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Supplementary Material

In this Supplement Material, we provide proofs for Theorem 1-3 and zero-independence

equivalence of equation (4.1) in the main context.

S.1. Proof of Theorem [

For notation clarity, we re-define s;(X(;)) o s(Ty; X(hg))s €i( X)) o
e(Ti; Xonyy) and (V) = 1(Y; > T;) — BE{1(Y; > T)) | T;}. Let Er be
the expectation taking over the subscript 17" given all other random vari-
ables.

We define A E[var{l(y >T)| X, T}} W E[Var{l(Y >T) | T}},

=)
Il

DYDY YD 1V 2 T) = 1Yy 2 1)} and

i=1 h=1 j<i

W (2= D) 0 05 > T~ 103 > T, where Y 3

i=1 j<l j<l 1<j<i<c



It follows that S(X,Y) = (W — A)/W and S(X,Y) = (W — A)/W. Thus,
n'2{8(X,Y) = S(X, )} = n"H(W-W)A—W(A - AN}/ (WW).

Here, Wis a two-sample U —statistic. By Theorem 12.6 of van der Vaart
(1998), W =W+ O,(n~/?). Thus, W converges to W in probability.
By Slutsky’s Lemma, it suffices to prove the asymptotic normality for
nV2{(W = W)A — W(A — A)}.

Following Theorem 1 of Zhu and Ng| (1995), we divide A into three

parts. Define

def

m

L= {n*(c-1)} 2}22{3 (h) = Si(X )},
L = {n*(c-1)}" 21;;{8 () = 5:(Xnp) Hei(X ) — (X np)} and
L < [n2(c—1)}" ;;;{a Xng) — (X))
We have A equals to

{n*(c—1)}" 12;; [{si(X0u) +ei(Xna)} = {s:(Xnn) +(Xna)}]
= {(w(c- D} ziz {si(Xwa) = 51X}

+2{si(Xng) = si(Xnp) } {&:(X (X))} + {e(Xong) — el X))

= L +2L+ 15,



It follows immediately that n'/2{A(W — W) — W(A — A)} = nV/2{A(W —
W) — W (I3 — A)} —n'2WI, — 2n'?WI,. We shall prove the first term is
asymptotically normal and the other two quantities converge in probability
to 0.

In what follows, we will prove the asymptotic normality for n'/ 2{A(W—

W) —W (I3 — A)} in three steps. We first decompose it as

n 2 {AW = W) — W(I; — A)}

= n PAW, = Wo = W) = W(I, — I — A)}. (S.1.1)

In the above display,

Wi = {0 = 1)} () + (D)),

i=1 j<l

W £ {n*(n =1} D) nl¥)u(Y;

i=1 j;él

L = {n’(c—1)}" 222{5 (n) + €7 (X(np)} and

i=1 h=1 j<l

I = 0=} D ) ) a(Xng)a(Xpn)-

i=1 h=1 j#l

The equation ([S can be further divided into three parts as follows,
nHANW, = W) = W(Ly — A} + 0 2PW 5 — n AW,

Step 1. We derive the asymptotic normality for nl/Q{A(Wl —W) =W (I;—



AW, — W =n? i i{w(yj) — We2(X;)}.

i=1 j=1

which is a two-sample U —statistic. Denote

G var| BIAWTWA(Y) — (X)) | (X5, 15)) ]

+var [E{AW’luf(Yj) — (X)) | T}} (S.1.2)

Apparently, E{AW12(Y;) — e2(X;)}* < co. By Theorem 12.6 of van der
Vaart| (1998), n!/2{A(W, — W) =W (I,—A)} =2 N'(0, W2(y), as n — oo. If
X and Y are independent, Av?(Y;) — We?(X;) = 0 and hence nl/z{A(Wl -
W) — W(I — A)} = 0.

