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This supplementary material gives proofs of Lemmas 1 and 2 and Theorems 1–3 in the main

paper.

S1 Proofs of Lemmas 1 and 2

We first introduce some useful results depending on the FPCA. In what

follows, we use c and δ to denote positive constants that may change from

line to line. Define |||Σ|||2 =
∫∫
I2 [Σ(s, t)]2 ds dt. By using the result in

Bhatia et al. (1983), we can obtain

sup
j≥1
|λj − λ̂j| ≤

∣∣∣∣∣∣∣∣∣Σ− Σ̂
∣∣∣∣∣∣∣∣∣, and sup

j≥1
δj‖φj − φ̂j‖2 ≤ 81/2

∣∣∣∣∣∣∣∣∣Σ− Σ̂
∣∣∣∣∣∣∣∣∣,

where δj = min1≤k≤j(λk − λk+1). Such results can also be found in Bosq

(1991) and Chapter 4 of Bosq (2000). Provided
∫
I E[X(t)]4 dt <∞, it is not

hard to prove
∫
I |µ(t) − µ̂(t)| dt = Op(n

−1/2) and E
∣∣∣∣∣∣∣∣∣Σ− Σ̂

∣∣∣∣∣∣∣∣∣2 = O(n−1).
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Therefore, we have

sup
j≥1
|λj − λ̂j| = Op(n

−1/2).

Lemma 1 is a direct consequence of Lemma 6.1 in Hall and Horowitz (2007).

Lemma 1. If infk 6=j |λ̂j − λk| > 0, then

φ̂j(t)− φj(t) =
∑
k: k 6=j

(
λ̂j − λk

)−1

φk(t)

∫∫
I2

[
Σ̂(s, t)− Σ(s, t)

]
φ̂j(s)φk(t) ds dt

+ φj(t)

∫
I

[
φ̂j(s)− φj(s)

]
φj(s) ds .

(S1.1)

Define the event Ep by

Ep = Ep(n) =
{∣∣∣∣∣∣∣∣∣Σ− Σ̂

∣∣∣∣∣∣∣∣∣ ≤ n−1/2+δ
}
,

for some small δ > 0 and the event Fp by

Fp = Fp(n) =
{

(λ̂j − λk)−2 ≤ 2(λj − λk)−2, for all 1 ≤ j 6= k ≤ p
}
.

Then we have P(Ep)→ 1. By using λj−λj+1 ≥ j−α0−1 in condition (A1)(i),

we have Ep ⊂ Fp for some small δ > 0 when n and p are large enough. So

it suffices to derive asymptomatic results when Fp holds. Under conditions

(A1) and (A2), it follows that

E

{
sup

1≤j≤p
[j−2‖φj − φ̂j‖2

2 I(Fp)]
}

= O(n−1), (S1.2)

whose proof can be found in Hall and Horowitz (2007), from page 83 to the

end.
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The following lemma gives a useful uniform consistency result of the

FPC score estimates and is also of independent interest in FPCA. Also see

Proposition 1 of Wong et al. (2019).

Lemma 2. Under conditions (A1) and (A2), we have, uniformly over 1 ≤

j ≤ p,

1

n

n∑
i=1

(xij − x̂ij)2 = Op(max{n−1j2−α0 , n−1}), (S1.3)

and

E(x·j − x̂·j)2 = O(max{n−1j2−α0 , n−1}). (S1.4)

Proof. We first prove (S1.4). Note that (λ̂j, φ̂j) is determined by Σ̂ for all

j. By using Lemma 1 and the orthonormalities of eigenfunctions and FPC

scores, we have, uniformly over 1 ≤ j ≤ p,

λ−1
j E[(x·j − x̂·j)2 | Σ̂]

≤ 2λ−1
j E

{[∫
I
(X(t)− µ(t))(φj(t)− φ̂j(t)) dt

]2
∣∣∣∣∣ Σ̂

}

+ 2λ−1
j E

{[∫
I
(µ(t)− µ̂(t))φ̂j(t) dt

]2
∣∣∣∣∣ Σ̂

}

≤ 4λ−1
j

∑
k: k 6=j

λk

(
λ̂j − λk

)−2
{∫∫

I2

[
Σ̂(s, t)− Σ(s, t)

]
φ̂j(s)φk(t) ds dt

}2

+ 4

[∫
I

(
φ̂j(s)− φj(s)

)
φj(s) ds

]2

+ 2λ−1
j E[‖µ− µ̂‖2

2 | Σ̂]

=: S1(j) + S2, 1(j) + S2, 2(j).

(S1.5)
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For S2, 1(j), by using (S1.2), we have

E

{
sup

1≤j≤p
[j−2S2, 1(j) I(Fp)]

}
= O(n−1). (S1.6)

For S2, 2(j), given
∫
I E[X(t)]4 dt <∞, we can obtain

E[λjS2, 2(j)] = O(n−1). (S1.7)

We now consider S1(j). Write{∫∫
I2

[
Σ̂(s, t)− Σ(s, t)

]
φ̂j(s)φk(s) dt

}2

≤ 2

{∫∫
I2

[
Σ̂(s, t)− Σ(s, t)

]
φj(s)φk(t) ds dt

}2

+ 2

{∫∫
I2

[
Σ̂(s, t)− Σ(s, t)

]
[φ̂j(s)− φj(s)]φk(t) ds dt

}2

=: S1, 1(jk) + S1, 2(jk).

(S1.8)

By using E
∣∣∣∣∣∣∣∣∣Σ− Σ̂

∣∣∣∣∣∣∣∣∣2 = O(n−1) and (S1.2), we have

E

{
sup

1≤j, k≤p
[j−2S1, 2(jk) I(Fp)]

}
= O(n−2). (S1.9)

It can be shown that

E

{
sup

1≤j, k≤p
[(λjλk)

−1S1, 1(jk) I(Fp)]
}

= O(n−1). (S1.10)

See Section 5.3 of Hall and Horowitz (2007). Given conditions (A1) and

(A2), a direct calculation yields

n−1 sup
1≤j, k≤p

(λ−1
j λ−1

k j2) ≤ cn−1p2+2α0 = o(1). (S1.11)
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Combining this with (S1.8)–(S1.10) yields

E sup
1≤j≤p


[∑
k: k 6=j

(λj − λk)−2λ2
k

]−1

S1(j) I(Fp)

 = O
(
n−1
)
. (S1.12)

It remains to bound the summation on the left side of (S1.12), which we

now discuss.

Let p1 = [j/2] and p2 = 2j, where [a] denotes the integer part of a.

From condition (A1), we have, for all j = 1, . . . , p,

λ2
k

(λj − λk)2
≤

2(λj − λk)2 + 2λ2
j

(λj − λk)2
≤ c, for 1 ≤ k ≤ p1, (S1.13)

λ2
j

(λj − λk)2
≤ c, for k ≥ p2, (S1.14)

and

λ2
k

(λj − λk)2
≤ cj−2α0

(j − k)2j−2(α0+1)
≤ cj2

(j − k)2
, for p1 < k < p2, k 6= j,

(S1.15)

where c > 0 is a constant not depending on j and k. Combing (S1.13)–
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(S1.15), we have, uniformly over 1 ≤ j ≤ p,∑
k: k 6=j

(λj − λk)−2λ2
k

=

p1∑
k=1

λ2
k

(λj − λk)2
+

∞∑
k=p2

λ2
k

(λj − λk)2
+

∑
k: p1<k<p2, k 6=j

λ2
k

(λj − λk)2

≤ cp1 +
∞∑

k=p2

λ2
k

λ2
j

λ2
j

(λj − λk)2
+

∑
k: p1<k<p2, k 6=j

cj2

(j − k)2

≤ cj + cλ−2
j

∞∑
k=p2

λ2
k + cj2

≤ cj2,

(S1.16)

where c is a constant not depending on j. Combining this with (S1.12)

gives

E

{
sup

1≤j≤p
j−2[S1(j) I(Fp)]

}

≤ sup
1≤j≤p

[
j−2

∑
k: k 6=j

λ2
k

(λj − λk)2

]
E sup

1≤j≤p


[∑
k: k 6=j

λ2
k

(λj − λk)2

]−1

S1(j) I(Fp)


= O(n−1).

(S1.17)

Combining this with (S1.5)– (S1.7) yields, uniformly over 1 ≤ j ≤ p,

E[(x·j − x̂·j)2 I(Fp)] = O(max{n−1λjj
2, n−1}). (S1.18)

Condition (A1)(iii) assumes λj ≤ cj−α0 for all j > 0. Therefore, the proof

of Lemma 2 completes if the factor I(Fp) can be removed from the left side.

Since we assumed that all moments of the principal component scores are
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finite, by using Markov’s inequality, it can be shown that P(Ep) = 1−O(n−c)

and hence P(Fp) = 1−O(n−c) for any c > 0, which completes the proof of

(S1.4).

We now consider (S1.3). By an argument similar to (S1.5), we can

prove, uniformly over 1 ≤ j ≤ p,

∫∫
I2

Σ(s, t)(φj(s)− φ̂j(s))(φj(t)− φ̂j(t)) ds dt = Op(n
−1j2−α0). (S1.19)

By using this, we have

1

n

n∑
i=1

(xij − x̂ij)2

≤ 2

n

n∑
i=1

[∫
I
(Xi(t)− µ̂(t))(φj(t)− φ̂j(t)) dt

]2

+ 2

[∫
I
(µ(t)− µ̂(t))φj(t) dt

]2

≤ 4

∫∫
I2

Σ(s, t)(φj(s)− φ̂j(s))(φj(t)− φ̂j(t)) ds dt

+ 4
∣∣∣∣∣∣∣∣∣Σ− Σ̂

∣∣∣∣∣∣∣∣∣‖φj(t)− φ̂j(t)‖2
2 + 2 E ‖µ− µ̂‖2

2

= Op(max{n−1j2−α0 , n−1}),

(S1.20)

which completes the proof of (S1.3).

Proof of Lemma 1. We first prove (3.1). By the construction of β̃p, we have
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‖β̃p − β0‖2
2

=

∥∥∥∥∥
p∑
j=1

b0j(φ̂j − φj) +
(
b̃p − b0p

)
φ̂j −

∞∑
j=p+1

b0jφj

∥∥∥∥∥
2

2

≤ 3p

p∑
j=1

b2
0j‖φ̂j − φj‖2

2 + 3
(
b̃p − b0p

)2

+ 3
∞∑

j=p+1

b2
0j.

(S1.21)

When Fp holds, by using (S1.2), we have

p

p∑
j=1

b2
0j E[‖φ̂j − φj‖2

2 I(Fp)] = O

(
n−1p

p∑
j=1

j−2α1+2

)
= O

(
n−1p

)
, (S1.22)

where the last equality is due to −2α1 +2 < −α0 < −1. Simple calculations

yield
∞∑

j=p+1

b2
0j = O

(
n−(2α1−1)/(α0+2α1)

)
, (S1.23)

and

(b̃p − b0p)
2 ≤

∞∑
j=p+1

b2
0j = O

(
n−(2α1−1)/(α0+2α1)

)
. (S1.24)

Combing (S1.21)–(S1.24), we have

E[‖β̃p − β0‖2
2 I(Fp)] = O

(
n−(2α1−1)/(α0+2α1)

)
. (S1.25)

Therefore, the proof of (3.1) completes if the factor I(Fp) can be removed

from the left side. Since we assumed that all moments of the principal

component scores are finite, by using Markov’s inequality, it can be shown

that P(Ep) = 1 − O(n−c) and hence P(Fp) = 1 − O(n−c) for any c > 0,

which complete the proof of (3.1).
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We now turn to proving (3.2). Direct calculations yield

E

[
(x̂·p)

T b̃p −
∞∑
j=1

x·jb0j

]2

≤ cE

[
p∑
j=1

(x̂·j − x·j)b0j

]2

+ cE[x̂·p(b̃p − b0p)]
2 + cE

(
∞∑

j=p+1

x·jb0j

)2

≤ cp

p∑
j=1

E(x̂·j − x·j)2b2
0j + c(b̃p − b0p)

2 E x̂2
·p + c

∞∑
j=p+1

b2
0j Ex2

·j

≤ cp

p∑
j=1

n−1j−2α1 max{j2−α0 , 1}+ cp−2α1+1p−α0 + c
∞∑

j=p+1

j−α0−2α1

≤ cn−1(p−α0−2α1+4 + p−2α1+2) + cp−α0−2α1+1 + cp−α0−2α1+1

≤ c(n−1p),

where c is a positive constant and the third inequality results from (S1.4)

in Lemma 2. From this, (3.2) follows immediately.

