TD—2A—1) A}_1 uTs2A
— AZY2UA~? (In n 0A‘TD_2A_1)_1 A TUTEY2A

(93.2)
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—  AVZAV2R/2AY (In + 6)A—TD—2A—1)’1 A-TUTSY/ZA2 A2

—  AYV2AV2:Y2gA? {In + i(—e)k (A_TD_QA_1>k} A TUTE/ZAVZA?
= A1/2A1/221/2UA_1A_TU;:211/2A1/2A1/2 +M (83.3)
= AYPHHTAY? + M,
where H = A/251/2U {UT (21/2A21/2) U}_I/Q. It is obvious that
JA"TD A < Amax (A*TD*QA*) < Amax (D7) Amax (A" TA™Y)
= Amax (D) Amax {(AAT)’l}
= {min (D?)} {)\ (AAT) }71 .
On the one hand,
Amin (AAT) = Amin {UT (21/2A21/2) U} > Amin (UTU) Amin (21/2A21/2)
= Amin (ZA) > cg1n7T4.
On the other hand, from A1, we have
P (Amin (D?) < pei") = P (0" Ain (Z27) < e17') < exp(~Cin).
Thus,

P <|| AT'DTPAT! < C1C5p71n74) >1—exp(—Cin).

So the necessary condition for (S3.2) is that @ < c;'cy 'pn~™, which can ensure that the norm
of matrix A" TD 2A ! is smaller than 1.

From the definition of H, we can test

HTH = A TUTS/2A1/271/2501/2gA 1 = A ! {UT (21/2A21/2) U} Al = I,
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which indicates that H € V,, . As
A {A1/2A1/221/2UA71 (AfTD72A71)k AfTUT21/2A1/2A1/2}
max {(A’TD’2A’1)k} Amax (A1/2HHTA1/2) = Amax { (A’TD’2A’1)I€} Amax(A),
thus,

Amax (M) < Ammax (A) iek {Anax (A7"D2A7Y) }k < {0 max (M)A (A7 DA )} /{1 = 02 (A" D2A7) )

P (Amax(M) > fcicacsn™ 4™ /(p — fcresn™))
<p {mmax (A’TD’2A’1) Amax (A)} / {1 — O\max (A*TD*"A*)} > Ocrcacsn™ T /(p — 0clc5nf4))

(
<P ({OAmaX (AfTD72A71) con™t } / {1 — O max (AfTDﬂA*l)} > 0010205nn+7“/(p — 00105n“))
(

<P ( Amax (AfTDﬂA*l) > clc5nT4/p) < exp(—C1n).
So
2
emax (el MA™ (1 = B) < dua (MF) [IA™ (1= B) I < A (M) ™" /.
Thus
1=(m34+74)=7+V Qeo coencop L T3 H2Ta+ 27— -1

P max eiTMA_1 — ’>n 1220857 ><ex —C1n).

(e, ) . N p(~Cin)

Let 0 satisfying that

901C2c5c7n71+73+2‘r4+2"/*1’*1

/P —Bciesn™ [\ /p

=o(1),

above conclusion can be summarized as

1—(r3470)—v+v
p ( max |e; MA™' (u— B)| > o(l)n

i€{1,....p}

. ) < exp(—Chn).
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From the conclusion of Wang and Leng (2016), we know that

plt(ma+7a)
7) < 2exp(—Chn),

p <bTHHTb > &
for any p x 1 vector b satisfying ||b|| = 1. So

1+(r3+74)
7) < 2exp(—Chn),

P (X?HHT& > &Pl
where \; = (;\il, . ;\ip)T is the ith row of matrix AY2. From A4, we can get

< 2exp(—Chn).

1+ (T3+74)+v
P (e,-TAl/QHHTAl/Qei >0 )

In addition, we also know that

1+(m3+74)—x 1—2a
P < M _n >1—-0qexp _Gn ,
Vlogn p 2logn

forany 0 < a < 1/2 and j #4;4,j = 1,...,p. Choosing o = 273 + 274 + 7, above result can be

T T
e, HH e,

summarized as

g

T T
e, HH e,

1—(13+74)—7 1—473—4714—2v
< M n >1-0dep(-Cn = L
~ Vlogn D - 2logn

Thus,

= i i XiuS\erEHHTev

u=1v=1

eiTAl/QHHTAl/er‘ - ‘S\ZHHTX]-

< i i mej've;l:HHTev
u=1v=1
= Zp: Z XiujxjveEHHTev

u=1v#u u=1

j\m XjueEHHTeu

M nl—(‘r3+‘r4)—2w7 . Eln1+(f3+f4) E4nv—27'3—27'4—2’v
< csn’ +

logn p p Viogn

M* pl-(mstTa)tv—2y

)

~ Vlogn P

Cnl—47'3—4'r4—4’y
where M™ = ¢s M + ¢1¢4 with probability greater than 1 — O {p2 exp <—?> } —
ogn

2pexp(—Cin).
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As long as

1—4713—4714—4y )
)

logp=o0 n
&P = logn

we can get the conclusion that

* 1—(r3+74)+v—2v 1—4713—414—4v
o L )10 e (LG,

~ Vlogn p 2logn
Let n(0) = AX™ (XTAX 4 61,) " €, we have

eiTAl/QHHTAl/Qe]-

ni(0) = e] AT (XAX 4 6L,) €.