Step 2. We prove the asymptotic normality for n*/?W 1. I equals to

(R e= DY D Y el Xwp)eX ) — Erdei(Xng)ei( X))

h=1 j#l i=1
Hnle— 1D} > Br{ed(Xpg)e(Xo)}
h=1 j#l
= {n(c= 1} Y Endei(Xpg)a (X))} + 0p(n™), (S.1.3)
h=1 j#l

where the last equality is established by Chebyshev’s inequality and the



fact that

c n

H
1)}712 gi(Xnj)ei(Xmy) — Er{ei(Xa)ed(Xny)})
=1 j#l i=1
n H c
= {n'(c-1%"" Z E (2lei(Xnp)ei(X ) — Br e Xonp)ei( Xna) H?)
=1 j#l

i=1
= O(n?).

The first equation of above display is because of the conditional un-correlation,

and the second is by the boundedness of £;(Xq,))-

Parallel to the arguments used in Hsing and Carroll| (1992, Theorem
2.3) and Zhu and Ngj (1995, Theorem 1), we can prove that, using Central
Limit Theorem, n'/2I; converges to normal distribution, given the fact that
Z]# Er{ei(Xm)ei(Xnp)} for h =1,..., H are conditional independent

crossing slice. The mean of the normal distribution is 0 and the asymptotic



variance can be calculated as follows.

nE |{n(c—1)}" ZZET {ei(Xng))ei(X o)}

hlj;él

= {n(c—1)2}~ 1ZZZZE Er{ei(Xng)ei Xnn) YErdei( Xap)ei(Xag)}

h=1 j#l d=1 p#q

H c
— C —1 2} 1 Z QETZ.{Si(X(h’j))gi(X(h,l))}Q]

h=1 ]
H
= 2{n(c—-1)*}"" ZZE [E{ei(Xnp)ei(Xma)er(Xna)en(Xnn) | T, T} ]
h=1 j#l
H c
= 2{n(c— 1"} E{V(T, Tis Xnj))V(T T X))} (S.1.4)
h=1 j#l

where the second equation is because the expectation does not equal to zero
only when (h,j) = (d,p), (h,1) = (d,q) or (h,j) = (d,q), (h,1) = (d, p).
We decompose E{V (T}, Ti; X(n,7))V (T3, Ti; Xnpy) } = EXV (T3, Ti; Xnj))* } —
E[V(I;,Tk;x(h,j)){V(Ti,Tk;X(h,l)) — V(E,TR;X(M))}], Thus, by Lemma
[], the above equality equals to
H c
2{n(c— 1} "D > E{V(T, T Xnp)*}
h=1 j 1
—2{n(c—1)*}" Z Z EWV(T, Ti; X AV (L Ti; Xnay) — V(T Tes X)) 3]
h=1 j#l
= 2(c— 1) E{V(T}, Ty; X)*} + o(1).
Therefore, n/2W I —% N(0,2(c — 1)"W2E{V (T, Ty; X)?}).

If X and Y are independent, the asympototic variance can be further



simplified.

nE |{n(c—1)}" ZZET{& (h.d) €z(X(hl))}]

h=1 j#l

= 2{n(c—1)*}" ZZE( Er{vi( hg)Vz(Y(hl))}])

h=1 j#l
— 20— 1)*1E([ETi{yi(m)yi(xg)}f). (S.1.5)
In particular, if Y is continuous, the above equation can be further simplified
to 2(c—1)"'E [F{min(Yl, Vo)l — F(V1) — F(Ya) + F(Y2)?/2 + F(Y)?/2 +

2
1/3} = {45(c — 1)}!, where F(-) is the distribution function of Y. Thus,

T 11 AN N(o, 2(c— 1) 'W2E [ETi{yi(Sﬁ)yi(Yz)}] 2) .

When Y is continuous, the asymptotic variance reduces to W?2/{45(c —1)}.

