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S.1 Regularity Conditions

We first restate and introduce some new notations to facilitate the theoretic

derivations. For a matrix M, let }M}max be the matrix maximum norm,

}M}8 be the l8 norm and }M}p be the lp norm. Let Fpβq be the σ-field

generated by Xi,β
TWi, i “ 1, . . . , n. Further, let Fx be the sigma-field

generated by Xi, i “ 1, . . . , n. For a general vector a, let }a}8 be the vector

sup-norm, }a}p be the vector lp-norm. Let ej be the unit vector with 1 on its

jth entry. For a vector v “ pv1, . . . , vmq
T, let supppvq be the set of indices

with vi ‰ 0 and }v}0 “ |supppvq|, where |U | stands for the cardinality

of the set U . Let Kpsq ” tv P Rp : }v}2 ď 1, }v}0 ď su. Let αminpMq

and αmaxpMq be the minimal and maximal eigenvalues of the matrix M,
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respectively. To simplify the notation, we define

αminpβq ” αminrEtexppβTXqXXT
us,

and

αmaxpβq ” αmaxrEtexppβTXqXXT
us.

Further, we define }X}ψ1 ” supkě1 k
´1Ep|X|kq1{k, and }X}ψ2 ” supkě1 k

´1{2Ep|X|kq1{k.

For notational convenience, let ApβTWiq ” exppβTWi ´ βTΩβ{2q and

gpWi,β,vq ” vTtpWi ´Ωβqb2 ´Ωuv.

(C1) For any β with }β}2 ď 2b0,

D1 ď αminpβq ď αmaxpβq ď D2.

Here D1, D2 are positive constants.

(C2) For j “ 1, . . . , p, define Kj ” }Uij}ψ2

Kj “ p2Ωjjq
1{2 sup

kě1
k´1{2π´1{p2kqΓ1{k

tpk ` 1q{2u,

where Γ is the Gamma function, then there exist constants m0,M0 so

that m0 ă K2
j

řn
i“1 Y

2
i {n ăM0 uniformly for all j almost surely.

(C3) Define

KY pXiq ” sup
kě1

k´1Er|Yi ´ exppβT
0 Xiq|

k
|Xis

1{k.

There exist constants m1,m2,M1,M2 so that uniformly for all j “

1, . . . , p,

m1 ă n´1
n
ÿ

i“1

X2
ijKY pXiq

2
ăM1
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and

max
i
|Xij |KY pXiqtlogpnqu´1

ăM2

almost surely.

(C4) The sample size n and the dimension of covariates p satisfy the relation

logpnq
a

logppq{n ď C for an absolute constant C.

(C5) For ej, j “ 1, . . . , p, define

Kwijpβ0q ” sup
kě1

k´1{2Er|pWi ´Ωβ0q
Tej

´EtpWi ´Ωβ0q
Tej

|βT
0 Wi,Xiu|

k
|βT

0 Wi,Xis
1{k,

which is the conditional sub-Gaussian norm according to Definition

1 in Section S.4. Then EtKwijpβ0q
4u ă Q0. In addition, there exist

constants m3,M3 and Q1 so that (i)

m3 ă

n
ÿ

i“1

Kwijpβ0q
2ApβT

0 Wiq
2
{n ăM3,

and (ii)

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

tnlogppqu´1{2EtApβT
0 WiqpWi ´Ωβ0q

Tej

|βT
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ej

ˇ

ˇ

ˇ

ˇ

ă Q1

uniformly for all j “ 1, . . . , p in probability.

(C6) Let v be a unit vector, let β satisfy }β}2 ď 2b0, and let

Kgvipβq ” sup
ką1

k´1Ep|rgpWi,β,vq

´EtgpWi,β,vq|β
TWi,Xius|

k
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|βTWi,Xiq
1{k,

which is the conditional sub-exponential norm according to Definition

2 in Section S.4. Then EtKgvipβq
4u ă Q01, and

ErexptA2
pβTWiqK

2
gvipβqus ă Q02.

In addition, for all v,

m4 ă

n
ÿ

i“1

|ApβTWiq|
2Kgvipβq

2
{n ă M4, (S.1)

m5 ă max
i
|ApβTWiq|Kgvipβq{logn ă M5, (S.2)

and

1
?
n
}

n
ÿ

i“1

pApβTWiqErtpWi ´Ωβqb2
´Ωu

|βTWi,Xis ´ EtexppβTXiqXiX
T
i uq}2 ă Q2,

(S.3)

in probability.

S.2 Examples to justify Regularity Conditions (C5)

and (C6)

Example when Condition (C5) holds

When

MΩ ” }Ω}2 “ Op1q (S.4)

and }ΣX}2 “ Op1q, (S.5)
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where let ΣX “ covpXq, and note that }β0}2 ď b0. Then, since EpβT
0 Uiq “

0 and varpβT
0 Uiq “ βT

0 Ωβ0 ď }β0}
2
2}Ω}2 ď b20MΩ, we get βT

0 Ωβ0 “ Op1q

and βT
0 Ui “ Opp1q. Therefore

expp2βT
0 Ui ´ βT

0 Ωβ0q “ Opp1q (S.6)

by the continuous mapping theorem. Similarly by (S.5), we have expp2βT
0 Xiq “

Opp1q, and hence we have Etexpp4βT
0 Wi ´ 2βT

0 Ωβ0qu “ Op1q. Hence,

n
ÿ

i“1

Kwijpβ0q
2 expp2βT

0 Wi ´ βT
0 Ωβ0q{n

ď

řn
i“1Kwijpβ0q

4{p2nq ` expp4βT
0 Wi ´ 2βT

0 Ωβ0q

2n

“ Q0{2` Etexpp4βT
0 Wi ´ 2βT

0 Ωβ0qu{2` opp1q.

Hence the upper bound condition in the first statement is satisfied. State-

ment (ii) holds, ErEtApβT
0 WiqpWi´Ωβ0q

Tej|β
T
0 Wi,Xiu´exppβT

0 XiqX
T
i ejs “

0. Further, EtApβT
0 WiqpWi ´ Ωβ0q

Tej|β
T
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ej “

Opp1q. This is because ApβT
0 Wiq “ Opp1q, |e

T
j Ωβ0| ď }ej}2}Ωβ0}2 “

pβT
0 ΩΩβ0q

1{2 ď p}β0}
2
2M

2
Ωq

1{2 “ b0MΩ by (S.4) and Uij “ Opp1q, Xij “

Opp1q. Hence

n´1{2
n
ÿ

i“1

rEtApβT
0 WiqpWi ´Ωβ0q

Tej|β
T
0 Wi,Xiu

´ exppβT
0 XiqX

T
i ejs “ Opp1q,
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which suggests

tnlogppqu´1{2
n
ÿ

i“1

rEtApβT
0 WiqpWi ´Ωβ0q

Tej|β
T
0 Wi,Xiu

´ exppβT
0 XiqX

T
i ejs “ opp1q,

in probability. Hence (ii) holds.

Example when Condition (C6) holds

Under (S.4) and (S.5), using the same arguments as those lead to (S.6), we

have ApβTWiq
4 “ Opp1q. Hence

n
ÿ

i“1

ApβTWiq
2Kgvipβq

2
{n

“ EtApβTWiq
4
u{2` EtKgvipβq

4
u{2` opp1q,

which is bounded in probability. Hence the upper bound in (S.1) is satisfied.

Further, it is easy to see that

Prtmax
i
ApβTWiqKgvipβq{

a

logn ą
?

2u

ď expt´2logpnq ` logpnquErexptA2
pβTWiqK

2
gvipβqus

ď Q02{n,

in probability. Hence the upper bound in (S.2) is satisfied. Now recall

that gpWi,β,vq ” vTtpWi´βTΩqb2´Ωuv. (S.4) and (S.5) together also
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implies (S.3). To see this, for any unit vector v, we have

}ApβTWiqEtpWi ´Ωβqb2 ´Ω|βTWi,Xiu

´EtexppβTXiqXiX
T
i us}2

“ sup
v
ApβTWiqv

TEtpWi ´Ωβqb2 ´Ω|βTWi,Xiuv

` sup
v

vTEtexppβTXiqXiX
T
i uv.