Proof of Lemma 2. Observing that

‖βp − β̃‖2
2 =

p∑
j=1

(bj − b̃j)2 ≤ λ−1
p

p∑
j=1

λj(b̂j − b̃j)2 ≤ C1p

nλp
,

(3.4) follows immediately.

We now consider (3.5). Given {φ̂j}pj=1, let Γp be a p×p random matrix

with the (j, k) entry

(Γp)jk = λ
−1/2
j λ

−1/2
k x̂·jx̂·k.
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Let |||Γp||| be the spectral norm of Γp. We have

E sup
bp∈Bp

[x̂T·p(bp − b̃p)]2 ≤ sup
bp∈Bp

p∑
j=1

λj(bj − b̃j)2 × |||E Γp||| ≤
C1p

n
|||E Γp|||.

(S1.26)

By using Lemma 2, we can obtain, uniformly over 1 ≤ j, k ≤ p,

E |(Γp)jk − λ−1/2
j λ

−1/2
k x·jx·k| = O

(
max{p, pα0/2}√

n

)
. (S1.27)

It is well known that the largest eigenvalue of a semi-positive definite matrix

is not larger than its maximum row sum of absolute values. Therefore, by

using (S1.27) and the orthonormality of FPC scores, it follows that

|||E Γp||| ≤ 1 + p×O
(

max{p, pα0/2}√
n

)
= 1 + o(1).

Substituting this into (S1.26) completes the proof of (3.5).

S2 Auxiliary Lemmas

We first give some auxiliary lemmas about kernel estimators with functional

predictors. Lemma 3 provides the uniform convergence for sl(u | bp, h)

and sl(Û(bp) | bp, h), which is very useful for kernel estimators. By using

Lemma 3, we can obtain Lemmas 4–7, which provide the rates of con-

vergence for the estimators of the nonparametric parts. Lemma 8 is a

direct generalization of Lemma A.1 in Wang et al. (2010) with diverging
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p. Lemma 9 gives the rates of convergence for the variance parts of the

estimators η̂ and η̂′.

Before proceeding further, we introduce some useful notations. For

two set of random variables Zn and Z ′n and a constant r > 0, we write

Zn = Or(Z
′
n) if E(|Zn/Z ′n|r) = O(1) as n→∞. The notation or is defined

in a similar way. Recall

Ui(β) =

∫
I
[Xi(t)− µ(t)]β(t) dt , Ûi(bp) =

∫
I
[Xi(t)− µ̂(t)][bTp φ̂p(t)] dt ,

and

sl(u | bp, h) =
1

n

n∑
i=1

(Ûi(bp)− u)lKh

[
Ûi(bp)− u

]
, l = 0, 1, . . . .

Given a new observation X, the notations U(β) and Û(bp) are defined in a

similar way. We also write

sl(u | β0, h) =
1

n

n∑
i=1

(Ui(β0)− u)lKh[Ui(β0)− u], l = 0, 1, . . . ,

and

U(β) =

{∫
I
[X(t)− µ(t)]β(t) dt

∣∣∣∣ X ∈ Ax}.
Recall that fβ0(·) is the probability density function of U(β0). When the

the argument u /∈ U(β0), the value for η(u) (or η′(u)) should be interpreted

as that of an extended version of η (or η′) such that condition (A6)(i) holds

on the whole real line.
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Lemma 3. Suppose that conditions (A1)–(A5) hold except for condition

(A4)(iii). Then we have, for any integers l ≥ 0 and r ≥ 1, there exists a

constant c > 0 such that

sup
(u, bp)∈(R×Bp)

|sl(u | bp, h)− hlνlfβ0(u)|
max{fβ0(u), dn}hl

= Or(n
−c). (S5.1)

Given a sequence {vn}∞n=1, define the sequence of sets Ax(vn) = {X ∈ Ax :

‖X−µ‖2 ≤ vn}. If vn = O(h∗n(α1−1/2)/(α0+2α1)), then we also have, for any

integers l ≥ 0 and r ≥ 1, there exists a constant c > 0 such that

sup
(X, bp)∈(Ax(vn)×Bp)

|sl(Û(bp) | bp, h)− hlνlfβ0(U(β0))|
max{fβ0(U(β0)), dn}hl

= Or(n
−c). (S5.2)

Proof. We first prove (S5.1). As we assumed n1−c2hdn → ∞ in condition

(A4)(ii), equation (S5.1) follows if we can prove that, for any integers l ≥ 0

and r ≥ 1, there exists a constant c > 0 not depending on n such that

sup
(u, bp)∈(R×Bp)

|sl(u | bp, h)− sl(u | β0, h)|
max{fβ0(u), dn}hl

= Or(n
−c), (S5.3)

sup
u∈R

|sl(u | β0, h)− E sl(u | β0, h)|
(max{fβ0(u), dn})1/2hl

= Or

(√
log n

nh

)
, (S5.4)

and

sup
u∈R

|E sl(u | β0, h)− hlνlfβ0(u)|
max{fβ0(u), dn}hl

= Or(n
−c). (S5.5)

Note that (S5.5) is a direct consequence of condition (A5)(iii). So we only

need to prove (S5.3) and (S5.4).
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We begin the proof of (S5.4) by truncation. Define

ζi(u | β0, l) =

(
Ui(β0)− u

h

)l
Kh(Ui(β0)− u), l = 0, 1, . . . , (S5.6)

and

ζ̃i(u | β0, l) = ζi(u | β0, l) I[|Ui(β0)| ≤ an], (S5.7)

where {an} is a positive constant sequence to be determined. By using

Markov’s inequality, we can obtain that, for any integer s ≥ 1,

E

{
sup
u∈R
|ζi(u | β0, l)− ζ̃i(u | β0, l)|

}r
≤ E{I[|Ui(β0)| > an]} × sup

u∈R
|ζi(u | β0, l)|r

≤ a−sn E |Ui(β0)|s × h−r

≤ ca−sn h−r,

(S5.8)

where c is a constant only depending on s. Write

s̃l(u | β0, h) = hln−1

n∑
i=1

ζ̃i(u | β0, l). (S5.9)

Then we have

E

{
sup
u∈R

h−l|sl(u | β0, h)− s̃l(u | β0, h)|
}r

=
1

nr
E

{
sup
u∈R

n∑
i=1

|ζi(u | β0, l)− ζ̃i(u | β0, l)|

}r

≤ 1

n

n∑
i=1

E

{
sup
u∈R
|ζi(u | β0, l)− ζ̃i(u | β0, l)|r

}
= O(a−sn h−r).

(S5.10)
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Therefore, by taking

an =

√
n

hdn
, (S5.11)

and s = r + 1, it follows that

sup
u∈R

|sl(u | β0, h)− s̃l(u | β0, h)|
(max{fβ0(u), dn})1/2hl

= or

(√
log n

nh

)
. (S5.12)

Write

Θ0 = [−an − h, an + h] ∩ U(β0). (S5.13)

Then we have s̃l(u | β0, h) = 0 on u ∈ R\Θ0. Therefore, in view of (S5.12),

to prove (S5.4), it suffices to prove

sup
u∈Θ0

|sl(u | β0, h)− E sl(u | β0, h)|
(max{fβ0(u), dn})1/2hl

= Or

(√
log n

nh

)
. (S5.14)

Given some δ > 0, define

Θ1 = {u | fβ0(u) ≥ (1 + δ)dn}, and Θ2 = Θ0 \Θ1. (S5.15)

We shall prove (S5.14) by showing that

sup
u∈Θ

|sl(u | β0, h)− E sl(u | β0, h)|
(max{fβ0(u), dn})1/2hl

= Or

(√
log n

nh

)
, Θ = Θ1 and Θ2.

(S5.16)

We first prove (S5.16) with Θ = Θ1. By using condition (A5)(iii), there

is a constant c not depending on k such that

sup
u∈Θ1

hE[ζ2
i (u | β0, l)]

fβ0(u)
≤ c. (S5.17)
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From this, equation (S5.16) holds with Θ = Θ1 if we can prove

sup
u∈Θ1

∣∣∣∣∣ 1n
n∑
i=1

ζi(u | β0, l)− E ζi(u | β0, l)

[E ζ2
i (u | β0, l)]1/2

∣∣∣∣∣ = Or

(√
log n

n

)
. (S5.18)

The main idea is to cover the set Θ1 with intervals [uk − rn, uk + rn],

k = 1, 2, . . . , Nn centered at uk ∈ Θ1 with lengths 2rn. From condition

(A5)(ii), we have

sup
{u:fβ0 (u)≥(1+δ)dn}

|u| = O(log n). (S5.19)

Therefore, the cover number Nn = O(r−1
n log n). Observe that

sup
u∈Θ1

∣∣∣∣∣ 1n
n∑
i=1

ζi(u | β0, l)− E ζi(u | β0, l)

[E ζ2
i (u | β0, l)]1/2

∣∣∣∣∣
≤ max

1≤k≤Nn
sup

u∈[uk−rn, uk+rn]∩Θ1

∣∣∣∣∣ 1n
n∑
i=1

[
ζi(u | β0, l)

[E ζ2
i (u | β0, l)]1/2

− ζi(uk | β0, l)

[E ζ2
i (uk | β0, l)]1/2

]∣∣∣∣∣
+ max

1≤k≤Nn
sup

u∈[uk−rn, uk+rn]∩Θ1

∣∣∣∣∣ 1n
n∑
i=1

[
E ζi(u | β0, l)

[E ζ2
i (u | β0, l)]1/2

− E ζi(uk | β0, l)

[E ζ2
i (uk | β0, l)]1/2

]∣∣∣∣∣
+ max

1≤k≤Nn

∣∣∣∣∣ 1n
n∑
i=1

ζi(uk | β0, l)− E ζi(uk | β0, l)

[E ζ2
i (uk | β0, l)]1/2

∣∣∣∣∣
=: S3 + S4 + S5.

(S5.20)

Since K is defined on a compact support and satisfies the Lipschitz

condition of order 1, we have

max
1≤k≤Nn

sup
u∈[uk−rn, uk+rn]∩Θ1

|ζi(u | β0, l)− ζi(uk | β0, l)| = O
(rn
h2

)
, (S5.21)
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and

max
1≤k≤Nn

sup
u∈[uk−rn, uk+rn]∩Θ1

∣∣ζ2
i (u | β0, l)− ζ2

i (uk | β0, l)
∣∣ = O

(rn
h3

)
. (S5.22)

Note that

ζi(u | β0, l)

[E ζ2
i (u | β0, l)]1/2

− ζi(uk | β0, l)

[E ζ2
i (uk | β0, l)]1/2

=
[E ζ2

i (uk | β0, l)− E ζ2
i (u | β0, l)]ζi(u | β0, l)

[E ζ2
i (u | β0, l)]1/2[E ζ2

i (uk | β0, l)]1/2{[E ζ2
i (u | β0, l)]1/2 + [E ζ2

i (uk | β0, l)]1/2}

+
1

[E ζ2
i (uk | β0, l)]1/2

[ζi(u | β0, l)− ζi(uk | β0, l)].

