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Supplementary Material contains implementation codes, technical conditions, and proofs of

Dong and Wu (2020)).

S0 Implementation codes

NIScodes.zip contains all R and supporting C codes for implementation of
our nonparametric interaction selection, as well as a demo code for one

simulation example to illustrate how the codes are run.

S1 Technical conditions

Condition 1. The kernel function K (z) is bounded and Lipschitz-continuous with a

bounded support.

Condition 2. The density function f;(x;) of X; is Lipschitz-continuous and bounded

away from 0, and has a bounded support €2; for j =1...d.
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Condition 3. For an arbitrary quadruple (Xj;,, Xji,, Xjis, Xji,), the joint density of

any two, three, or all of them is Lipschitz-continuous on its support.

Condition 4. For all main and interaction components, m;(-) and m(-,-), 1 <
J.k < d, their 1st derivatives (or partial derivatives) exist, and are

bounded and continuous.

Condition 5. The random error has a finite fourth moment, F(|e|*) < oco.

S2 Normal Equation

In this section, we solve the additive model (1.1) with identifiability con-
dition (1.2) and (1.3) in a theoretical way. Let H be the space of square-
integrable functions of X, X,..., X,. For each j =1,2,...,d, H; denotes
the Hilbert spaces of univariate square-integrable functions ¢(-) satisfying
¢(xj0) = 0 with inner product (¢1, ¢2) = E(¢1(X;)p2(X;)) for any ¢1, ¢o €
H;. For each 1 < j < k < d, Hj;, denotes the Hilbert space of bivariate
square-integrable function ¢(-,-) satisfying ¢ (z;0,) = 0, ¥;x(-, xx0) = 0,
Y(x0, ko) = 0 with inner product (1, 19) = E(¢1 (X, Xi)2(X;, Xy)) for
any 1,92 € H;jx. Obviously, H; (j =1,2,...,d) and H;, (1 <j <k <d)
are subspaces of H. Moreover, H®* = H, @ Ho @ ... D Ha® H12® His D

... @ H-1a is a subspace of H and is closed under some technical as-
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sumptions. These Hilbert spaces are also subspaces of Hy x, the space of
square-integrable functions of Y, X7, .., X,.

The optimization problem is to minimize the mean squared error E(Y —
a—m(X))? with constraint m(X) = Z;l:l M (X5)+ 1 <jcpea Mr(X5, Xi) €
H®. Denote the conditional expectation operators E(-|X;) — E(-|X; = x;0)
and E(-|X;, Xix) — E(|X; = 20, Xk) — E(|X;, X = z1p0) + E(|X; =
xj0, X = x0) on Hyx by P; and Pjj, and they are orthogonal projections
onto H; and H;x. We also denote the expectation operator E(-) on Hyx
by Fy, a project onto the space of constant functions.

Denote the minimizer of m(X) in the aforementioned optimization
problem by m(X). Then the minimizer of intercept a is @ = E(Y) —
B(f(X)) = Po(Y — X0 mj(X;) — 1< cpeamie(X;, Xi)). The residual
Y —a — m(X) is orthogonal to H®. Consequently Y — a — m(X) is or-
thogonal to H;, 7 = 1,...,d and Hj;, 1 < j < k < d. Equivalently, we
have P;(Y —a—m(X)) =0,j=1,...,d and Py (Y —a —m(X)) =0,
1 < j < k <d. The equations can be rewritten as

mj(Xj) = P](Y - a - st(Xs) - Z mst(X&Xt))

s#£j 1<s<t<d

for each main effect term and

d
mjk(Xj7Xk) = P] (Y —a-— st(Xs) - Z mst(XSa Xt))

s=1 s<t:(s,t)#£(3,k)
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for each interaction effect term.
Then we have the following normal equation for a and (my, ..., mg, my 9, . .. ,m(d_l)d)T

to minimize MSE:

1 PO PO P P() I Po [e3% P()
P 1 Py . Py . P, mi Py
P2 P2 1 cee P2 cee P2 mao P2
= ' Y, (S2.1)
Py Py Py 1 Py mq Py
P2 P12 P2 P2 Py mi,2 P12
| Pa-va  Pa-va  Pa-na -+ Pa-na - L] |["ma-14] | Pra—1)d |

where Pjj, is the same as Pj;, and is used to avoid potential confusion.