We can see that in the last line, the terms inside the expectations are

functions of ApβTWiq, vTΩβ, vTΩv, vTWi, β
TXi, vTXi. We now show

the boundedness of each term. ApβTWiq “ Opp1q as we have pointed out

in (S.6). Further, |vTΩβ| ď }v}2}Ωβ}2 ď }v}2
a

βTΩΩβ “ 2}v}2b0MΩ.

Further, because varpvTUiq “ vTΩv “ Op1q, this leads to |vTUi| “ Opp1q.

Similarly, }ΣX}2 “ Op1q. Moreover, because also vTΣXv ď }ΣX}2 “ Op1q,

|vTXi| “ Opp1q. Therefore, |vTWi| ď |v
TXi| ` |v

TUi| “ Opp1q. Further,

varpβTXiq “ βTΣXβ ď 4b20}ΣX}2 “ Op1q. Hence, βTXi “ Opp1q. By the

continuous mapping theorem, we have

varrApβTWiqv
TEtpWi ´Ωβqb2 ´Ω|βTWi,Xiuv

´vTEtexppβTXiqXiX
T
i vs “ Op1q.

Further,

ErApβTWiqEtpWi ´Ωβqb2

´Ω|βTWi,Xiu ´ EtexppβTXiqXiX
T
i us “ 0.
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Therefore by the weak law of large numbers, (S.3) holds.

S.3 Proofs of the Theorems

Proof of Theorem 1: Define

Lpβq “

«

´n´1
n
ÿ

i“1

tYiW
T
i β

´ exppβTWi ´ βTΩβ{2qu ` λ}β}1



be the objective function, hence Lppβq ď Lpβ0q, where }pβ}1 ď b0
?
k. Define

the error vector pv “ pβ ´ β0, we expand n´1
řn
i“1tYiW

T
i
pβ ´ expppβ

T
Wi ´

pβ
T
Ωpβ{2qu at β0 and obtain

0 ě Lppβq ´ Lpβ0q

“ n´1
n
ÿ

i“1

tYipv
TWi ´ exppβT

0 Wi ´ βT
0 Ωβ0{2q

ˆpvT
pWi ´Ωβ0qu

`n´11{2pvT
n
ÿ

i“1

exppβ˚
T

Wi ´ β˚
T

Ωβ˚{2q

ˆtpWi ´Ωβ˚qb2 ´Ωupv ` λ}β0 ` pv}1 ´ λ}β0}1,

where β˚ is on the line connecting β0 and pβ. Hence we have the inequality

that

n´11{2pvT
n
ÿ

i“1

exppβ˚
T

Wi ´ β˚
T

Ωβ˚{2q

ˆtpWi ´Ωβ˚qb2 ´Ωupv
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ď ´n´1
n
ÿ

i“1

tYipv
TWi ´ exppβT

0 Wi ´ βT
0 Ωβ0{2q

ˆpvT
pWi ´Ωβ0qu ` λ}β0}1 ´ λ}β0 ` pv}1. (S.1)

We first derive the upper bound of (S.1).

First note that let

φ ě 3 maxt4e
a

M1, 8eM2C, 2c10M3Q1p1` rq{m3,

?
2
a

36e2M0, 1u,

so

}n´1
n
ÿ

i“1

tYiWi ´ exppβT
0 Wi ´ βT

0 Ωβ0{2q

ˆpWi ´ Ωβ0qu}8

ď φ
a

logppq{n

ď φtlogppq{nu1{4, (S.2)

with probability at least 1´ 6{p by Lemma 3. Hence

|n´1
n
ÿ

i“1

tpvTYiWi ´ pvT exppβT
0 Wi ´ βT

0 Ωβ0{2q

ˆpWi ´Ωβ0qu|

ď }pv}1φtlogppq{nu1{4

“ p}pvS}1 ` }pvSc}1qφtlogppq{nu1{4 (S.3)

with probability at least 1 ´ 6{p, where S is the index set of the nonzero

elements in β0. Here for a vector a “ pa1, . . . , amq
T, and an index set S,
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aS “ ta1Ip1 P Sq, . . . , amIpm P SquT. On the other hand, we have

}β0 ` pv}1 ` }pvS}1

ě }β0 ` pv ´ pvS}1

“ }β0 ` pvSc}1

“ }β0S}1 ` }pvSc}1.

Hence

}β0 ` pv}1 ´ }β0}1 (S.4)

ě t}β0}1 ´ }pvS}1u ` }pvSc}1 ´ }β0}1 (S.5)

“ }pvSc}1 ´ }pvS}1.

Combine (S.3) and (S.4), and recall that λ ą 8{3φtlogppq{nu1{4, we have

that the right hand side of (S.1) is upper bounded by

p}pvS}1 ` }pvSc}1qφtlogppq{nu1{4 ` λ}pvS}1 ´ λ}pvSc}1

ď 11{8λ}pvS}1 ´ 5{8λ}pvSc}1,

i.e.

n´11{2pvT
n
ÿ

i“1

exppβ˚
T

Wi ´ β˚
T

Ωβ˚{2q

ˆtpWi ´Ωβ˚qb2 ´Ωupv

ď p}pvS}1 ` }pvSc}1qφtlogppq{nu1{4 ` λ}pvS}1 ´ λ}pvSc}1
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ď 11{8λ}pvS}1 ´ 5{8λ}pvSc}1. (S.6)

Further, because }β˚} ď }pβ}2`}β0}2 ď 2b0, Lemma 4 implies that n´1
řn
i“1 exppβ˚

T

Wi´

β˚
T

Ωβ˚{2qtpWi´Ωβ˚qb2´Ωu satisfies the lower and upper-RE conditions.

Hence,

n´1pvT
n
ÿ

i“1

exppβ˚
T

Wi ´ β˚
T

Ωβ˚{2q

ˆtpWi ´Ωβ˚qb2 ´Ωupv

ě αminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu}pv}22

´τ1pn, pq}pv}
2
1

“ αminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu}pv}22

´τpn, pq}pv}21. (S.7)

Here τ1pn, pq is the τpn, pq given in Lemma 4, and τpn, pq is defined in the

statement of Theorem 1. The above equality holds because first

sup
tβ:}β}2ď2b0u

αminrEtexppβ
T

XiqXiX
T
i us{tp2c

?
squ

“ sup
tβ:}β}2ď2b0u

αminrEtexppβ
T

XiqXiX
T
i us{tp2c

?
c1qu

ˆtlogppq{nu1{4

ď φ{b0tlogppq{nu1{4,

by the definition of φ in the statement. Hence

?
sτpn, pq
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“ min

«

sup
tβ:}β}2ď2b0u

αminrEtexppβ
T

XiqXiX
T
i us

{tp2c
?
squ, φ{b0tlogppq{nu1{4

‰

“ sup
tβ:}β}2ď2b0u

αminrEtexppβ
T

XiqXiX
T
i us{tp2c

?
squ

“
?
sτ1pn, pq.

Now combine (S.6) and (S.7), we have

´1{2τpn, pq}pv}21

ď 1{2αminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu}pv}22

´1{2τpn, pq}pv}21

ď n´11{2pvT
n
ÿ

i“1

exppβ˚
T

Wi ´ β˚
T

Ωβ˚{2q

ˆtpWi ´Ωβ˚qb2 ´Ωupv

ď 11{8λ}pvS}1 ´ 5{8λ}pvSc}1

as long as 2c ą 1. Further }pv}1 ď }pβ}1 ` }β0}1 ď 2b0
?
k, and

?
sτpn, pq ď

φtlogppq{nu1{4{b0. Therefore,

1{2τpn, pq}pv}21 ď φtlogppq{nu1{4}pv}1 ď 3{8λ}pv}1.

Combining the above two displays, we have

0 ď 11{8λ}pvS}1 ´ 5{8λ}pvSc}1 ` 3{8λ}pv}1

“ 11{8λ}pvS}1 ´ 5{8λ}pvSc}1 ` 3{8λ}pvS}1
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`3{8λ}pvSc}1

“ 7{4λ}pvS}1 ´ 1{4λ}pvSc}1.