(S5.23)

So if we take

rn = d3/2
n h5/2εn, (S5.24)

where εn =
√

(log n)/n, then we have

S3 = O

(√
log n

n

)
, and S4 = O

(√
log n

n

)
. (S5.25)

It remains to bound S5. By using condition (A5)(iii), there is a constant

c not depending on k such that

|ζi(uk | β0, l)− E ζi(uk | β0, l)|
[E ζ2

i (uk | β0, l)]1/2
≤ c

h1/2d
1/2
n

. (S5.26)

Obviously,

Var[ζi(uk | β0, l)] ≤ E ζ2
i (uk | β0, l). (S5.27)

Since Nn grows at a rate of at most nc for some c > 0 not depending on

n, by applying the Bernstein inequality for independent variables (see, for
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example, Chapter 2 of Wainwright (2019)), there exists a sufficiently large

C such that

P[S5 ≥ Cεn]

≤ 2Nn exp

{
−C2nε2

n

2 + (2/3)(c/h1/2d
1/2
n )Cεn

}

≤ 2Nn exp

−C2(log n)

(
2 +

2Cc

3

√
log n

nhdn

)−1


≤ 2Nnn−C/3 = o(1),

(S5.28)

which implies that S5 = Op(εn). In addition, from (S5.28), the sequence

|S5/εn|r, n = 1, 2, . . . is uniformly integrable for any integer r ≥ 1. There-

fore,

S5 = Or

(√
p log n

n

)
(S5.29)

holds for any integer r ≥ 1. This, together with (S5.20) and (S5.25), proves

(S5.18) with Θ = Θ1.

Recall that fβ0(u) < (1 + δ)dn on Θ2. Therefore, to prove (S5.16) with

Θ = Θ2, it suffices to show

sup
u∈Θ2

∣∣∣∣∣ 1n
n∑
i=1

d−1/2
n [ζi(u | β0, l)− E ζi(u | β0, l)]

∣∣∣∣∣ = Or

(√
log n

nh

)
. (S5.30)

This part of the proof is quite similar to that with Θ = Θ1 and so is omitted.

In summary, we have proved (S5.16). From this, (S5.14) and therefore

(S5.4) follow.
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We now turn to (S5.3). Define

ζi(u | bp, l) =

(
Ûi(bp)− u

h

)l

Kh(Ûi(bp)− u), l = 0, 1, . . . . (S5.31)

Since K is defined on a compact support and satisfies the Lipschitz condi-

tion of order 1, we can obtain

|ζi(u | bp, l)− ζi(β0 | bp, l)|

≤ c

h
{I[|Ûi(bp)− u| < h] + I[|Ui(β0)− u| < h]} ×max{h−1|Ûi(bp)− Ui(β0)|, 2}

≤ c

h
{I[|Ui(β0)− u| < 2h] + I[|Ûi(bp)− Ui(β0)| > h]} ×max{h−1|Ûi(bp)− Ui(β0)|, 2},

(S5.32)

where c > 0 is a constant not depending on n. From this, we have

|sl(u | bp, h)− sl(u | β0, h)|
max{fβ0(u), dn}hl

=
1

nmax{fβ0(u), dn}

n∑
i=1

|ζi(u | bp, l)− ζi(β0 | bp, l)|

≤ c

nhmax{fβ0(u), dn}

n∑
i=1

I[|Ui(β0)− u| < 2h] max{h−1|Ûi(bp)− Ui(β0)|, 2}

+
c

nhdn

n∑
i=1

I[|Ûi(bp)− Ui(β0)| > h]

=: S6 + S7.

(S5.33)

We first consider the asymptotic properties of Ûi(bp) − Ui(β0). As we

assumed that all moments of the FPC scores are finite, it follows that

E[Ûi(b̃p)− Ui(β0)]2r = O[(p/n)r] (S5.34)
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for any integer r ≥ 1 from (3.2) in Lemma 1. By using the Cauchy–Schwarz

inequality, the Minkowski inequality and (S1.4) in Lemma 2, we also have,

uniformly over b ∈ Bp, for any integer r ≥ 1,

E

{
sup
b∈Bp

[Ûi(b̃p)− Ûi(bp)]2r
}

= E

{
sup
b∈Bp

p∑
j=1

[λ
−1/2
j x̂ijλ

1/2
j (bj − b̃j)]

}2r

≤ E

[
p∑
j=1

λ−1
j x̂2

ij

]r
×

[
sup
b∈Bp

p∑
j=1

λj(bj − b̃j)2

]r

≤

{
p∑
j=1

[E(λ−1
j x̂2

ij)
r]1/r

}r

×
(p
n

)r
= O(p2r/nr).

(S5.35)

Combining the above two results yields

E

{
sup
b∈Bp
|Ûi(bp)− Ui(β0)|r

}
= O(pr/nr/2) (S5.36)

for any integers r ≥ 1.

Note that p/(n1/2h) = o(n−c1) by condition (A4)(i). By using the

Minkowski inequality and Markov’s inequality, we can obtain

E

{
sup
b∈Bp

n∑
i=1

I[|Ûi(bp)− Ui(β0)| > h]

}r

≤


n∑
i=1

[
E I

[
sup
b∈Bp
|Ûi(bp)− Ui(β0)| > h

]]1/r

r

= O

[
n
( p

n1/2h

)s/r]r
= o(n−c1r)

(S5.37)

by taking s large enough. From this, by using (nhdn)−1 = o(n−c2) in
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condition (A4)(ii), it follows that, for any integer r ≥ 1,

E

[
sup
b∈Bp

S7

]r
= o(n−cr) (S5.38)

for some c > 0.

It remains to bound S6. Let K̃ be a kernel function satisfying condition

(A3) such that K̃(u/2) > 1 for u ∈ [−1, 1]. By using (S5.4) and (S5.5), we

can obtain

m̂(u) := sup
u∈R

{
1

nhmax{fβ0(u), dn}

n∑
i=1

I[|Ui(β0)− u| < 2h]

}

≤ sup
u∈R

{
1

nhmax{fβ0(u), dn}

n∑
i=1

K̃

[
|Ui(β0)− u|

4h

]}
= Or(1)

(S5.39)

for any integer r ≥ 1. By using (S5.36) and condition (A4)(i), we have

E

[
sup

(u, bp)∈(R×Bp)

|S6|

]r

≤ cr E

{
m̂(u)

[
sup
bp∈Bp

sup
1≤i≤n

max{h−1|Ûi(bp)− Ui(β0)|, 2}

]}r

≤ cr E
{
m̂(u)× n−c1/2

}r
+ (2c)r E

{
[m̂(u)]r × I

[
sup
bp∈Bp

sup
1≤i≤n

|Ûi(bp)− Ui(β0)| ≥ hn−c1/2

]}

= O(n−c1r/2) +O(1)×

{
nP

[
sup
bp∈Bp

|Û1(bp)− U1(β0)| ≥ hn−c1/2

]}1/2

= O(n−c1r/2) +O

[
n1/2

( p

n1/2−c1/2h

)s/2]
,

(S5.40)
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for any integer s ≥ 1, where the last equality results from Markov’s inequal-

ity. By taking s large enough, we have, for any integer r ≥ 1,

E

[
sup

(u, bp)∈(R×Bp)

|S6|

]r
= O(n−c1r/2). (S5.41)

Now (S5.3) follows by plugging this and (S5.38) into (S5.33), which com-

pletes the proof of (S5.1).

It remains to prove (S5.2). In view of (S5.1), equation (S5.2) follows if

we can prove, for any integer r ≥ 1,

sup
(X, bp)∈(Ax(vn)×Bp)

∣∣∣∣∣max{fβ0(Û(bp)), dn}
max{fβ0(U(β0)), dn}

− 1

∣∣∣∣∣ = or(1). (S5.42)

By using condition (A5)(iii) and (S1.25), it is easy to verify

sup
(X, bp)∈(Ax(vn)×Bp)

∣∣∣∣∣max{fβ0(Û(bp)), dn}
max{fβ0(U(β0)), dn}

− 1

∣∣∣∣∣ I[Fp] = o(1). (S5.43)

Now (S5.42) follows from P(Fp) = 1−O(n−c) for any c > 0, which completes

the proof of (S5.2).

Lemma 4. Under the assumptions in Lemma 3, we have, for any integers

r, s ≥ 1,

sup
(X, bp)∈(Ax(vn)×Bp)

[
n∑
k=1

|Wnk(Û(bp) | bp)|r × [max{fβ0(U(β0)), dn}]r−1

×
(
gn(u | bp, h)

gdn(u | bp, h)

)r]
= Os

(
n−r+1h−r+1

)
,

(S5.44)
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and

sup
(X, bp)∈(Ax(vn)×Bp)

[
n∑
k=1

|W̃nk(Û(bp) | bp)|r × [max{fβ0(U(β0)), dn}]r−1

×
(
gn(u | bp, h∗)
gdn(u | bp, h∗)

)r]
= Os

(
n−r+1(h∗)−2r+1

)
.

(S5.45)

Proof. By using Lemma 3, this lemma can be proved by direct calculations.

The manipulation is not particularly difficult. Part of this proof is similar

to that of Lemma 5, so we shall not reproduce here.

Lemma 5. Under the assumptions in Lemma 4 and condition (A6)(i), we

have, for any δ > 0 and integer r ≥ 1 ,

sup
(X, bp)∈(Ax(vn)×Bp)

∣∣∣∣∣η(Û(bp))−
gn(Û(bp) | bp, h)

gdn(Û(bp) | bp, h)

n∑
k=1

Wnk[Û(bp) | bp]η(Ûk(bp))

∣∣∣∣∣
× I[fβ0(U(β0)) ≥ (1 + δ)dn] = Or

(
h2
)
,

(S5.46)

sup
(X, bp)∈(Ax(vn)×Bp)

∣∣∣∣∣η′(Û(bp))−
gn(Û(bp) | bp, h∗)
gdn(Û(bp) | bp, h∗)

n∑
k=1

W̃nk[Û(bp) | bp]η(Ûk(bp))

∣∣∣∣∣
× I[fβ0(U(β0)) ≥ (1 + δ)dn] = Or(h

∗),

(S5.47)
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and

sup
(X, bp)∈(Ax(vn)×Bp)

∣∣∣∣∣η′(Û(bp))−
gn(Û(bp) | bp, h∗)
gdn(Û(bp) | bp, h∗)

n∑
k=1

W̃nk[Û(bp) | bp]η(Ûk(bp))

∣∣∣∣∣
× I[fβ0(U(β0)) < (1 + δ)dn] = Or(1).

(S5.48)

Proof. We first prove (S5.46). To simplify notations, write u = Û(bp) and

uk = Ûk(bp). Define

H(u, uk) = η(u)− η(uk)− η′(u)(u− uk). (S5.49)

Note that

n∑
k=1

Wnk(u | bp) = 1 and
n∑
k=1

Wnk(u | bp)(u− uk) = 0. (S5.50)

By a simple calculation, we have,

η(u)− gn(u | bp, h)

gdn(u | bp, h)

n∑
k=1

Wnk(u | bp)η(uk)

=
gdn(u | bp, h)− gn(u | bp, h)

gdn(u | bp, h)
η(u) +

gn(u | bp, h)

gdn(u | bp, h)
η(u)

− (nh2)−1
∑n

k=1 ξk(u | bp)η(uk)

gdn(u | bp, h)
− η′(u)(nh2)−1

∑n
k=1 ξk(u | bp)(u− uk)

gdn(u | bp, h)

=
(nh2)−1

∑n
k=1 ξk(u | bp)H(u, uk)

gdn(u | bp, h)
+
gdn(u | bp, h)− gn(u | bp, h)

gdn(u | bp, h)
η(u)

=: S8 + S9.

