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ROBUST SMOOTHED CANONICAL CORRELATION
ANALYSIS FOR FUNCTIONAL DATA
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Abstract: We provide robust estimators for the first canonical correlation and direc-
tions of random elements on Hilbert separable spaces by using robust association
and scale measures, combined with basis expansions and /or penalizations as a regu-
larization tool. Under regularity conditions, the resulting estimators are consistent.
The finite-sample performance of our proposal is illustrated by means of a simula-
tion study that shows that, as expected, the robust method outperforms the existing
classical procedure when the data are contaminated. A real data example is also
presented.
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1. Introduction

In recent years, data collected in the form of functions or curves have received
considerable attention in fields such as chemometrics, economics, environmen-
tal studies, image recognition, spectroscopy, and many others. These data are
known in the literature as functional data; see |Ramsay and Silverman| (2005)) for
a complete overview. As is well known, functional data are intrinsically infinite-
dimensional, and this structure is a source of information. Therefore, even when
recorded at a finite grid of points, functional observations should be considered
as random elements of some functional space rather than as multivariate observa-
tions. In this manner, some of the theoretical and numerical challenges posed by
the high dimensionality may be solved. This framework led to the extension of
some classical multivariate analysis concepts, such as dimension-reduction tech-
niques, to the context of functional data, usually using some regularization tool.

This paper focuses on canonical correlation analysis, where data consist
of pairs of random curves. The aim of this analysis is to identify and quan-
tify the relation between the observed functions. Under a Gaussian model,
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Leurgans, Moyeed, and Silverman! (1993) showed that the natural extension of
multivariate estimators to the functional scenario fails, motivating the need for a
regularization technique that involves smoothing using a penalty term. In addi-
tion, [He, Miiller and Wang]| (2003)) provided conditions that ensure the existence
and proper definition of canonical directions and correlations for processes that
support a Karhunen-Loéve expansion, and |Cupidon et al. (2007) derived the
asymptotic distribution of correlations and regularized functional canonical vari-
ations. An alternative way to get around the ill-posed problem related to func-
tional canonical correlation analysis is to use a finite basis expansion. Proposals
based on this approach are discussed in |[He, Miller and Wang] (2004) and Ram-
say and Silverman| (2005). More precisely, these authors proposed to performing
a regularization step projecting the observed curves on a finite number of basis
functions, before computing the smooth canonical correlations and directions in
the basis expansion domain.

The aforementioned papers use the Pearson correlation as a measure of the
association between the observed functions. However, the Pearson correlation is
known to be sensitive to atypical observation, and this sensitivity is inherited by
procedures based on it (see |Taskinen et al. (2006])). To the best of our knowl-
edge, when considering the analysis of functional canonical correlation, the only
proposal of estimators resistant to anomalous observations is that studied by
Alvarez, Boente and Kudraszow| (2019)), who implemented the regularization by
projecting random processes on a finite number of functions in an orthonormal
basis.

Our aim is to introduce two families of robust consistent estimators for per-
forming functional canonical correlation analysis. For the first family, regular-
ization is based on a roughness penalty term, while for the second, a dimension-
reduction technique is also applied. The remainder of the paper is organized as
follows. In Section 2, we state some notation and preliminary definitions, and
briefly describe the two classical approaches for regularized functional canonical
correlation analysis. Section 3 presents our robust proposals. Consistency results
are stated in Section 4. The results of a numerical study comparing the robust
proposals with their classical counterparts for clean and contaminated samples
are given in Section 5, together with an analysis of a real data example. Some
final comments are given in Section 6. All proofs are deferred to the Appendix
or the online supplementary Material.
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2. Preliminaries

Let H be a separable Hilbert space with inner product (-, -) and norm ||-||* =
(-,-). Let (X,Y) be a random element of the Hilbert space H x H defined in
a probability space (2,.A,P). In the product space H x H, we define the usual
inner product {((u1,v1), (u2,v2))353y = (U1,u2) + (v1,v2). When (X,Y)" has a
finite second moment, that is, E(|X|? + [|[Y|?) < oo, we use Txx : H — H,
I'yvy :H—>H, T'xy :H—Hand I'yvy : H — H to denote the covariance and
cross-covariance operators, respectively. More precisely, for any ui,us € H, v €
H, we have that Cov((u1, X), (uz, X)) = (u1,I'xxusz) and Cov({u1, X), (v,Y)) =
(u1,T'xyv), and similarly for T'yy and T'yx.