S3 Backfitting estimator

Denote m; = (mj(le), . ,mj(an))T, mj = (mjk(le, Xlk)7 . ,mjk(an, Xnk))T,
Y = (Y,...,Y,) and Kj,(z) = h™'K (). Recall that the smoothing matri-

ces for local constant regression are

S; = (5;(X1)), .- .,8j(Xn;))" for main effect term;

Sir = Bu(X15, X1x), -5 86 (Xnj, Xor)) T for interaction effect term;

Sjor = (8u(xj0, X1k), - - -+ 8jk(Tj0, Xu))F,

Siko = 8ju(X1j, Tk0),s - - -+ Sk ( Xy, xkjo))T for shifting.
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Here

s;(2;) = (Kn, (X1j — @), - K, (X — xj))T/ZKhj(Xij — ;)

and
Kj  (Xyy — ) K, (Xap — )
~ 1 Kil]k <X2] — l'])Kfl]k (ng — CCk)
Sjr(zj, 1) = =
Z K;ij (Xij — xj>Kﬁjk (sz — Ik)
=1
Kﬁjk (an - xj)K;ij (Xnk - :L‘k)

We now define the smoothing matrices after the shifting

S; =8, — 1(sj(z0))" and S;k =Sk — Sjor — Sjro + 1(8j(z50, 780))"

for each main effect and interaction effect term, respectively. The main
term m,; and interaction term m,;, can be estimated through the solutions

to the sample version of a part of the normal equation (S2.1)

I, S . Sh S ... SI my Sh
S3 I, .. S3 S; .. S3 mo S;
s Sy I, Sy = mg |=| 85 |Y (83.1)
é;Q éig SI,Q In SI,Z my 2 é;a
_Szd—l)d S?d—l)d s Szd—l)d Szﬁd—l)d s I, ] [™(d-1)d] _Sz‘d—l)d_

by noting Pjaw = 0 and Pjra = 0. Similarly Sjk is the same as S;‘k

In practice, the backfitting algorithm is used to solve the normal equa-
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tion (S3.1)) and the backfitting estimators converge to the solution

~ - - -4 -1 - -

my I, ST S ST ST ST
mo S5 I, o S Sh - S S5
g = s; sy ... I, sy ... s sy |Y
™12 Sf.z s;,z Sf,z In Sf,z STJ
_ﬁ(dfl)d_ _S(*d—l)d S?d—l)d s S(*d—l)d S?d—l)d . I, i _S?d—l)d_
_ -1
=M'CY,

provided that the inverse of M exist. The intercept a can be estimated by
_ — — _
Y - Zj:l m; — Zl§j<k§d my,, where Y = %Z?:l Y;.

For the convenience of presentation, in the following we will not dis-
tinguish main effect term and interaction effect term if they share a same

dd-1) terms
2

property. In that case, putting them together we have d = d +
in total. We use S; to denote the (either univariate or bivariate) local con-
stant smoothing matrix, Sj to denote the local constant smoothing matrix
after shifting, m; to denote the component function, and ﬁj to denote the
bandwidth for each of these d terms.

Then the backfitting smoothing matrix for term j € {1,2,...,d} is
defined by W; = E;M 'C. Here E; is a zero matrix of dimension n x nd
except its jth block being an n x n identity matrix when treated as blocks of

n X n submatrices. The backfitting estimator is given by /’I’;\'Lj =W,;Y. We

also define m = Z?Zl m;, W = 25:1 W;, and the backfitting estimator
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m=WY.

To state the conditions for the existence and uniqueness of the back-
fitting estimators, we define W=7l as the smoothing matrix for the model
without the jth term. Then if HS}TW[*J']H < 1forj=1,...,d and a matrix
norm ||-||, by Corollary 4.3 of Buja et al.| (1989)) and Lemma 2.1 of |Opsomer

(2000), the backfitting estimators exist, are unique and

VVj = In - (In - S;W[_j])_l(In - S;)

= (I, - S;WIh)~'s(r, — Wi, (S3.2)

S4 PROOFS

Lemma 1. Under Conditions 1-3 in Appendix, if izj — 0 and nﬁf — 00 as
n — 0o, the following asymptotic approximation holds uniformly over all

elements of the matrices

=S, — 11" /n +0,(117 /n) .