Step 3. We combine n'/2{A(W; — W) — W(I; — A)}, n'/2WI; and

n'/2AW, to derive the asymptotic normality for n1/2{A(/V[7 -W)—-W(Is—

A)}. In the previous steps, we show that n'/2{A(W, — W) — W (I, — A)}

and n'/?W I are asymptotically normal. Thus, their covariance can be

decomposed that n - cov(AWl — Wiy, I5) = nA - cov(Wl — W, I5) — nW -
cov(ly — A, I5). We have
nW - cov(ly — A, I)

n c

= W{n*(c—-1)}" Z > Eled X)X {ep(Xg)* — A} =0,
J#l

p=1 g=1 h=1



where the last equation is due to the conditional uncorrelation. We also

have

nA - COV(/VI?l - W, I5)
n H ¢

= AMPe=D} YD > Y E[{n(Y) = Whe(Xop)e( X)) = 0.
p=1 gq=1 h=1 j#I
Thus, n - COV(A/Wl — W14, I5) = 0. Note that

2

E|{n2(n -1} 303 n¥u(v)

i=1 j#l

= (' =1 0 S 2B (V) (Y (Y)n (YD)} = O, (n72).

i=1 r=1 j#l

This, together with Chebyshev’s inequality, gives that W, = Op(n™1).

Therefore, using Delta’s method, we have
n AW =W)—W (I;—A)} % N(o, w2 [Cl+2(c—1)‘1E{V(X, T, TZ)Q}D.

If X and Y are independent and Y is continuous, the asymptotic variance
reduces to {45(c — 1)} W2
Noting that s;(X ;) — 5i(X(ny)) = 0 for any h, j and [ under the case
that X and Y are independent, we have n'/28(X,Y) = nV/2{A(W — W) —
W (I3 — A)}/(/WW) Given the fact that W = 1/6 under independence, the
proof for Theorem 1| (i) is accomplished directly using Slutsky’s Lemma.
When X and Y are dependent, under condition combining Lem-

masand we have I} = o,(n~'/2) and I, = 0,(n"'/2). Thus, nl/z{g(X, Y)—



S(X,Y)} = n2{A(W=W)=W (Is—A)}/(WW)+0,(1), which converges to
normal distribution with mean 0 and variance [(;+2(c—1) ' E{V (X, T}, T3)*}]/W?Z.

O

S.2. Proof of Theorem [2

This proof follows almost the same path as that used to prove Theorem [}
We firstly prove Theorem [2 (i), the case that X and Y are independent. By
the same arguments of Theorem , we have I1 =0, I, =0, A/Wl Wi, =0
and W, = O,(n™1). As for I5, given ¢ = o(n), from , we can derive

that

H

(nc)1/2]5 = H—I/QZ (C_1>_1ZETi{5i<X(h,j))5i(X(h,l))} —|—Op(1).
h—1 Py

As H goes to infinity, applying the central limit theorem for triangular
arrays derived in Hsing and Carroll (1992, Theorem A.4) to I, (nc)'/?Is

converges to normal distribution with mean 0 an variance derived from

(5.1.5) as

lim E{(nc)"?I;}* = lim c{45(c — 1)}t = 457",
Cc— 00

c—00

The Lyapunov condition can be verified via direct calculation for the bound-

ness of item. Using Slutsky’s Lemma, we complete the proof for Theorem

(0)-



When X and Y are dependent, following the proof of Lemma |3[and 2| ,
under condition , it can be similarly prove that n'/2I; and n'/?I, both
equal to o,(cn~Y/2+max{rl/2+0}) - Under Condition [(C2*)} n'/21; and n'/2I,
are both o,(1).

We can also prove that n'/2l5 = 0,(1), given the following fact. As c
goes to infinity, from equation (S.1.4]), we can derive that the asymptotic

variance nE(I?) can be calculated as follows,

2{n(c = 1"} Y Y Elai(Xpg)ed Xonn)ew(Xng)ex(Xnp)} + O(n1/?)
h=1 j#l

< 2n(c—=1) > 1+ 0(n )
h=1 j#l
< 2/(c=1)+0(n ) —=o0.