Assume that

(XAXT +0L,) "' XAe;
| (XAXT +6L,)" " XAe|’

then we have
ni(0) = | (XAXT + eln)f1 X Ae,|low.
As
| (XAXT +01,) T XAei|? = e AX" (XAX" +01,) XA
—eTAXT (XAXT 4 61,) 7 (XAXT 4 on) T (xAXT +on)  xAe

max { (XAXT + HIn) o } el AXT (XAXT + HIn) ' XAe;

AN

D (XAXT)} e (AVZHETAY2 4 0) e,
< (o (XAXT) Y e (AV2HETAY) 6 4 A D]
It 1 obvions that
Ao (XAXT) = Ao {2 (SA52) 27 2 Ay (S2A572) Ay (227)

= p)\min (EA) Amin (%ZZT> > c;lcglpn774.
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From previous proof, we know that

Ocicacsn T

P ()\max (M) > > < exp(—Cin),

p—0Ocicsn™

and

< 2exp(—Chn).

14734744V
P (eiTAl/QHHTAI/Qei > )

So,

P ({)\min (XAXT) }71 e? (Al/QHHTAIm) e; > 016105$> < 3exp(—C™n),

and
-1 n73+274+u+1 0020202717'177'371/71
P ({min (XAXT) ) A (M 16265 2exp(—Cn),
( (M) > p? 1—0cicsni/p < 2exp( n)
where C* = min {C, C1}. If 0 satisfies
Occocinm—m vl

= o(1),

1—0cicsn™ /p
we have

n7'3+27'4+1/+1

P ({Amin (XAXT) }71 Amax (M) > 0(1)T> < 2exp(—C™n).

Thus, above conclusions can be rewritten as

nT3 +274+v+1

1
P (|| (XAXT n 91n) XAei|?> > {c1éies + o(1)} T) < 5exp(—C™n).

From Assumption A3, we know that

n
Z ai€;
g

i=1

P(w|>t):P(

> t) <exp{l—q(t)}.

C*n1/2—37‘3/2—27‘4—'y+u/2

Vlogn

Choosing t = , we have

C*n1/2737'3/2727'47'y+1//2 ) }

P(|w\>t)<exp{1—q( Toan
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So
o/C*{cicics + o(1)} nt=(matma)—v+v
P | (0)] >
Viogn p
%o, 1/2—373/2—214 —v+v /2
<exp{1fq( Crn N )}Jrexp(fC’ln).
As long as
C*n1/2—373/2—2'r4—'y+u/2
1 = ,
wr=o o ()
we have
C* = 1 1—(rg+74)—7+v
P max o) > Y a0 +o}n
ie{l,...,p} Viogn p
C*n1/27373/272747’y+1//2
<pexp{1 fq( Toan )} + pexp(—Cin)
1 C*n1/2737'3/2727'47'y+1//2 C*
1-—= - .
<olow {130 () oo
From
—~ -1 1
B — 4 AXT (XAXT T GIn) XAA (B — p) + AXT (XAXT n GIn) €,
we have
R - 1
fMS) — i + eFAXT (XAXT + o1, ) XAA™ (B — p) + el AX” (XAXT 161, ) el.
As
s = Bl = [T AAT (8= p)| = [ATA T (B - u)—'ZA”eJ (B— 1)
1—(m3+74)—2v+v = 1—(m3+74)—v+v
S max Z]l < C7n C5n S c7Cs N
je{l,m,p} Vlogn Vlogn P

To i ¢ Mo, we have

ergs (BT =YY

il = |pi — Bi] <
ol = s = i < LT
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Thus,
APMS ) T T T -1 -1 T T T -1
f < |+ |ef AXT (XAXT + 01, XAAT (B—p)| + e, AX" (XAX 461, €
T 1/2 T A1/2 1 T T T -t
= il + [eF (AVPHHTAY? + M) A” (ﬂfu)‘ + [eFAXT (XAXT +61,) e
-1
< il + lef AXT (XAXT + Hln) el + lef (A1/2HHTA1/2 + M) ee; A (B — /,L)‘
P
+ > ‘e? (AHHTAY? + M) ejef A~ (8- u)’
j=1
JF
< C7Cs nt—(m3tTma)—vy+v U\/C* {015105 + 0(1)} nt— (T3 tTa)—v+v N 51n1+(73+‘r4)+l/ e

Viogn D Viogn p p p
nl—(73+74)—2'y+u } C7n'y

(G o) =55

c* nl—(73+74)—"/+1/
- : (S3.4)
Vlogn P

where ¢* = ¢z M + c785 + 0+/C* {c1¢1c5 + o(1)}, with probability greater than

_Cn174r374‘r474’y 1 C*n1/2737'3/2727'47'y+u/2
1- i L B 1- - .
ofrer (o )y oletw (mm))

If only

n1—47'3—4‘r4—4'y ( C*n1/2—37'3/2—27'4—'y+u/2) }:|
P P

! = i
ogp =o0 {mm { Togn Jogn

the probability of (S3.4) is greater than

_Cnl—47'3—4T4—4'y 1 C*n1/2—373/2—27'4—'y+l//2
1-0 _ -0 1—= .
e e B e G

In addition, to i € My, we have

] > 151 c7Cs pl=(m3+7Ta)—v+v c7Cs nt=(matTa)—v+v
i il — cg — ,
i = Vlogn P s Viogn p
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so we can get that

eTAXT (XAXT + GIn) e

Afl\/ls‘ > || ‘e;r (A1/2HHTA1/2 +M) AN (B ”)‘ _

> |pal =

el AXT (XAXT + 0In) B

- ’eiT (AHHTAY? + M) erel A7 (8- u)‘
p
- Z )eiT (A1/2HHTA1/2 + M) eje; A" (B~ u)‘
j=1
K
(C c7Cs ) nl=(m3+7a)—v+v 0—\/0* {c1é1cs + 0(1)} nt—(matra)—v+v 51n1+(‘r3+-r4)+u
> |es— — _
VIogn D Vlogn D p

v 1—(r3+714)—27+v v
e’ [ { M +o(1)}n omn
p Vlogn p P

P npl—(m3tTa)—v+v cs pl=(m3+7a)—v+v
>(Cg —

= \/logn) P -2 D ’

where ¢ = c7¢5 + O'\/C* {c1€ics + 0o(1)} 4+ ¢z M, with probability greater than

70,”1—47'3—474—47 1 C*n1/2—373/2—274—'y+u/2
1-0 _— -0 1—— .
e (<m0l ()