Proof. For main effect term, recall that

n

$j(27) = (Kny (Xoj = 27), oo Koy (X — 23)) ) > Kiy (Xij — )

i=1
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Consider > | Kp,(X;; — x;), we have

B K, (Xy—x) = 3 [ KO 0
= n/K(u)fj(:cj+hju)du
= n [ K@(fiw) + Olhy)du

= n(fj(z;) + O(hy))

and

n n

S B (X =) = 3 [ K

i=1 i=1

t—xj
h;

) f5(t)dt
> / hijm(u)fj(whju)du
N hﬁ/ K*(u)(f;(z;) + O(hy))du

= o).

J

Consequently we have

Z K, (Xij — ;) = n(f;(z;) + O(hy)) 4+ Oy( h%)
= nf;(z;)(1 4+ O(h;) + Op( nihj))

=nfj(x;)(1 + 0,(1)).

As defined before, S5 = S; — 1(s;(z;0))". For vector (s;(z;0))", its sth
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entry denoted by s; () is

sj.s(w0) = O Kny (Xij — 250)) " Kny (Xoj — 250)
t=1
L (fy (0 Koy (X = 250) + 0,(1)

n

Similarly, we have

t— ijyo

E(fj(%,o)_lKhj(ij—%‘,O))Z/hijfj(fj,o)_lfj(t)K( h )dt

- /fj(ffj,o)_lfj(%,o + hju) K (u)du

= [ Hiaio) fi(aio) + O K ()

=1+ 0(hy)
and
E((£;(w50) " K, (Xg = 50))°) = / %fj(xj’o)%(t)[(?(—t _h%—’o)dt

= / %fj(fcj,O)_ij(fﬁj,o + hju) K (u)du

1
=500,

Then we have f;(z;0) " Ky, (Xs; — 50) = 14+ O(h;) + Op(y/ %)

Combining the results before, we get

(fi(zj0) " Kn, (Xsj — mj0) + 0p(1)).

sjs(Tj0) =

S

(1+O(hy) + Oy hij> T 0,(1))
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1 1
~ + Op(ﬁ)-

Consequently we have shown that 8% = S; — 117 /n + 0,(117 /n).
For interaction effect term,
Kﬁjk<X1j — xj)Kﬁjk(Xlk — ZEk>

1 KG (Xaj — ;) K5 (Xo — )

Sik(Tj, Tp) = —
> Ky (Xig = 25) K, (X — )

=1

Consider } i, Kj, , (Xij — 2;) Kj, , (Xir — @), we have
Z Kj  (Xij — 2) K (X — @)

_ Z// K(tﬁ_$k)fjk(s,t)dsdt

ik

— //K f]k T; + h]ku T + h]kv)dudv
//K 0)(fir(zj, ) + O(h]k))dudv
n(fr(xy, v1) + O(hjk))

and

ZE Xij = 23) K, (Xie = 1))

-y / 7 2412 s

Jk

= n/ = — K (u)K*(v) fiu(x; + hjgu, z), + hjpv)dudo
7k
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- = ] KR @ s m) + O dude

n
2,
Then
Y K Xy — ) Ky (X —x) = n(fin(wg, o) + O(hgn) + Oy }%)
=1 jk
= n(fir(w), m1) + O(hjx) + O %))
nhs,

= n(fin(), 2x) + 0p(1)).

For Sjk = Sjk — gjok — gjk(] + 1(8;(j0, 210))" as defined above, its entry

in the th row and the sth column, S’;‘k (i,5)" is
N}kk,(i,s) = gjk,(i,s) - gjOk,(i,s) — gjkO,(i,s) + 5jk,i(25,0, Tr0),

where

n

Sjomie) = (O K, (Xij = 250) K5, (X = X)) T G, (Xj — 500K, (X — Xig)

t=1

1 _
= (fin(zjo, Xin) K, (X — 250) K (Ko — Xae) + 0p(1)),

]kO i,8) — Z K Xt] zj)Kﬁjk (th - xk,()))ilKﬁjk (ij - Xz]>Kh (Xsk xk,O)