Hence }pvSc}1 ď 7}pvS}1 and

}pv}1 “ }pvS}1 ` }pvSc}1 ď 8}pvS}1

ď 8
?
k}pvS}2 ď 8

?
k}pv}2. (S.8)

By Lemma 4, and recall that c “ 128, we have

n´1pvT
n
ÿ

i“1

exppβ˚
T

Wi ´ β˚
T

Ωβ˚{2q (S.9)

ˆtpWi ´Ωβ˚qb2 ´Ωupv

ě αminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu}pv}22

´αminrEtexppβ˚
T

XiqXiX
T
i us{p2csq}pv}

2
1

ě pαminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu

´αminrEtexppβ˚
T

XiqXiX
T
i us{4q}pv}

2
2

“ 191{256αminrEtexppβ˚
T

XiqXiX
T
i us}pv}

2
2. (S.10)

Combining with the upper bound (S.6) we have

191{256αminrEtexppβ˚
T

XiqXiX
T
i us}pv}

2
2

ď 2p}pvS}1 ` }pvSc}1qφtlogppq{nu1{4 ` 2λ}pvS}1 ´ 2λ}pvSc}1

ď 2}pv}1φtlogppq{nu1{4 ` 2λ}pv}1

ď 4 maxtφtlogppq{nu1{4, λu}pv}1
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ď 32
?
kmaxtφtlogppq{nu1{4, λu}pv}2

“ 32
?
kλ}pv}2.

Hence

}pv}2 ď
213

191

?
kλ

αminrEtexppβ˚
T
XiqXiXT

i us

and combine with (S.8)

}pv}1 ď
216

191

kλ

αminrEtexppβ˚
T
XiqXiXT

i us
.

This proves the results.

Proof of Theorem 2: The conclusion is the same as those in Theorem 2

and (31) in Agarwal et al. (2012), where their optimization problem is

pβ “ argmin}β}1ďb0
?
k

«

´n´1
n
ÿ

i“1

tYiW
T
i β

´ exppβTWi ´ βTΩβ{2qu ` λ}β}1
‰

.

And their τl, τu are τpn, pq, γl, γu are 2a1, 2a2, ρ̄ is b0
?
k, and RpΠMKpθ˚qq

is }β0Sc}1 “ 0 in this theorem.

Carefully examining the proof of Theorem 2 in Agarwal et al. (2012)

reveals that the proof holds when the lower-RE and upper-RE hold for the

second derivative of L1pβq at β in the feasible set, λ ě 2}BL1pβ0q{Bβ0}8

and L1pβq is convex in the feasible set of β.

In Lemma 4, we have already shown that the second derivative of L1pβq

at β in the feasible set satisfies the lower- and upper-RE conditions. In
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addition, we have shown in (S.9) that the second derivative of L1pβq at β

in the feasible set is positive definite under the conditions in the theorem

statement. Further because

λ ě 8{3φtlogppq{nu1{4

ě 2φtlogppq{nu1{4 ě 2}BL1pβ0q{Bβ0}8,

where the last inequality holds by (S.2), so λ satisfies λ ě 2}BL1pβ0q{Bβ0}8

in Theorem 2 in Agarwal et al. (2012). Hence, the L1pβq is convex on the

feasible set and λ ě 2}BL1pβ0q{Bβ0}8 are satisfied simultaneously. There-

fore, the result follows by using the same argument as those lead to Theorem

2 in Agarwal et al. (2012).

Proof of Theorem 3: We will show that the theorem holds when the

assumptions in Theorem 2 are satisfied, hence we start with verifying the

assumptions in Theorem 2. The same argument as in Theorem 2 leads

to that λ ě 8{3}BL1pβ0q{Bβ0}8, and that for any β in the feasible set,

B2L1pβq{BβBβ
T satisfies the lower-RE and upper-RE conditions with pa-

rameters ta1, τpn, pqu and ta2, τpn, pqu as specified. We now verify the re-

maining assumptions in Theorem 2.

First, by the assumption that k “ ortn{logppqu1{2s and the fact that
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τpn, pq “ Ot
a

logppq{nu, we have

γ̄l “ Op1q,

and

64ψ2pMqτpn, pq

γ̄l
“ Otk

a

logppq{nu “ op1q.

When n, pÑ 8, this leads to ξpMq Ñ 1. Further because τpn, pqψ2pMq “

Ortlogppq{nu1{2ks “ op1q,

γ̄l “ 2αminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu ` op1q.

Taking into account that

αminrEtexppβ˚
T

XiqXiX
T
i ust1´ 1{p2cqu

ă αmaxrEtexppβ˚
T

XiqXiX
T
i ust1` 1{p2cqu,

we have d1 ă κpMq ă 1 ´ d1 for some small positive constant d1. Thus

the assumption κpMq P r0, 1q in Theorem 2 holds. Further, we can easily

check that

βpMq “ Ot
a

logppq{nu,

hence

32b0
?
k

1´ κpMq
ξpMqβpMq “ ortlogppq{nu1{4s.
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Now τpn, pq{λ2 “ Op1q, by Theorem 2, we have

}βt ´ pβ}22 ď
2δ2

γ̄l
`

16δ2τpn, pq

γ̄lλ2
`

4τpn, pqt6ψpMqu2

γ̄l

“ Oppδ
2
q ` op1q

“ op}pβ ´ β0}
2
2q ` op1q.

The second last equality holds because 4τpn, pqt6ψpMqu2{γ̄l “ 4τpn, pq36k{γ̄l “

op1q, and the last equality holds because we selected δ2 “ ε2pMq{t1 ´

κpMqu “ op}pβ ´ β0}
2
2q.

S.4 Definition of sub-Gaussian and sub-Exponential

random variables

Proof of Lemma 1: 1. ùñ 2. Assume property 1 holds. Recall that for

every non-negative random variable Z, we have

EpZ|Fq “
ż 8

0

PrpZ ě u|Fqdu

Let Z “ |X|k and change of variable u “ tk, we obtain

Ep|X|k|Fq “

ż 8

0

Prp|X| ą t|Fqktk´1dt

ď

ż 8

0

e1´tt{K1pFqu2ktk´1dt

“ ek{2K1pFqkΓpk{2q

ď 2epk{2qk{2K1pFqk
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ď p2eqkpk{2qk{2K1pFqk

Taking the kth root yields property 2 with K2pFq “
?

2eK1pFq.

2. ùñ 3. Assume property 2 holds. Let K3pFq “
a

2{pe´ 1qeK2pFq.

Writing the Taylor series of the exponential function, we obtain

ErexptX2
{K2

3pFqu|Fs “ 1`
8
ÿ

k“1

K3pFq´2kEpX2k|Fq
k!

ď 1`
8
ÿ

k“1

pe´ 1qk{2ke´2kK´2k
2 pFqEpX2k|Fq
k!

ď 1`
8
ÿ

k“1

pe´ 1qk{2ke´2kK´2k
2 pFqK2k

2 pFqp2kqk

k!

ď 1`
8
ÿ

k“1

pe´ 1qke´2kkk

pk{eqk
“ e.

The last inequality holds because k! ě pk{eqk.

3. ùñ 1. Assume property 3 holds. Exponentiating and using Markov’s

inequality and then the property 3, we have

Prp|X| ą t|Fq “ PrrexptX2
{K2

3pFqu ě exptt2{K2
3pFqu|Fs

ď e´t
2{K2

3 pFqErexptX2
{K2

3pFqu|Fs ď e1´tt{K3pFqu2 .

Hence property 1 holds with K1pFq “ K3pFq.

2. ùñ 4. Assume that EpX|Fq “ 0 and property 2 holds. We will prove

that property 4 holds with an appropriately large absolute constant C such

that K4pFq “ CK2pFq. This will follow by estimating Taylor series for the
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exponential function

EtexpptXq|Fu

“ 1` tEpX|Fq `
8
ÿ

k“2

tkEpXk|Fq
k!

ď 1`
8
ÿ

k“2

|t|kkk{2Kk
2 pFq

k!

ď 1`
8
ÿ

k“2

"

e|t|
?
k
K2pFq

*k

“ 1`
8
ÿ

k“1

"

e|t|
?

