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We begin by defining notations to be used in the proofs. Let & = (1,&a,.. .,&mn)T, a =

~ —~ T ~
(1>§i17 oo 7£'L'7nn) 9 9] = (a(Tj)7 517 R B'mn)T, AJ = (aja b17 ey b?an)T7 and Cz = Z;imn+1 /8]£LJ

Then the objective function in (2.1]) can be rewritten as

1 n
>SS o (fiT@j—gAj+Ci+€iq), (1)
j=11i=1
where 5”)‘ = Yl — (Tj) — <Xi,50>. Let

wi=(a-&) (087) +a )

.
A =diag (1, A1, ..., Am,), 0 = (nl/Q(al —a(n)),n?(az — a(m)),...,n*(a; — 04(77))7UT) ,

~ —~ T
&G=n"'PNTVPE, 0, = (n1/2 (aj — Oé(Tj))yUT) , where 8= (B1,...,Bm,) ",

diag (1, A\1,. .., A, ) = ’

A My
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U= (u1,...,Um,)" = nl/QA}/Q(b —B),b=(b1,...,bm,) ", and A; = diag (\1,..., Am,,) . Let
l n
—
Sn(@) = Z Z {pT] (W-L + EiTj — 51 93) — pT]. (Wl + Ei-,—].)} . (3)
j=1i=1
It’s easy to see that minimizing with respect to A; is equivalent to minimizing over 0. Let
T 172
¢T(u) =T 1(u < 0), Q= {X1, .. ‘,Xn}, Smj = Pr; (Wz + 81'7—j — 51 iz GJ) — P (Wz +5irj)7
Thnij = E(Sni;|Q), Rnij = Snij —Tnsj +m71/2§zT9j1/Jrj (gir; )5 Snj = 22—y Snijs Tng = 271 Tigs
Ry =31 Ruij, Sn=35_; Snj, Tn =35 Tnj, and R, = 3, Rn;. Then

l n

Su (mi/20) =T = mi/* > & 0506r, (eiry) + R

=1 i=1

S1 Lemmas

Lemma 1. Let Zy,...,Z, be arbitrary scalar random wvariables such that

max E (|Zi|*) < oo for some Ly > 1. Then, we have

E (max |Zz|) < nl/Lo max {E (|Zl‘|LO)}1/LO .

1<i<n 1<i<n
Proof of Lemma 1. This inequality follows from the observation that

1/Lo
E (max |Zz|> < {IE (max |Zi|L°>}
1<i<n 1<i<n

1/Lo

SOPACALD < '™ max {E (|Z;]%)} /"
i=1

1<i<n

Lemma 2. Under conditions (C1)-(C3) and (C5), we have

max
1<i<n

(&a)™.

&

= op {mz(0gm) ™},

&i

where

2
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Proof of Lemma 2. It is easy to show
2 9 In - 2 ) 1
2§ﬁjzl>\j {(gij_gij) +f¢j}+ﬁ

2 = . _ 2 2, 1
<IXIEY_ A YN+
j=1 j=1

&

6; — b

2

6; — b

By (5.21) and (5.22) in Hall and Horowitz (2007), we have ‘

O,(5%/n), uniformly in j € {1,...,m,}. Combining E (||X||*) < oo and

mn 1|2
Jj=1 >\j

2 _ 1/2 2
Lemma 1, we have max ||X:]|? = O, (n'/?). Hence, max 211X:(17>2
Op (n=12) 327 72 /A < O, (miF¥n~1/%). By assumption (C2) and Lemma
, we have max > 2X\1¢% = O, (mun?/?). Since v > 1 and ¢ > v/2+1,

there exists a small constant ¢ > 0 (depending on v and () such that

2
. 2 Mn fl
max 2[[XG][* 2257 A

b — b;

O, {n=¢(n/m,)}, and complete the proof of Lemma [2]

7j=1

Lemma 3. Under assumptions (C1)-(C5), we have

max |W;| = o,(1),

1<i<n

where W; are defined in .

2

Proof of Lemma 3. Following assumptions (C1), (C4) and ‘ éﬁ\j — ¢l =

O, (3%/n), uniformly in j € {1,...,m,}, we have

> (-85

Jj=1

max
1<i<n

¢j — &;

— —c mnp -1 _
=0, {n “(n/m,)} and 112?5722_ M6 =

2

<
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51=0 @MZfﬁ
j=1

< max

iz

p

O, (n™Y4m2=¢)  if 3/2< (<2,

=10, (n"Y*logm,) if (=2,

O, (n=1/) if ¢>2.