= ﬁ(fjk(Xija 210) " K, (Xoj — Xig) K, (X — @r0) + 0,(1)),

Sini(T50,r0) = O K (X — w50 K5 (X — w0)) T G (X — w50) G (Xok — )

t=1

1 _
= (fin(zi0, 2ro) K, (X — 250) K, (Xa — r0) + 0p(1))-
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By similar argument as in the main effect term case, we obtain

~ 1 1 ~ 1 1 B 1 1
Sok,(i,s) = o + Op(ﬁ)a Sk0,(i,s) = n + Op(ﬁ)a Siki(T50, Tho) = o + Op(ﬁ)'

Combining the results before, we get

1

* 1
jk’(izs) = Sjk’(ivs) - E + Op(ﬁ)'

In matrix form, we have 8% = S;, — 117 /n+0,(117 /n) as desired. [

Lemma 2. Under Conditions 1-3 in Appendix, if izj — 0 and nﬁ? — 00 as
n — oo, the following asymptotic approximations hold for all main effect

and interaction effect terms:

Siwl-il = 0,117 /n)

(I, -S; W' =1, +0,(11" /n) .

Proof. We calculate S]Sj/ first. There are three cases: both j and j’ are
main effect terms; both of them are interaction effect terms; there are one
main effect and one interaction effect term. We only show the calculation for
case one in detail. The other two cases can be showed by similar arguments.

If both j and j’ are main terms, the entry in sth row and ¢th column,
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[S;S]st, 18

( 1r T )

s; (X" | |85 (Xay)"

[Sjsj’]st = 9

i (X)) | [85(Xnj)T

L 4 47 s
T
n Khj (le —ij) (Z;;ﬂKij/(Xij’ - X1j/)))71Khj/(X1j’ - th/)
=D (Kn, (X35 — X)) ! :
=1 Kn, (Xns — Xoj) (S0 (B, (X = X)) T K, (X = Xo0)
n
=D (I, (X — X))
=1
/Ln n
D (O (K, (Xiyr = Xij)) ™ Koy (Xirj — Xoj) K, (Xiyr — Xigr))
=1 =1

n

:%(fj(ij)_l + Op(l))(Z(%fj’(Xi'j’)_lKhj (Xirj = Xoj) K, (Xirjr — Xiyr)) + 0p(1)).

i'=

Then as before, we have

n

(Z( Fir(Xirgo) ™ Kony (Xirj — X)) Koy (X — Xijr)))

N _Z// Kh — Xy K’“( th’)fj/(z2)_1fjj’(21722)d21d22
= // K fj Xt] + h; IU) 1fjj’(XSj + hju,thr + hj/v)dudv

= //K V) (5 (Xig) ™ i (Xgs Xigr) + O(hy + hyr))dudv

= [i( X)) i (X, Xejr) + O(hy + hjr)
and

> E(((%fj’(Xi'j’)_lKhj (Xirj — Xoj) Kn, (Xiryr — Xi50))?)
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1 n 1 zl—Xs. z2_Xt" -
= — E K2 INK2(Z2__TW N, 2¢ dord
n? i'=1 // h?h?’ ( hj ) ( hj’ )f] (Z2) fJJ (Z17 22) 21022

1
= hih / K2 (u) K2 (0) [y (X + hyro) ™ fi0(Xg + hyu, Xoyr + hyrv)dudv
gheg!
1
= O(1).
nhjhj/ ( )

Consequently we have

n

1 _
Z(Efj'(Xz"j') G (Xog — X)) Kny, (Xoy — Xogr))

=1

3 [ 1
g’

= [ (X)) i (X, Xigr) + 0p(1)

and

n

(f;(Xe)™H + Op(l))(Z(%fj’(Xi/j')_lKhj (Xirj — Xoj) K, (Xirjr — Xoyr)) 4 0p(1))

=1

[S;Sylet =

(fi(Xei) ™+ 0p (W) (5 (Xt ) ™" fi50 (X, Xije) + 0p(1)) + 0p(1))

(Fi(Xai) " i (Xay) ™ fie (Xg, Xajr) 4 0p(1)).

