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We begin by defining notations to be used in the proofs. Let ξi = (1, ξi1, . . . , ξimn)>, ξ̂i =(
1, ξ̂i1, . . . , ξ̂imn

)>
, θ̃j = (α(τj), β1, . . . , βmn)>, Aj = (aj , b1, . . . , bmn)>, and ζi =

∑∞
j=mn+1 βjξij .

Then the objective function in (2.1) can be rewritten as

l∑
j=1

n∑
i=1

ρτj

(
ξ>i θ̃j − ξ̂>i Aj + ζi + εiτj

)
, (1)

where εiτj = Yi − α (τj)− 〈Xi, β0〉. Let

Wi =
(
ξi − ξ̂i

)>
·
(

0, β>
)>

+ ζi, (2)

Λ = diag (1, λ1, . . . , λmn), θ =
(
n1/2(a1 − α(τ1)), n1/2(a2 − α(τ2)), . . . , n1/2(al − α(τl)), U

>
)>

,

ξ̃i = n−1/2Λ−1/2ξ̂i, θj =
(
n1/2 (aj − α (τj)) , U

>
)>

, where β = (β1, . . . , βmn)>,

diag (1, λ1, . . . , λmn) =



1

λ1

. . .

λmn


,
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U = (u1, . . . , umn)> = n1/2Λ
1/2
1 (b− β), b = (b1, . . . , bmn)>, and Λ1 = diag (λ1, . . . , λmn) . Let

Sn(θ) =

l∑
j=1

n∑
i=1

{
ρτj

(
Wi + εiτj − ξ̃

>
i θj

)
− ρτj

(
Wi + εiτj

)}
. (3)

It’s easy to see that minimizing (1) with respect to Aj is equivalent to minimizing (3) over θ. Let

ψτ (u) = τ −1(u < 0), Ω = {X1, . . . , Xn}, Snij = ρτj

(
Wi + εiτj − ξ̃>i m

1/2
n θj

)
− ρτj

(
Wi + εiτj

)
,

Γnij = E(Snij |Ω), Rnij = Snij−Γnij +m
1/2
n ξ̃>i θjψτj

(
εiτj

)
, Snj =

∑n
i=1 Snij , Γnj =

∑n
i=1 Γnij ,

Rnj =
∑n
i=1Rnij , Sn =

∑l
j=1 Snj , Γn =

∑l
j=1 Γnj , and Rn =

∑l
j=1Rnj . Then

Sn
(
m1/2
n θ

)
= Γn −m1/2

n

l∑
j=1

n∑
i=1

ξ̃>i θjψτj
(
εiτj

)
+Rn.

S1 Lemmas

Lemma 1. Let Z1, . . . , Zn be arbitrary scalar random variables such that

max
1≤i≤n

E
(
|Zi|L0

)
<∞ for some L0 ≥ 1. Then, we have

E
(

max
1≤i≤n

|Zi|
)
≤ n1/L0 max

1≤i≤n

{
E
(
|Zi|L0

)}1/L0
.

Proof of Lemma 1. This inequality follows from the observation that

E
(

max
1≤i≤n

|Zi|
)
≤
{
E
(

max
1≤i≤n

|Zi|L0

)}1/L0

≤

{
n∑
i=1

E
(
|Zi|L0

)}1/L0

≤ n1/L0 max
1≤i≤n

{
E
(
|Zi|L0

)}1/L0
.

Lemma 2. Under conditions (C1)–(C3) and (C5), we have

max
1≤i≤n

∥∥∥ξ̃i∥∥∥
2

= op
{
m−1/2n (log n)−1

}
,

where
∥∥∥ξ̃i∥∥∥

2
=
(
ξ̃>i ξ̃i

)1/2
.
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Proof of Lemma 2. It is easy to show

∥∥∥ξ̃i∥∥∥2
2
≤ 2

n

mn∑
j=1

λ−1j

{(
ξ̂ij − ξij

)2
+ ξ2ij

}
+

1

n

≤ 2

n
||Xi||2

mn∑
j=1

λ−1j

∥∥∥φ̂j − φj∥∥∥2 +
2

n

mn∑
j=1

λ−1j ξ2ij +
1

n
.