\

> <5z‘j - gu) B;

0p(1). Following conditions (C2)—(C5) and Lemma [I} we have

- = 4 1/2
E (fgagblgl) S]E( > |5J|1fga<x I&J) < Y onMt Bl A

Therefore, by condition (C5), we obtain maxi<;<,

j—mn+1 j_mn+1
< Cn1/4 Z I (¢+v/2) Cn1/4 Z / c+v/2)dx
j=mn+1 j=mn+1
S Cn1/4 Z /’J x*(c+v/2)d$ — Cn1/4/ x*(<+v/2)d‘r
Jj=mn+1 i-1 T
_ Cn1/4 1 m—(4+v/2) L 1/47’1,7(4:?7@“
(+v/2—-1"" (+v/2—-1
C 1

= - v+2¢ Z: 1
§+U/2_1n 0( )7

where v > 1 and ¢ > v/2 + 1. Thus, we have

Mn

Z (fij - gz]) Bi

7=1

max |W;| < max
1<i<n 1<i<n

+ max |G| = 0,(1).

Lemma 4. For k € {1,...,m,}, define the following expressions:

19(1) = Z Z fisﬁsAilﬂgh 19](€ Z (gzk £zk> /\/_ Z fzsﬁsa

i=1 s=mp+1 s=mntl

033 (66 e, o = 30305 (6 - 6) (6 ) IV

i=1 s=1 i=1 s=1
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Under conditions (C1)-(C5), we have
1991, = 05 {mam) . 97 = 0, (n'72).
|09, = 0, {man)**} . 02 = 0, (k72+1),
where o, and O, are uniform for k € {1,... my}.

Proof of Lemma 4. Please refer to the proof of Lemma 2 in Kong

et al.| (2016).

S2 Proof of Theorem 1

By simple calculation, we have

b

Shij + miﬂg 0, (cir;)

{lgﬂ' ‘ < ‘ml/Q’\TG - Wz

<2 ‘m}/Q?Q

Therefore,

R+ QZ > RWRW) ' H

=1 ku<k

s
( )}

1/2¢T 2
m] m] + my, 5 eij] (517'])}

I
&=

)

@
Il
—_

E IE[ smﬁml/?gTe]wﬁ (sm)}z‘QD

NE

ﬁ
Il
—
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> (@0) {1 (ke < )}

=1
-
m2er0, — W,

n

< 2m,E ml/2e0; —

. 97 1/2
<an [e{ (@)} | 2{a (lan) <
i=1

Following

)}

1o - SO e if k=,
" Z&'k&j = / ) K(s,t)pr(s)p;(t)dsdt =

= ' 0 if k#j
and (5.2) in |Hall and Horowitz (2007), we get

> (&)

i=1
n T
_ 0T (n=12 0T \' 4 g7 ~1/27-1/2 (§ >\
- Z J (TL ’Omn) + J 07 n 1 6117 B 7€zmn
i=1

— 6% + 6] diag (o,Xl Iy Do /Amn> 0;
— (16,12 + 6] diag (o, (X1 - >\1> Iy (an - Amn) /)\mn> 0,  (S2.1)

< N0ll5 + 10;138/ A,

T\ 2

where 0, is the first component of 0, 0,,, represents an m,,-dimensional
vector whose components are all zero, and A = { / . K K 2}1/2.
By (5.9) in Hall and Horowitz (2007) and conditions (C3)—(C5), we get
E (32//\727%) = 0(1). Therefore,

E {Z & @-)2} <2l {1+E (B2, ) = Cloly.  (s22)

i=1
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Suppose that L is a positive constant. For HQjH2 < ||0]|2 < L4, following

)}

Lemmas [2| and 3, and &, = O,(1), we have

my2E0; — W

E {1 (’52@" < max
1<i<n

=P (‘Em} < mmax my2er0; — w; ) =o(1). (52.3)
Combining (S2.2)) and (S2.3)), we obtain
E (Rnj)* = o0 (mn 165]3) - (52.4)

It is easy to show that

n

n 2 2
E {m;ﬁ Zgjej% (eir,) } =E[E {m;/2 3 & 0,0, (cir,) }

i=1 =1

O CCONESIT)
< myE {Zn: (EZTGJ')Q} =0 (mnHeng) :

i=1

Q

(52.5)