(S5.51)

We first consider S9. Noting that η has a bounded derivative, by using
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(3.6), we have,

E

{
sup
bp∈Bp

|S9 I[fβ0(u) ≥ (1 + δ)dn]|r
}

= O(logr n) E sup
bp∈Bp

{
I[gn(u | bp, h) < ν2d

2
n] I[fβ0(u) ≥ (1 + δ)dn]

}
.

(S5.52)

By using Lemma 3, we can obtain that, there is a c > 0 such that for any

integer s ≥ 2,

sup
(X, bp)∈(Ax(vn)×Bp)

{
|gn(u | bp, h)− ν2f

2
β0

(u)|
ν2f 2

β0
(u)

× I[fβ0(u) ≥ (1 + δ)dn]

}
= Os(n

−c).

(S5.53)

From this, we can obtain

E sup
bp∈Bp

{
I[gn(u | bp, h) < ν2d

2
n] I[fβ0(u) ≥ (1 + δ)dn]

}
= O(n−C). (S5.54)

for any C > 0 by taking s large enough. Therefore, it follows that, for any

integer r ≥ 1,

E

{
sup

(X, bp)∈(Ax×Bp)

{|S9|r × I[fβ0(u) ≥ (1 + δ)dn]}

}
= o(h2r). (S5.55)

We now turn to S8. An elementary calculation yields
n∑
k=1

ξk(u | β0)H(uk, u)

= s2(u | β0, h)
n∑
k=1

H(uk, u)Kh(uk − u)− s1(u | β0, h)
n∑
k=1

H(uk, u)(uk − u)Kh(uk − u).

(S5.56)

From condition (A6)(i), we have

|H(uk, u)| ≤ (uk − u)2 sup
u∈Û(bp)

|η′′(u)|. (S5.57)
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From this, by an argument similar to the proof of (S5.2) in Lemma 3, we

have, for l = 0 and 1 and any integer s ≥ 1,

sup
(X, bp)∈(Ax(vn)×Bp)

1

nh2+l max{fβ0(u), dn}

n∑
k=1

|H(uk, u)|(uk−u)lKh(uk−u) = Os(1).

(S5.58)

Combining this with (S5.1) of Lemma 3, we have

E

{
sup

(X, bp)∈(Ax(vn)×Bp)

|S8|r
}

= O(h2r). (S5.59)

It is easy to show, for any positive integer r,

E

[
sup

(X, bp)∈(Ax×Bp)

{|S8 + S9|r × I[fβ0(u) ≥ (1 + δ)dn]}

]

≤ 2r−1 E

[
sup

(X, bp)∈(Ax×Bp)

{|S8|r × I[fβ0(u) ≥ (1 + δ)dn]}

]

+ 2r−1 E

[
sup

(X, bp)∈(Ax×Bp)

{|S9|r × I[fβ0(u) ≥ (1 + δ)dn]}

]
.

(S5.60)

This, together with (S5.51), (S5.55) and (S5.59), completes the proof of

(S5.46).

We now consider (S5.47). Again, write u = Û(bp) and uk = Ûk(bp).

Note that

n∑
k=1

ξ̃nk(u | bp) = 0 and
n∑
k=1

ξ̃nk(u | bp)(uk − u) =
n∑
k=1

ξnk(u | bp). (S5.61)
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By direct calculations, we have

η′(u)− gn(u | bp, h∗)
gdn(u | bp, h∗)

n∑
k=1

W̃nk(u | bp)η(uk)

=
gdn(u | bp, h)− gn(u | bp, h)

gdn(u | bp, h)
η′(u) +

gn(u | bp, h)

gdn(u | bp, h)
η′(u)×

∑n
k=1 ξ̃nk(u | bp)(uk − u)∑n

k=1 ξnk(u | bp)

− (nh2)−1
∑n

k=1 ξ̃k(u | bp)η(uk)

gdn(u | bp, h)
+
η(u)(nh2)−1

∑n
k=1 ξ̃k(u | bp)

gdn(u | bp, h)

=
(nh2)−1

∑n
k=1 ξ̃k(u | β0)H(uk, u)

gdn(u | bp, h)
+
gdn(u | bp, h)− gn(u | bp, h)

gdn(u | bp, h)
η′(u).

(S5.62)

The reminder of the proof is quite similar to that of (S5.46) and is omitted.

The proof (S5.48) is simple by using (S5.62) and is also omitted.

Lemma 6. Under the assumptions in Lemma 5, we have,

sup
bp∈Bp

n∑
i=1

[
n∑
k=1

|Wnk(Ûi(bp) | bp)| ×
[
η
(
Ûk(bp)

)
− η(Uk(β0))

]
×

(
gn(Ûi(bp) | bp, h)

gdn(Ûi(bp) | bp, h)

)]2

= Op(p),

(S5.63)

sup
bp∈Bp

n∑
i=1

[
n∑
k=1

|Wnk(Ûi(bp) | bp)| ×
[
η
(
Ûk(bp)

)
− η(Uk(β0))

]
×

(
gn(Ûi(bp) | bp, h)

gdn(Ûi(bp) | bp, h)

)]2

= O1(pnc),

(S5.64)

sup
bp∈Bp

n∑
i=1

[
n∑
k=1

|W̃nk(Ûi(bp) | bp)| ×
[
η
(
Ûk(bp)

)
− η(Uk(β0))

]
×

(
gn(Ûi(bp) | bp, h∗)
gdn(Ûi(bp) | bp, h∗)

)]2

= Op

(
p

(h∗)2

)
,

(S5.65)
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and

sup
bp∈Bp

n∑
i=1

[
n∑
k=1

|W̃nk(Ûi(bp) | bp)| ×
[
η
(
Ûk(bp)

)
− η(Uk(β0))

]
×

(
gn(Ûi(bp) | bp, h∗)
gdn(Ûi(bp) | bp, h∗)

)]2

= O1

(
pnc

(h∗)2

)
.

(S5.66)

for any c > 0 not depending on n.

Proof. We only prove (S5.63) and (S5.64), the proof of (S5.65) and (S5.66)

is similar. From (S5.36), by using Markov’s inequality, we have

P(‖X‖2 ≥ nc) ≤ n−D (S5.67)
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for any c, D > 0. Direct calculations yield

sup
bp∈Bp

n∑
i=1

[
n∑
k=1

|Wnk(Ûi(bp) | bp)| ×
[
η
(
Ûk(bp)

)
− η(Uk(β0))

]
×

(
gn(Ûi(bp) | bp, h)

gdn(Ûi(bp) | bp, h)

)]2

≤ sup
bp∈Bp

n∑
i=1

n∑
k=1

 Wnk(Ûi(bp) | bp)√
K[h−1(Ûi(bp)− Ûk(bp))]

×
[
η
(
Ûk(bp)

)
− η(Uk(β0))

]
2

×

(
gn(Ûi(bp) | bp, h)

gdn(Ûi(bp) | bp, h)

)2 n∑
k=1

K[h−1(Ûi(bp)− Ûk(bp))]

≤ sup
bp∈Bp

n∑
k=1

[
η
(
Ûk(bp)

)
− η(Uk(β0))

]2
n∑
i=1

 Wnk(Ûi(bp) | bp)√
K[h−1(Ûi(bp)− Ûk(bp))]


2

×

(
gn(Ûi(bp) | bp, h)

gdn(Ûi(bp) | bp, h)

)2

× nhmax{fβ0(Ûi(bp)), dn} ×Or(1)

= sup
bp∈Bp

n∑
k=1

[
η
(
Ûk(bp)

)
− η(Uk(β0))

]2

I[‖Xk‖2 ≤ nc]×Or/2(1) + o1(1)

= Op(p)

(S5.68)

where the first inequality can be obtained by using the Cauchy–Schwarz

inequality, the second inequality results from (S5.1) in Lemma 3, and the

third equality can be shown by an similar argument to that of (S5.44) in

Lemma 4 and using (S5.67). Now (S5.63) follows by using Lemma 2.

By using Hölder’s inequality, the proof of (S5.64) is straightforward, so

we omit here.
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Lemma 7. Under the assumptions in Lemma 5 and condition (A6)(ii), we

have, uniformly over 1 ≤ j ≤ p,

1

n

n∑
i=1

{
ρj[Ui(β0)]−

n∑
k=1

gn(Uk(β0) | β0, h)

gdn(Uk(β0) | β0, h)
Wni[Uk(β0) | β0]ρj[Uk(β0)]

}2

= o1(1),

(S5.69)

where ρj(u) = η′(u)η2j(u).

Proof. From condition (A5)(iii), we have, uniformly over 1 ≤ i < k ≤ n, if

|Ui(β0)− Uk(β0)| ≤ h, then

1

max{fβ0(Uk(β0)), dn}
=

1

max{fβ0(Ui(β0)), dn}
(1 + o(1)). (S5.70)

Note that P[fβ0(u) ≤ (1 + δ)dn] = O(dn log n) holds for any δ > 0 not

depending on n. Similar to (S5.1) of Lemma 3, we can obtain that there

exists a c > 0 such that

sup
u∈R

|sl(u | β0, h)− hlνlfβ0(u)|
max{fβ0(u), dn}hl

= Or(n
−c), (S5.71)

for any integer r ≥ 1. By using condition (A6), it is not hard to verify

sup
1≤i≤n

1

n

n∑
i=1

{
ρj[Ui(β0)]−

n∑
k=1

gn(Uk(β0) | β, h)

gdn(Uk(β0) | β, h)
Wni[Uk(β0) | β0]ρj[Uk(β0)]

}2

× I[fβ0(Ui(β0)) ≤ (1 + δ)dn] = o1(1).

(S5.72)

Combining (S5.71) and (S5.72), we have, to prove (S5.69), it suffices to
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show, uniformly over 1 ≤ j ≤ p,

1

n

n∑
i=1

{
ρj[Ui(β0)]−

n∑
k=1

Kh(Ui(β0)− Uk(β0))

nfβ0(Uk(β0))
ρj[Uk(β0)]

}2

× I[fβ0(Ui(β0)) > (1 + δ)dn] = o1(1).

(S5.73)

By using condition (A6), it follows that, for all 1 ≤ j ≤ p and 1 ≤ i < k ≤ n,

if |Uk(β0)− Ui(β0)| ≤ h, then

|ρj[Uk(β0)]− ρj[Ui(β0)]| ≤ ch (S5.74)

for some c > 0 not depending on i, j and k. By using (S5.70), (S5.71) and

(S5.74), equation (S5.73) can be proved by direct calculations which are

not particularly difficult. Further details are omitted.

Lemma 8. Let V1, . . . , Vn be a sequence of random variables. For a given

Vi, let ϕu, bp(Vi) be a function on Cn = {(u, bp) ∈ Rp+1 : |u−u0| ≤ na1 , ‖bp−

bp, 0‖2 ≤ na2} for constants a1, a2 < ∞ not depending on n. Assume that

ϕu, bp(·) satisfies

1

n

n∑
i=1

|ϕu, bp(Vi)− ϕu∗, b∗p(Vi)| ≤ na3‖(u, bp)− (u∗, b∗p)‖2 (S5.75)

for some constants u∗, b∗p, and a3 > 0. Let εn > 0 depend only on n. If

P

{∣∣∣∣∣ 1n
n∑
i=1

ϕu, bp(Vi)

∣∣∣∣∣ > 1

2
εn

}
≤ 1

2
(S5.76)
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for all (u, bp) ∈ Cn, then we have

P

{
sup

(u, bp)∈Cn

∣∣∣∣∣ 1n
n∑
i=1

ϕu, bp(Vi)

∣∣∣∣∣ > 1

2
ε

}

≤ (n/εn)cp E

{
sup

(u, bp)∈Cn
2 exp

(
−n2ε2

n/128∑n
i=1 ϕ

2
u, bp

(Vi)

)} (S5.77)

for some c > 0 not depending on n.