By (5.21) and (5.22) in Hall and Horowitz (2007), we have
∥∥∥φ̂j − φj∥∥∥2 =

Op(j
2/n), uniformly in j ∈ {1, . . . ,mn}. Combining E (||X||4) < ∞ and

Lemma 1, we have max
1≤i≤n

||Xi||2 = Op

(
n1/2

)
. Hence, max

1≤i≤n
2||Xi||2

∑mn
j=1 λ

−1
j

∥∥∥φ̂j − φj∥∥∥2 ≤
Op

(
n−1/2

)∑mn
j=1 j

2/λj ≤ Op

(
mν+3
n n−1/2

)
. By assumption (C2) and Lemma

1, we have max
1≤i≤n

∑mn
j=1 2λ−1j ξ2ij = Op

(
mnn

1/2
)
. Since ν > 1 and ζ > ν/2+1,

there exists a small constant c > 0 (depending on ν and ζ) such that

max
1≤i≤n

2||Xi||2
∑mn

j=1 λ
−1
j

∥∥∥φ̂j − φj∥∥∥2 = Op {n−c (n/mn)} and max
1≤i≤n

∑mn
j=1 2λ−1j ξ2ij =

Op {n−c (n/mn)}, and complete the proof of Lemma 2.

Lemma 3. Under assumptions (C1)–(C5), we have

max
1≤i≤n

|Wi| = op(1),

where Wi are defined in (2).

Proof of Lemma 3. Following assumptions (C1), (C4) and
∥∥∥φ̂j − φj∥∥∥2 =

Op (j2/n), uniformly in j ∈ {1, . . . ,mn}, we have

max
1≤i≤n

∣∣∣∣∣
mn∑
j=1

(
ξij − ξ̂ij

)
βj

∣∣∣∣∣
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≤ max
1≤i≤n

‖Xi‖
mn∑
j=1

∥∥∥φ̂j − φj∥∥∥ |βj| = Op

(
n−1/4

mn∑
j=1

j1−ζ

)

=



Op

(
n−1/4m2−ζ

n

)
if 3/2 < ζ < 2,

Op

(
n−1/4 logmn

)
if ζ = 2,

Op

(
n−1/4

)
if ζ > 2.

Therefore, by condition (C5), we obtain max1≤i≤n

∣∣∣∑mn
j=1

(
ξij − ξ̂ij

)
βj

∣∣∣ =

op(1). Following conditions (C2)–(C5) and Lemma 1, we have

E
(

max
1≤i≤n

|ζi|
)
≤ E

(
∞∑

j=mn+1

|βj| max
1≤i≤n

|ξij|

)
≤

∞∑
j=mn+1

Cn1/4 |βj|λ1/2j

≤ Cn1/4

∞∑
j=mn+1

j−(ζ+v/2) = Cn1/4

∞∑
j=mn+1

∫ j

j−1
j−(ζ+v/2)dx

≤ Cn1/4

∞∑
j=mn+1

∫ j

j−1
x−(ζ+v/2)dx = Cn1/4

∫ ∞
mn

x−(ζ+v/2)dx

= Cn1/4 1

ζ + v/2− 1
m−(ζ+v/2)+1
n =

C

ζ + v/2− 1
n1/4n

−(ζ+v/2)+1
v+2ζ

=
C

ζ + v/2− 1
n

1
v+2ζ

− 1
4 = o(1),

where v > 1 and ζ > v/2 + 1. Thus, we have

max
1≤i≤n

|Wi| ≤ max
1≤i≤n

∣∣∣∣∣
mn∑
j=1

(
ξij − ξ̂ij

)
βj

∣∣∣∣∣+ max
1≤i≤n

|ζi| = op(1).

Lemma 4. For k ∈ {1, . . . ,mn}, define the following expressions:

ϑ(1) =
n∑
i=1

∞∑
s=mn+1

ξisβsΛ
−1/2ξi, ϑ

(2)
k =

n∑
i=1

(
ξ̂ik − ξik

)
/
√
λk

∞∑
s=mn+1

ξisβs,

ϑ(3) =
n∑
i=1

mn∑
s=1

(
ξ̂is − ξis

)
βsΛ

−1/2ξi, ϑ
(4)
k =

n∑
i=1

mn∑
s=1

βs

(
ξ̂is − ξis

)(
ξ̂ik − ξik

)
/
√
λk.
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Under conditions (C1)–(C5), we have

∥∥ϑ(1)
∥∥
2

= op

{
(mnn)1/2

}
, ϑ

(2)
k = op

(
n1/2

)
,

∥∥ϑ(3)
∥∥
2

= Op

{
(mnn)1/2

}
, ϑ

(4)
k = Op

(
kν/2+1

)
,

where op and Op are uniform for k ∈ {1, . . . ,mn}.

Proof of Lemma 4. Please refer to the proof of Lemma 2 in Kong

et al. (2016).