S 3= 3=

Applying similar arguments to the case with two interactions effect terms

and the case with one main effect and one interaction effect term, we get
1 _ _
[S;Sjklst = ﬁ(fj(ij) e (Xeyr, Xow) ™ fiie(Xogs Xagr, Xow) + 0,(1))
and

1
[SikSjw]st = ﬁ(fjk(ijyXsk)_lfj’k’(th’a Xow) ™ fiiren (Xjs X, Xejr, Xowr) + 0p(1)).
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Then by Lemma [I| and a same argument of Lemma 3.2 of (Opsomer and

*

Ruppert| (1997), we obtain (I,, — S -SZZ)_I = I, + O0,(117 /n) for all main

<

effect terms and interaction effect terms.

By a similar argument of Theorem 3.1 of |Opsomer| (2000), we obtain
Siwll = 0,117 /n)

and

(I, - S;sWHh) 1 =1, + 0,(117 /n),
which complete the proof. O

Lemma 3. Set W = (I, — 117 /n)W and A, = (W — )" (W — I,).
Under Conditions 1-3 in Appendix, if ﬁj — 0 and nhgl — 00 as n — 00,
we have RSS =YTA,Y +0,(17/\/n)(W —I,,)Y 4+ O,(1), where RSS =
<Y — 17, Y - i/\'> denotes the residual sum of squares for the backfitting
estimates, Y is the centered response, and A, =STS—-S—ST+1,+ R,

with S = 25:1 S; and R, = 0,(117 /n).
Proof. For the backfitting residual vector, we have

Y-Y=Y-1la-m
117 117

—Y-—Y+—WY-WY
n n

=Y +0,(1/y/n) - WY
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=Y +0,(1/vn) — W(Y +1E(Y))

= (I, — W)Y + O,(1/y/n).

Then we have RSS = YTA,Y + 0,(17 /y/n)(W — I,)Y + O,(1) by defi-

d

nition. Note that we can rewrite Y = m + € = > i1

m; + €, where m is
centered mn; and E(m;) =1-0.

By Lemma I Lemma [2] and direct matrix multiplication, we have

d
W = (I, - 11" /)W = (I, - 11" /n) ) "W,
7j=1
d
= Z (I, — 117 /n)(I,, — S;WH 1S3 (1, — W)
=S+U,

where S = 25:1 S; and U = 0,(117 /n).
Consequently we have
A, =(W-L)'(W -1,
=S+U-I)'(S+U-1I,)

=S8"S-S-S"+I,+R,,
where R,, = 0,(117 /n) as desired. O

Lemma 4. Set B = E[WY — m|X| = (W — I,)m. Under Conditions

1-4 in Appendix, if ﬁj — 0 and nlvz;* —oo0asn — oo, B= OP(Z?:1 lﬁj) +
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O,(1/4/n) uniformly over all elements of the vector.

Proof. Applying the same Taylor expansion approximation as in Theorem

2.1 of Ruppert and Wand, (1994), we obtain that

(I, — S;)m; = m;0,(1) + O(1h;) = O,(1/VN) + O(1h;).
Set B = E[WY —m|X] = (W —1I,)m and BY) = E[W,Y —1mn,;|X]| =
Wm — m,;.
Combining the above results with the formula (S3.2), we obtain
W, = (I, - 11" /n)W; = (I, — 117 /n)(I, — (I, — S;W) (T, — S))

=1, 11"/n— (I, - 11" /n)(I, = S;WI) (I, - §5),

* ~

g1+ (I, = 117 /n)(I, = S;WE) (T, - S5y

(In - VVJ)Th]
= 0,(1/v/n) + (I, = 117 /n)(I, = S;WI)7H(0,(1/v/n) + O(1h),

(I = W)y = mj1 + (I, = 117 /n)(I, = S; W) (T, — S)m )

ML+ (L = 117 n) () + (L = SWED)TISHW — L))

mj + (I, — 117 /n)(I, — SSWE) ST B ),

where m_j;) and B(_jy are the summation of all component functions and
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conditional bias for the model without the jth term.
Then by the definition and the previous two formulas of (I, — W;)mn;
and (I,, — W;)m_;), we obtain
BY = W;(m; + m_j) —m; = (W; — L)m; + Wy,
= 0,(1/vn) + (I, — 117 /n)(I,, — SsWN"H(0,(1/v/n) + O(1h;) — SIB(_j)).
Finally, B = O(Zle 1h;) +O,(1/+/n) holds by Lemmaand a recur-

sive argument. O

Lemma 5. Under Conditions 1-5 in Appendix, if iLj — 0 and nﬁ? — 00 as

n — oo, we have

d d-1 d d d—1 d
1 1
RSS/n = o>+0,(> _h3)+0, Z Z )0, Z—)mﬁ > —).
(S4.1)

Proof. From Lemma 3 we have

RSS=YTA,Y +0,(17 /\/n)(W — L,)Y + O,(1)
= (m+e) A, (m+e€)+ 0,17 /vn)(W — L) (1 +€) + 0,(1)
—e'A,e+2BT(W — I,)e + B'B + 0,(1)

=€’ Ae+2B"(S+ 0,117 /n) — I,)e + B"B + O,(1).