Proof. Lemma 8 can be proved by using a symmetrization method. See

Lemma A.1 of Wang et al. (2010).

Lemma 9. Under the assumptions in Lemma 5 and condition (A7), we

have, for any integer r ≥ 1,

sup
(u, bp)∈(R×Bp)

n∑
k=1

gn(u | bp, h)

gdn(u | bp, h)

√
max{fβ0(u), dn}Wnk[u | bp]ek = Or

(√
p log n

nh

)
,

(S5.78)

sup
(X, bp)∈(Ax(vn)×Bp)

n∑
k=1

gn(Û(bp) | bp, h)

gdn(Û(bp) | bp, h)
Wnk[Û(bp) | bp]ek

×
√

max{fβ0(U(β0)), dn} = Or

(√
p log n

nh

)
,

(S5.79)

sup
(u, bp)∈(R×Bp)

n∑
k=1

gn(u) | bp, h∗)
gdn(u) | bp, h∗)

√
max{fβ0(u), dn}W̃nk[u | bp]ek = Or

(√
p log n

n(h∗)3

)
,

(S5.80)
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and

sup
(X, bp)∈(Ax(vn)×Bp)

n∑
k=1

gn(Û(bp) | bp, h∗)
gdn(Û(bp) | bp, h∗)

W̃nk[Û(bp) | bp]ek

×
√

max{fβ0(U(β0)), dn} = Or

(√
p log n

n(h∗)3

)
.

(S5.81)

Proof. We only prove (S5.78) and (S5.79) here. The proof of (S5.80) and

(S5.81) are similar.

Note that Wnk[u | bp]gn(u | bp, h)/gdn(u | bp, h) = 0 if u − Ûk(bp) >

h. As we assume the density function fβ0(u) is sub-exponential, by an

argument similar to that in the proof of Lemma 3, it is not hard to verify,

for any integer r ≥ 1, there exists a δ > 0 such that

sup
(u, bp)∈((R\[−nδ, nδ])×Bp)

n∑
k=1

gn(u | bp, h)

gdn(u | bp, h)

×
√

max{fβ0(u), dn}Wnk[u | bp]ek = Or

(√
p log n

nh

)
.

(S5.82)

Therefore, it suffices to prove

sup
(u, bp)∈([−nδ, nδ]×Bp)

n∑
k=1

gn(u | bp, h)

gdn(u | bp, h)

√
max{fβ0(u), dn}Wnk[u | bp]ek = Or

(√
p log n

nh

)
(S5.83)

for any δ > 0. Let Vi = (ei, x̂
T
p )T and

ϕu, bp(Vk) = n

√
nh

p log n

gn(u | bp, h)

gdn(u | bp, h)

√
max{fβ0(u), dn}Wnk[u | bp]ek.

(S5.84)

The reminder of the proof of (S5.78) is straightforward by using Lemma 4

and Lemma 8.
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By using (S5.43), equation (S5.79) holds on Fp. Since P(Fp) = 1 −

O(n−c) for any c > 0, equation (S5.79) follows.

S6 Proof of Theorem 1

We prove Theorem 1 by showing that under conditions (A1)–(A8), the

estimating equations (2.13) have a root b̌p such that

P(bp(b̌p) ∈ Bp(n, C1))→ 1 (S6.1)

for some C1 <∞, where Bp(n, C1) is defined in (3.3). Recall

b̌0p = (b̌02, . . . , b̌0p)
T = (λ

1/2
2 b̃2, . . . , . . . , λ

1/2
p b̃p)

T , (S6.2)

B2p = B2p(n, C2) =

{
b̌p ∈ Rp−1 :

p∑
j=2

(b̌j − b̌0j)
2 = C2p/n

}
, (S6.3)

and

B′2p = B′2p(n, C2) =
⋃

0≤C≤C2

B2p(n, C). (S6.4)

Our first goal is to show that provided Ep, if b̌p ∈ B′2p for some finite C2, then

the corresponding bp = bp(b̌p) lies in Bp(n, C1) for some C1 only depending

on C2. With this, in order to prove (S6.1), it suffices to prove

P(b̌p ∈ B′2p(n, C2))→ 1 (S6.5)
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for some C2 <∞. In rest of this section we shall drop the superscript p for

simplicity in notations when there is no ambiguity.

For a given b̌ ∈ B2 with some C2 > 0, direct calculation yields

|b1(b̌)− b1(b̌0)| =

∣∣∣∣∣∣
(

1−
p∑
j=2

b̌2
j λ̂
−1
j

)1/2

−

(
1−

p∑
j=2

b̌2
0jλ
−1
j

)1/2
∣∣∣∣∣∣

=

∣∣∣∑p
j=2 b̌

2
j λ̂
−1
j −

∑p
j=2 b̌

2
0jλ
−1
j

∣∣∣(
1−

∑p
j=2 b̌

2
j λ̂
−1
j

)1/2

+
(

1−
∑p

j=2 b̌
2
0jλ
−1
j

)1/2

≤ 1

b
1/2
01

∣∣∣∣∣
p∑
j=2

λ̂−1
j (b̌2

j − b̌2
0j)

∣∣∣∣∣+
1

b
1/2
01

∣∣∣∣∣
p∑
j=2

b̌2
0j(λ̂

−1
j − λ−1

j )

∣∣∣∣∣
=: S10(b̌) + S11(b̌).

(S6.6)

We first consider S11(b̌). Provided Ep, simple calculation yields, uniformly

over 1 ≤ j ≤ p,

j−2α0|λ̂−1
j − λ−1

j | = O(n−1/2+δ), (S6.7)

for any δ > 0. Therefore, by taking δ small enough, we have

sup
b̌∈B2

S11(b̌) ≤ 1

b
1/2
01

p−1∑
j=2

b̌2
0j(λ̂

−1
j − λ−1

j ) +
1

b
1/2
01

b̌2
0p(λ̂

−1
p − λ−1

p )

= O(n−1/2+δ)

p−1∑
j=2

j2α0j−α0−2α1 +O(p−α0−2α1+1n−1/2+δp2α0) = o

(√
p

n

)
.

(S6.8)

For S10(b̌), we first observe that, by using (S6.7), it follows that, uni-
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formly over 1 ≤ j ≤ p,

λ̂−1
j = λ−1

j (1 + o(1)). (S6.9)

Now applying the Cauchy–Schwarz inequality yields

S10(b̌) ≤ 1

b
1/2
01

[
p∑
j=2

(b̌j − b̌0j)
2

]1/2

×

[
p∑
j=2

λ−2
j (b̌j + b̌0j)

2

]1/2

× (1 + o(1))

≤ c

√
C2p

b01n
×

{
p∑
j=2

λ−2
j [2(b̌j − b̌0j)

2 + 8b̌2
0j]

}1/2

× (1 + o(1))

=: c

√
C2p

b01n

√
S ′10(b̌)× (1 + o(1)),

(S6.10)

for some constant c > 0 not depending on n. Note that for b̌ ∈ B2p,

sup1≤j≤p(b̌j − b̌0j)
2 ≤ C2p/n. Therefore, we have, for any b̌ ∈ B2,

S ′10(b̌) ≤ 2C2p

n

p∑
j=2

λ−2
j + 8

p∑
j=2

λ−2
j b̌2

0j

≤ 2C2p

n
× cp2α0+1 + c

p−1∑
j=2

jα0−2α1 + cpα0−2α1+1

(S6.11)

for some c > 0 not depending on C2. By condition (A1) and (A2), we have

p2α0+2/n = o(1) and α0 − 2α1 < −2. So we have S ′10(b̌) = O(1), and

sup
b̌p∈B2

S10(b̌) = O

(√
p

n

)
. (S6.12)

Substituting this and (S6.8) into (S6.6) yields

sup
b̌p∈B2

|b1(b̌)− b1(b̌0)| = O

(√
p

n

)
. (S6.13)
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From this, we find that, provided Ep, if b̌ ∈ B2, then b ∈ B(n, C1) holds for

some C1 <∞ when n is large enough.

Note that provided Ep, all the results for b ∈ B in Section S2 remain

valid for b = b(b̌) with b̌ ∈ B′2. Before proving (S6.5), we first give some

useful results. As we assumed the density function fβ0(·) is sub-exponential,

it is easy to show

E{[max{fβ0(u), dn}]−1} = O(log n). (S6.14)

Define

J̃p = Λ−1/2
p

−λ1/2
1 b̃−1

1 (λ−1
2 b̌02, . . . , λ

−1
p b̌0p)

Ip−1

 . (S6.15)

By direct calculations, we can obtain, for any integer r ≥ 1,

sup
b̌∈B′2

∣∣∣∣∣∣∣∣∣Λ̂1/2Ĵ(b̌)
∣∣∣∣∣∣∣∣∣ = Or(1), (S6.16)

sup
b̌∈B′2

∣∣∣∣∣∣∣∣∣Λ̂1/2Ĵ(b̌)−Λ1/2J̃
∣∣∣∣∣∣∣∣∣ = Or

(
n(−α1+α0/2+1/2)/(α0+2α1)

)
= or(n

−cp−1/2)

(S6.17)

for some small c > 0, and

sup
b̌∈B′2

n∑
i=1

|(b̌− b̌0)T ĴT (b̌)x̂i|2 = C2O1(p). (S6.18)

By using Lemma 2, we can obtain

λj|λ̂−1/2
j x̂·j − λ−1/2

j x·j| = Or(n
−1/2) (S6.19)
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for any integer r ≥ 1. By using the Cauchy–Schwarz inequality and the

Minkowski inequality, we also have, for r ≥ 2,

E sup
b̌∈B2‘

|(b̌− b̌0)T ĴT (b̌)x̂|2r

≤

∣∣∣∣∣sup
b̌∈B2

p∑
j=2

(b̌j − b̌0j)
2

∣∣∣∣∣
r

× E

[
cx2
·1 +

p∑
j=2

λ−1
j x2

·j + p× or(1)

]r

≤ Cr
2 ×O(pr/nr)×

[
c(Ex2r

·1 )1/2 +

p∑
j=2

λ−1
j (Ex2r

·j )1/r + o(p)

]r

= O(p2r/nr),

(S6.20)

where the constant on the right side of the second inequality

c = sup
b̌∈B2

[
1

b1

p∑
j=2

λ−1
j b̌j(b̌j − b̌j0)

]2

= o(1). (S6.21)

Therefore, by using Markov’s inequality, it follows that

sup
b̌∈B′2

sup
1≤i≤n

|(b̌− b̌0)T Ĵ(b̌)T x̂i| = op(n
cp/
√
n) (S6.22)

for any c > 0.

Our task now is to prove (S6.5). Define

R(b̌) =
n∑
i=1

[
Yi − η̂dn

(
Ûi(b) | b

)]
η̂′dn

(
Ûi(b) | b

)
ĴT (b̌)x̂i. (S6.23)
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Separating R(b̌), we have

R(b̌) =
n∑
i=1

eiη
′(Ui(β0))ĴT (b̌)[x̂i − E(xi | Ui(β0))]

+
n∑
i=1

ei

[
η̂′dn

(
Ûi(b) | b

)
− η′(Ui(β0))

]
ĴT (b̌)x̂i

−
n∑
i=1

η′(Ui(β0))ĴT (b̌)x̂i

[
η̂dn

(
Ûi(b) | b

)
− η̂dn

(
Ûi(b̃) | b̃

)]
−

n∑
i=1

η′(Ui(β0))ĴT (b̌)
{
x̂i

[
η̂dn

(
Ûi(b̃) | b̃

)
− η(Ui(β0))

]
− ei E[xi | Ui(β0)]

}
−

n∑
i=1

[
η̂dn

(
Ûi(b) | b

)
− η(Ui(β0))

][
η̂′dn

(
Ûi(b) | b

)
− η′(Ui(β0))

]
ĴT (b̌)x̂i

=: R1(b̌) +R2(b̌)−R3(b̌)−R4(b̌)−R5(b̌).