2.1. The classical approaches

Canonical correlation analysis, developed originally for multivariate data,
has been extended successfully to accommodate functional data by [Leurgans,
Moyeed, and Silverman| (1993)), as follows.

Assume that the observed data {(X;,Y;)",i = 1,...,n} are independent
realizations of a bivariate stochastic process (X,Y)" € H x H. When (X,Y)T
has finite second moments, a nonsmooth approach to the problem of functional
canonical correlation is to search for functions v and v in H such that the linear
combinations (u, X) and (v,Y’) have a maximum squared correlation; that is, the
objective is to find u # 0, v # 0 that maximize

(u, T xyv)?

L(u,v) = Corr2(<u,X> (v,Y)) = (u, T xxu) (v, Tyyv)

RS

where the ratio (u,T'xyv)?/ ({(u,Txxu) (v,Tyyv)) is equal to zero when (u,
I'xxu) = 0 or (v,T'yyv) = 0. In particular, |Leurgans, Moyeed, and Silver-
man| (1993) considered the case H = L?(Z). They also assumed that there are
two bases of H composed of the functional canonical coordinates, which are a
generalization of the vector canonical coordinates, that ensure the existence of a
solution to the nonsmooth approach.

Leurgans, Moyeed, and Silverman| (1993|) proved that it is not possible to
consider a sample version of the problem of maximizing £(u,v). Therefore, they
proposed estimating the first canonical variables by maximizing, restricted to not
null “smooth elements” of H, the estimated canonical correlation penalized by a
“penalty operator”.

As mentioned in the Introduction, two possibilities may be considered to
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introduce regularization. One approach is to consider, as in [Leurgans, Moyeed,
and Silverman| (1993)), a roughness penalty that gives a measure of the smoothness
of a function. The second considers a sieve approximation, eventually combined
with a penalty term. We briefly review both methods.

Let D : Hs — H be a linear operator, which we refer to as the differentiator.
Here Hg is the subset of smooth elements of H; that is, u € Hg if ||Du|| < oc.
Using D, we define the symmetric positive semi-definite bilinear form [-,-] :
Hs x Hs — R, where [u,v] = (Du,Dv). The penalization operator is then
defined as ¥ : Hg — R, ¥U(u) = [u,u|, and the penalized inner product as
(u,v)r = (u,v) + 7 [u,v].

Remark 1. The most common setting for functional data corresponds to the
situation where H = L?(Z) and

Hs = {u € L*(T), u is twice differentiable, and /

u”(t)zdt < oo} .
T

In this case, it is usual to consider Du = u'’ and [u,v] = [;u'(t)v"(t)dt,
therefore W(u) = [ u''(t)%dt.
Denote HY := {u € Hs : u # 0}. Given u and v in H?, Leurgans, Moy-

eed, and Silverman (1993) defined the population penalized squared correlation,
Lr(u,v), as

_ Cov?((u, X), (v,Y))
{Var((u, X)) + m¥(u)} {Var((v,Y)) + ¥ (v)}

. <U,ny1)>2
{<u, I‘XXu) + qu/(u)} {(U, FyyU) + TQ\I/(U)} ’

L1 (u,v)

where 7 = (71, 72). The so-called smoothed canonical correlation analysis (SCCA)
by [Leurgans, Moyeed, and Silverman| (1993), corresponds to maximizing L+ (u, v)
over u,v € HY. In this way, for the sample {(X;,Y;)",i = 1,...,n}, the authors
proposed performing an SCCA by replacing the population quantities with their
sample counterparts, that is, by maximizing the penalized squared sample corre-

lation
ZT(u,v) = 6(;/2(@’ X), (v, Y)) (2.2)
(\//a\r(<u,X>) n T1\If(u)) (\//a\r(@, YY) + TQqJ(v))
(u.Fxyv)

9

(<u,f‘xxu> + Tlllf(u)) (<v, f‘yyv> + TQ\I'(U)>
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where Cov and Var stand for the sample covariance and variance, respectively
computed by replacing the corresponding bivariate or univariate distributions
with the empirical ones, and r XX, f‘yy, and T xy denote the sample covariance
and cross-covariance operators.