From above results,

P | max APMS‘ ¢t pllstr)oyty
igMo 1" Viogn 4

_Cnl—473—47'4—4'y 1 C*n1/2—373/2—274—’y+u/2
<0 —tn 77 1L
<o (g ) rree {0 ()]

_Cn1—47‘3—47‘4—4'y 1 C*nl/2—37‘3/2—27‘4—'y+u/2
<0 TS 1-= .
<ol (e el w ()]

Similarly, we have

R 1—(13+74)—v+v _C 1—473—4714—4y 1 C* 1/2—373/2—214—v+v /2
PMS csn n n
! Gn T T )< e L —— 1— = .
P S ) <ol (S ) rew {1 e Viogn )}

P min
1€EMg

* ple(mstra) =ty
Choosing

cs nt=(Ts+7a)—y+v
< ap < ——— we can get the conclusion that

Viogn p 2 P

R _Cn1747'3747474'y 1 C*nl/2737'3/2727'47'y+1//2

PMS

; >1- B L 1— = .
g D B O{exp< 2logn )+exp{ 2q( Viegn )H

BiPMS) > an > max
1€ Mo

P min
1€EMg

Let & = 473 + 474 + 47,82 = 373/2 + 274 + v — v/2 and C = +/C*, above conclusion can be



S3. DETAILED THEORETICAL PROOFS

rewritten as

jpPMS
K

A —Cnl™5 1 (Cnt/?¢
Ve —Cn" > 1L fOnme .
Pl) oo () vt (V)]

) > o > max
i€Mo

P ( min
i€EMog
where max{{1,2&} < 1.

This completes the proof of sure screening. O

Proof of Lemma 1

Proof: First of all, from the property of minimize eigenvalue, we know that

Amin(G2) = Amin {XK" (XAXT +61,,) 'KX"}

> Amin (XX ) Amin (KTK) { A max (XAX ) + 6} 71

Amin (XX ) Anin (KTK) Amin (XX A min (KTK)
> c
= Mnax (XX D) A max(A) +0 =7 Amax (XX T) Anax (A)

Similarly, form the property of maximize eigenvalue, we also obtain that

Amax(G1) = Amax {IXKT(XK"AKX" +01,) 'KX™}

Amax (XX T) Amax (KTK)

< Amax (XX D) Amax (KTEK) A min ( XKTAKKXT) + 0} < )
S Ama (XK A (KK {Amin KEX) 0} < S XX dowin (KTK) Ao (A1)

It is obvious that

(G1)
(G2)

JJ < Amax(c;l) < —1 )\max(XXT))\max(KTK) Amax()(}(T)Amax(lx)
Jj - )\min(GQ) = )\min(XXT)Amin(KTK)Amin(AK) )\min(XXT))\min(KTK)

= ¢ {cond(XX ™)} cond (K K) { Amin (K K)} " {Amin(Ax)} " Amax (A)

< C*n7'1+27'5+7'k+7'k1+27'k2 < C*nd.

This completes the proof of Lemma 1. a



Jie He and Jian Kang

Proof of Theorem 2

Proof: Assume that S = &1 U Sz, where §1 C My, S2 N1 My = @. In addition, assume that

S3 = 8N My, then we have
Y =XB+e=Xs,8s, +Xs38s, + € = XsBs + Xs;8s, + €
then from the expression of fi5, when ¢ < n,
frs =(X505Xs) ' X5QsY
=(X52Xs) ' X5QsXs8s + (Xs25Xs) ' X5Q5Xs, 85, + (Xs5Q25Xs) ' XsQse.
To any j € S, we have
IS —eT (XENsXs) ' XEQsXsBs + ef (XE0sXs) ' XEQsX s, Bs, + ef (X505Xs) ' XE0se
=B; + e (XsQsXs) ' X505Xs, 8, + € (XsQsXs) ' X5Qse.
Thus we have
|Bg,l\g/'[s - Bi| < |e;:(X§QSXS)_1XgQSX831883| + \e]T(XEQSXS)_IXEQSGL
On the one hand, to |e;r(Xg95X5)_1XEQSX53ﬁS3 |, we have
lej (X5QsXs) ' X5 Xs,Bs, |
=e; (X5QsXs) 'X5Q25Xs, 85,85, X5, Vs Xs(XsQ25Xs) e
<[ Xs3Bs, 7€) (X5Q2s5Xs) ™' X5Q5Xs(X505Xs) ey
<X 3B, [ Amax (s )e; (Xs2sXs) e;
<X 3B, [ Amax (s e (X532 Xs) /2 (X525 Xs) (X505 Xs) " %e;
<X 55 B8, I Amax (25 Amax { (X525 X5) 2 Je] XEQsXse;