Other terms are the same as in Theorem [1| we have
n1/2{A(/V[7 —-W) - W(K — AN} = nl/Q{A(/Wl —W)—-W(,—AN)}+ op(l),

which converges to normal distribution with mean 0 and variance W?2(,
which has been proved in Step 1 of Theorem [I} Using Slutsky’s Lemma,

we complete the proof of Theorem [2| (ii). 0O

S.3. Proof of zero-independence equivalence of ({4.1))

The proof of zero-independence equivalence in the multivariate case is in

spirit exactly the same as that in the univariate one expect for X replaced



with x. The proof in the univariate case was given in Lemma A.1, page 1

of the Supplement to |Chatterjee (2020). We omitted the details here.

S.4. Proof of Theorem [3|

Denote

A _2222{1 i) = To) = 1Yy = T)}?/ (nn = 1).
i=1 h=1 j<lI
With this notation, S(x,Y) = S(x,Y) = {(W—=W)A=W (A —A)}/ (WW).

Following similar arguments in the proof of Theorem , we divide A into

several parts that, in symbols, A= fl + 2f2 + E,, where

A n‘QZZZ np — 1) si(xn5) — (X))}

i=1 h=1 j<l

L “ n—QZZZ = 1) si(xen) — si(x) Hea(Xenp) — £i(xu)} and
i=1 h=1 j<l

IS 3 3 SR SRS
i=1 h=1 j<I

To deal with l:;,, we decompose it as two parts that Zo, = E — Zr,, where

n H np
I = 02 > {ei () + 6 (xpp)}/ (nn — 1) and

i=1 h=1 j<l

n H np
I = 02 3 ei(xug)ei(xp)/ (nn — 1).

i=1 h=1 j#l



Firstly, we consider the case when x and Y are independent. Under this
case, we have INI = INQ =0,
i = 073 3> vi(iny) and

i=1 h=1 j=1

np,
I = 272y 3y vV (Vo) (i — 1)

i=1 h=1 j<l

3
=

Thus, we have (nc,)2{(W — W)A = W(A = A)} = (nep)Y2{(Wy + Wa)A —
W (I,—1I5)}. Given the fact that the sum of ordered observations is equal to
that of the non-ordered, we have _E = /Wl. Wg = Op(nfl) has been shown

in the proof of Theorem [II We also have W = A under independence.

Thus, (ne,)Y2{(W — W)A — W(A — A)} = (ne,) 2 W1 + 0,(1). Define
_ H np
Iy =207 N " Er{vi(Yony)vi(Ya) H (nn — 1).
h=1 j<lI
Following (S.1.3)), we can further prove that
(nea)V2H{(W = W)A = W(A = A)} = (ne,) W5, + 0,(1).

If x and Y are independent, f571 and

20 N B {vi(Va)vi(Yan) Y/ (nn — 1)

h=1 j<li



follow exactly the same distribution. As H diverges to infinity, (nc, )"/ ZWZE,J

is asymptotically normal with mean 0 and variance of the form

lim E(CnnW2]N52’1)

n—oo
H np
_ : —1 2 2 ) AV - 2
= lim e, W ;;E[ETi{Vz(Yh,J)VZ(Yh,l)}]/(nh 1)
=117

- QWQE[E%_{W(K)W(YQ)}] = Wio?.

As a two-sample U-statistic, W converges in probability to W as n diverges
(van der Vaart, 1998, Theorem 12.6). The Slutsky’s Theorem yields that
(nca)/28(x,Y) is asymptotically normal with mean 0 and variance 2. In

2 = 4/5. The proof is completed under

particular, if Y is continuous, o
independence.

Next we prove the consistency of S(x,Y) when x and Y are not inde-
pendent. As we have already shown that w converges in probability to W,
we only prove A=A converges in probability to 0 in the following context.