By calculating the mean and variance, we have BT B = O,(1 + Z?Zl nh3),

BTSe = O,(1 + X, v/uhy), BTe = O,(1 + ¥, \/nh;), and hence
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B (W —I,)e = O,(1+ L, v/ihy).

Finally, we consider the term €’ A€,
e’A,e =€'S"Se — €'Se — €'STe + €' I,e + €' R,€.

We first focus on term S. For main effect term, we have

Xy — X

1 -1
g~ — (X)) K >
[Sj]st nhjf] ( 8]) ( hj )7

3

1 O 1 1
€2[S;]ss ~ — Z eifj_l(ij)K(O) with mean O(h ) and deviation O,(, [ —

7);
s=1 7 s=1 J nhj

| Xy — X /1
Z e[S, ~ ” Z esetfj_l(ij)K(%) with mean 0 and deviation O,( h_)
g (2

s#t J s#t

For interaction effect term, we have

& 1 Xy — X5 Xk — X

[Siklot & = f (Xoj, Xop) K () K (— )
nh?, hiji hijk
ZE? i _Z 2 jk sga )K(O)K(O)
s=1 ]k s=1
: 1 L 1
with mean O(=)and deviation O,(, | ——),
h? \/ nh
Jk ik
- 1 X — Xs; X — X
Yo ealSile & = D e (Xog, X K (T K (F—")
st ”hjk st hij hiji
1
with mean 0 and deviation O,(, [ =).
h?

Next we consider term S”S. As above, we consider all three possible cases.

For the case of two main effect terms, we have

X, — X, X — Xy
(S Sylst £ (X K () K (— -),
2hh Z 7 h; hjy
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3

X — Xii . Xop — Xiy
2 STS ~ E E / ; K SJ Y K sJ] v
— 8[ 2h h f ]) ( hj ) ( hj/ )
. . 1 1
with a constant mean and deviation O,(y [ — + ———),
n  n2hjhj
X, — Xii . Xy — Xoo
€si[ST Sy ~ et ) I (Xij ) K (——) K (———)
; J=a th hji Z Z J h; hj
ith 0 and deviation O,(4 /1 + ! )
ith mean 0 an iation
w ean 0 and deviation O, i

For the case with one main effect and one interaction effect term, we have

[ngj’k st ~ — 2h h2k Zf ’k XZ] Xlk)
"k =1

Xy — Xijo . Xy — X

X — X
h‘ ’L])K( )K( tk ik
J

i:L‘/k i’l’k

Z Zf o (Xigrs Xir)

j'k s=1 i=1
Xsi — X5 Xgjir — Xijr X — X
K (=) K (=LK (==

K(

)7

n

2T & N
ZES [Sj Sj’k]ss ~ 2h h2

s=1

)

1
with a constant mean and deviation O,(, [ — + ———),

Ze et[S S]k T h2 Zeseth XU,X )

s#t J'k s#t i=1
ij - X’Lj )K<th/~_ X’L_]/ )K(th~_ Xlk

K ( )

1
with mean 0 and deviation O,(, [1+ ——).

nhihjk

For the case with two interaction effect terms, we have

[kasj/k/]ﬁzmm h2 Zfﬂc i )f'k/(X s Xin)

/k/ 'L 1
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Xoj = Xig\ 1o Kok = Xiwy o Xyt — Xigr o Xow — X
K (=) K (T K () K (= );
hjk h]k h‘lk/ hj/k/
Z Jk‘s ”f’ s iy 2h2 h2 Z ijk iy X /k’(Xl] ,sz’)
s=1 J'k s=1 =1
Xs' - Xz Xsk - sz Xs i Xz j’ Xsk’ - Xik’
K(——)K (=) K(——)K(— )
h‘jk’ h]k h’j/k/ hj/k/
. L 1 1
with a constant mean and deviation O,(, [— + 2~2—~2),
n n h]khj’k/