SHXS;;,BSB H2>\max(ﬂs){)\min(XEQSXS)}_Qefxgﬂsx‘gej.
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Let Cs be a g x p matrix such that Xs = XCZ, it is obvious that only one element in

each row of Cs is equal to 1 and 0 else, and we could demonstrate that CSCE =1I4. So,

Amax (QS){)\mm (XS QSXS)}_ max (QS ) {>\min (XEX.S))\min (QS)}_2

<cond(2){ Amin (X5X5)} 3 { Amin (2s)}
As

{ mm(ﬂs)}7 { mm(XSASXS + 91 ) 1}71 = )\max(XSASXE + 9177,) = )\max(XSASXE) + 07

and
Amax{(XSASXS + OIn)il} )\max(XSASXg + OIn) Amax(><$!x5)(£) + 0
cond(Q2s) = T — T = T
)\mm{(XSASXS + eIn) } )\mm(XSASXS + GIn) )\min(XSAsxs) + 0
<>\max(X$ASX£) Amax()(s)(g))\ma ( ) < Amax(cjgc}s)Amax(ZZT)>\1na)((z:))\max(lxs)
Amm()(-S-IXS)(g) - )\min(XSXE )\ml ( ) - )\min(CECS))\min(ZZT)Amin(E)Amin(As)
=cond(ZZ")cond(E)cond(As) < ¢} sy coyn™ T T2
SO

Ao (25) {Amin (X5 25X5)} ™ Scond(28) {Amin(C5Cs)Amin(X" X)} 7 {Amax (Xs AsX5) + 0}
<cond(25) { Amin (X X))} Anax (XX ) Amax (As) + fcond (s ) { Amin (X X)} 2
:Cond(ﬂs)COnd(XXT){Amin (XTX)}_IAmaX(As) + QCOHd(QS){)\min (XTX)}_2
35275 7y n3T5 T s sy n3TeF2Te1 TTag

53 2 43 53 2
<C1C6Cs, Csy —————— + 0c1C6Cs4 Csy 2 < 2¢71¢6Cs, Csy »

To e;-FXEQXSej, we have
e; XsQXse; =e; CsX (XAX" +01,) ' XCjxe;
—e, CsX'?Z" (23 ?AS?Z" +601,) ' 28> Cle;

=, Cs/?UDVT (VDU ='/?AS?UDV" 4 ¢1,) ' VDU ='/2CZe;
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=, CsZ/?UDVT{VD(U'S?Ax?U + 4D *)DV"}'VDU ' ='/?C{e;
=, CsT/?UUTS?AS?U + 9D 2) U2 Cle;
= CsA™PAYPEPUUTEPAS?U + 9D ) U PAY P AT 2 Cle;
=e] CsA™'PAYPSYPUA (1, + 0A "D PA) TTATTUT RV PAYEA T2 C ey,
similar with the proof in Theorem 1, by Taylor expansion, we have
eJTXEQXSGj = e;rCSAfl/QHHTAfl/QCEej + e;-rl\/hej7
where
H= A1/221/2U{UT(21/2A21/2)U}_1/27
and
M; =Y (-0)"S*UAT (ATTD?ATH ATTUT R,
k=1
On the one hand,
p P
e CsA™ /PHH A ?cle; = () THH"A < 33X, A, es AV HH e, | + > (X5,) el HH e,,.
u=1

u=1v#u =

From conclusion in Wang and Leng (2016), we know that

14+(r3+74)—a 1—2a 1+(73+74)
Pr (|eEHHTeU| < Elni) >1-0 {exp (—C;LT) } , Pr (EEHHTeu > 51n7) < 2exp(—Cn),
p ogmn p

choosing o = 373 + 374 + 375 + 275, + T, + 291 + €1 — 1, we have

e/ CsA™'?"HH"A"?cfe;

1+(r3+714) P

P
c c ~n c \2
S >\u)\'u +a—m )‘u

Viogn p ;;l 0] p 1;( )

2—273 274 —375—27Ts) —Tsy —271 14+ (73+74) _
SM*éln + E2n n1737373r473r572‘rsl —Tso —2%1 S Ml*n
p p p

M n2—273—274—375—2751—752 —251—€1

2—273—274—37T5—27Ts; —Tsy — 271
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where M{ = M™*¢é; + ¢ with probability greater than

Cn37673767'47675747'51 —2755 —471—2€1
1-Oqexp|— +exp(—Cn) ¢ .
2logn

On the other hand, as

)\max(A—l/2A1/22UA—1(_A—TD—QA—1)kA—TUT21/2A1/2A—1/2)

Qunax {(A" "D 2A™Y Mo (ATPHHTAT?) < A {(AT "D 2A ™) P Aan (A7),

thus

e T2 x —1v1k — Omax( A D Amax(A"TD72ATY)
max < max ! k max T 2 ! k<
Amax(M1) <Amax (A );99 (ATTD AN} < L Oh (A TD AT

W can obtain that

To+T4 —1 —Tyy—2 A -1 To+T4
Pr(/\maX(Ml)>0chcsn )<Pr(9>\max(A Y max(A""D7?A™Y) _ fOcicsesn )

p—fOciesn™ 1— 0Amax(A-TD-2A-1) > p—BOciecsn™

T4
<Pr (/\max(A’TD’ZA’l) > %) < exp(—Cin),

which indicates that

+7a
T Ocicsesn™
e; Mie;j < Amax(Mi) <

p—0Ocicsn™
with probability greater than 1 — exp(—Cin). Choosing 6, such that

Ocicscsn™ +2734+3744+375+275; +755 +271 -2

=o(1
1 —0Ocican™ [p o(1),

we can deduce that

2—273 274 —37T5—27Ts; —Tsy — 271 3—673—674—675—47s; —2Ts, —451—2€1
Pr (e XsQXse; < (M +0(1))n >1—01exp _Cn i
p 2logn