Under Condition |(C3)H(C4), we know I; = o0,(1) and I, = 0,(1). Thus,

K—A:ﬂ—E—A—i—Op(l). We have

n H np n n
Li=n) YN Sxpy) =n2> > ellx)).
i=1 h=1 j=1 i=1 j=1

The above formula shows that E is a two sample U-statistics. From van der

Vaart| (1998, Theorem 12.6), I, converges in probability to E{e3(X;)} = A



Similarly as the deviation in (S.1.3]), we can prove that

I=n"> Y Er, {ai(xmy)exap) }/(mn — 1) + Op(n7).

h=1 j#l

To prove Iy = 0p(1), we derive that

pr [nl > Z | B, {ei(x)ei(xXmn) }| /(0 — 1) > ?7]

h=1 j#l
< E(pr {x; ?1] >

To control the probability inside the expectation, we use the concentration

nt Z Z ‘ETZ- {Ei(x(h,j))gi(x(h,l))}‘ [(np—1) >n

h=1 j#l

inequality for bounded difference function (Wainwright|, 2019, Corollary

2.21). Given {x;} ,, we denote

H

nh
g(Y1, ..., Yn) =t Z Er, {ei(Xmg)ei(xmp) } /(nn — 1),
h=1 j£l

If Y; is replaced by Y], the change of g(Y3,...,Y,) is bounded by nt

Therefore, we have

H nhp

pr|n* Z Z |Er, {ei(xng))ei(Xmp) H /(nn — 1) > 1

h=1 j#l

{Xi}?zll < 2exp(—nn’).

Thus, we have pr(|ls| > ) < 2exp(—nn?), which means that I5 = op(1).

This completes the proof. 0O

S.5. Technical Lemmas

Lemma 1 (Lemma A.1 of |[Hsing and Carroll (1992)). Suppose Z1,...,Z,

are an i.i.d. sample and r is a positive constant. Let Z(; be the i-th order



statistic. Then n™"(|Zm)|+]Zw)]) = 0,(1) if and only if 2"pr(|Z| > x) — 0

as r — 0OQ.

Lemma 2. Under Condition |(C1)} I, = o,(n~'/?).

Proof of Lemma [2} By definition,

= {n*(c-1}" ZZZ{S (i) — Si( X)) Hei(Xn) — ei(Xanp)}-

h=1 j<l i=1
We have
L] < VP30 Y X)X
i=1 h=1 j<lI
n c—1 n—m
< DI D D si(Xem) — si(X)]
i=1 m=1 j=1
n c¢c—1 m n-1
< IO DD sl Xpan) — si(Xp)
k=1 j=1

=1 m=1 k=

n n—1
< 2e/m”> ) s X)) — si(X()| (S.5.1)
i=1 j=1
By the boundedness of €;(X,;)), the first inequality follows. The second

is resulted from the additivity across different slices, the third follows from

the triangle inequality, and the fourth uses the fact that the summations

over m and k have c¢(¢ — 1)/2 terms.

In what follows, we shall show that

n—1
Sn = Z |5i(X(j+1)) - Sz‘<X(j))| = Op(”1/2)~
j=1



If X has a bounded support, by [(C1)]

lim n~1/2 sup Z 5:(X(j+1)) — 5i(X())| =0

n—oo n B)

almost surely, which implies S, = o0,(n'/?).
If the support of X is unbounded, it suffices to show that for § €

(0,1/2),

[n(1-8)]
n2 Y Isi(Xgan) = si(X)| 50, (S.5.2)
j=[nd]
and, for n > 0,
[nd]
o )
%%llinf;jp pr{n7Y Z|5 G+1) — si(X)[ >n (S.5.3)
n—1
+pr [T Y [si(Xgn) = si(Xg) > | p =0
i=In(1-0)]

We shall show (S.5.2) and (S.5.3) in the following two steps.