S2 Proof of Theorem 1

By simple calculation, we have

∣∣∣Snij +m1/2
n ξ̃>i θjψτj

(
εiτj
)∣∣∣ ≤ 2

∣∣∣m1/2
n ξ̃>i θj

∣∣∣1{∣∣εiτj ∣∣ ≤ ∣∣∣m1/2
n ξ̃>i θj −Wi

∣∣∣} .
Therefore,

E (Rnj)
2

= E

[
E

{(
n∑
i=1

R2
nij + 2

n∑
i=1

∑
k:i<k

RnijRnkj

)∣∣∣∣Ω
}]

= E

[
E

{(
n∑
i=1

R2
nij

)∣∣∣∣Ω
}]

=
n∑
i=1

E
(
E
[{
Snij − Γnij +m1/2

n ξ̃>i θjψτj
(
εiτj
)}2 ∣∣∣Ω])

≤
n∑
i=1

E
(
E
[{
Snij +m1/2

n ξ̃>i θjψτj
(
εiτj
)}2 ∣∣∣Ω])
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≤ 2mnE

[
n∑
i=1

(
ξ̃>i θj

)2
E
{
1

(∣∣εiτj ∣∣ ≤ max
1≤i≤n

∣∣∣m1/2
n ξ̃>i θj −Wi

∣∣∣) ∣∣∣Ω}]

≤ 2mn

E{ n∑
i=1

(
ξ̃>i θj

)2}2
1/2

E
{
1

(∣∣εiτj ∣∣ ≤ max
1≤i≤n

∣∣∣m1/2
n ξ̃>i θj −Wi

∣∣∣)} .
Following

1

n

n∑
i=1

ξ̂ikξ̂ij =

∫∫
I2
K̂(s, t)φ̂k(s)φ̂j(t)dsdt =


λ̂k if k = j,

0 if k 6= j

and (5.2) in Hall and Horowitz (2007), we get

n∑
i=1

(
ξ̃>i θj

)2

=
n∑
i=1

θ>j (n−1/2, 0>mn)> + θ>j

(
0,

{
n−1/2Λ

−1/2
1

(
ξ̂i1, . . . , ξ̂imn

)>}>)>2

= θ2j1 + θ>j diag
(

0, λ̂1/λ1, . . . , λ̂mn/λmn

)
θj

= ‖θj‖22 + θ>j diag
(

0,
(
λ̂1 − λ1

)
/λ1, . . . ,

(
λ̂mn − λmn

)
/λmn

)
θj (S2.1)

≤ ‖θj‖22 + ‖θj‖22∆̂/λmn ,

where θj1 is the first component of θj, 0mn represents an mn-dimensional

vector whose components are all zero, and ∆̂ =

{∫∫
I2

(
K̂ −K

)2}1/2

.

By (5.9) in Hall and Horowitz (2007) and conditions (C3)–(C5), we get

E
(

∆̂2/λ2mn

)
= o(1). Therefore,

E

{
n∑
i=1

(
ξ̃>i θj

)2}2

≤ 2 ‖θj‖42
{

1 + E
(

∆̂2/λ2mn

)}
= C ‖θj‖42 . (S2.2)
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Suppose that L1 is a positive constant. For
∥∥θj∥∥2 ≤ ‖θ‖2 ≤ L1, following

Lemmas 2 and 3, and εiτj = Op(1), we have

E
{
1

(∣∣εiτj ∣∣ ≤ max
1≤i≤n

∣∣∣m1/2
n ξ̃>i θj −Wi

∣∣∣)}
= P

(∣∣εiτj ∣∣ ≤ max
1≤i≤n

∣∣∣m1/2
n ξ̃>i θj −Wi

∣∣∣) = o(1). (S2.3)

Combining (S2.2) and (S2.3), we obtain

E (Rnj)
2 = o

(
mn ‖θj‖22

)
. (S2.4)

It is easy to show that

E

{
m1/2
n

n∑
i=1

ξ̃>i θjψτj
(
εiτj
)}2

= E

E

{m1/2
n

n∑
i=1

ξ̃>i θjψτj
(
εiτj
)}2 ∣∣∣∣Ω


= mn

n∑
i=1

E
(
E
[{
ξ̃>i θjψτj

(
εiτj
)}2∣∣∣Ω])

≤ mnE

{
n∑
i=1

(
ξ̃>i θj

)2}
= O

(
mn‖θj‖22

)
.

(S2.5)

Since E
(

∆̂2/λ2mn

)
= o(1), we have

∣∣∣θ>j diag
(

0,
(
λ̂1 − λ1

)
/λ1, . . . ,

(
λ̂mn − λmn

)
/λmn

)
θj

∣∣∣
≤ ‖θj‖22∆̂/λmn = op

(
‖θj‖22

)
.

Hence, by (S2.1), we get

n∑
i=1

(
m1/2
n ξ̃>i θj

)2
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= mn‖θj‖22 +mnθ
>
j diag

(
0,
(
λ̂1 − λ1

)
/λ1, . . . ,

(
λ̂mn − λmn

)
/λmn

)
θj

= mn‖θj‖22{1 + op(1)}. (S2.6)

It is easy to prove that

n∑
i=1

m1/2
n Wiξ̃

>
i θj

= (mn/n)
1
2

(
θ>j ϑ

(3) +
mn∑
s=1

ϑ(4)
s us + θ>j ϑ

(1) +
mn∑
s=1

ϑ(2)
s us

)
.