2k
K2pFq

*2k

`

8
ÿ

k“1

"

e|t|
?

2k ` 1
K2pFq

*2k`1

ď 1`
8
ÿ

k“1

"

e|t|
?

2k
K2pFq

*2k

`

8
ÿ

k“1

"

e|t|
?

2k ` 1
K2pFq

*2k`2

`

8
ÿ

k“1

"

e|t|
?

2k ` 1
K2pFq

*2k

ď 1`
8
ÿ

k“1

"

e|t|
?
k
K2pFq

*2k

`

8
ÿ

k“1

"

e|t|
?
k ` 1

K2pFq
*2k`2

`

8
ÿ

k“1

"

e|t|
?
k
K2pFq

*2k

ď 1`
8
ÿ

k“1

3

"

e|t|
?
k
K2pFq

*2k

ď 1`
8
ÿ

k“1

"

3e|t|
?
k
K2pFq

*2k

ď 1`
8
ÿ

k“1

1

k!
t3e|t|K2pFqu2k
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“ exptt2p3eq2K2pFq2u.

Thus, the property 4 holds withK4pFq “ 3eK2pFq. In the above derivation,

the first inequality holds follows from EpX|Fq “ 0 and property 2, the

second one holds because k! ą pk{eqk.

4. ùñ 1. Assume property 4 holds. Then for λ ą 0, by the exponential

Markov inequality, and using the bound on the moment generating function

given in property 4, we obtain

PrpX ě t|Fq “ PrtexppλXq

ě exppλtq|Fu

ď expp´λtqEtexppλXq|Fu

ď expt´λt` λ2K2
4pFqu.

Choose λ “ t{t2K2
4pFqu, we conclude that PrpX ě t|Fq ď expr´t2{t4K2

4pFqus.

Repeating the argument for´X, we also obtain PrpX ă ´t|Fq ď expr´t2{t4K2
4pFqus.

Combining these two bounds we have

Prp|X| ě t|Fq ď 2 expr´t2{t4K2
4pFqus ď expr1´ t2{t4K2

4pFqus.

Hence property 1 holds with K1pFq “ 2K4pFq. Thus, the lemma is proved.

Lemma S.1. Let X be a centered conditional sub-Gaussian random variable
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with respect to F . Then

EtexppλXq|Fu ď exptp3eq2λ2}X}2ψ2pFqu.

Proof: We first note that property 2 in Lemma 1 holds with K2pFq “

}X}ψ2pFq. Following the proof of Lemma 1, this implies that property 4 in

Lemma 1 also holds with K4pFq “ 3e}X}ψ2pFq, which proves the result in

Lemma S.1.

Proof of Lemma 2: The proof follows the similar argument as that of

Lemma 1.

1. ùñ 2. Assume property 1 holds. Recall that for every non-negative

random variable Z, we have

EpZ|Fq “
ż 8

0

PrpZ ě u|Fqdu

Let Z “ |X|k and change of variable u “ tk, we obtain

Ep|X|k|Fq “

ż 8

0

Prp|X| ą t|Fqktk´1dt

ď

ż 8

0

e1´t{K1pFqktk´1dt

“ Γpk ` 1qeK1pFqk ď kkeK1pFqk,

where the inequality hold because k! ď kk. Taking the kth root yields

property 2 with K2pFq “ eK1pFq.

2. ùñ 3. Assume property 2 holds. Let K3pFq “ e2{pe´1qK2pFq. Writing
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the Taylor series of the exponential function, we obtain

ErexptX{K3pFqu|Fs

“ 1`
8
ÿ

k“1

K3pFq´kEp|X|k|Fq
k!

ď 1`
8
ÿ

k“1

K3pFq´kK2pFqkkk

k!

“ 1`
8
ÿ

k“1

pe´ 1qkkk{e2k

k!

ď 1`
8
ÿ

k“1

pe´ 1qk{ek “ e.

The last inequality holds because k! ě pk{eqk.

3. ùñ 1. Assume property 3 holds. Exponentiating and using Markov’s

inequality and then the property 3, we have

Prp|X| ą t|Fq “ Prrexpt|X|{K3pFqu

ě exptt{K3pFqu|Fs

ď e´t{K3pFqErexpt|X|{K3pFqu|Fs

ď e1´t{K3pFq.

Hence property 1 holds with K1pFq “ K3pFq.



S.5. PROPERTIES OF CONDITIONAL SUB-GAUSSIAN AND
SUB-EXPONENTIAL RANDOM VARIABLES

S.5 Properties of Conditional sub-Gaussian and sub-

Exponential Random Variables

Lemma S.2. Let X be a centered conditional sub-exponential random vari-

ables with respect to F . Then for λ such that 0 ă λ ď 1{p2e}X}ψ1pFqq, we

have

EtexppλXq|Fu ď expp2e2λ2}X}2ψ1pFqq.

Proof: From EpX|Fq “ 0 and property 2 in Lemma 2, using Taylor expan-

sion, we get

EtexppλXq|Fu “ 1` λEpX|Fq `
8
ÿ

k“2

λkEpXk|Fq
k!

ď 1`
8
ÿ

k“2

λkEp|X|k|Fq
k!

ď 1`
8
ÿ

k“2

λkkk}X}kψ1pFq

k!

ď 1`
8
ÿ

k“2

 

eλ}X}ψ1pFq
(k
.

The first inequality holds because EpX|Fq “ 0 and Xk ď |X|k; The second

inequality follows property 2. The third inequality holds because k! ą

pk{eqk. If 0 ă λ ď 1{p2e}X}ψ1pFqq, the right hand side of the above equation

is bounded by

1` 2e2λ2}X}2ψ1pFq ď expp2e2λ2}X}2ψ1pFqq.
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This completes the proof.

Lemma S.3. Let X1, . . . , Xn be independent centered sub-Gaussian random

variables with respect to the sub-sigma fileds F1, . . . ,Fn respectively. For

sequence a1pFq, . . . , anpFq,

E

#

exp

˜

λ
n
ÿ

i“1

aipFqXi

¸

|Fi, i “ 1, . . . , n

+

ď exp

˜

p3eq2λ2
n
ÿ

i“1

}aipFqXi}
2
ψ2pFiq

¸

Proof: When Xi is centered sub-Gaussian, then aiXi is also centered and

sub-Gaussian. Hence, from Lemma S.1, we have

E

#

exp

˜

λ
n
ÿ

i“1

aipFqXi

¸

|Fi, i “ 1, . . . , n

+

“

n
ź

i“1

EtexppλaipFqXiq|Fiu

ď exp

˜

p3eq2λ2
n
ÿ

i“1

}aipFqXi}
2
ψ2pFiq

¸

.

Lemma S.4. Let X1, . . . , Xn be independent centered sub-exponential ran-

dom variables with respect to the sub-sigma fileds F1, . . . ,Fn respectively.

For any any sequence a1pFq, . . . , anpFq and λ such that 0 ă λ ď mini“1,...,nt1{p2e}aipFiqXi}ψ1qu,

E

#

exp

˜

λ
n
ÿ

i“1

aipFqXi

¸

|Fi, i “ 1, . . . , n

+

ď exp

˜

2e2λ2
n
ÿ

i“1

}aipFqXi}
2
ψ1pFiq

¸

.
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Proof: When Xi is centered sub-exponential, then aiXi is also centered and

sub-exponential. Hence, from Lemma S.2, we have

E

#

exp

˜

λ
n
ÿ

i“1

aipFqXi

¸

|Fi, i “ 1, . . . , n

+

“

n
ź

i“1

EtexppλaipFqXiq|Fiu

ď exp

˜

2e2λ2
n
ÿ

i“1

}aipFqXi}
2
ψ1pFiq

¸

.

S.6 Properties under Regularity Conditions (C1) –

(C6)

Lemma S.5. For r ą 0, let c10 ” maxr
a

18e2m2
3{tM3Q2

1p1` rqru, 1s. As-

sume Conditions (C1) – (C4) to hold. Then

Pr

«

n´1
n
ÿ

i“1

}Yi ´ exppβT
0 XiquXi}8

ą maxp4e
a

M1, 8eM2Cq
a

logppq{
?
n
ı

ď 2p´1,

Pr

˜

n´1}
n
ÿ

i“1

“

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq

´ exppβT
0 XiqXi}8

‰

ą 2c10M3Q1p1` rq
a

logppq{n{m3

¯

ď 2p´1,
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and

Pr

«

n´1}
n
ÿ

i“1

YipWi ´Xjq}8

ą
?