As mentioned in the Introduction, to address the dimensionality problems
of functional canonical correlation analysis, He, Miller and Wang| (2004) and
Ramsay and Silverman, (2005) propose an alternative to the SCCA that employs
dimension-reduction techniques, that is, following a sieve approach. More pre-
cisely, these authors implement regularization by first projecting the sample’s
curves on a finite number of elements of an orthonormal basis. In this way, given
{& }i>1, a suitable orthonormal basis for H, let H,4 be the subspace of H spanned
by {&1,...,&}- Then, if we take d = d, such that d,, — oo, the sequence of
increasing subspaces Hg, approximates H. From now on, we assume the basis
elements are smooth, and so Hgn = {u € Hg, : us#0} CH. For simplicity, we
consider only the case where the same basis is used to approximate both canonical
direction estimators.

For the sample {(X;,Y;)",i = 1,...,n}, Ramsay and Silverman| (2005) de-
fined the SCCA restricted to the basis expansion domain as the maximization
of Zr(u,v) over H) x HY. Let a = (ay,...,aq)" and B = (B,...,Ba)"
be the coefficients’ vectors of u and v in the considered basis, and let x =
(X,€0),... . (X,&)) andy = (V,&),...,(Y,&))T. It is easily seen that, in
the basis expansion domain, the SCCA of the given data is carried out by maxi-
mizing the following over o, 3% 0:

L (o, B) =
6(;/2(a—rx, By)
(Var(@Tx) +n ¢ aiay [6:651) (Var(BTy) + 72 X8, 61 8y T60,651)

(2.3)

The maximizers of are the coeflicient’s vectors of the estimated leading
canonical directions in the considered basis.

Frequently used bases for functional data are the Fourier, polynomial, splines,
and wavelet bases. The practitioner can also use a data-driven basis, such as the
one composed of the eigenfunctions of the covariance operators. The number of
basis elements, d, should be chosen sufficiently large to ensure that the regular-
ization is controlled by the choice of the smoothing parameter r rather than by
the dimensionality d.
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2.2. Co-association measures

As is well known, the estimators obtained by maximizing Lr (u,v) are very
sensitive to the presence of outliers, because they are based on the sample ver-
sion of the covariance operators. This suggests that more resistant association
measures are needed to get reliable estimations; see, for instance, |Alfons, Croux
and Filzmoser| (2017), who provide robust canonical correlation estimators for
multivariate data and a discussion on bivariate association measures. Associa-
tion measures are an alternative to, and include, the Pearson correlation. In our
setting, we seek robust alternatives to the covariance between two random vari-
ables because we are penalizing the two variances appearing in the denominator
of . Clearly, a resistant measure can be constructed from a robust associa-
tion measure and a robust scale estimator. However, other possible choices can
be considered. We first give a definition that provides a general framework for
robust counterparts of the usual covariance.

Given two univariate random variables U and V, let Fiyy), Fu, and Fy
denote the distributions of (U,V)", U, and V, respectively. A bivariate co-
association measure v between U and V', denoted as 'y(F(Uy)), is a functional
defined over the space of bivariate distributions, such that

1) v(Flovy) =vFva),
(i) Y(Flav+b,ev+a) = acy(Fuy)), where a,b, ¢, and d are real constants.

To simplify the notation, we write v(U, V') instead of y(F(y1)) from now on.
Furthermore, if a bivariate co-association measure y also satisfies the condi-

tion

(iif) v*(U,V) <~(U,U) ~(V, V),

a measure of association may be defined as p (U, V) = v (U, V) /\/v (U, U) v (V, V).

Clearly, the covariance between two random variables is a co-association measure

that satisfies (i)—(iii), and its related association measure is the Pearson corre-
lation.