Following Lemma 4 and condition (C5), we conclude that

(mn/n)
1
2 θ>j ϑ

(3) = Op(mn) ‖θj‖2 , (mn/n)
1
2 θ>j ϑ

(1) = op(mn) ‖θj‖2 ,

(mn/n)
1
2

mn∑
s=1

ϑ(2)
s us = op(mn) ‖θj‖2 ,

(mn/n)
1
2

mn∑
s=1

ϑ(4)
s us = Op

(mn/n)
1
2

(
mn∑
s=1

sν+2

)1/2
 ‖θj‖2

= Op

{
(mn/n)

1
2 m(ν+3)/2

n

}
‖θj‖2 = op (mn) ‖θj‖2 .

Thus,

n∑
i=1

m1/2
n Wiξ̃

>
i θj = Op (mn) ‖θj‖2. (S2.7)

By the proof of Lemma 2 in Yao et al. (2017) and condition (C6),

Γnj =
n∑
i=1

E
{
ρτj

(
Wi + εiτj − ξ̃>i m1/2

n θj

) ∣∣∣Ω}− E
{
ρτj
(
Wi + εiτj

) ∣∣Ω}
=

1

2

n∑
i=1

fτj(0|Xi)

{(
m1/2
n ξ̃>i θj

)2
− 2m1/2

n Wiξ̃
>
i θj

}
{1 + op(1)}
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Following condition (C6), (S2.6) and (S2.7), we get

Γnj = mn‖θj‖22{1 + op(1)}+Op (mn) ‖θj‖2. (S2.8)

Combining (S2.4), (S2.5) and (S2.8), for sufficiently large L1, we have

inf
‖θ‖2=L1

Sn
(
m1/2
n θ

)
> c0L

2
1mn{1 + op(1)},

where c0 is a positive constant. This implies that

P

(
inf

‖θ‖2>L1

[
l∑

j=1

n∑
i=1

{
ρτj

(
Wi + εiτj −m1/2

n ξ̃>i θj

)
− ρτj

(
Wi + εiτj

)}]
> 0

)
→ 1

as n → ∞. Hence, P
(∥∥∥θ̂∥∥∥

2
≤ L1m

1/2
n

)
→ 1 as n → ∞, where θ̂ is the

minimizer of (3). Hence,
∥∥∥θ̂∥∥∥

2
= Op

(
m

1/2
n

)
. Therefore, we have

∥∥∥n1/2Λ
1/2
1

(
β̂ − β

)∥∥∥
2

= Op

(
m1/2
n

)
, (S2.9)

where β̂ =
(
β̂1, . . . , β̂mn

)>
. By some straightforward calculations, we get

∥∥∥β̂0 − β0∥∥∥2
=

∣∣∣∣∣
∣∣∣∣∣
mn∑
j=1

β̂jφ̂j −
∞∑
j=1

βjφj

∣∣∣∣∣
∣∣∣∣∣
2

≤ 2

∣∣∣∣∣
∣∣∣∣∣
mn∑
j=1

β̂jφ̂j −
mn∑
j=1

βjφj

∣∣∣∣∣
∣∣∣∣∣
2

+ 2

∣∣∣∣∣
∣∣∣∣∣

∞∑
j=mn+1

βjφj

∣∣∣∣∣
∣∣∣∣∣
2

≤ 4

∣∣∣∣∣
∣∣∣∣∣
mn∑
j=1

(
β̂j − βj

)
φ̂j

∣∣∣∣∣
∣∣∣∣∣
2

+ 4

∣∣∣∣∣
∣∣∣∣∣
mn∑
j=1

βj

(
φ̂j − φj

) ∣∣∣∣∣
∣∣∣∣∣
2

+ 2
∞∑

j=mn+1

β2
j

≤ 4
mn∑
j=1

(
β̂j − βj

)2
+ 4mn

mn∑
j=1

β2
j

∥∥∥φ̂j − φj∥∥∥2 + 2
∞∑

j=mn+1

β2
j
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≤ 4(nλmn)−1
∥∥∥n1/2Λ

1/2
1

(
β̂ − β

)∥∥∥2
2

+ 4mn

mn∑
j=1

β2
j

∥∥∥φ̂j − φj∥∥∥2 + 2
∞∑

j=mn+1

β2
j .