In addition, from condition B3, we know that

T T n2—27'3—27'4—37'5—27'51 —Tsg —271+9
*
ej Xsﬂsxsej S Cg(Ml + 0(1)) » )
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Cn3767'3767'4767'5747'51 —2755 —471—2€1 ) }

with probability greater than 1 — O {GXP (— 2logn

To sum up, we can prove that

B K* 2—2713—2714+g C 3—67’3—67’4—67‘5—47‘51—27‘52—4771—251
o Qeﬂxgﬂsx@ X505 Xs,Bs,]” > mT) Z1-0 {exp (_ . 2logn )}

where K7 = 2c}cics, csyceCi{ M7 + o(1)}.

To the noise part, we have

e} (X502 Xs) ' X0 =e] (X5 Xs) ' X5QEXs(X5QXs) e
max(2s)e] (X502sXs)'?(X502sXs) > (X5 Xs) ' ey

SAmax(Q.S))\max{(XgﬂSXS)_2}eijgﬂsej.

From previous proof, we know that

" *n2727'37274737'5727'51 —Tsg —271+9g
Pr|e; XsQ2sXse; < M,
p
Cn3767'376747675747'31 —2755 —451—2€1
>1—0<exp| — ,
2logn

where M3 = cg{M1 + o(1)}, as well as

375 +2Tsy + sy

Pr (Amax(Qg){x\min(XgQSXS)}fz < 265 chcsy Coy ) >1—exp(—Cin).

p

So we have

1-73—T4—J1+g/2
_ « N
Pr (||e;f(XEﬂsxs) 'XEQs| < K3 —)

C 3—67‘3—67‘4—67‘5—4751—2752—4’71—251
>1—-0O4qexp| — & ,
2logn

Y1
where K5 = /2c}cics, cs, M. Choosing t = 4 /Cf%, then from inequality

R /Cf'nﬁl )
Viogn " [’

Pr(jw| > t) < exp{l —q(
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we have
* 1—(r3+74)+g/2 C* 1
o (|e]T(XgQ$X$)*1XgQ$E‘ < o8 n ) >1—-0|expql— Q(E) )
Viogn p Jogn

where K3 = K5+/C5. To sum up, we have

1—(7r3+74)+g/2 3—673—674—675—4715, —275, —451 —2€1

5 ny Cn 1 2

Pr (lﬁE,“}S—ﬁj\ <K 7> 21—0{exp (— )}
p

2logn
£/ C*nit
-0 exp{l—Q(ln)H,
Viogn

ov Ko
Viegn'

where K* = /K5 +

Proof of Theorem 3
Proof: Denoting B* as the true m X p group indicator matrix, we have

Y =XB")"B+e=XB"3-X {BT - (B*)T} B+e,
where 8 = (B1, ..., ﬁm)T is the true parameters in each group. So

p— (BXTQBXBT) T BXTORY = (BXTQBXBT) T BXTOn [XBTB -X {BT - (B*)T} B+ e]

_ -1 _ —1
B— (BXTQBXBT) BX'0pX {BT _ (B*)T} B+ (BXTQBXBT) BX Qge,
which indicates that

|7 = Bi| < el (BXTQBXBT)A BX"Qge| .

of (BX0sXB")  BX"0sX {BT - (B")} a’+

(S3.5)

To the first part in inequality (S3.5), we have

2

e/ (BX"2sXB") T BXTOsX {B"- B} 5

~¢] (BX"2XB") " BX 00X {B" - (B)"} 35" (B B) X "aXB" (BX"20XB") ¢,
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< (B - B*) B|%e" (BXTQBXBT)A BX"Q5XX Q5 XB" (BXTQBXBT)A e
<J|(B = BY) Bl*Amax (BX" 25 XX" 05 XB") ] (BXTQBXBT)” ’ (BXTQBXBTf3
(BX"ax87) e,
<I[ (B~ B") Bl Amax (BX" 25 XX Q5 XB" ) A { (BX"0sXB") 73} of (BX"Q5XB")e;.
It is obvious that
Anax (BX" 25 XX"Q5XB") Aax { (BX"sXB") 73}
o (007) e (67 e ) s (887) s () 1 )
=cond (BB™) {cond (XX )} {cond (28)}* {uin (BB) } ’ Do (xxT)} (hnin (28)} 7
As
O ()} = {Amin (XB"AsBX" + GIn)_l}il — A (XBTARBX" 401,
= Amax (XBTABBX") + 0 < Anax (XX") Amax (B B) Ao (A5) + 0,
similarly, we have
cond(€2s) < cond(ZZ" )cond(E)cond(B"B)cond(As).
So we get
Anax (BX" 25 XX 25XB") Ao {(BXTQBXBT) 73}

<{cond (BBT) 32 {cond (XXT> }3 {cond (2)}> {Amm (BBT) }7 Amax (AB)
+ fcond (BB™) {cond (XX") }2 {eond (25)}* { Amin (BBT) }*2 Do (XXT)37!
<{cond (BBT)}4 {cond (zzT) }5 {cond(E)}® {cond(Az)}> {Ami,,(BBT)}’1 Amax(AB)