(S6.24)

For R1(b̌), by using (S6.22) and that η has a bounded derivatives in

condition (A6)(i), it is not hard to prove

sup
b̌∈B2
|(b̌− b̌0)TR1(b̌)| = op(p) (S6.25)

by utilizing Lemma 8.

Next, for R2(b̌), we observe that

R2(b̌) =
n∑
i=1

ei

∣∣∣∣∣η′(Ui(β0))− gn(Ûi(b) | b, h∗)
gdn(Ûi(b) | b, h∗)

n∑
k=1

W̃nk[Ûi(b) | b]η(Uk(β0))

∣∣∣∣∣ ĴT (b̌)x̂i

+
n∑
i=1

ei

[
n∑
k=1

gn(Ûi(b) | b, h∗)
gdn(Ûi(b) | b, h∗)

W̃nk(Ûi(b) | b)ek

]
ĴT (b̌)x̂i

=: R21(b̌) +R22(b̌)

(S6.26)
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For R21(b̌), we shall prove

sup
b̌∈B2
|(b̌− b̌0)TR21(b̌)| = op(p) (S6.27)

by utilizing Lemma 8. Let Vi = (ei, x̂
T
p )T and

ϕb(Vi) =
n

p
ei

∣∣∣∣∣η′(Ui(β0))− gn(Ûi(b) | b, h∗)
gdn(Ûi(b) | b, h∗)

n∑
k=1

W̃nk[Ûi(b) | b]η(Uk(β0))

∣∣∣∣∣
× (b̌− b̌0)T ĴT (b̌)x̂i.

(S6.28)

As we assumed that the kernel K satisfies the Lipschitz condition of order

1, it is easy to verify (S5.75). Recall that P(‖X‖2 ≥ nc) ≤ n−D for any

c, D > 0. By using (S6.22), Lemma 5, Lemma 6 and (S6.14), we have

sup
b̌∈B2

E

[
1

n

n∑
i=1

ϕb(Vi)

]2

≤ E sup
b̌∈B2

[
1

n2

n∑
i=1

ϕ2
b(Vi)

]

=
1

p2

n∑
i=1

E sup
b̌∈B2


[
η′(Ui(β0))− gn(Ûi(b) | b, h∗)

gdn(Ûi(b) | b, h∗)

n∑
k=1

W̃nk[Ûi(b) | b]η(Uk(β0))

]2

× I[‖Xi‖2 ≤ nc]

}
×O

(
ncp2

n

)
+ o(p−1n−c)

≤ O

(
n(h∗)2 + ndn log n+

pnc

(h∗)2

)
×O(n−1+c) + o(p−1n−c) = o(p−1n−c)

(S6.29)

for some c > 0 by taking c small enough. By using Markov’s inequality,

equation (S5.75) holds. Now (S6.27) follows by using (S6.29) and applying
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Lemma 8. For R22(b̌), we shall prove

sup
b̌∈B2
|(b̌− b̌0)TR22(b̌)| = op(p) (S6.30)

in Section S6.1 This, together with (S6.26) and (S6.27) proves

sup
b̌∈B2
|(b̌− b̌0)TR2(b̌)| = op(p). (S6.31)

For R3(b̌), we shall show in Section S6.2 that

sup
b̌∈B2
|(b̌− b̌0)TR3(b̌) + n(b̌− b̌0)TVp(b̌− b̌0)| = op(p). (S6.32)

For R4(b̌), we shall show in Section S6.3 that

sup
b̌∈B2
|(b̌− b̌0)TR4(b̌)| = op(p). (S6.33)

For R5(b̌), we shall show in Section S6.4 that

sup
b̌∈B2
|(b̌− b̌0)TR5(b̌)| = op(p). (S6.34)

Now, combining (S6.24), (S6.25) and (S6.31)–(S6.34) yields

sup
b̌∈B2

(b̌− b̌0)TR(b̌) = −n(b̌− b̌0)TVp(b̌− b̌0) + op(p). (S6.35)

By condition (A8), the minimum eigenvalue of Vp is bounded away from

zero for all p ≥ 2. Therefore, for an arbitrary δ > 0, there exists a C2 not

depending on n such that P{supb̌∈B2 [(b̌− b̌0)TR(b̌)] < 0} ≥ 1− δ when n is

large enough. With this, (S6.5) follows from Theorem 6.3.4 of Ortega and

Rheinboldt (2000), which completes the proof.
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S6.1 Proof of (S6.30)

We shall prove (S6.30) by utilizing Lemma 8. Let Vi = (ei, x̂
T
p )T and

ϕb(Vi) =
n

p
ei

[
n∑
k=1

gn(Ûi(b) | b, h∗)
gdn(Ûi(b) | b, h∗)

W̃nk(Ûi(b) | b)ek

]
(b̌− b̌0)T ĴT (b̌)x̂i.

(S6.36)

To simplify notations, in this section, we write

W̃nk(i) = W̃nk(Ûi(b) | b), and
g∗n(i)

g∗dn(i)
=

gn(Ûi(b) | b, h∗)
gdn(Ûi(b) | b, h∗)

. (S6.37)

As we assumed that the kernel K satisfies the Lipschitz condition of

order 1, it is not hard to verify (S5.75). For (S5.76), we have, uniformly

over b̌ ∈ B2,

E

{
n∑
i=1

ei

[
n∑
k=1

g∗n(i)

g∗dn(i)
W̃nk(i)ek

]}2

= E

[
n∑
i=1

n∑
k=1

n∑
l=1

n∑
m=1

g∗n(i)

g∗dn(i)
W̃nk(i)

g∗n(l)

g∗dn(l)
W̃nm(l)eiekelem

]

≤ cE
n∑
i=1

[
g∗n(i)

g∗dn(i)
W̃ni(i)

]2

+ cE

[
n∑
i=1

∑
k:k 6=i, 1≤k≤n

∣∣∣∣ g∗n(i)

g∗dn(i)
W̃nk(i)

∣∣∣∣2
]

= E

{
n∑
i=1

[
I[‖Xi‖2 ≤ nc]

n(h∗)2 max{fβ0(Ui(β0)), dn}

]2

×Or(1)

}

+ E

[
n∑
i=1

I[‖Xi‖2 ≤ nc]

n(h∗)3 max{fβ0(Ui(β0)), dn}
×Or(1)

]
+ o(1)

= o

(
nc

n(h∗)4dn

)
+ o

(
nc

(h∗)3

)
= o

(
nc

(h∗)3

)
,

(S6.38)

by taking c > 0 small enough and r large enough, where the third equality

can be shown by using Lemmas 3 and 4 and (S5.67), and the second last
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equality results from Hölder’s inequality and (S6.14). Therefore, by taking

c > 0 small enough, we have

sup
b̌∈B2

E

[
1

n

n∑
i=1

ϕb(Vi)

]2

=

(
nc

(h∗)3

)
×O(n−1+c) = o(n−c). (S6.39)

So (S5.76) follows for any fixed εn = ε > 0. By using Lemma 9, (S6.22)

and (S6.14), it is not hard to verify

E sup
b̌∈B2

[
1

n2

n∑
i=1

ϕ2
b(Vi)

]
= E sup

b̌∈B2

[
1

n2

n∑
i=1

ϕ2
b(Vi) I[‖Xi‖2 ≤ nc]

]
+ o(n−1)

= o

(
ncp

n(h∗)3

)
= o(p−1n−c)

(S6.40)

for some c > 0 small enough. Now (S6.30) follows immediately by applying

Lemma 8.

S6.2 Proof of (S6.32)

By using (S5.67), it is not hard to verify

E

{
[R3(b̌)]2 I

[
sup

1≤i≤n
‖Xi‖2 > nc

]}
= o(n) (S6.41)

for any c > 0. From this, without loss of generality, we assume sup1≤i≤n ‖Xi‖ ≤

nc where c > 0 does not depend on n and can be arbitrarily small in this

section. Define the event Gi = {fβ0(Ui(β0) ≥ (1 + δ)dn} and the event

G ′i = {inf b̌∈B′2 gn(Ûi(b) | b, h) ≥ ν2d
2
n}. By using Lemma 3, we can obtain

n∑
i=1

P(Gi \ G ′i)→ 0. (S6.42)
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When gn(Ûi(b) | bp, h) ≥ ν2d
2
n holds for all b̌ ∈ B′2, by a first-order Taylor

expansion of η̂dn(·) with respect to b̌, we have

η̂dn

(
Ûi(b) | b

)
− η̂dn

(
Ûi(b̃) | b̃

)
=
∂η̂dn(Ûi(b(b̌)) | b(b̌))

∂b̌

∣∣∣∣∣
b̌=b̌∗

(b̌− b̌0),

(S6.43)

where b̌∗ = θb̌+ (1− θ)b̌0 for some θ ∈ [0, 1]. From this, it follows that

R3(b̌) =
n∑
i=1

η′
(
Ûi(b̃)

)
ĴT (b̌)x̂i

[
η̂dn

(
Ûi(b) | b

)
− η̂dn

(
Ûi(b̃) | b̃

)]
I[Gci ]

+
n∑
i=1

η′
(
Ûi(b̃)

)
ĴT (b̌)x̂i(b̌− b̌0)T

∂η̂(Ûi(b(b̌)) | b(b̌))
∂b̌

∣∣∣∣∣
b̌=b̌∗

I[Gi ∩ G ′i]

=: R31 +R32

(S6.44)

holds in probability.

For R31, by using Lemmas 5 and 9, we have, uniformly over 1 ≤ i ≤ n,

sup
b̌∈B2

∣∣∣η̂dn(Ûi(b) | b)− η̂dn(Ûi(b̃) | b̃)∣∣∣ ≤ 2η(Ui(β0)) +Op

(√
p log n

nhdn

)
.

(S6.45)

Therefore, by using (S6.22), condition (A6)(i) and
∑n

i=1 I[Gci ] = Op(ndn), it

is easy to verify

sup
b̌∈B2
|(b̌− b̌0)TR31(b̌)| = op(p). (S6.46)

For R32, to simplify notations, in rest of this section, we write

ui(b̌) = Ûi(b(b̌)), sl(i | b̌) = sl(ui(b̌) | b(b̌), h), (S6.47)
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η̂(i | b̌) = η̂(ui(b̌) | b(b̌)), η̂′(i | b̌) = η̂′(ui(b̌) | b(b̌), h), (S6.48)

and

Wnk(i | b̌) = Wnk(ui(b̌) | b(b̌)), W̃nk(i | b̌) = W̃nk(ui(b̌) | b(b̌), h).

(S6.49)

Here we use the notation η̂′(· | ·, h) and W̃nk(· | ·, h) to emphasize that the

bandwidth is h. Recall that (η̂(· | b̌), η̂′(· | b̌)) is the minimizer of (2.9)

for a given b̌. Therefore, for a given ui(b̌), the corresponding minimizer

(η̂(ui(b̌) | b̌), η̂′(ui(b̌) | b̌)) satisfies

n∑
k=1

[
Yk − η̂(i | b̌)− η̂′(i | b̌)(uk(b̌)− ui(b̌))

]
Kh(uk(b̌)−ui(b̌)) = 0. (S6.50)

Taking derivatives with respect to b̌ on both sides yields

∂η̂(i | b̌)
∂b̌

= − 1

s0(i | b̌)
η̂′(i | b̌)ĴT (b̌)

n∑
k=1

(x̂k − x̂i)Kh(uk(b̌)− ui(b̌))

− 1

s0(i | b̌)
∂η̂′(i | b̌)

∂b̌

n∑
k=1

(uk(b̌)− ui(b̌))Kh(uk(b̌)− ui(b̌))

+
1

s0(i | b̌)

n∑
k=1

[
Yk − η̂(i | b̌)− η̂′(i | b̌)(uk(b̌)− ui(b̌))

]
×K ′h(uk(b̌)− ui(b̌))ĴT (b̌)

(x̂k − x̂i)
h

= R32, 1 +R32, 2 +R32, 3.