By (S2.9), conditions (C3) and (C5), we obtain

(nλmn)−1
∥∥∥n1/2Λ

1/2
1

(
β̂ − β

)∥∥∥2
2
≤ Op

(
n−1mv+1

n

)
= Op

{
n−(2ζ−1)/(ν+2ζ)

}
.

(S2.10)

Since
∥∥∥φ̂j − φj∥∥∥2 = Op (j2/n), uniformly in j ∈ {1, . . . ,mn}, we have

mn

mn∑
j=1

β2
j

∥∥∥φ̂j − φj∥∥∥2 = mn

mn∑
j=1

j−2ζOp

(
n−1j2

)
=
mn

n
Op

(
mn∑
j=1

j2−2ζ

)

=



Op

(
mn
n

)
if 2− 2ζ < −1,

Op

(
mn logmn

n

)
if 2− 2ζ = −1,

Op

(
m4−2ζ
n

n

)
if 2− 2ζ > −1.

Since ζ > ν/2 + 1 and ν > 1, we conclude that

mn

mn∑
j=1

β2
j

∥∥∥φ̂j − φj∥∥∥2 = Op(mn/n) = op
{
n−(2ζ−1)/(ν+2ζ)

}
. (S2.11)

By conditions (C4) and (C5), we get

∞∑
j=mn+1

β2
j ≤ C

∞∑
j=mn+1

j−2ζ = O
{
m−(2ζ−1)n

}
= O

{
n−(2ζ−1)/(ν+2ζ)

}
. (S2.12)

Combining (S2.10)–(S2.12), we complete the proof of Theorem 1.
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S3 Proof of Theorem 2

Recall that vi ∈ {τ : QY (τ |Xi) = Yi}, QY (vi|Xi) = Yi, vi ∼ Uniform(0,1),

and êi = Yi − 〈Xi, β̂0〉 = QY (vi|Xi) − 〈Xi, β̂0〉, for i = 1, . . . , n. Hence,

the ordering of {ê1, . . . , ên} is not necessarily the same as the ordering of

{v1, . . . , vn} . The main task of this proof is to illustrate that the kn + 1

largest êi’s correspond to the kn + 1 largest vi’s. To this end, we first

show that with probability tending to one, ê(n−j) for j = 0, 1, . . . , kn can be

decomposed as follows:

ê(n−j) = α(vi(j)) + 〈Xi(j), β0 − β̂0〉, (S3.13)

where i(j) is the index function such that ê(n−j) = êi(j) for j = 0, 1, . . . , n−1.

It can be seen from (2.2), in order to get (S3.13), we only need to prove that

with probability tending to one, vi(j) > τ0 jointly for all j = 0, 1, . . . , kn.

Let v(1) ≤ · · · ≤ v(n) be the order statistics of {v1, . . . , vn}. Define ĩ(j) by

ṽi(j) = v(n−j) for j = 0, 1, . . . , n− 1. Then

P
(
∪knj=0

{
vi(j) < τ0

})
= P

(
∪knj=0

{
Yi(j) < QY

(
τ0|Xi(j)

)})
= P

(
min

0≤j≤kn

(
Yi(j) − α(τ0)− 〈Xi(j), β0〉

)
< 0

)
= P

(
min

0≤j≤kn

(
Yi(j) − 〈Xi(j), β̂0〉 − 〈Xi(j), β0 − β̂0〉 − α(τ0)

)
< 0

)
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≤ P
(

min
0≤j≤kn

ê(n−j) − max
1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣− |α(τ0)| < 0

)
= P

(
ê(n−kn) < max

1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣+ |α(τ0)|

)
= 1− P

(
ê(n−kn) ≥ max

1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣+ |α(τ0)|

)
≤ 1− P

(
kn⋂
j=0

{
êĩ(j) ≥ max

1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣+ |α(τ0)|

})

= 1− P

(
kn⋂
j=0

{
α
(
v(n−j)

)
+ 〈Xĩ(j), β0 − β̂0〉 ≥ max

1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣+ |α(τ0)|

})

≤ 1− P
(
α
(
v(n−kn)

)
≥ 2 max

1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣+ |α(τ0)|

)
,

where following (2.2) and P
(
v(n−kn) > τ0

)
→ 1 as n → ∞, we get the last

equality holds with probability tending to one. By Theorem 1, Lemma 1

and conditions (C1) and (C4), we have

max
1≤i≤n

∣∣∣〈Xi, β0 − β̂0〉
∣∣∣ = Op

(
n1/4− 2ζ−1

2(ν+2ζ)

)
= Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
= op(1).