Since E (32/)\371) = 0(1), we have

6] diag <0, (Xl - Al) s (an — )\mn) /)\mn) 0,

< 165138 /A, = 0, (1165113

Hence, by (S2.1)), we get

n

) <m711/zg;r9j>2

=1
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— i, [|65][2 + m,6] diag (0, (Xl - /\1> Iy (an - )\mn> /Amn> 0;

— 85131+ op(1)} (52.6)
It is easy to prove that
> m)PWiglo;
i=1
= (mn/n)% (9;19(3) + Z I B, + QJTﬁ(l) + Z 199%) :
s=1 s=1
Following Lemma [4| and condition (C5), we conclude that
(m/0)20] 9 = Op(my) 05ll,,  (mn/n)20] 9N = 0,(my,) 16511,
(my/n)? 219 op(m) (16511,
1/2
(mn/n)2 > 0Wu, =0, ¢ (ma/n) )2 <Z 3V+2) 1011,
= Oy {(ma/m)* m 721161, = 0y (ma) 1651
Thus,
> milPWiEl ;= 0, (m.) ]2 (52.7)
By the proof of Lemma 2 in [Yao et al| (2017) and condition (C6),
Loy = ZE {ij (M/l + Eiry — gjm}/%) ’Q} —E{py, (Wi +eir,) ’Q}
i=1

_ % zn: £, (01X)) { <m711/2gj9j) —om!PWETg, } {1+0,(1)}
=1
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Following condition (C6), (S2.6) and (52.7)), we get

Loy = a5 B{L+ 0,(1)} + Oy () 16 (52.8)

Combining (52.4)), (S2.5) and (52.8]), for sufficiently large L;, we have

||9|i|nfL Sh, (m}/29) > coLimu {1+ 0,(1)},

where ¢ is a positive constant. This implies that

1 n
P( inf {T. (WZ-+52-T.— 1/2“79)— (Wi + e, } S0 =1
(1, [zz o (W 60y — V2T = pr, (Wi 4 1)

as n — oo. Hence, IP(H@H < lei/2> — 1 as n — o0, where 0 is the
2

minimizer of . Hence,

0| H =0, (m}/ 2> . Therefore, we have
2

H”I/ZA}/Q (5 - 5) H2 =0, (m,*), (52.9)

~ - o \T
where 5 = (ﬁl, o ,ﬁmn) . By some straightforward calculations, we get

2

Bo — Bo

zn: Bioi— Y i
j=1 j=1

2

mn My, 2 o0 2
<2 ZBJ&E] _Zﬁj@' +2 Z Bid;

=1 =1 j=mn+1

Mn 2 Mn, 2 00
<42 (Bi-8)a|| +4| 28 (5-0)|| +2 X 8

j=1 j=1 j=matl
<4y (Bj —Bj)2+4ngBf b — o +2 > 5

j=1 j=1 j=mntl
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+22@2

J=mn+1

4(n)‘mn) — ¢;

gt (5= ) om 551
By (52.9), conditions (C3) and (C5), we obtain

(n)\mn)—l n1/2Ai/2 (3_ ﬁ) Hz <o, (n_lmffl) ~0, {n—(2g—1)/(u+2g)}‘

(S2.10)

Since

mn252

2
= O, (4*/n), uniformly in j € {1,...,m,}, we have

—ngJ %0, (n7'5%) (Zf 24)

kZ

(

O, (=) if 2—-2¢<—1,

O, (Znloamn) if 2 - 2¢ = —

4-2¢

k0p<mnn ) it 2-20> -1

Since ¢ > v/2+ 1 and v > 1, we conclude that

m S 23
j=1

By conditions (C4) and (C5), we get

(M /n) = o), {n~ D201 (S2.11)

Z @2 <C Z X =0 {m;(%*l)} -0 {n7(2g‘71)/(u+2§)} . (S2.12)

j:mn+1 j:mn+1

Combining (S2.10)—(S2.12)), we complete the proof of Theorem
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S3 Proof of Theorem 2

Recall that v; € {7 : Qy(7|X;) = Yi}, Qv (v;|X;) = Y;, v; ~ Uniform(0,1),
and & = Y; — (X;, Bo) = Qy(v:|Xi) — (Xi,Bo), for i = 1,...,n. Hence,
the ordering of {ej,...,€,} is not necessarily the same as the ordering of
{v1,...,v,}. The main task of this proof is to illustrate that the k, + 1
largest €;’s correspond to the k, + 1 largest v;’s. To this end, we first
show that with probability tending to one, e(,_;, for j = 0,1,..., k, can be

decomposed as follows:

n—j) = (vig) + (Xig), Bo — Bo), (S3.13)
where i(j) is the index function such that e(,_;) = €;;) for j =0,1,...,n—1.