Zeset[gfksj/k’]st %nzhz h2 Zeset ijk z]a /k;/(X sz’)

s#t J'k s#t i=1

Xoj = Xij\ o Xk = Xt o Xty — Xigr o X — X
R =Ry g Rk~ iy g Ry~ Aty e A~ Ay
h‘jk’ h]k hj/k/ h’j/k’
1
with mean 0 and deviation O,(, /1 + ———=).
nh‘?kh?/k/

Overall, e’ A, e/n = L' I,e+ 1€’ R, e+0 (Z] . nh —)+0, (Z Zzzjﬂ =) =
0 + Op(X5my ) + Op(521 Sy h2 ——) and B"B/n = O0,(3}_, h?) +
Op(Zj: Zk:j-}-l h?k‘) Then RSS/n = o +OP(Z] 1 h?)"‘O (Zj;i ZZ:;‘H E?k)"’

Op(X5oy 1) + Op( S ) holds. 0

Proof of Theorem 1. Recall that the sets of important main and interaction
effects are denoted by M = {j : m;(-) # 0} and T = {(j, k) : mjx(-,-) # O}.
Then the sets of unimportant main and interaction effects denote by the
complement M= {1,...,d}\MandZ¢ = {(j, k) : 1 <j < k <d}\Z. We
first simplify the formula in Lemma [5| with the following conditions:

under Conditions 1-5 in Appendix, if h; — 0 for j € § = M UZ, and
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h; > ¢y >0 for j € N = M°UZ and some ¢y > 0, then

RSS/n = 0* + 0y(3 1) + 0,3 #). (84.2)

jes jes

It can be easily verified by following the detailed proofs of Lemmas[IH5} Here
is some heuristic justification. For any j € N' = M°UZ¢, the corresponding
component function (either a main effect or an interaction effect term) is a
constant and there is no approximation bias for the backfitting estimator
with local constant smoothing. Then the unimportant predictor does not
have any contribution to the total approximation bias. At the same time,
with the condition h; > ¢ > 0 for j € N = M UZ° the smoothing
bandwidth for unimportant term is bounded away zero. Then the variance
of unimportant terms is dominated by the variance of important terms with
corresponding smoothing bandwidths shrinking to zero. Consequently we
have equation ([S4.2)).

Now we are ready to show the selection consistency. In the following, we
use the notion :\\j = ?Lij for j =1,...,d. We first prove /):j — oo for 7 € S by
contradiction. Assume /):j/ is bounded from above for some j' € S. If /):j/ is

bounded, RSS/n will converge to o plus a bias. The extra bias comes from

the second term in equation ((S4.2)) as ﬁjr = )% #» 0 and the corresponding
G

approximation bias does not shrink to zero. It is a suboptimal as equation

(S4.2)) implies if the bandwidths for all important predictors approach zero,
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the RSS/n reaches its optimal value 0 asymptotically. This proves j\j — 0
for j € S.

Before moving to the unimportant terms part, note that the condition
that if 7 — o0, ;—4 — 0 as n — o0, is used to guarantee that the variance
term (third term on the right hand side of formula (S4.2))) is dominated
by the bias term (second term on the right hand side of formula (S54.2)).
Without loss of generality, we assume Xj converges for j € N, since oth-
erwise we can consider an convergent subsequence. Next we try to show
that Xj — 0 for j € N also by contradiction. Assume there are some
Xj /40 for j € N and set \; = /)\\jT/(T — Zj’eNXj') for j € Sand A; =0
for 7 € N. Note that the variance is dominated by the bias and small Xj
for j € N does not induce bias, then we only need to consider the bias
induced by the important terms. Note that )/\j diverges to infinity faster
than Xj for j € S, hence using the set of As has a smaller bias term. When
> N Xj — 00, the smaller is in the sense of asymptotic order, and when
Z]EN /):j is bounded, it is in the sense of the multiplying constant in the

asymptotic order. Therefore, \s is a suboptimal. Consequently we have

that /):j — 0 for j € N and this finishes the proof. O
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