(S3.14)

It is easy to show limn→∞ P
(
α
(
v(n−kn)

)
> C

)
= 1 for arbitrary large posi-

tive constant C and α(τ0) = O(1). Thus,

lim
n→∞

P
(
∪knj=0

{
vi(j) < τ0

})
= 0,

and (S3.13) is proved. Next, we show that

lim
n→∞

P
(
∩knj=0

{
ê(n−j) = α

(
v(n−j)

)
+ 〈Xi(j), β0 − β̂0〉

})
= 1. (S3.15)
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To this aim, we know from (S3.13) that it is sufficient to prove

max
1≤i 6=j≤n

∣∣∣〈Xi −Xj, β0 − β̂0〉
∣∣∣ = op

(
min

1≤j≤kn

(
α
(
v(n−j+1)

)
− α

(
v(n−j)

)))
.

(S3.16)

We now prove that (S3.16) holds under the conditions outlined in the paper.

Under condition Cn :=

√
kγ+1
n (kn + 1)n−γ−

2ζ−2−ν
4(ν+2ζ) → 0 as n → ∞, for ∀

ε > 0, we have

P

(
n−

2ζ−2−ν
4(ν+2ζ)

(n/kn)γ 2E1

kn(1+kn)

> ε

)

= P
(
C2
n

2E1

> ε,E1 > Cn

)
+ P

(
C2
n

2E1

> ε,E1 ≤ Cn

)
≤ P

(
Cn
2
> ε,E1 > Cn

)
+ P (E1 ≤ Cn)→ 0

as n→∞, where E1 is a standard exponential random variable. Hence, we

have

max
1≤i 6=j≤n

∣∣∣〈Xi −Xj, β0 − β̂0〉
∣∣∣ = Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
= op

(
(n/kn)γ

E1

kn(1 + kn)

)
.

(S3.17)

In what follows, we prove

min
1≤j≤kn

(
α
(
v(n−j+1)

)
− α

(
v(n−j)

))
≥ C(n/kn)γ

(√
γ

2

(
1− 1

min1≤i≤kn zi

)
+

1

4
− 1

2

)
d
= (n/kn)γ

2E1

kn(1 + kn)
(C + op(1)) (S3.18)
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in probability, where zj =
1−v(n−j)

1−v(n−j+1)
> 1, for j = 1, . . . , kn, Ln

d
= Sn means

that Ln and Sn have the same distribution, and C denotes a generic fixed

positive constant, the value of which varies in different places. Following

(S3.17) and (S3.18), we conclude that (S3.16) holds.

It is easy to show that

min
1≤j≤kn

[
α
(
v(n−j+1)

)
− α

(
v(n−j)

)]
= min

1≤j≤kn

[
α
(
v(n−j+1)

)
α
(
v(n−j)

) − 1

]
α
(
v(n−j)

)
≥ α

(
v(n−kn)

)
min

1≤j≤kn

[
α
(
v(n−j+1)

)
α
(
v(n−j)

) − 1

]
.

Let U(t) := HY (t|x = 0) = inf{y : FY (y|x = 0) ≥ 1 − 1/t} for t > 1 and

tj = 1
1−v(n−j)

, for j = 1, . . . , kn. Then

α
(
v(n−j+1)

)
α
(
v(n−j)

) =
α
(

1− 1
tjzj

)
α
(

1− 1
tj

) =
U(tjzj)

U(tj)
.

It is easy to show that

log (U(tjzj))− log (U(tj)) ≥
U(tjzj)− U(tj)

U(tjzj)
.

Therefore, we have

U(tjzj)

U(tj)
≥ exp

(
U(tjzj)− U(tj)

U(tjzj)

)
= exp

(
(tjzj − tj)U ′(πj)

U(tjzj)

)
= exp

(
U ′ (πj) πj
U(πj)

· U (πj)

U (tjzj)
· (zj − 1) tj

πj

)
,
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where U ′(·) is the first derivative of U(·), tj < πj < tjzj, for j = 1, . . . , kn,

and t1 > t2 > · · · > tkn →∞ as n→∞. By condition (C7) (limt→∞
tU ′(t)
U(t)

=

γ), we know that
U ′(πj)πj
U(πj)

≥ γ
2

when n is sufficiently large, for j = 1, . . . , kn.

Hence, we have

U(tjzj)

U(tj)
≥ exp

(
γ

2
· U (tj)

U(tjzj)
· (zj − 1) tj

tjzj

)
= exp

(
γ

2
· U (tj)

U(tjzj)
· zj − 1

zj

)
.

Let
U(tjzj)

U(tj)
= ∆j, for j = 1, . . . , kn. Then

∆j log ∆j ≥
γ

2

(
1− 1

zj

)
≥ γ

2

(
1− 1

min1≤i≤kn zi

)
,

uniformly in j ∈ {1, . . . , kn}. For x ≥ 1, we have logx ≤ x− 1. Therefore,

∆j(∆j − 1) ≥ ∆jlog∆j ≥
γ

2

(
1− 1

min1≤i≤kn zi

)
,

and we have

∆j ≥

√
γ

2

(
1− 1

min1≤i≤kn zi

)
+

1

4
+

1

2
.