2
a

36e2M0

a

logppq{n
ı

ď 2p´1.

Proof of Lemma S.5 Let ei be the unit vector with the ith element 1 and

Fx be the sigma field generated by Xi, i “ 1, . . . , n. By Condition (C1), we

can choose sufficiently large KpXiq, where KpXiq ą 1, so that

Erexpt|Yi ´ exppβT
0 Xiq|{KpXiqu|Xis

ď EpexprtYi ´ exppβT
0 Xiqu{KpXiqs|Xiq

`Epexprt´Yi ` exppβT
0 Xiqu{KpXiqs|Xiq

ď EpexprtYi ´ exppβT
0 Xiqu{KpXiqs|Xiq

` exprtexppβT
0 Xiqu{KpXiqs

“ exp
`

exppβT
0 Xiqrexpt1{KpXiqu ´ 1´ 1{KpXiqs

˘

` exprtexppβT
0 Xiqu{KpXiqs

ă e{2` e{2 “ e.

Hence, Yi ´ exppβT
0 Xiq and ´Yi ` exppβT

0 Xiq given Xi are conditional

sub-exponential random variables following Definition 4. Let 0 ă λ ď

mini 1{r2e}tYi ´ exppβT
0 XiquX

T
i ej}ψ1pFxqs “ mini 1{t2e|X

T
i ej|KY pXiqu, we
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further have

Pr

«

n´1
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ej ą t|Fx

ff

“ Pr

˜

exprλ
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ejs

ą exppλntq|Fxq

ď E

˜

exprλ
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ejs|Fx

¸

ˆ expp´λntq

ď exp

˜

2e2λ2
n
ÿ

i“1

}tYi ´ exppβT
0 XiquX

T
i ej}

2
ψ1pFxq

´λntq

“ exp

˜

´λnt` 2e2λ2
n
ÿ

i“1

pXT
i ejq

2

rsup
kě1

k´1Et|Yi ´ exppβT
0 Xiq|

k
|Fxu

1{k
s
2

˙

“ exp

˜

´λnt` 2e2λ2
n
ÿ

i“1

|XT
i ej|

2KY pXiq
2

¸

, (S.11)

where the first inequality is due to the Markov inequality, the second in-

equality follows from Lemma S.4, and the last two equalities are due to the

definitions of } ¨ }ψ1pFiq and KY pXiq. Let

λ1 “
nt

4e2
řn
i“1 |X

T
i ej|2KY pXiq

2
,

and λ2 “
1

2emaxi |XT
i ej|KY pXiq

.
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If λ1 ă λ2, letting λ “ λ1 in (S.11), we get

Pr

#

n´1
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ej ą t|Fx

+

ď exp

„"

´
n2t2

8e2
řn
i“1 |X

T
i ej|2KY pXiq

2

*

ď exp

ˆ

´
nt2

8e2M1

˙

almost surely. If λ2 ă λ1, letting λ “ λ2 in (S.11), we get

Pr

#

n´1
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ej ą t|Fx

+

ď expt´λ2nt` 2e2λ22nt{p4e
2λ1qu

ď expt´λ2nt` 2e2λ2nt{p4e
2
qu

“ expp´λ2nt{2q

“ exp

"

´nt

4emaxi |XT
i ej|KY pXiq

*

ď exp

"

´nt

4eM2logpnq

*

almost surely. Thus, combining the above results, we get

Pr

#

n´1
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ej ą t|Fx

+

ď exp

"

´min

ˆ

nt2

8e2M1

,
nt

4eM2logpnq

˙*

(S.12)

almost surely. Now taking expectations on both sides, we get

Pr

«

n´1
n
ÿ

i“1

tYi ´ exppβT
0 XiquX

T
i ej ą t

ff

ď exp

„

´min

ˆ

nt2

8e2M1

,
nt

4eM2logpnq

˙

.
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Note that the same derivation in (S.11) and below also applies to ´tYi ´

exppβT
0 XiquXi, hence we also have

Pr

«

n´1
n
ÿ

i“1

t´Yi ` exppβT
0 XiquX

T
i ej ą t

ff

ď exp

„

´min

ˆ

nt2

8e2M1

,
nt

4eM2logpnq

˙

.

Hence, we have

Pr

«

n´1
n
ÿ

i“1

}Yi ´ exppβT
0 XiquX

T
i ej}8 ą t

ff

ď 2p exp

„

´min

ˆ

nt2

8e2M1

,
nt

4eM2logpnq

˙

.

Inserting t “ c00
a

logppq{
?
n, we obtain

Pr

«

n´1
n
ÿ

i“1

}tYi ´ exppβT
0 XiquXi}8 ą c00

a

logppq{
?
n

ff

ď 2p exp

«

´min

˜

c200logppq

8e2M1

,
nc00

a

logppq{
?
n

4eM2logpnq

¸ff

“ 2p exp

«

´min

˜

c200logppq

8e2M1

,
c00logppq

4eM2logpnqt
a

logppq{
?
nu

¸ff

ď 2p exp

„

´min

ˆ

c200logppq

8e2M1

,
c00logppq

4eM2C

˙

.

The last equality holds by Condition (C4). Now let c00 “ maxp4e
?
M1, 8eM2Cq,

we have

Pr

«

n´1
n
ÿ

i“1

}Yi ´ exppβT
0 XiquXi}8 ą maxp4e

a

M1, 8eM2Cq
a

logppq{
?
n

ff

ď 2p´1.

In addition, let Fpβ0q be the sigma field generated by Xi,β
T
0 Wi, i “

1, . . . , n, since Wi given Xi is normal, Wi given Fpβ0q is also normal hence

is sub-gaussian. Recall that

Kwijpβ0q “ sup
kě1

k´1{2Er|pWi ´ βT
0 ΩqTej ´ EtpWi ´ βT

0 ΩqTej|β
T
0 Wi,Xiu|

k
|βT

0 Wi,Xis
1{k.
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Then letting

λj “
nt

18e2
řn
i“1Kwijpβ0q

2| exppβT
0 Wi ´ βT

0 Ωβ0{2q|
2
, (S.13)

we have

Pr

«

n´1
n
ÿ

i“1

 

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej ´ exppβT

0 XiqX
T
i ej

(

ą t|Fpβ0q

ff

“ Pr

˜

exp

«

λj

n
ÿ

i“1

 

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej ´ exppβT

0 XiqX
T
i ej

(

ff

ą exppλjntq|Fpβ0q

˙

ď expp´λjntqE

«

exp

#

λj

n
ÿ

i“1

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej

´λj

n
ÿ

i“1

exppβT
0 XiqX

T
i ej

+

|Fpβ0q

ff

“ expp´λjntqE

˜

exp

«

λj

n
ÿ

i“1

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej

´λjEt
n
ÿ

i“1

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu

ff

|Fpβ0q

¸

ˆ exp

˜

λj

n
ÿ

i“1

rEtexppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ejs

¸

ď expp´λjntq exp

«

p3eq2λ2j

n
ÿ

i“1

Kwijpβ0q
2
texppβT

0 Wi ´ βT
0 Ωβ0{2qu

2

ff

ˆ exp

˜

λj

n
ÿ

i“1

rEtexppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ejs

¸

“ exp

"

´n2t2

18e2
řn
i“1Kwijpβ0q

2| exppβT
0 Wi ´ βT

0 Ωβ0{2q|
2

*

ˆ exp

"

n2t2

36e2
řn
i“1Kwijpβ0q

2| exppβT
0 Wi ´ βT

0 Ωβ0{2q|
2

*
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ˆ exp

„

nt

18e2
řn
i“1Kwijpβ0q

2| exppβT
0 Wi ´ βT

0 Ωβ0{2q|
2

ˆ

n
ÿ

i“1

rEtexppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ejs

ff

ď exp

"

´n2t2

36e2
řn
i“1Kwijpβ0q

2| exppβT
0 Wi ´ βT

0 Ωβ0{2q|
2

*

ˆ exp

„

nt

18e2
řn
i“1Kwijpβ0q

2| exppβT
0 Wi ´ βT

0 Ωβ0{2q|
2

ˆ|

n
ÿ

i“1

EtexppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ej|

ff

.