Step 1. We aim to show (S.5.2]) holds. Let G be the distribution of X
and G the left-continuous inverse of G. Define A, = 1{X s > G (8)}
and B, = H{X(na-s) < G“(1 = p)} for 0 < g < 4. For some 3 > 0,

min{E(A,), E(B,)} — 1. Thus (S.5.2)) follows from

(1-)]
n 2N [si(X () — si(X ()| An B 5 0,
i=[nd)

which, in turns, follows from with r = 1/2.



Step 2. We aim to show (5.5.3). Set § > 0 small enough such that

E(Cy) — 1, where C;, = 1(X(jns)) < —By). By the non-expansive condition
in m, we have
[nd]

1/22|8 Gi) = si(X)Co < 072 T IM(X (1) — M(X(5)]

Jj=1

= M (X)) = M(X(na))l,

which approaches zero by Lemma [I The other tail can be dealt with
similarly.

Combining steps 1-2, we have

I =2/n* > 0,(n'%) = 0,(n"2),
=1

which completes the proof of Lemma . 0

Lemma 3. Under Condition |(C1)} I; = o,(n~'/?).

Proof of Lemma [3} By definition,

L= =1} DY {sil X)) — si( X))}

h=1 j<l i=1
n H c

= {(n’(c= D} D {5l X)) — si( X))}
i=1 h=1 j<I

We apply a similar operation in (S.5.1]) to obtain that

L = }ZZZ@ ) = si(Xouy)

i=1 h=1 j<li

n n—1

< 2¢/n? ZZ|S G+n)) — si( X))l

i=1 j=1



The above term is the same as the bound term in (S.5.1). Following the

same paradigm in proof of Lemma [2, we complete the proof of Lemma [3|

Lemma 4. Under Condition , we have

H c
{n(c—= 12y N EV(T, T Xy {V(T3, Tos Xnay) = V(T3 T X))} = o(1).
h=1 j#l

Proof of Lemma We mainly follow similar arguments for proving
Lemma A.2 of Hsing and Carroll| (1992). With straightforward algebraic

calculations,

H
{n(c—1)*}"" Z V(T3 Ti; X (hy) AV (L3, Tis Xny) — V(T Ty Xnj)) }

h=1 j£l
H c

< n Z V(T T; X)) — V(T Ti; Xnj-1))|
h=1 j=2

< 7Y {VIT, T X)) — VT, T X(-n)|-
=2

It suffices to prove the following two facts.

[n(1-0)]
™ Y {VI(TL T X)) — V(T Tis X)) H 2 0 (S.5.4)
i=[nd)



and for any n > 0,

[nd]
hr%hmsuppr n- E VT, Tw; X)) = V(T T Xij-1y)| > 1 (S.5.5)

n

+limlimsuppr (o™ Y {V(T3, Ti; X)) = VT, Tis X))l > 0| =0

00 psoo
B j=In(1-5)]
Under condition |(C2), we can prove ([S.5.4)) following similar procedure to

derive (S.5.2)). In addition, (S.5.5) is true because V (T3, Tj; X;) is bounded.

O

Lemma 5. Under Condition [(C3)H(C4)| I, = 0,(1) and I; = 0,(1).
Proof of Lemma |5t We only prove I, = 0,(1) and omit the proof for

I, = 0p(1), which follows similar pattern. By definition,

L = n? Z Z Z(nh — 1) si(Xng)) — si(xnn) Hei(Xng) — €i(Xnp) }-

i=1 h=1 j<l

We have

_ n H np

IR 9 3 SRS NOIERON
=1 j<li

IA

n H np
n- ZZZ = 1) H[si(xn5) = 8i(Xn0)| + [si(Xny) = 5i(X(n.0)| }
=1 h=1 j<l

H np
< (Cs/n) ZZ %) = Xyl < Cs{n” ZZHXM — X1} 12
h=1 j=1

h=1 j=1

Here, x(;,0) is the sample mean of the data in h-th cluster. By the bound-

edness of ;(X(pj)), the first inequality follows. The second is resulted from



the triangle inequality. And the third can be established from Condition
(C4)] The last uses Cauchy-Schwarz inequality. According to Lemmal6] we
know I converges in probability to 0, as n diverges to infinity. Thus, we

complete the proof of Lemma 0O

Lemma 6. Under Condition given H = O(n°), there exists H points
for initial centers in K-means algorithm, that