As mentioned above, to provide a robust counterpart of , robust scale
estimators are also needed. To recall the definition of a scale functional, denote G
as the set of all univariate distributions. A scale functional o : G — [0, +00) is a
location-invariant and scale-equivariant functional, that is, o(F,yyp) = |a|o(Fy),
for all real numbers a and b (see Maronna et al. (2019)). Two well-known ex-
amples of scale functionals are the standard deviation and the median absolute
deviation about the median, MAD(Fy7) = ¢ median (JU — median(U)|). The nor-
malization constant ¢, used in the MAD, can be chosen so that its empirical or
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sample version is consistent for a scale parameter of interest. Typically, one
chooses ¢ = 1/®71(0.75) so that the MAD is equal to the standard deviation
at a normal distribution. More generally, any M-scale estimator can be cali-
brated to provide Fisher-consistent estimators at the normal distribution, that
is, o(®) = 1, with ® being the standard normal distribution. As above, when
there is no confusion, we write o(U) instead of o (Fy).

Given a bivariate co-association functional v and a scale functional o, one can
define the related association measure p as p (U, V) =~ (U, V) /{oc (U)o (V)}, if
p? (U, V) < 1, for any two univariate variables U and V. Conversely, given an
association measure p and a scale functional o, the related co-association is given
by ¥ (U, V) = p(U,V) o (U)o (V).

Examples of such association measures can be constructed from a bivariate
robust scatter functional W = W (U, V'), which provides a more resistant alterna-
tive to the classical covariance matrix 3 = Cov(U, V). The association measure

induced by a bivariate scatter matrix W is given by

Wi (U, V)

UV)= ,
AV = R OV W 0.V 2

(2.4)

where Wy;(U, V) is the (i, j)th element of the scatter matrix W (U, V). One pos-
sible choice for W (U, V') is the M-scatter estimator defined by [Maronna (1976]),
because it provides an efficient estimator that is also highly robust in the bivariate
case. Another possible choice is to consider the orthogonalized Gnanadesikan—
Kettenring covariance proposed by Maronna and Zamar| (2002)). When using M-
estimators or the orthogonalized Gnanadesikan—Kettenring covariance, the cor-
responding co-association measure is defined by taking v(U, V) = W13(U, V) and
the related scale estimators as o(U) = /W11(U,V) and o(V) = \/Wa(U,V).
Note that p? (U, V) < 1 when W is positive semi-definite, which is satisfied by
both estimators mentioned above.

Taking into account that Cov(U, V) = (a3/4)(sD?(U/a+V/B) — sp?(U/av —
V/B)), for all @ # 0 and S # 0, where sD(-) stands for the standard deviation,
Gnanadesikan and Kettenring (1972) define a family of co-association functionals,
replacing the standard deviation with a robust scale o and taking o = ¢(U) and

B = o(V). More precisely, given a scale functional o, the co-association measure
v* is defined as v*(U,V) = o(U) o(V) (6% — 02)/4, with

=G tom) 2= e am) @Y

In order to obtain a highly robust estimator of the correlation between two real
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random variables, the association measure p*(U,V) is defined as p*(U,V) =
(0% — 02)/4. However, the resulting measure is not bounded between —1 and
1, because the co-association measure does not satisfy (iii). To ensure an asso-
ciation measure in the valid range, |Gnanadesikan and Kettenring (1972)) define
the association measure pgk as pax(U,V) = (02 — 02) /(0% + %), with 02 and
o2 defined in (2.5), which lies in the range [—1,1]. The related a co-association
measure is defined as yox (U, V) = o(U) o(V) pex (U, V).

Remark 2. We say that (U,V) ~ &(u, =, ) if Z = (U, V)T is elliptically dis-
tributed with location p, scatter matrix 3, and characteristic generator function
¢, that is, the characteristic function of Z is equal to ¥z (t) = exp(ip t)p(t ' Bt).
As mentioned in Section 2.1 of |Alvarez, Boente and Kudraszow| (2019)), if the ro-
bust scatter functional W is affine-equivariant, the association measure defined in
is Fisher-consistent for elliptical families; that is, p(U, V) = £12/v/211 Boo.
In particular, the association measure induced by the M-scatter estimator de-
fined by Maronna| (1976) is Fisher-consistent at any elliptical distribution. Fur-
thermore, even when the scatter matrix defined in Maronna and Zamar| (2002)
is not affine equivariant, the association measure p given in is also Fisher-
consistent at any elliptical distribution.