The first inequality holds by the Markov inequality, and the second inequal-

ity holds by Lemma S.3. Letting t “ 2c10M3Q1p1 ` rq
a

logppq{n{m3 for

some constants r ą 0, c10 ą 1, where m3,M3, Q1 are defined in Condition

(C5), we get

Pr

«

n´1
n
ÿ

i“1

 

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej ´ exppβT

0 XiqX
T
i ej

(

ą 2c10Q1M3p1` rq
a

logppq{n{m3|Fpβ0q



ď exp

„

´

ˆ

nt2

36e2M3

˙

exp

«

t

18e2m3

|

n
ÿ

i“1

EtexppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu

´ exppβT
0 XiqX

T
i ej|



“ exp

„

´

ˆ

c210Q
2
1p1` rq

2logppqM3

9e2m2
3

˙

exp

«

c10M3Q1p1` rq
a

logppq{n

9e2m2
3

|

n
ÿ

i“1

EtexppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej|β

T
0 Wi,Xiu ´ exppβT

0 XiqX
T
i ej|

ff

ď exp
“

´
 

c210Q
2
1p1` rq

2logppqM3{p9e
2m2

3q
(‰

exp
 

c10Q
2
1p1` rqlogppqM3{p9e

2m2
3q
(
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ď exp
“

´
 

c210Q
2
1p1` rq

2logppqM3{p9e
2m2

3q
(‰

exp
 

c210Q
2
1p1` rqlogppqM3{p9e

2m2
3q
(

“ exp
“

´
 

c210Q
2
1p1` rqrlogppqM3{p9e

2m2
3q
(‰

almost surely, where the second inequality holds by Condition (C5).

Taking expectation on both sides of the above inequality, we have

Pr

«

n´1
n
ÿ

i“1

 

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej ´ exppβT

0 XiqX
T
i ej

(

ą 2c10M3Q1p1` rq
a

logppq{n{m3



ď exp
“

´
 

c210Q
2
1p1` rqrlogppqM3{p9e

2m2
3q
(‰

.

We can easily check that the same derivation after (S.13) also applies to

´ exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej ` exppβT

0 XiqX
T
i ej

and will lead to

Pr

«

n´1
n
ÿ

i“1

´
 

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 ΩqTej ´ exppβT

0 XiqX
T
i ej

(

ą 2c10M3Q1p1` rq
a

logppq{n{m3



ď exp
“

´
 

c210Q
2
1p1` rqrlogppqM3{p9e

2m2
3q
(‰

.

Thus, letting c10 “ maxr
?

2
a

9e2m2
3{tM3Q2

1p1` rqru, 1s, we have

Pr

˜

n´1}
n
ÿ

i“1

“

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq ´ exppβT

0 XiqXi}8
‰

ą 2c10M3Q1p1` rq
a

logppq{n{m3

¯

ď 2p exp
“

´
 

pc10Q1q
2
p1` rqrlogppqM3{p9e

2m2
3q
(‰



S.6. PROPERTIES UNDER REGULARITY CONDITIONS (C1) – (C6)

ď 2p´1.

Let FY be the sigma field generated by Yi, i “ 1, . . . , n. Because Ui “

Wi ´Xi is normal and independent with Yi, using the same argument, we

have

Pr

«

n´1
n
ÿ

i“1

YipWij ´Xijq ą t|FY

ff

“ Pr

˜

exprλ
n
ÿ

i“1

YipWij ´Xijqs ą exppλntq

¸

ď E

˜

exprλ
n
ÿ

i“1

YipWij ´Xijqs

¸

expp´λntq

ď exp

˜

´λnt` p3eq2λ2
n
ÿ

i“1

}tYipWij ´Xijqu}
2
ψ2pFYi

q

¸

“ exp

˜

´λnt` p3eq2λ2
n
ÿ

i“1

Y 2
i rsup

kě1
k´1{2Et|pWij ´Xijq|

k
u
1{k
s
2

¸

“ exp

˜

´λnt` p3eq2λ2
n
ÿ

i“1

Y 2
i K

2
j

¸

.

The third inequality holds by Lemma S.3. Letting

λ “
nt

18e2
řn
i“1 Y

2
i K

2
j

we obtain

Pr

«

n´1
n
ÿ

i“1

YipWij ´Xijq ą t|FY

ff

ď exp

ˆ

´
n2t2

36e2
řn
i“1 Y

2
i K

2
j

˙

ď exp

ˆ

´
nt2

36e2M0

˙

.
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Take the expectation on both side, we have

Pr

«

n´1
n
ÿ

i“1

YipWij ´Xijq ą t

ff

ď exp

ˆ

´
n2t2

36e2
řn
i“1 Y

2
i K

2
j

˙

ď exp

ˆ

´
nt2

36e2M0

˙

.

Using the same derivation on ´n´1
řn
i“1 YipWij ´Xijq, we can also obtain

Pr

«

n´1
n
ÿ

i“1

´YipWij ´Xijq ą t

ff

ď exp

ˆ

´
nt2

36e2M0

˙

.

Hence, selecting t “
?

2
?

36e2M0

a

logppq{n leads to

Pr

«

n´1}
n
ÿ

i“1

YipWi ´Xjq}8 ą
?

2
a

36e2M0

a

logppq{n

ff

ď 2p exp

ˆ

´
nt2

36e2M0

˙

“ 2p´1.

Proof of Lemma 3: By the triangle inequality we have

n´1}
n
ÿ

i“1

YiWi ´ exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq}8

ď n´1}
n
ÿ

i“1

tYi ´ exppβT
0 XiquXi}8

`n´1}
n
ÿ

i“1

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq ´ exppβT

0 XiqXi}8

`n´1}
n
ÿ

i“1

YipWi ´Xiq}8,
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hence by Lemma S.5

Pr

#

n´1}
n
ÿ

i“1

YiWi ´ exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq}8

ą 3 maxtmaxp4e
a

M1, 8eM2Cq
a

logppq{
?
n,

2c10M3Q1p1` rq
a

logppq{n{m3,
?

2
a

36e2M0

a

logppq{nu

*

ď Pr

«

3 max

#

n´1
n
ÿ

i“1

}Yi ´ exppβT
0 XiquXi}8,

n´1
n
ÿ

i“1

} exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq ´ exppβT

0 XiqXi}8,

n´1}
n
ÿ

i“1

YipWi ´Xjq}8

+

ą 3 maxtmaxp4e
a

M1, 8eM2Cq
a

logppq{
?
n,

2c10M3Q1p1` rq
a

logppq{n{m3,
?

2
a

36e2M0

a

logppq{n
ı

ď Pr

«

n´1
n
ÿ

i“1

}Yi ´ exppβT
0 XiquXi}8 ą maxp4e

a

M1, 8eM2Cq
a

logppq{
?
n

ff

`Pr

˜

n´1}
n
ÿ

i“1

“

exppβT
0 Wi ´ βT

0 Ωβ0{2qpWi ´ βT
0 Ωq ´ exppβT

0 XiqXi}8
‰

ą 2c10M3Q1p1` rq
a

logppq{n{m3

¯

`Pr

«

n´1}
n
ÿ

i“1

YipWi ´Xjq}8 ą
?

2
a

36e2M0

a

logppq{n

ff

ď 6p´1,

where the last inequality is due to Lemma S.5. This proves the results.

Lemma S.6. Assume that Conditions (C1) and (C6) hold, and the vari-

ables Ui,Xi have finite dimension p1. Let v be a p1-dimensional vector.
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For sufficiently large n, we have

Pr

˜

|

n
ÿ

i“1

ApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uv| ą nt

¸

ď 2 exp

ˆ

´min

„

nt2

16e2M4

,
nt

8eM5logpnq

˙

.