+ 0{cond(BB™)}*{cond(ZZ™)}*{cond(X)}*{cond(A 5)}* { Amin(BBT)} *{ Anin (XX )} "
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10 545 3 2 5r54476+577+37p, +2 0 534 2 o n’TOTITOHOTTRRT, AT,
- T5+4T7 T T T —
<1 CgCgCCh, Cpym” 2 O TETh2 L O €4 CyCoChy Chy

p

10 545 3 2 575+4716+5 3 2
<2¢c; CaC3CoChy CoyM 75476 +5T7+37h, +27p,

with probability greater than 1 — exp(—Cin). In addition,
e/ BX"QXB"e; =e; B2'/?Z2" (22 ?AS?Z" 1 01,) ' Z5"/*B e;
—e; BZ/?UDVT (VDU =?As2UDV” 4 01,,) ' VDU ='/?Be;
—e; BZ/?UDVT{VD(U"S?’Ax"?U + 4D *)DV"} VDU ' =/?B7¢,
=e; BE'/?UUTS?AZ?U + D ?)'UTE/’ B¢,
:e;FBAfl/QAl/QZl/QUAfl {In + i(_a)k(ATD2A1)k} A-TUTs/2p1/2
k=1
A_l/QBe]-

—e,BA"/"HH"A"'/’Be, + ¢, Mae,,

where My = 3 (—=0)*BAY/2AY2812UA Y (A"TD2A ) A-TUTSY/2AY/2A-1/2BT,
k=1

First of all,

P P
e BAT/PHHTA™/?Be; =APHHAT <> > AR AT esHH e, + > (AL) e  HH e,.
u=1v#u u=1
Choosing o = 3713 + 374 + 575 + 476 + 577 + 376, + 27, + 2792 + €2 — 1, from

M 14+ (m3+74)—x 1-2a 14+ (73+74)
Pr (|euHHTev| > n ) >1-0 {exp <_Cn7) } , Pr (eEHHTeu > 51n7) < 2exp(—Chn),
Viogn D 2logn D

we know that

e, BX"QXB"e,

M n2727'372'r4757'5747'6757'77371,1 —27p, —2y2—€2 P n1+(7'3+7'4) p

< Aol + @ ————> (A’

2—273—274—575—4T¢ —5T7 —3Tp, —Tp, —272
-n 1 2
SKl )
p
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with probability greater than

1 0 Cn3767'3767'47107'5787'67107'7767'1]1 747'172 —459 —2€2
B P 2logn ’

where K1 = Mc%z + CicCe,. As

)\max{BA—1/2A1/221/2UA—1(A—TD—QA—1)kA—TUT21/2A1/2A—1/2BT}

Dmax{ (AT DA™ I N ax (BBT) Amax (A ™) Amax (HHT),

thus
Amax(M2) <Amasx (BB) Amax (A7) i 0" Amax (A"TDT2ATH*Y
k=1
< Mmax (A" HAmax(BBT) Amax (A" TD2A) .
= 1 — OAmax(A-TD—2A-1)
So
Ocy 0305Egn72+74+76

T4
Pr <)\max(M2) > ) <Pr <,\mx(A7TD72A—1) > %) < exp(—Cin),

p—0Ocicsn™

which indicates that

T ’I’L272T372T475T5747—6757—773‘”’1 77'1,272’7/2
e; Me; < o(1)

»?
with probability greater than 1 — exp(—Cin) if 0 satisfying that

Ocicscsn™ +273+374+575+576+577+37p, +7h, +272 -2

=o0(1).
1 —0cicsnta/p o(1)

To sum up, we obtain that

n

Pr (e;-FXTQXBTej < {Ki +o(1)} ’

Cn3—673—67‘4—107‘5—876—107‘7—67‘;]1 —4Tp, —4y2 —2€2
>1—-0<exp|— Slogn .

2—-273 =274 —575—476 =577 =37y —2Tp, =272 )
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From condition C3, we have

n

2—273—274—575 —476 =577 =37, —27p, —292+b )

Pr (e;-FXTQBXBTej < ep{K1 +o0(1)} »

Cn37673767471075787'67107'7767'51 747';)2 —459 —2€2
>1—-0<exp|— Slogn .

To the first part, we obtain the conclusion that
T T T\—1 T T Ty 7 — plm(TstTa)+b/2
Pr (Hej (BX " QpXB") 'BX QX{B" — (B") 18| > VKQT)

C,,,L3767'3767471075787571077767'!,1 747'1,2 —452 —2€2
21 =0 exp | — 2logn ’

where K> = 2¢1°cgegescy, ci,co{ K1 + o(1)}.

To the noise part, we have

lef (BX"QsXB") 'BX Qg|® = e (BX ' QsXB") 'BX" (0s)°XB" (BX ' QXB") e,
max(2B)e; (BX 'QpXB") 'e; < Anax(28) Amax {(BX ' Q25XB") *le, BX ' QpXB"e,
=Amax(28) { Amin(BX ' Q25XB")} e, BX ' QpXBe,

Lmax (28) { Amin (BB™) Amin (X" X)Amin (28)} ’e; BX QpXB'e;

=cond(28) {Amin (BB ) Amin (X X)} *{Dmin(28)} 'e, BX ' QpXBe;

<cond(28) {Amin(BB™)Amin (X" X)} *Mnax (XX ) Amax (BB ) Amax (Ap)e; BX QpXBe;+
0cond(28) { Amin(BBM) Amin(X"X)} ?e] BX"QpXB"e,

<2cond(28) { Amin(BB™) Amin (X" X)} > Anax (XX ) Anax (BB™ ) Amax (As)e; BX ' QpXBe;

=2cond(2g)cond(BB™)cond (XX ™) { Amin (BB ) Amin(X"X)} " Amax(Ap)e; BX " QpXB"e,

n37’5 +27¢ +3‘r7+2‘rb1 +7by

53232 T T T
<2¢1¢C5C8CHCh, Chy e; BX QpXB e;.

p
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In addition, as

n

Pr (e;-FXTQBXBTej < ep{K1 +o0(1)}
p

Cn37673767'47107'5787'67107'77677,1 747';)2 —459 —2€2
>1—-0<exp|— Slogn .