(S6.51)

Before proceeding further, we introduce a useful lemma.



S6. PROOF OF THEOREM ??

Lemma 10. Under the assumptions in Lemma 3 and condition (A6)(ii),

we have that, uniformly over 1 ≤ i ≤ n, 1 ≤ j ≤ p, and b̌ ∈ B′2, if Gi

holds and ‖Xi‖2 ∈ Ax(vn) where Ax(vn) is defined in Lemma 3, then for

any integer r ≥ 1, there exists a c > 0 such that

1

nfβ0(Ui(β0))

n∑
k=1

λ̂
−1/2
·j x̂kjKh(Ûi(b)− Ûk(b))

= E[λ
−1/2
j x·j | U(β0) = Ui(β0)] + or(n

−c),

(S6.52)

and additionally, if condition (A6)(i) also holds, then for any integer r ≥ 1,

there exists a c > 0 such that

1

nfβ0(Ui(β0))

n∑
k=1

λ̂
−1/2
·j x̂kjKh(Ûi(b)− Ûk(b))η(Uk(β0))

= E[λ
−1/2
j x·j | U(β0) = Ui(β0)]η(Ui(β0)) + or(n

−c).

(S6.53)

Proof. By using (S6.19), this lemma can be proved by an argument similar

to that of Lemma 3. The proof is not particularly difficult. So we omit

it.

For R32, 1, by using Lemmas 2 and 10 and (S6.17), we can obtain, uni-

formly over 1 ≤ i ≤ n and b̌, b̌∗ ∈ B′2,

− (b̌− b̌0)T ĴT (b̌∗)
1

s0(i | b̌∗)

n∑
k=1

(x̂k − x̂i)Kh(uk(b̌
∗)− ui(b̌∗)) I[Gi ∩ G ′i]

= (b̌− b̌0)T J̃T (xi − E[x | U(β0) = Ui(β0)]) I[Gi ∩ G ′i] + o2(
√
p/n).

(S6.54)
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By using this, we have

sup
b̌, b̌∗∈B′2

∣∣∣∣∣−(b̌− b̌0)T
n∑
i=1

η′(Ui(b̃))Ĵ
T (b̌)x̂i

[
n∑
l=1

W̃nl(i | b̌∗)η(Ul(β0))

]

× (b̌− b̌0)T ĴT (b̌∗)

[
1

s0(i | b̌∗)

n∑
k=1

(x̂k − x̂i)Kh(uk(b̌)− ui(b̌))

]
I[Gi ∩ G ′i]

− n(b̌− b̌0)TVp(b̌− b̌0)

∣∣∣∣ = op(p)

(S6.55)

For the term containing ek, 1 ≤ k ≤ n, letting Vi = (ei, x̂
T
i )T , we claim

sup
b̌, b̌∗∈B′2

∣∣∣∣∣ 1n
n∑
i=1

ϕb, b∗(Vi)

∣∣∣∣∣
=: sup

b̌, b̌∗∈B′2

∣∣∣∣∣ 1n
n∑
i=1

n

p
(b̌− b̌0)Tη′(Ûi(b̃))Ĵ

T (b̌)x̂i

n∑
l=1

[
W̃nk(i | b̌)el

]
×(b̌− b̌0)T ĴT (b̌∗)

[
1

s0(i | b̌∗)

n∑
k=1

(x̂k − x̂i)Kh(uk(b̌)− ui(b̌))

]
I[Gi ∩ G ′i]

∣∣∣∣∣ .
= op(1).

(S6.56)

The proof is straightforward by using Lemma 8 so we omit it here. Com-

bining (S6.55) and (S6.56) yields

sup
b̌∈B2
|(b̌− b̌0)TR32, 1(b̌)− n(b̌− b̌0)TVp(b̌− b̌0)| = op(p). (S6.57)

ForR32, 2, we observe that the asymptotic behavior of λ
−1/2
j ∂W̃nl(i | b̌)

/
∂bj

is similar to that of h−1W̃nl(i | b̌)λ−1/2
j (x̂lj − x̂ij) for 1 ≤ i, l ≤ n and

1 ≤ j ≤ p, which can be verified by direct calculations. Therefore, by using
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Lemma 3 and arguments similar the proofs of Lemmas 5, 6 and 9, we can

obtain, uniformly over b̌, b̌∗ ∈ B′2,

n∑
i=1

[(b̌− b̌0)TR32, 2]2 =
n∑
i=1

{
(b̌− b̌0)TJT (b̌∗)Λ̂1/2

p I[Gi ∩ G ′i]×Or(n
−ch)

×

Λ̂−1/2
p

n∑
l=1

∂W̃nl(i | b̌)
∂b

∣∣∣∣∣
b=b(b̌∗)

(η(Ul(β0)) + el)


2

= op(p).

(S6.58)

Therefore, by using Cauchy–Schwarz inequality, it follows that

sup
b̌∈B2
|(b̌− b̌0)TR32, 2(b̌)| = op(p) (S6.59)

For R32, 3, by using a second-order Taylor expansion of η(·), we have,

uniformly over b̌ ∈ B′2 and 1 ≤ i, k ≤ n, if |(ui(b̌)− uk(b̌)| ≤ h, then

η(Ui(β0)) = η(uk(b̌)) + η′(uk(b̌))(ui(b̌)− uk(b̌)) +O(h2) +Or(pn
−1/2+c),

(S6.60)

for any c > 0 and integer r ≥ 1 not depending on n. By substituting this

into the expression of R32, 3, we can obtain

sup
b̌∈B2
|(b̌− b̌0)TR32, 3(b̌)| = op(p) (S6.61)

The detailed proof is not particularly difficult by using Lemma 10 and the

results in Section S2. We omit it here.
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Now (S6.2) follows from (S6.44), (S6.46), (S6.51), (S6.57), (S6.59) and

(S6.61).

S6.3 Proof of (S6.33)

To simplify notations, in this section, we write

gn(i)

gdn(i)
=

gn(Ûi(b̃) | b̃, h)

gdn(Ûi(b̃) | b̃, h)
, and Wnk(i) = Wnk(Ûi(b̃) | b̃). (S6.62)

Separating (S6.33) yields

R4(b̌) =
n∑
k=1

{
n∑
i=1

ĴT (b̌)
gn(i)

gdn(i)
Wnk(i)η

′(Ui(β0))x̂i − η′(Uk(β0)) E(xk | U(β0))

}
ek

+
n∑
i=1

η′(Ui(β0))ĴT (b̌)x̂i

[
gn(i)

gdn(i)

n∑
k=1

Wnk(i)η(Uk(β0))− η(Ui(β0))

]

=: R41(b̌) +R42(b̌).

(S6.63)

By using (S5.67), it is not hard to verify

E

{
[R4(b̌)]2 I

[
sup

1≤i≤n
‖Xi‖2 > nc

]}
= o(n) (S6.64)

for any c > 0. From this, without loss of generality, we assume sup1≤i≤n ‖Xi‖ ≤

nc where c > 0 is an arbitrarily small constant not depending on n in this

section.

Write R41(b̌) = ĴT (b̌)Λ1/2R∗41(b̌). Let R∗41, j denote the jth component
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of R41(b̌). Similar to (S6.62), in this section, we write

ḡn(i)

ḡdn(i)
=

gn(Ui(β0) | β0, h)

gdn(Ui(β0) | β0, h)
, and W̄nk(i) = Wnk(Ûi(β0) | β0). (S6.65)

Then we have

E(R∗41, j)
2

= λ−1
j

n∑
k=1

E

[
n∑
i=1

gn(i)

gdn(i)
Wnk(i)η

′(Ui(β0))x̂ij − η′(Uk(β0)) E(xkj | Uk(β0))

]2

≤ cλ−1
j

n∑
k=1

E

[
n∑
i=1

gn(i)

gdn(i)
Wnk(i)η

′(Ui(β0))x̂ij −
ḡn(i)

ḡdn(i)
W̄nk(i)η

′(Ui(β0))xij

]2

+ cλ−1
j

n∑
k=1

E

[
n∑
i=1

ḡn(i)

ḡdn(i)
W̄nk(i)η

′(Ui(β0))xij − η′(Uk(β0)) E(xkj | Uk(β0))

]2

=: R∗41, j1 +R∗41, j2.

(S6.66)

For R∗41, j1, by using (S5.3)–(S5.5) and (S5.43) in the proof of Lemma 4,

(S5.70) and (S6.19), it is not hard to prove

R∗41, j1 = o(n). (S6.67)

By some standard computations, it is easy to verify

E

 1

n

n∑
k=1

[
n∑
i=1

ḡn(i)

ḡdn(i)
W̄nk(i)η

′(Ui(β0))λ
−1/2
j [xij − E(xij | Ui(β0))]

]2


= E

{
1

n

n∑
k=1

n∑
i=1

[
ḡn(i)

ḡdn(i)
W̄nk(i)η

′(Ui(β0))λ
−1/2
j [xij − E(xij | Ui(β0))]

]2
}

= o(1)

(S6.68)
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From this, by using Lemma 7, we can obtain

R∗41, j2 = o(n). (S6.69)

Substituting (S6.67) and (S6.69) into (S6.72) yields

E(R∗41, j)
2 = o(n), 1 ≤ j ≤ p. (S6.70)

By using (S6.16), we can also obtain

sup
b̌∈B2

∣∣∣∣∣∣∣∣∣ĴT (b̌)Λ1/2
∣∣∣∣∣∣∣∣∣ = Op(1). (S6.71)

Therefore, we have

sup
b̌∈B2
|(b̌− b̌0)TR41(b̌)|

≤ sup
b̌∈B2
‖b̌− b̌0‖ × sup

b̌∈B2

∣∣∣∣∣∣∣∣∣ĴT (b̌)Λ1/2
∣∣∣∣∣∣∣∣∣×√p× op(√n) = op(p).