Proof: By Lemma 1 statement 3 and Lemma 2 statement 3, we can see that

the square of a conditional sub-Gaussian variable is sub-exponential. Now

because vTpWi ´ βTΩq given Xi and βTWi is normal, and recall that

gpWi,β,vq ” vT
tpWi ´ βTΩqb2 ´Ωuv,

we have that

gpWi,β,vq ´ EtgpWi,β,vq|β
TWi,Xiu

is centered sub-exponential. Recall also that

ApβTWiq ” exppβTWi ´ βTΩβ{2q,

we have

Pr

˜

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs ą t|Fpβq

¸

“ Pr

#

exp

˜

λ
n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs

¸

ą exppλtq|Fpβq

+

ď expp´λtqE

#

exp

˜

λ
n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs

¸

|Fpβq

+

“ expp´λtqE

#

exp

˜

λ
n
ÿ

i“1

ApβTWiqrgpWi,β,vq ´ EtgpWi,β,vq|β
TWi,Xius

¸

|Fpβq

+
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ˆ exp

˜

λ
n
ÿ

i“1

rApβTWiqEtgpWi,β,vq|β
TWi,Xiu ´ vTEtexppβTXiqXiX

T
i uvs

¸

ď expp´λtq exp

#

2e2λ2
n
ÿ

i“1

A2
pβTWiqKgvipβq

2

+

ˆ exp

˜

λ
n
ÿ

i“1

rApβTWiqEtgpWi,β,vq|β
TWi,Xiu ´ vTEtexppβTXiqXiX

T
i uvs

¸

.

The second inequality above holds by Lemma S.4. Further, let

λ1 “
t

4e2
řn
i“1Kgvipβq2A2pβTWiq

, and λ2 “
1

2emaxiKgvipβq|Apβ
TWiq|

.

If λ1 ă λ2, letting λ “ λ1, we get

expp´λtq exp

#

2e2λ2
n
ÿ

i“1

A2
pβTWiqKgvipβq

2

+

“ exp

„"

´
t2

8e2
řn
i“1Kgvipβq2A2pβTWiq

*

.

If λ2 ă λ1, letting λ “ λ2, we get

expp´λtq exp

#

2e2λ2
n
ÿ

i“1

A2
pβTWiqKgvipβq

2

+

“ expt´λ2t` 2e2λ22t{p4e
2λ1qu

ď expt´λ2t` 2e2λ2t{p4e
2
qu

“ expp´λ2t{2q

“ exp

"

´t

4emaxiKgvipβq|Apβ
TWiq|

*

.

Combine the above result and let

λ “ min

ˆ

t

4e2
řn
i“1Kgvipβq2A2pβTWiq

,
1

2emaxiKgvipβq|Apβ
TWiq|

˙
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we have

Pr

˜

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs ą t|Fpβq

¸

ď exp

ˆ

´min

„

t2

8e2
řn
i“1Kgvipβq2A2pβTWiq

,
t

4emaxiKgvipβq|Apβ
TWiq|

˙

ˆ exp

«

n
ÿ

i“1

min

"

t

4e2
řn
i“1Kgvipβq2A2pβTWiq

,
1

2emaxiKgvipβqApβ
TWiq

*

ˆrApβTWiqEtgpWi,β,vq|β
TWi,Xiu ´ vTEtexppβTXiqXiX

T
i uvs



.

Replacing t with nt, for sufficiently large n and fixed t, we have

Pr

˜

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs ą nt|Fpβq

¸

ď exp

ˆ

´min

„

n2t2

8e2
řn
i“1Kgvipβq2A2pβTWiq

,
nt

4emaxiKgvipβq|Apβ
TWiq|

˙

ˆ exp

«

n
ÿ

i“1

min

"

nt

4e2
řn
i“1Kgvipβq2A2pβTWiq

,
1

2emaxiKgvipβqApβ
TWiq

*

ˆrApβTWiqEtgpWi,β,vq|β
TWi,Xiu ´ vTEtexppβTXiqXiX

T
i uvs



ď exp

ˆ

´min

„

nt2

8e2M4

,
nt

4eM5logpnq

˙

ˆ exp

„

min

"

t

4e2m4

,
1

2em5logpnq

*

Q2

?
n



ď exp

ˆ

´min

„

nt2

16e2M4

,
nt

8eM5logpnq

˙

,

in probability. The second inequality holds by (S.3).

Taking expectation on both sides of the above display, we have

Pr

˜

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs ą nt

¸
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ď exp

ˆ

´min

„

nt2

16e2M4

,
nt

8eM5logpnq

˙

.

Repeat the argument with

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs

replaced by

´rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs,

we can obtain the left bound, hence prove the result.

Lemma S.7. Assume that Conditions (C1) and (C6) hold. If Xi,Ui P Rp,

then for s ě 1,

pr

˜

sup
vPKp2sq

|

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs| ą nt

¸

ď 2 exp

ˆ

´min

„

nt2

324e2M4

,
nt

36eM5logpnq



` 2slogp9pq

˙

.

Proof of Lemma S.7: For each subset U Ă p1, . . . , pq, we define the set SU

as SU “ tv P Rp, }v}2 ď 1, supppvq Ď Uu, and note that Kp2sq “ Y|U |ď2sSU .

We define A “ tu1, . . . ,umu Ă SU to be a 1/3-cover of SU , if for every

v P SU , there is some ui P A such that }v´ui}2 ď 1{3. Define ∆v “ v´uj

where uj “ arg minui
}v ´ ui}2. We have }∆v}2 ď 1{3. The same as those

shown in Lemma 15 in Loh & Wainwright (2012), by Ledoux & Talagrand

(2013), we can construct A with |A| ă 92s. Define

Φpv1,v2q “ vT
1

«

n
ÿ

i“1

ApβTWiqtpWi ´Ωβqb2 ´Ωu ´ EtexppβTXiqXiX
T
i u

n

ff

v2.
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We have

|Φpv,vq|

“ |Φp∆v ` uj,∆v ` ujq|

ď max
i
|Φpui,uiq| `max

i
|Φp∆v,uiq| `max

i
|Φpui,∆vq| ` |Φp∆v,∆vq|

ď max
i
|Φpui,uiq| ` 2 max

i
|Φp∆v,uiq| ` |Φp∆v,∆vq|.

Hence,

sup
vPSU

|Φpv,vq| ď max
i
|Φpui,uiq| ` 2 sup

vPSU

max
i
|Φp∆v,uiq| ` sup

vPSU

|Φp∆v,∆vq|.

Since }3∆v}2 ď 1 and suppp3∆vq Ď U , 3∆v P SU . It follows that

sup
vPSU

|Φpv,vq|

ď max
i
|Φpui,uiq| ` 2{3 sup

vPSU

max
i
|Φp3∆v,uiq| ` 1{9 sup

vPSU

|Φp3∆v, 3∆vq|

ď max
i
|Φpui,uiq| ` 2{3t sup

vPSU

|Φp3∆v, 3∆vq|u1{2tmax
i
|Φpui,uiq|u

1{2
` 1{9 sup

vPSU

|Φpv,vq|

ď max
i
|Φpui,uiq| ` sup

vPSU

t2{3|Φpv,vq| ` 1{9|Φpv,vq|u.

Hence, supvPSU
|Φpv,vq| ď 9{2 maxi |Φpui,uiq|. By Lemma S.6 and a union

bound, we have

Pr

˜

sup
vPSU

|

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs| ą 9{2nt

¸

ď 92s2 exp

ˆ

´min

„

nt2

16e2M4

,
nt

8eM5logpnq

˙

.
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Now replacing t with 2{9t, we have

Pr

˜

sup
vPSU

|

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs| ą nt

¸

ď 92s2 exp

ˆ

´min

„

nt2

324e2M4

,
nt

36eM5logpnq

˙

.

Finally, taking a union bound over the
`

p
2s

˘

choices of U , and noting that

`

p
2s

˘

ď p2s, we have

Pr

˜

sup
vPKp2sq

|

n
ÿ

i“1

rApβTWiqgpWi,β,vq ´ vTEtexppβTXiqXiX
T
i uvs| ą nt

¸

ď 2 exp

ˆ

´min

„

nt2

324e2M4

,
nt

36eM5logpnq



` 2slogp9pq

˙

.