It can be seen from ([2.2)), in order to get (S3.13)), we only need to prove that
with probability tending to one, v;;) > 7o jointly for all j = 0,1,...,k,.

Let vqy < -+ < v, be the order statistics of {vi,...,v,}. Define i(j) by

Vi(j) = Vln—j) for j=0,1,...,n— 1. Then

P (U, {vigy < 70})

P (Uflo {Yij) < Qy (10| Xij)) })

0<j<kn

=P ( min (Y — a(r0) — (Xig), o)) < 0)

P ( min <Y;-(j) — <X¢(j), B\o> - <Xi(j)7 50 - B\O> - 05(7-0)> < 0)

0<j<kn
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<P (Ogjngin Cn—j) — rnaof1 ‘(Xi,ﬁo — 50)‘ — |a(m)| < 0)

1<i<

=P (A( kn) < I0AX ‘(Xi,ﬁo — Bo)| + |04(70)\)

—P <€(n En) > maX ‘<X17B0 - B\O>’ + |O‘(7-0)|)

gl_P(jﬁO{

<1-—-P (a (v(n_kn)) > 2 max

1<i<n

1<i<n

i(j) = max ‘(Xm@o - Bo)‘ + |04(7'0)|}>
a (vin—y) + (X, Bo — Bo) > max ’(Xi, Bo — Bo>‘ + |04(7'0)|})

(%00 = Bl +latral).

where following (2.2) and P (v(,—,) > 7o) — 1 as n — oo, we get the last
equality holds with probability tending to one. By Theorem [I] Lemma

and conditions (C1) and (C4), we have

max [(Xi, By — Bo)| = O, (n!/*7050 ) = O, (0357 ) = 0, (1).

1<i<n

(S3.14)
It is easy to show lim, ,, P (a (v(n_kn)) > C’) = 1 for arbitrary large posi-

tive constant C' and a(m9) = O(1). Thus,
lim IP’( {vl < TO}) =0,
and ([S3.13)) is proved. Next, we show that

lim P (2 {2y = o (vpp) + (X, o — Bo) }) = 1. (83.15)

n—o0
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To this aim, we know from ([S3.13|) that it is sufficient to prove

max
1<i#j<n

1<j<kn

(X; — X, B0 — 50>‘ =0, ( min (o (vp-j41)) — @ (U(n—j>))) :
(S3.16)

We now prove that ((S3.16]) holds under the conditions outlined in the paper.

o 2—2—w
Under condition C,, := \/k%“(k:n +1)n 771020 — 0 as n — oo, for V

e > 0, we have

_257271;
n 4(v+2¢
P > €
(W k) R )

2 2
:]P)(Cn >€,E1>Cn)+P<Cn >€,E1§Cn)

2E1 2E1

SP(%>6,E1>CH) +P(E1§Cn)%0

as n — oo, where F; is a standard exponential random variable. Hence, we

have
max (X — X, —M —0 (n—ﬁ) — o, ((n/kn) —21
1<igj<n |0 P00 P P " k(1 +kn) )
(S3.17)
In what follows, we prove
nin (o (vn-jin) = @ (vn-5))
v 1 11
> gl A - _Z
> C(n/hn) <\/ 2( e z) ‘1 2)
2F
< (n/ky) L (C+0,(1)) (S3.18)

kn(1+ k)
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1—V(n—j)

: d
T—0(n_j41) >1,for y=1,...,k,, L, = S, means

in probability, where z; =
that L, and S, have the same distribution, and C' denotes a generic fixed
positive constant, the value of which varies in different places. Following

(S3.17) and (S3.18]), we conclude that (S3.16)) holds.