(S6.72)

We now turn to R42(b̌). By using (S6.22) and Lemmas 4 and 5, we

have

sup
b̌∈B2

n∑
i=1

η′(Ui(β0))(b̌− b̌0)T ĴT (b̌)x̂i

×

[
gn(i)

gdn(i)

n∑
k=1

Wnk(i)η(Uk(β0))− η(Ui(β0))

]
I[fβ0(Ui(β0)) ≤ (1 + δ)dn]

≤ sup
b̌∈B2

sup
1≤i≤n

|(b̌− b̌0)T ĴT (b̌)x̂i| × sup
1≤i≤n

|η′(Ui(β0))| × sup
1≤i≤n

|η(Ui(β0))|

×
n∑
i=1

I[fβ0(Ui(β0)) ≤ (1 + δ)dn]×Op(1)

= Op(n
−1/2+cp)×Op(n

c)×Op(ndn log n) = op(p)

(S6.73)
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by taking c small enough. By an argument similar to the proof of (S5.46)

in Lemma 5, we can obtain

sup
1≤i≤n

∣∣∣∣∣ gn(i)

gdn(i)

[
n∑
k=1

Wnk(i)η(Uk(β0))− η(Ui(β0))

]
I[fβ0(Ui(β0)) ≥ (1 + δ)dn]

∣∣∣∣∣ = Or(h
2)

(S6.74)

for any integer r ≥ 1. From this, by using the Cauchy–Schwarz inequality,

we have

E

{
sup
b̌∈B2

n∑
i=1

η′(Ui(β0))(b̌− b̌0)T ĴT (b̌)x̂i

×

[
gn(i)

gdn(i)

n∑
k=1

Wnk(i)η(Uk(β0))− η(Ui(β0))

]
I[fβ0(Ui(β0)) > (1 + δ)dn]

}

≤ E

{
sup
b̌∈B2

n∑
i=1

[
η′
(
Ûi(b̃)

)
(b̌− b̌0)T ĴT (b̌)x̂i

]2
}1/2

×O(n1/2h2)

= O((np)1/2h2) = o(p),

(S6.75)

since we assumed nh4/p = o(1) in condition (A4)(iii). Combining (S6.75)

and (S6.73) yields

sup
b̌∈B2
|(b̌− b̌0)TR42(b̌)| = op(p) (S6.76)

This, together with (S6.63) and (S6.72), proves (S6.33).
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S6.4 Proof of (S6.34)

To simplify notations, in this section, we write

Wnk(i) = Wnk(Ûi(b) | b),
gn(i)

gdn(i)
=

gn(Ûi(b) | b, h)

gdn(Ûi(b) | b, h)
; (S6.77)

and

W̃nk(i) = W̃nk(Ûi(b) | b),
g∗n(i)

g∗dn(i)
=

gn(Ûi(b) | b, h∗)
gdn(Ûi(b) | b, h∗)

. (S6.78)

Define

A1(i) =
n∑
k=1

gn(i)

gdn(i)
Wnk(i)η(Ûk(bp))− η(Ûi(bp)), (S6.79)

A2(i) =
n∑
k=1

gn(i)

gdn(i)
Wnk(i)[η(Uk(β0))− η(Ûk(bp))], (S6.80)

A3(i) = η(Ûi(bp))− η(Ui(β0)), (S6.81)

A4(i) =
n∑
k=1

gn(i)

gdn(i)
Wnk(i)ek, (S6.82)

B1(i) =
n∑
k=1

g∗n(i)

g∗dn(i)
W̃nk(i)η(Ûk(bp))− η′(Ûi(bp)), (S6.83)

B2(i) =
n∑
k=1

g∗n(i)

g∗dn(i)
W̃nk(i)[η(Uk(β0))− η(Ûk(bp))], (S6.84)
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B3(i) = η′(Ûi(bp))− η′(Ui(β0)), (S6.85)

B4(i) =
n∑
k=1

g∗n(i)

g∗dn(i)
W̃nk(i)ek, (S6.86)

C(i) = (b̌− b̌0)T ĴT (b̌)x̂i, (S6.87)

and

D(i) = I[‖Xi‖2 ≤ nc], (S6.88)

where c is an arbitrarily small constant not depending on n. It is easy to

verify

n∑
i=1

4∑
l=1

4∑
m=1

Al(i)Bm(i)C(i)[1−D(i)] = op(p). (S6.89)

Therefore, to prove (S6.34), it suffices to prove

n∑
i=1

Al(i)Bm(i)C(i)D(i) = op(p); l, m ∈ {1, 2, 3, 4}. (S6.90)

Here we only prove

n∑
i=1

Al(i)Bm(i)C(i)D(i) = op(p), (l, m) = (4, 2) and (4, 4). (S6.91)

The reminder of the proof of (S6.90) is not particularly difficult by using

the results in Section S2.
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We first consider the case (l, m) = (4, 2). Let

ϕb(Vk) =
n

p

n∑
i=1

B2(i)C(i)D(i)
gn(i)

gdn(i)
Wnk(i)ek. (S6.92)

We have

sup
b̌∈B2

E

[
1

n

n∑
k=1

ϕb(Vk)

]2

≤ E sup
b̌∈B2

[
1

n2

n∑
k=1

ϕ2
b(Vk)

]

=
1

p2
E sup

b̌∈B2

n∑
k=1

{
n∑
i=1

B2(i)C(i)D(i)
gn(i)

gdn(i)
Wnk(i)

}2

≤ 1

p2
×O

(
ncp2

n2hdn

)
× E sup

b̌∈B2

n∑
i=1

[B2(i)]2

= O

(
ncp

n2h(h∗)2dn

)
= o(p−1n−c)

(S6.93)

for some c > 0. Then (S6.91) with (l, m) = (4, 2) follows by applying

Lemma 8.

For the case (l, m) = (4, 4), let

ϕb(Vi) =
n

p

n∑
i=1

[
n∑
k=1

gn(i)

gdn(i)
Wnk(i)ek

][
n∑
l=1

g∗n(i)

g∗dn(i)
W̃nl(i)el

]
C(i)D(i).

(S6.94)

It is not hard to verify (S5.75). For (S5.76), we observe that, uniformly
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over b̌ ∈ B2,

E

{
n∑
i=1

[
n∑
k=1

gn(i)

gdn(i)
Wnk(i)ek

][
n∑
l=1

g∗n(i)

g∗dn(i)
W̃nl(i)el

]
D(i)

}2

= E

{
n∑
k=1

n∑
l=1

n∑
i=1

gn(i)

gdn(i)
Wnk(i)

g∗n(i)

g∗dn(i)
W̃nl(i)ekelD(i)

}2

≤ cE

[
n∑
k=1

n∑
i=1

gn(i)

gdn(i)
Wnk(i)

g∗n(i)

g∗dn(i)
W̃nk(i)D(i)

]2

+ cE

{
n∑
k=1

∑
l:l 6=k, 1≤l≤n

n∑
i=1

[
gn(i)

gdn(i)
Wnk(i)

g∗n(i)

g∗dn(i)
W̃nl(i)D(i)

]2
}

≤ E

[
n∑
i=1

1

n(h∗)2 max{fβ0(Ui(β0)), dn}
×Or(1)

]2

+ E

{
n∑
i=1

1

nh(h∗)3 max{fβ0(Ui(β0)), dn}
×Or(1)

}

= O

(
nc

h(h∗)3

)
,

(S6.95)

where the second last inequality can be shown by an argument similar to

(S5.68) and the last equality results from Hölder’s inequality and (S6.14).

By using (S6.18) and taking c small enough, it follows that

sup
b̌∈B2

E

[
1

n

n∑
i=1

ϕb(Vi)

]2

≤ 1

p2
×O

(
nc

h(h∗)3

)
×O

(
ncp2

n

)
= o(n−c). (S6.96)

Therefore, (S5.76) holds for any fixed εn = ε > 0. By using Lemma 9, we
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can obtain

E sup
b̌∈B2


n∑
i=1

[
n∑
k=1

gn(i)

gdn(i)
Wnk(i)ek

n∑
l=1

g∗n(i)

g∗dn(i)
W̃nl(i)el

]2

D(i)


= E sup

b̌∈B2

{
n∑
i=1

[
p2 log2 n

n2h(h∗)3 max{f 2
β0

(Ui(β0)), d2
n}
×Or(1)

]}

= o

(
ncp2

nh(h∗)3dn

)
,

(S6.97)

for any c > 0. So we have

E

[
1

n2

n∑
i=1

ϕ2
b(Vi)

]
=

1

p2
×o
(

ncp2

nh(h∗)3dn

)
×O

(
ncp2

n

)
= o(p−1n−c) (S6.98)

by using condition (A4)(iii) and taking c > 0 small enough. Now given

(l, m) = (4, 4), (S6.91) holds by applying Lemma 8.

S7 Proof of Theorem 2

Separating [η̂dn(Û(β))− η(U(β0))]2, we have

[η̂dn(Û(β))− η(U(β0))]2

≤ c

{
η(Û(β))− gn(Û(β) | β, h)

gdn(Û(β) | β, h)

n∑
k=1

Wnk[Û(β) | β]η(Ûk(β))

}2

+ c

{
gn(Û(β) | β, h)

gdn(Û(β) | β, h)

n∑
k=1

Wnk[Û(β) | β]ek

}2

+ c[η(Û(β))− η(U(β0))]2

+ c

{
gn(Û(β) | β, h)

gdn(Û(β) | β, h)

n∑
k=1

Wnk[Û(β) | β][η(Ûk(β))− η(Uk(β0))]

}2

=: R6(β) +R7(β) +R8(β) +R9(β).

(S7.1)
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By using Lemma 5, we have

sup
(X,β)∈Ax(un)×Bp

R6(β) = Op(h
4). (S7.2)

By using Lemma 9, we have

sup
(X,β)∈Ax(un)×Bp

R7(β) = Op

(
p log n

nhd′n

)
. (S7.3)

As we assumed that η has a bounded derivative, it follows that

sup
(X,β)∈Ax(un)×Bp

R8(β) ≤ c[Û(β)− U(β0)]2 = Op

(
n(−2α1+1)/(α0+2α1)u2

n

)
.

(S7.4)

For R9(β), by using the Cauchy–Schwarz inequality and Lemma 4, we have,

uniformly over (X, β) ∈ Ax(un)× Bp,

R9(β) ≤ c

[
gn(Û(β) | β, h)

gdn(Û(β) | β, h)

]2 n∑
k=1

Wnk[Û(β) | β]2 ×
n∑
k=1

[η(Ûk(β))− η(Uk(β0))]2

= Op

(
1

nhd′n

)
Op(p) = Op

(
p

nhd′n

)
.

(S7.5)

Combining (S7.1)–(S7.5) yields

sup
(X,β)∈Ax(un)×Bp

[η̂dn(Û(β))− η(U(β0))]2

= Op(h
4) +Op

(
p log n

nhd′n

)
+Op

(
n(−2α1+1)/(α0+2α1)u2

n

)
,

(S7.6)

which completes the proof of (3.9).

Observe that E{[max{fβ0(U(β0)), dn}]−1 I[X ∈ Ax(un)]} = O(un). From
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this, (3.10) can be proved by a similar argument using (S7.1). Further de-

tails are not reproduced here.

S8 Proof of Theorem 3

Decomposing σ̂2
e , we have

σ̂2
e =

1

n

n∑
i=1

e2
i +

1

n

n∑
i=1

[η(Ui(β0))− η̂dn(Ûi(β̂))]2

+
1

n

n∑
i=1

2ei[η(Ui(β0))− η̂dn(Ûi(β̂))]

=: T1 + T2 + T3.

(S8.1)

From the classical central limit theorem, it follows that

√
n(T1 − σ2

e)[Var(e2
1)]−1/2 d→ N(0, 1). (S8.2)

By an argument similar to the proof of Theorem 2, it is not hard to show

√
nT2 = op(1). (S8.3)

Similarly to the proof of (S6.31), we can also obtain

√
nT3 = op(1). (S8.4)

By Slutsky’s Theorem, it follows that

√
n(σ̂2

e − σ2
e)(Var(e2

1))−1/2 d→ N(0, 1). (S8.5)
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From this, to prove (3.11), it suffices to prove

1

n

n∑
i=1

ê4
i −

[
1

n

n∑
i=1

(ê2
i )

]2

− Var(e2
1)

p→ 0. (S8.6)

By using the law of large numbers, we can obtain

1

n

n∑
i=1

e4
i −

[
1

n

n∑
i=1

(e2
i )

]2

p→ Var(e2
1).

Therefore, it suffices to show

1

n

n∑
i=1

(ê4
i − e4

i )
p→ 0, and (S8.7)

[
1

n

n∑
i=1

(ê2
i )

]2

−

[
1

n

n∑
i=1

(e2
i )

]2

p→ 0. (S8.8)

Note that (S8.8) can be proved by using (S8.5). So we only need to prove

(S8.7). Writing êi = Yi− η̂dn(Û(β̂)) = ei + η(Ui(β0))− η̂dn(Ûi(β̂)), equation

(S8.7) can be proved by direct calculations. The details are omitted.
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