2—273—274—575 —476 =577 =37, —27p, —292+b )

we obtain

||eT(BXTQBXBT)_1BXTQBH - \/gnlfﬁ’,*M*Ts*Ts*ﬁ*%l/2*752/2*’72+b/2
J — )
p

Cn3767'3767'47107'5787'67107'7767}1 747'1,2 —459—2€2
with probability greater than 1 — O {exp (f ) },

2logn
where K3 = 20‘?026%681)?1 cb,_,cb{f(l +o(1)}.

Cino1/2+ by /2475 +T6+T7+72

Choosing t = , from
& Vlogn
Cnmo1/2+ b /2475476 +774+72
P(lw| >t) <expql-— )
(1o >0 <on {1 =
we have

Pl lefBXT0sXBT) 'BX"Qpel >
<| 5 ( B ) BE| Joen »

o /Crf(g 1= (TatTa)+b/2 )

énS—GTbl —47p, =67y, —1075 =876 — 1077 —4y2 —2€2 Cn™1 [2+Tby /2475 +T6+T7+2
Zl—O[exp<— )—exp{l—q( )H

2logn Vdiogn

That is to say

B _ ~ n177'3774+b/2 Cwn3767'3767'47107578767107'77671)1 747'1)2 —452—2€3
P|7 =il < K————— ] 21 = Oqexp( —
D 2logn

Cn™1 /2% by /2475 + 76 +T7+752 }
)

17
e {1 Vlogn

~ = U\/CR3
h, K=vVK —_—
where 2+ \/m
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The Proof of Theorem 4:

Proof: To finite K and |My], it is obvious that

{mln max |B( )| > max |ﬁ(k>|} { max _ min |6( )\ max |5( )\}
jEMo ke{1,.. JjE€Mo e{ ke{l,...,.K}jeMo ke{1,.. K}J&ZMO

for simplicity, we denote

Ay = (k) 3(k) =1... K.
K {glmlﬂ | > max |57 ;

Then, to combined PMS statistics, we have

K K K
P<]Iél/l\}ll |BOPMS| max |BCPMS‘) >p <m Ak) >1-P (U Ak> >1-) {1-P(4A)}.

k=1 k=1

From the conclusion of Theorem 1, to each k € {1,..., K}, we have

nlfgék) 1 [ Cynt/?*~ e
— P(Ag) =0 {exp <—C;C Slogn +exp|1-— 54 W ,

with 0 < &, 26" < 1. Choosing & = ke{nlaaxK}{ﬁék)} and £ = ke{r{lﬁﬁK}{ﬁim}, we can

yeeny

finally prove that
1-& 1 [ Cn'/25
p ACPMS 3CPMS|\ 5 1 _ KO _c. 1- = k
(i, 15571 > 15571 2 P\ "% 210gn ) TP\ T 27\ T ieen

1-&3 A 1/2—E4
— - o Y
= O{exp( C 2logn) + exp (1 2q( Togn ))}

That completes the proof. a

S4 Additional Simulation Studies

S4.1 Compound Symmetry Case

In this setting, we assigned a standard normal distribution to the marginal distribution of all

covariates. And the covariance matrix had a compound symmetry structure with correlation
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p = 0.5. We chose sample size n = 200, dimension of features p = 10,000, and signal-to-noise
ratio R* = 0.5,0.9. The coefficient vector was specified as 8 = (3,3,3,3,3,-7.5,0,...,0)T,
which indicates the number of active features was 6.

For PMS, we chose A = I,,, a case without any prior correlation information. To incor-
porate prior mean information, we considered four specific cases. Case I was a similar case
with Kang et al. (2017). Under this setting, we divided all 10,000 features into 357 groups

357
with group labels g; = 92::1 gl{28g — 27 < j < 28¢},9g = 1,...,357, as well as g; = 357,j =
9997, ...,10000. Thus, the first 356 groups included 28 features while the 357th group had 32.
We introduced that partition structure to PartS, which allocated all 6 active features into the
same group. At the same time, we designed St = {j : g; = 1} as the prior selected set to the
PMS method with a total of 28 variables. For these cases (designed as II-IV), we chose the prior
selected set as S = {2,6}, Su1 = {6,8} and Siv = {2,8}. Su consisted of 2 active variables,
while Stir and Sty only contained 1 active variable, a prime active one and a subordinate active
one respectively. To apply the PartS method, we randomly partitioned all features into 357
groups and assigned two features in set S;,j € {II,III, IV} into group 1. We also considered
the PMS group method in cases II-IV, with the corresponding groups denoted as G1 = {s;, },
Go = {sj}and Gs = {j : j € S;} with S; = {1, s, }, j € {I,LIII,IV}. In addition to PartS,
we also compared the various PMS methods with SIS, HOLP and CIS. The simulation results

are summarized in Table 1.