It is easy to show that

min [a (v(n,ﬁl)) -« (v(n,j))} = min [M — 1] e} (’U(nfj))

1<j<kn e (U(nﬁ))
. «Q (U(n—j+1))
2 a (Vn-t,))  min [m B 1] |

Let U(t) := Hy(tlx = 0) = inf{ly : Fy(y|lr =0) > 1—1/t} for t > 1 and

tj=—"— forj=1,...,k, Then

1=v(n—j)

@ (Vo—jn) _ @ (1 - ﬁ) _ Ulz)
a(m-p) o (1 - t;) U(t;)

J

It is easy to show that

log (U(t;z;)) —log (U(t;)) >

Therefore, we have
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where U’(+) is the first derivative of U(-), t; < m; < t;z;, for j =1,... ky,

and t; >ty > -+ >, — 00 asn — 0o0. By condition (C7) (limtﬁoo—tg/(g) =

U (mj)m;
U(my)

7v), we know that > 3 when n is sufficiently large, for j = 1,..., k,.

Hence, we have

Ult;25) v Uty) (-1t
U(t;) = oxp (5 Ultyz) iz )

, 1
— exp 7 U (t;) ) ‘
2 Ultjz) %
Let Uliz) _ A, for j=1,...,k,. Then

U(t;)
1 1
2 2; 2 ming <<, 2

uniformly in j € {1,...,k,}. For z > 1, we have logx < 2 — 1. Therefore,

min1 <i<kn i

and we have

~y 1 1 1
Aot —— )y g2
7= \/2 ( minlggkn Zz) + 4 + 2

Observe that log z; = log # —log — < Eqm—j+1) — Eq—j), where

n—j+1) 1=v(n—y)

Eqy < --- < By, are the order statistics of Ey,..., E,, and Fy, ..., E, are
i.i.d. standard exponential random variables. Thus, by Rényi’s representa-

tion (Rényi, [1953), we have

E.
zjgexp(—?), for 1 <j <k,
J
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Thus, we get

min [w — 1] = min (A; —1)

1<i<kn | o (Vinj)) 1<j<kn

1
2 (1 )
2 mlnlgigkn Zi

v 1 1 1
21 -
\ 2 ( exp (minlgigkn %)) - 4 2

N

IES

d ¥ 1 1 1
= - 11— + - — =
2 1 4 2

\ €xp (kn(Qchn)>
47 (4 2B
=3 (1 exp ( e kn))) (1+0,(1))
d 2E,
= 1 Nl

where Cy = 3 > 0. By Corollary 1.2.10 in |de Haan and Ferreiral (2006), we

__ Hy (k=0 .(1)7_HY<2|93=0>.<&>E1
Hy (mll’ = 0) a(l = kn/n)

as n — 0o, where Hy (2|lz = 0) = inf{y : Fy(ylx = 0) > 1—1/2} is the 3th

quantile of Fy (-]x = 0), which is a constant. Hence, we have

a(l—=ky,/n)/(C(n/k,)") = 1asn— .

From the proof of Theorem 1 in Wang et al. (2012), we have v,—g,)/(1 —

kn/n) — 1 in probability and a (v(—t,)) = (1 — k,/n) {1+ 0,(1)} . Thus,
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we get
(S3.20)

@ (Vn-r) / (C(n/kn)") = 1

in probability. Combining (S3.19) and (S3.20)), we obtain that (S3.18]) holds

Therefore, from (S3.14]) and (S3.15)), we can rewrite (2.3) as

_2¢—2—v
R @ (Vn-ji1)) + Op (n ‘“”*24))
Y= k'_ Z 10g —2(—2—v
niE A (Vek) +O0p (n 4(””0>
=7+ On,
where 7 = - > log M is the well-known Hill estimator, and
A\ V(n—kn)
_2¢—2—v _2¢—2—v
s 0, (w i) 0, (n 55
On = 7~ log ¢ 1+ —log < 1+
2 o (Vin—j+1)) o (Vin-y))

Following Theorem 3.2.5 in de Haan and Ferreiray (2006), under the

second-order condition (3.3), we can show that there exist a sequence of

Brownian motions {B,(t) : t > 0} and a suitable function Ay(-), where

limy o Ag(t)/A(t) = 1, such that

o (5= ) = \/_AO ”/’“ /{t 1B, (t) — Ba(1)} dt + 0,(1)
=: I’ + 0,(1),

= L+ vfol {t7'B,(t) — B,(1)} dt is normally distributed with

where I',,
and Var(T',,) = v%. By Taylor expansion and k) *?