When the scale function o(-) is calibrated to be Fisher-consistent at the
normal distribution, 7* and gk are Fisher-consistent at the bivariate normal
distribution. When considering elliptical distributed random vectors (U, V) ~
E(p, X, p), it is well known that for any robust scale functional, there exists a
constant ¢ > 0 such that, for any a,b € R, o?(aU + bV) = c(a®S11 + b*Sas +
2abX12) (see, e.g.,Maronna et al. (2019)). Straightforward arguments show that,
in this situation, 02 = 2(1+¥12/v/Z11 B22) and 02 = 2(1—%12/v/S11 Bg2); thus
p* and pgk are also Fisher-consistent at elliptical distributions.

3. Robust Approaches for Smoothed Canonical Correlation Analysis

Throughout this paper, Pz[u| denotes the distribution of (u, Z) when Z ~
Pz, and Px y)lu,v] stands for the joint distribution of ((u, X), (v,Y))" when
(X, V)T ~ P(xyy. Furthermore, given a sample 71, ..., Z,, we write P, z[u] for
the empirical distribution of (u, Z1) , ..., (u, Z,), and P, (x y)[u,v] for that of the
bivariate sample ((u, X;), (v, Y;)) ", for 1 <i < n.

Let 7z and oy be robust co-association and scale functionals, respectively,
defining a measure of association; that is, v2 (U, V) < o2 (U) 02 (V). Henceforth,
Yxy (u,v) = Y (Pxyy[u, v]) and oz(u) = ox (Pz[u]), and their sample versions
are denoted as gn(u,v) = V(P (x,v)[u,v]) and si7z(u) = 02(Pnz[u]), respec-
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tively. When 7, (U, V) = pr (U, V) og (U) or (V) for some association measure
Pr, We write 7y, (u,v) = pr(P, (x,v)[u,v]) and pxy (u,v) = pg (P(X7y) [u, v]). Fur-
thermore, given any u,v € H, denote Ly (u,v) as the robust population squared
measure of association between (u, X) and (v,Y), and L+ x(u,v) as its smoothed
version; that is,

2 2
ER(U/,U) — M and ET’R(U,'U) ’YXY(U, U)

0% (u)ot (v) ~ {0k (W) + () HoE () + (o)}

where we define L (u,v) = 0 when 0% (u) = 0 or 0% (v) = 0. Note that Ly is the
robust counterpart of £(u,v) in . Moreover, if vy is related to an association
measure pr and the scale functional o as v (U, V) = pg (U, V) ox (U)og (V),
then Ly (u,v) = pi (Pxy)[u,v]). We refer to the supremum of Lr(u,v) as the
first or maximum canonical association.

As mentioned in Section 2.1, when the co-association measure ; and the
scale functional oy are taken as the covariance and the standard deviation, re-
spectively, the functional canonical correlation is an ill-posed problem and some
regularization is needed. Similarly, when considering a general co-association
and scale functionals, it is not possible to consider a sample version of the prob-
lem of maximizing Ly (u,v). More precisely, Proposition 3.1 of |Alvarez, Boente
and Kudraszow| (2019) shows that when dim(H) = oo, there are directions such
that the empirical association measure ER(u,v) = g%(u,v)/{sth(u) sivy(v)} is
equal to one. Thus, the proposal of Leurgans, Moyeed, and Silverman (1993)
can easily be adapted, using the sample version of L, i, to obtain more stable
estimators. To simplify our notation, in what follows, we avoid the subscript R
when defining the canonical directions and their estimators. The robust canon-
ical direction functionals and their smoothed versions are defined, respectively,
as (¢1, 1) = argmax, , 30 Lr(u, v) and (¢r1,¥hr1) = argmax, , ez Lrr(u,v).
The sample counterparts of (¢r1,%r,,1) are obtained using the sample versions
of the robust co-association and scale functionals; that is, the smoothed robust

canonical correlation estimators are given by

( gg 1Z ) = argma QTQL(% v)
1, Yr1) = X
DT vens 152 x(u) + ¥ (u)Hs2y (v) + U ()}
= argmax EAT,R (u,v). (3.1)

u,v €HY

In the same way, the proposal of Ramsay and Silverman (2005) based on
regularization by means of both orthonormal bases and a penalization parameter
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can be easily adapted to be robust maximizing EA,.’R over ”Hg. Therefore, the
smoothed robust canonical correlation estimators in the basis expansion domain
are given by

(5&,17 JR,I) = argmax ZT,R(ua U) ’ (32)
u,v €EHY

where k = (7,d).