H np

- 2
Y Y X — Xl

h=1 j=1
converges in probability to 0, as n diverges to infinity.
Proof of Lemma [6} For simplicity, we prove the case that there is no

cluster deleted in each iteration. Under Condition [(C3), we have

pr< sup x| > 7“) < Cinexp(—Cyr?).

1e{1,...,n}
Denote the ball Z, = {z € R? : ||z|| < r} equipped with Euclidean distance.
Let {z;}1, be the e-covering of Z,, that for any z € Z,, infreq,..my ||z —
zy|| < e. According to the covering number (Wainwright, 2019, Example
5.8), such covering set exists, if we set H > (1 + 2r/¢)P. And we denote
these H points as the initial points for K-means algorithm.

For K-means clustering with standard algorithm, we know that the loss

function decreases monotonically in each iteration. Therefore, the loss in



the final iteration less or equal to the loss with initial points. That is,

H np
D) D TFESLERED SRR

n
h=1 j=1 j=1

We consider the right side term and have

o (1713, o =t >

j=1
< pron 'y it g —wlPUxgl <) > e pr | swp x>
< j:1h€{1""’H} J = i€{l,..n}

To deal with the first term, we use the concentration inequality for bounded
difference function (Wainwright} 2019, Corollary 2.21). From the definition
of covering set {z,}_,, if x; is replaced by x’;, the change of the following

function is bounded by £2/n.

n
g(x1,. . %) St ngn 1% — zal*1([I%; ] < 7).
j=1

Therefore,
pr{|g(x1,..., %) = E[g(x1,...,%,)] | > t/2} < 2exp{—nt*/(2¢*)S.5.6)
From the definition of covering set, we also have g(xi,...,x,) < 2. Thus,
Elg(x1,....x2)] = E [mhm Ix — z|1(]x|| < 7’)] <& (S57)

Let ¢ = n™, ¢t = n™2 with 67 > v > 271y, > 0, 1 + 49, — 27, > 0.
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Combining the result of ((S.5.6) and ([S.5.7]), we have

n

P 2 iy 13— 2l <) > 7

< T 4 2exp(—n! T T2)9),

We choose r = n? that 3 > 0 and p(y; + 73) < 6§, we have
—1 . 2 —
E f i — >n 2
pr{n 2 he{ll?.-7H} [x; — znl| n

< 7P 4 2exp(—n' T T22)/2) 4 Cinexp(—Con).

As n — 0o, we have

n
_ . P
nt inf |lx; — z||* — 0.
— he{l,...,H}
J=1
Here, - stands for “converge in probability”. 0O
References

Chatterjee, S. (2020). A new coefficient of correlation. Journal of the American Statistical

Association, 1-21.

Hsing, T. and R. J. Carroll (1992, June). An asymptotic theory for sliced inverse regression.

The Annals of Statistics 20(2), 1040-1061.

van der Vaart, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and Prob-

abilistic Mathematics. Cambridge, UK: Cambridge University Press.



REFERENCES

Wainwright, M. J. (2019). High-dimensional statistics: A non-asymptotic viewpoint, Volume 48.

Cambridge University Press.

Zhu, L.-X. and K. W. Ng (1995). Asymptotics of sliced inverse regression. Statistica Sinica 5(2),

727-736.



	Proof of Theorem 1
	Proof of Theorem 2
	Proof of zero-independence equivalence of (4.1)
	Proof of Theorem 3
	Technical Lemmas