S4.2 Evaluation of Random decoupling

Using the same simulation design with previous section S4.1, we compensated the simulation
results of choosing the thresholding parameter by the random decoupling method. The results

are summarized in Table 2, which indicate that random decoupling is an effective method to
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Table 1: Screening accuracy for predictors with the compound symmetry correlation structure.

R*=0.5 R*=0.9
Method FPR FNR Model Size FPR FNR Model Size
STS 72 (97) 183 (100) 5037 (1945, 8609) 9 (26) 149 (56) 5073 (2095, 8329)
HOLP 31 (35) 86 (100) 839 (359, 1925) 1(3) 3(20) 39 (16, 120)
CIS 23 (22) 0 (0) 657 (267, 710) 0(1) 0(0) 9(7,19)
PartS-I 43 (38) 91 (114) 912 (380, 1663) 1(1) 0(0) 23 (14, 38)
PartS-II 35 (42) 81 (102) 901 (440, 1888) 2(4) 5(29) 58 (22, 168)
PartS-I11 41 (47) 97 (110) 976 (513, 2510) 3(7) 8(35) 72 (24, 228)
PartS-IV 39 (43) 91 (107) 952 (474, 2467) 2(5) 9(38) 66 (23, 229)
PMS-selection-T 0(0) 0 (0) 6 (6, 7) 0(0) 0(0) 6(6,6)
PMS-selection-II 12 (20) 33 (71) 335 (103, 827) 0(0) 0(0) 6(6,7)
PMS-selection-II1 23 (29) 65 (94) 593 (228, 1392) 0(1) 2(17) 11 (8, 23)
PMS-selection-TV 22 (29) 66 (90) 659 (238, 1558) 1(1) 3(20) 22 (11, 64)
PMS-group-II 7 (15) 27 (66) 194 (65, 550) 0(0) 0(0) 6 (6,6)
PMS-group-II1 12 (20) 38 (76) 281 (128, 886) 0() 0() 77,7
PMS-group-1V 21 (27) 66 (88) 579 (222, 1398) 1(1) 1(12) 21(10, 55)

PMS method in selecting a suitable threshold value.

Table 2: Selection accuracy for random decoupling.

R%Z=0.5 R%Z=0.9
Method PIT FPR¥  FNR*  Modedl Size PIT FPR¥ FNR* Modedl Size
SIS 680 (468) 677 (211) 53 (78) 6979 (5463, 8557) 965 (184) 929 (81) 6 (31) 9603 (9061, 9854)
HOLP 255 (437) 35 (4) 188 (145) 356 (328, 381) 870 (337) 25 (4) 23 (59) 256 (228, 288)
CIS 390 (489) 43 (2) 141 (139) 436 (424, 449) 990 (100) 36 (2) 2 (17) 363 (351, 376)
PartS 285 (453) 41 (3) 198 (161) 418 (403, 438) 1000 (0) 36 (3) 0(0) 370 (350, 391)

PMS-selection 355 (480) 18 (4) 150 (139) 185 (159, 211) 995 (71) 4 (2) 1 (12) 42 (32, 52)
PMS-group 420 (495) 13 (4) 128 (130) 134 (114, 159) 990 (100) 1 (1) 2 (17) 13 (10, 17)

Note: “PIT” refers to the estimated probability of including all true predictors in the top n selected
predictors multiplied by 1000, “FPR*” and “FNR*” respectively refer to the false positive and false
negative rates multiplied by 1000. The others are same with Table 1 in the main text.

S4.3 Evaluation of CPMS

In this part, we test the performance of CPMS method based on additional numerical studies for
the imaging regression. The true signal is same with section 5.2 in the main text. However, the
prior information is different, which is summarized in Figure 1. For prior covariance matrix, we
set A = (\ij) = (exp{—0.3||s; —s;||3}). Here we only considered the results of PMS with group
level by setting all features in set “PTP” as one group and the others as another group. Firstly,
we applied the PMS method to Case I-VI respectively. To apply CPMS, we combine prior
information from I and II, IIT and IV, and V and VI respectively, which are denoted as “CPMS-

I”, “CPMS-II” and “CPMS-III”. All simulation results based on (n,p) = (200,10000) are
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summarized in Table 3. From these results, we could find that incorporating prior information

from different sources by CPMS can improve the screening results.

Table 3: Screening accuracy for the CPMS method under imaging regression case.

R*=0.5 R*=0.9
Method FPR FNR Model Size FPR FNR Model Size
PMS-I 250 (66) 474 (178) 3763 (2911, 4935) 219 (43) 284 (28) 3576 (3176, 4102)
PMS-II 242 (69) 533 (219) 3996 (3453, 4578) 226 (25) 537 (194) 3396 (3092, 3684)
CPMS-I 237 (76) 402 (123) 3818 (3079, 4404) 200 (32) 373 (109) 2869 (2674, 3095)
PMS-III 305 (92) 503 (187) 4765 (3867, 5608) 290 (36) 443 (145) 4053 (3641, 4514)
PMS-1IV 211 (45) 358 (163) 3425 (3006, 3908) 186 (29) 227 (7) 2896 (2671, 3191)
CPMS-II 196 (74) 289 (103) 3458 (2843, 4286) 111 (45) 174 (77) 2647 (2045, 3148)
PMS-V 104 (67) 206 (184) 2111 1350, 2934) 43(32) 41 (79) 1167 (805, 1541)
PMS-VI 93 (73) 183 (199) 1638 (1061, 2445) 31(31) 25 (76) 700 (505, 1089)
CPMS-III 0(0) 0 (0) 217 (217, 217) 0(0) 0(0) 217 (217, 217)
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Figure 1: Case plots in CPMS study.
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