Observe that log zj = log 1
1−v(n−j+1)

− log 1
1−v(n−j)

d
= E(n−j+1)−E(n−j), where

E(1) ≤ · · · ≤ E(n) are the order statistics of E1, . . . , En, and E1, . . . , En are

i.i.d. standard exponential random variables. Thus, by Rényi’s representa-

tion (Rényi, 1953), we have

zj
d
= exp

(
Ej
j

)
, for 1 ≤ j ≤ kn.
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Thus, we get

min
1≤j≤kn

[
α
(
v(n−j+1)

)
α
(
v(n−j)

) − 1

]
= min

1≤j≤kn
(∆j − 1)

≥

√
γ

2

(
1− 1

min1≤i≤kn zi

)
+

1

4
− 1

2

d
=

√√√√γ

2

(
1− 1

exp
(
min1≤i≤kn

Ei
i

))+
1

4
− 1

2

d
=

√√√√√γ

2

1− 1

exp
(

2E1

kn(1+kn)

)
+

1

4
− 1

2

d
=
γ

2

(
1− exp

(
− 2E1

kn(1 + kn)

))
(1 + op(1))

d
=

2E1

kn(1 + kn)
(C0 + op(1)) , (S3.19)

where C0 = γ
2
> 0. By Corollary 1.2.10 in de Haan and Ferreira (2006), we

have

HY

(
n
kn
· knn

2
|x = 0

)
HY

(
n
kn
|x = 0

) ·
(

n

2kn

)γ

=
HY (2|x = 0)

HY

(
1

1−(1−kn/n) |x = 0
) · ( n

2kn

)γ
=
HY (2|x = 0)

α(1− kn/n)
·
(

n

2kn

)γ
→ 1

as n→∞, where HY (2|x = 0) = inf{y : FY (y|x = 0) ≥ 1− 1/2} is the 1
2
th

quantile of FY (·|x = 0), which is a constant. Hence, we have

α (1− kn/n) / (C (n/kn)γ)→ 1 as n→∞.

From the proof of Theorem 1 in Wang et al. (2012), we have v(n−kn)/(1 −

kn/n)→ 1 in probability and α
(
v(n−kn)

)
= α(1− kn/n) {1 + op(1)} . Thus,
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we get

α
(
v(n−kn)

)
/ (C(n/kn)γ)→ 1 (S3.20)

in probability. Combining (S3.19) and (S3.20), we obtain that (S3.18) holds.

Therefore, from (S3.14) and (S3.15), we can rewrite (2.3) as

γ̂ =
1

kn

kn∑
j=1

log
α
(
v(n−j+1)

)
+Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
α
(
v(n−kn)

)
+Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
= γ̃ + %n,

where γ̃ = 1
kn

∑kn
j=1 log

α(v(n−j+1))
α(v(n−kn))

is the well-known Hill estimator, and

%n =
1

kn

kn∑
j=1

log

1 +
Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
α
(
v(n−j+1)

)
− log

1 +
Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
α
(
v(n−kn)

)

 .

Following Theorem 3.2.5 in de Haan and Ferreira (2006), under the

second-order condition (3.3), we can show that there exist a sequence of

Brownian motions {Bn(t) : t ≥ 0} and a suitable function A0(·), where

limt→∞A0(t)/A(t) = 1, such that

√
kn (γ̃ − γ) =

√
knA0(n/kn)

1− δ
+ γ

∫ 1

0

{
t−1Bn(t)−Bn(1)

}
dt+ op(1)

=: Γn + op(1),

where Γn = η
1−δ + γ

∫ 1

0
{t−1Bn(t)−Bn(1)} dt is normally distributed with

E(Γn) = η
1−δ and Var(Γn) = γ2. By Taylor expansion and kγ+2

n n−γ−
2ζ−2−ν
4(ν+2ζ) →
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0 as n→∞,

%n = Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
/α
(
v(n−kn)

)
= Op

(
n−

2ζ−2−ν
4(ν+2ζ) (n/kn)−γ

)
= op

(
k−1/2n

)
.

Hence,

√
kn (γ̂ − γ) =

√
kn (γ̃ − γ) + op(1)

d→N

(
η

1− δ
, γ2
)
,

and complete the proof of Theorem 2.