Lemma S.8. Assume that Conditions (C1) and (C6) hold. For a fixed

matrix Γ P Rpˆp, parameter s ą 1, and tolerance δ ą 0, suppose we have

the deviation condition

|vTΓv| ď δ, @v P Kp2sq.

Then

|vTΓv| ď 27δp}v}22 ` 1{s}v}21q, @v P Rp.

Proof: This is Lemma 12 in Loh & Wainwright (2012), we omit the proofs

here.
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S.7 Verification of the Lower and Upper RE Condi-

tions

Lemma S.9. Assume that Conditions (C1) and (C6) hold and s ě 1,

n´1
n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu

is an estimator for EtexppβTXiqXiX
T
i u, satisfying the deviation condition

n´1
n
ÿ

i“1

vT exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωuv

´vTEtexppβTXiqXiX
T
i uv

ď
αminrEtexppβTXiqXiX

T
i us

54c
, @v P Kp2sq

for some constant c. Then we have the lower-RE condition. That is, for

any v P Rp,

n´1
n
ÿ

i“1

vT exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωuv

ě αminrEtexppβTXiqXiX
T
i ust1´ 1{p2cqu}v}22

´
αminrEtexppβTXiqXiX

T
i us

2cs
}v}21.

We also have the upper-RE condition. That is, for any v P Rp,

n´1
n
ÿ

i“1

vT exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωuv

ď αmaxrEtexppβTXiqXiX
T
i ust1` 1{p2cqu}v}22

`
αminrEtexppβTXiqXiX

T
i us

2cs
}v}21,
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Proof: This result follows easily from Lemma S.8. Setting

Γ “ n´1
n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu ´ EtexppβTXiqXiX
T
i u.

and δ “ αminrEtexppβTXiqXiX
T
i us{p54cq, we have the bound

|vTΓv| ď
αminrEtexppβTXiqXiX

T
i us

2c
p}v}22 ` 1{s}v}21q.

Then

n´1
n
ÿ

i“1

exppβTWi ´ βTΩβ{2qvT
rtpWi ´Ωβqb2 ´Ωsv

ě vTEtexppβTXiqXiX
T
i uv ´

αminpEtexppβTXiqXiX
T
i uq

2c
p}v}22 ` 1{s}v}21q

and

n´1
n
ÿ

i“1

exppβTWi ´ βTΩβ{2qvT
tpWi ´Ωβqb2 ´Ωuv

ď vTEtexppβTXiqXiX
T
i uv `

αminpEtexppβTXiqXiX
T
i uq

2c
p}v}22 ` 1{s}v}21q.

Hence the lemma holds because

αminrEtexppβTXiqXiX
T
i us}v}

2
2 ď vTEtexppβTXiqXiX

T
i uv ď αmaxrEtexppβTXiqXiX

T
i us}v}

2
2.

Proof of Lemma 4:

Let

Γ “ n´1
n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu ´ EtexppβTXiqXiX
T
i u,
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s “

"

1{t32C maxpM4,M5qu

c

n

logppq

min

¨

˝

«

suptβ:}β}2ď2b0u αminrEtexppβTXiqXiX
T
i us

54c

ff2

{p81e2q, 1

˛

‚

,

.

-

(S.14)

where C satisfies Condition (C4). Since n{logppq Ñ 8 under Condition

(C4), we always have s ą 1 for sufficiently large n.

Let

t “ sup
tβ:}β}2ď2b0u

αminrEtexppβTXiqXiX
T
i us

54c
.

For p ě 9, by Lemma S.7, we have

Pr

˜

sup
vPKp2sq

vT
rn´1

n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu

´EtexppβTXiqXiX
T
i usv ě sup

tβ:}β}2ď2b0u

αminrEtexppβTXiqXiX
T
i us

54c

¸

ď 2 exp

ˆ

´min

„

nt2

324e2M4

,
nt

36eM5logpnq



` 2slogp9pq

˙

ď 2 exp

ˆ

´min

„

nt2

324logpnqe2 maxpM4,M5q
,

nt

36emaxpM4,M5qlogpnq



` 2slogp9pq

˙

“ 2 exp

„

´n{t4logpnqmaxpM4,M5qumin

ˆ

t2

81e2
,
t

9e

˙

` 2slogp9pq



ď 2 exp

„

´n{t4logpnqmaxpM4,M5qumin

ˆ

t2

81e2
,
t

9e

˙

` 4slogppq



ď 2 exp

„

´
a

nlogppq1{t4C maxpM4,M5qumin

ˆ

t2

81e2
,
t

9e

˙

` 4slogppq



.

where the last inequality is because of Condition (C4). If t2{p81e2q ą 1,
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then t2{p81e2q ą t{p9eq ą 1, hence

s “ 1{t32C maxpM4,M5qu

c

n

logppq
,

and

Pr

˜

sup
vPKp2sq

vT
rn´1

n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu

´EtexppβTXiqXiX
T
i usv ě sup

tβ:}β}2ď2b0u

αminrEtexppβTXiqXiX
T
i us

54c

¸

ď 2 exp
”

´
a

nlogppq1{t8C maxpM4,M5qu

ı

.

On the other hand, if t2{p81e2q ď 1, then t2{p81e2q ď t{p9eq ď 1, hence

Pr

˜

sup
vPKp2sq

vT
rn´1

n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu

´EtexppβTXiqXiX
T
i usv ě sup

tβ:}β}2ď2b0u

αminrEtexppβTXiqXiX
T
i us

54c

¸

ď 2 exp

„

´
a

nlogppq1{t4C maxpM4,M5qu
t2

81e2
` 1{t8C maxpM4,M5qu

a

nlogppq
t2

81e2



“ 2 exp

„

´
a

nlogppq1{t8C maxpM4,M5qu
t2

81e2



.

Combining the above results, we get

Pr

˜

sup
vPKp2sq

vT
rn´1

n
ÿ

i“1

exppβTWi ´ βTΩβ{2qtpWi ´Ωβqb2 ´Ωu

´EtexppβTXiqXiX
T
i sv ě sup

tβ:}β}2ď2b0u

αminrEtexppβTXiqXiX
T
i us

54c

¸

ď 2 exp

„

´
a

nlogppq1{t8C maxpM4,M5qumin

"

t2

81e2
, 1

*

.
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Hence by Lemma S.9, the lemma holds by selecting

τpn, pq “ sup
tβ:}β}2ď2b0u

`

αminrEtexppβTXiqXiX
T
i us{p2cq

˘

"

1{t32C maxpM4,M5qu

c

n

logppq

min

¨

˝

«

suptβ:}β}2ď2b0u αminrEtexppβTXiqXiX
T
i us

54c

ff2

{p81e2q, 1

˛

‚

,

.

-

´1

.

S.8 A Useful Topological Result

Lemma S.10. For any constant s ą 1, we have

B1p
?
sq X B2p1q Ď cltconvtB0psq X B2p3quu

where the lk balls with radius r, Bkprq, k “ 0, 1, 2, are taken in p-dimensional

space, and clp¨q and convp¨q denote the topological closure and convex hull,

respectively.

Proof: From Lemma 11 in Loh & Wainwright (2012), we get

B1p
?
sq X B2p1q Ď 3cltconvtB0psq X B2p1quu.

Here for a set A, 3A is defined as the set that satisfies supθP3A ă θ, z ą“

3 supθPA ă θ, z ą for any z. Let U be a subset of t1, . . . , pu and zU be the

subvector of z with only the elements whose indices in U retained. Now

whenA “ cltconvtB0psqXB2p1quu, we get supθP3A ă θ, z ą“ 3 max|U |“tsu sup}θU }2ď1
ă
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θU , zU ą“ max|U |“tsu sup}θU }2ď3
ă θU , zU ą“ 3}zS}2, hence 3cltconvtB0psqX

B2p1quu “ cltconvtB0psq X B2p3quu. Thus the results hold.

Lemma S.10 implies that if a vector v satisfies }v}1{}v}2 ď
?
s, then it

automatically satisfies }v}0 ď s.
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