22—
n T~ 2w+20) N

ET,) = %5
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0 as n — oo,

20(—2—v 2(—2—v

00 = 0 (555 ) fa (vus)) = Op (m™ 5555 (n/h) ) = 0, (k%)

Hence,

VG =2 = VB G =) + o) 4N (1 15.02),

and complete the proof of Theorem 2|

S4 Proof of Theorem 3

Following Theorem 2.4.2 in de Haan and Ferreiral (2006) and Theorem 2.1

in Drees (1998)), we have

Q (U(N—kn))

B B fo(n/ky) 1/2 1/2
= Hy (n/kalX = 0) |1+ e gy U B0 + 0 (1)}

where the definition of fy(+) can be found in/de Haan and Ferreira) (2006) and
0 < limye fo(t)/ Hy (HX = 0) = Cy < 0o. From n™ 5% (n/k,) k> —

0 and ({2.4)), we have

€(n—kn)

(—2—v

:a( Vi kn)_|_0 <n 4<u+2<))

(—2—v

= Hy(n/k?np( = 0) {1 + Cok‘gl/QBn(D + Op ( 1/2)} + O (n 4(y+2¢)>
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= Hy(n/k,|X = 0) {1+ Cok,**B,(1) + 0, (k;*/*)} . (S4.1)

Recall that ¥ = 7+k§1/2{f‘n+op(1) —: y+kn/’T,,, where [, = Iy 4o0,(1).
By |log(ng,)| = o (vk»), we have ke [log{kn/(ng,)} = o(1). Thus, by
Taylor expansion, we obtain

(k_) — exp [Flog{kn/(nan)}]

ngn

= exp [’7 log{kn/(ngn)} + k;1/2 log{kn/(nqn)}fn}

_ (2)7 [1 + kY2 1og k) (ng,) 3T + 0, (k2 log{k,/ (nqn)})] :

ngn

(S4.2)

From the second-order condition (3.3]), we have

Hy (1/qa| X =0)

= Hy(n/kn|X = 0) (:7“)7 {1 NTEYL ) LOACUY) S TR |

" 5
(S4.3)

By VEknA(n/ky) = n € R, ng, = o(ky,), § < 0 and kn/? |log{kn/(ng,)}| =
o(1), we get

Ltk log (ka/ (ng.)) T + 0, (ke ' 0g ks (ng.)})
T4 Al /k) [{ka/(ng)} = 11577+ o{A(n/k,))

HGHCG, by "‘ 3

= 1+0,(1). (S4.4)

igﬁ B <:q) el =0)
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B kn 7=y /e\(nfk:n)
- (nq) Hy (n/ka| X = 0) (1 + A(n/kn) [{kn/ (1)} = 11071 + 0o A(n/kn)})
1 b 10g{kn/ (ng0) YT + 0 (o' 0g (ki / (nga)} ) ko)

U+ A(n/kn) [{kn/ (ngn)} = 16+ ofA(n/ka)} — Hy(n/ka]X =0)

= 1k, Dog i/ (1)} + 0y (1 logh/ (na)}) + [o{ Aln/ k)

_ A(n/kn) {kn/<7LQn)}5 -1 n Cok’;l/QBn(l) +o, (k‘_l/2>]{1 —l—Op(l)}.

5 n
Therefore,
Vkn a(ty,) B B .
log{k,/(ng.)} {a(Tn) 1} =T +0y(1), (S4.5)

and complete the proof of Theorem [3]

S5 Proof of Theorem 4

Let ¢, = Vkn/log{k,/(ng,)}. Following ([S4.5)), we have

~

Qy (1] X) = @(r,) + (X, Bo)

= a(m,) + o(7)

(L0 +0p(1)} + (X, o) + (X, Bo) = (X, o))

a(Tn)

n

n

- Qy(Tn‘X) +

{Tn + 0p(1)} + Op {357 }.
By a(r,) = Hy(1/q,|X = 0) = Cq;,”, where a, = b,(b, # 0) means that
an /b, — 1 when n — oo, and cnq;{n_ig;f;s — 0, we obtain

Cn

a(7,)

{Q IX) =@y (R0} =Tt 0,(1),
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From a(7,) = Hy(1/q,|X = 0) = Cq,”, ||X]|| = O, (1) and ¢} — 0, we

have

Qy (2| X) _ a(7,) + (X, Bo) =140, (q) =1+ 0,(1)
a(1y) () o o

and complete the proof of Theorem [4
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