S4 Proof of Theorem 3

Following Theorem 2.4.2 in de Haan and Ferreira (2006) and Theorem 2.1

in Drees (1998), we have

α
(
v(n−kn)

)
= HY (n/kn|X = 0)

[
1 +

f0 (n/kn)

HY (n/kn|X = 0)

{
k−1/2n Bn(1) + op

(
k−1/2n

)}]
,

where the definition of f0(·) can be found in de Haan and Ferreira (2006) and

0 < limt→∞f0(t)/HY (t|X = 0) =: C0 < ∞. From n−
2ζ−2−ν
4(ν+2ζ) (n/kn)−γk

1/2
n →

0 and (2.4), we have

ê(n−kn)

= α
(
v(n−kn)

)
+Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
= HY (n/kn|X = 0)

{
1 + C0k

−1/2
n Bn(1) + op

(
k−1/2n

)}
+Op

(
n−

2ζ−2−ν
4(ν+2ζ)

)
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= HY (n/kn|X = 0)
{

1 + C0k
−1/2
n Bn(1) + op

(
k−1/2n

)}
. (S4.1)

Recall that γ̂ = γ+k
−1/2
n {Γn+op(1)} =: γ+k

−1/2
n Γ̃n, where Γ̃n = Γn+op(1).

By | log(nqn)| = o
(√

kn
)
, we have k

−1/2
n |log{kn/(nqn)}| = o(1). Thus, by

Taylor expansion, we obtain(
kn
nqn

)γ̂
= exp [γ̂ log{kn/(nqn)}]

= exp
[
γ log{kn/(nqn)}+ k−1/2n log{kn/(nqn)}Γ̃n

]
=

(
kn
nqn

)γ [
1 + k−1/2n log{kn/(nqn)}Γ̃n + op

(
k−1/2n log{kn/(nqn)}

)]
.

(S4.2)

From the second-order condition (3.3), we have

HY (1/qn|X = 0)

= HY (n/kn|X = 0)

(
kn
nqn

)γ[
1 + A(n/kn)

{kn/(nqn)}δ − 1

δ
+ o{A(n/kn)}

]
.

(S4.3)

By
√
knA(n/kn) → η ∈ R, nqn = o(kn), δ < 0 and k

−1/2
n |log{kn/(nqn)}| =

o(1), we get

1 + k
−1/2
n log{kn/(nqn)}Γ̃n + op

(
k
−1/2
n log{kn/(nqn)}

)
1 + A(n/kn) [{kn/(nqn)}δ − 1] δ−1 + o{A(n/kn)}

= 1+op(1). (S4.4)

Hence, by (S4.1)–(S4.4),

α̂ (τn)

α (τn)
=

(
kn
nqn

)γ̂ ê(n−kn)
HY (1/qn|X = 0)
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=

(
kn
nqn

)γ̂−γ ê(n−kn)
HY (n/kn|X = 0) (1 + A(n/kn) [{kn/(nqn)}δ − 1] δ−1 + o{A(n/kn)})

=
1 + k

−1/2
n log{kn/(nqn)}Γ̃n + op

(
k
−1/2
n log{kn/(nqn)}

)
1 + A(n/kn) [{kn/(nqn)}δ − 1] δ−1 + o{A(n/kn)}

·
ê(n−kn)

HY (n/kn|X = 0)

= 1 + k−1/2n log{kn/(nqn)}Γ̃n + op
(
k−1/2n log{kn/(nqn)}

)
+
[
o{A(n/kn)}

− A(n/kn)
{kn/(nqn)}δ − 1

δ
+ C0k

−1/2
n Bn(1) + op

(
k−1/2n

) ]
{1 + op(1)}.

Therefore,
√
kn

log{kn/(nqn)}

{
α̂(τn)

α(τn)
− 1

}
= Γn + op(1), (S4.5)

and complete the proof of Theorem 3.

S5 Proof of Theorem 4

Let cn =
√
kn/ log{kn/(nqn)}. Following (S4.5), we have

Q̂Y (τn|X) = α̂(τn) + 〈X, β̂0〉

= α(τn) +
α(τn)

cn
{Γn + op(1)}+ 〈X, β0〉+

(
〈X, β̂0〉 − 〈X, β0〉

)
= QY (τn|X) +

α(τn)

cn
{Γn + op(1)}+Op

{
n−

2ζ−2−ν
4(ν+2ζ)

}
.

By α(τn) = HY (1/qn|X = 0) ≈ Cq−γn , where an ≈ bn(bn 6= 0) means that

an/bn → 1 when n→∞, and cnq
γ
nn
− 2ζ−2−ν

4(ν+2ζ) → 0, we obtain

cn
α (τn)

{
Q̂Y (τn|X)−QY (τn|X)

}
= Γn + op(1),
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From α(τn) = HY (1/qn|X = 0) ≈ Cq−γn , ||X|| = Op (1) and qγn → 0, we

have

QY (τn|X)

α(τn)
=
α(τn) + 〈X, β0〉

α(τn)
= 1 +Op (qγn) = 1 + op(1),

and complete the proof of Theorem 4.
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