Note that the above maximizations have no unique solution, and that any
scalar multiplication of a solution is also a solution. For that reason, conditions
over the norms of the directions or the variances of the projections are usually
imposed in order to achieve identifiability up to a sign. With this equivalence in
mind, we have that (¢1,1) is the pair of leading robust canonical directions of
the model, and ((}5771,121\7,1) and (5,@71,{5,@71), given in and , respectively,
are its estimators. Note that an unsmoothed robust version of , that is,
when 71 = 75 = 0, was studied in |Alvarez, Boente and Kudraszow| (2019).

4. Consistency

As in Leurgans, Moyeed, and Silverman| (1993), to derive consistency results
for smoothed robust canonical correlation estimators, it is enough to consider the
special case where 7y = 79 = 7; thus, we focus on this case henceforth. Let N
denote the null space of [-,-] and A/ its orthogonal complement. The following
assumptions are needed to obtain the desired convergence results.

C1 There exists a constant ¢ > 0 and a self-adjoint, positive, compact operator
T':H xH — H xH such that

r— (e (4.1)
'y oo
2

and for any u,v € H, 0% (u) = ¢ (u, T11u), 02 (v) = ¢ (v, To9v) and vxy (u, v)
= ¢ (u,T'12v). In addition, the eigenfunctions of I'1; and I'gs fall in Hs.

C2 There exist functions ¢ and v in Hg such that, for any u,v € H, we have
Lr(u,v) < Lr(¢1,91) = p3. Furthermore, there exists 0 < py < p1, such
that Lg(u,v) < p2, for any u € H and v € H such that ys (P x x)[u, ¢1]) =
Yr(Py,yy[v,91]) = 0. Furthermore, assume that [|¢1]| = 1 and [[¢1] = 1,
and that (¢1,1) is unique up to change of sign.

C3 (a) For any u € N, u # 0, ox(u) # 0, and oy (u) # 0.

(b) N is finite dimensional and there exists d > 0 such that U(u) = [u,u] >
d||u||?, for all v € N+
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Note that in C1, we may assume without loss of generality that ¢ = 1,
redefining I' as ¢ T'. From now on, we denote [[ull, = 0% (u) + 7 [u,u] =
(u,T'11u) + 7 [u, u] and Hv||%’T =02 (v) + 7 [v,0] = (v,T29v) + 7 [v,v]. Further-
more, let

Cpx = W |57 x(u) — o (w)]
u 1,79 —
Chy = W |57y (v) — o3-(v)]
V(2,7 =
Chnxy = sup |gn(u,v) — vxv (u,v)| .

llully,rp=llvll2,7, =1

We also need the following assumption, which is related to the convergence
of the scale and co-association estimators.

C4 The smoothing parameter 7 = 7, > 0 is such that 7, — 0, max(C), x,Cpy)
2% 0, and one of the following hold:

(a) Cpxy 2% 0 as n — oo, and there exists a constant A > 0 such that
for any u,v € HY, we have that

2
A 9, )
ET, (U7U> = = < A
' {shx () +7(u)H{s] v (v) + 7E(v)}
(b) The co-association measure is such that g,(u,v) = r(u,v)s, x(u)
sn,y (v), and we have that 0, = sup|,|=|y|=1 |"n(u, v) — pxy (u,v)] &5
0.

Note that the condition [,AﬂR(u,v) < A, for any u,v € HY, clearly holds with
A = 1 when 1 (U, V) = pg(U,V)og (U)og (V), for some association mea-
sure pg, as is the case with the classical setting, because r,(u,v) < 1. Note
too that r,(u,v) and pxy(u,v) are scale invariant, so we also have that 6, =
SUP |, . =[[v]la.r, =1 [Tn (W, V) = pxy (u, V)]

Assume that C2 holds, and define \g = p}, \; = SUD,, 4 €0 L;r(u,v), and

~

Ar = SUDy 4 eny ET7R(u,v). As in Section 3, we denote the values maximizing
L(u,0), Log(u,v), and Lrg(u,v) by (¢1,91), (6r1,Pr1), and (ér1,¥r1), re-
spectively.

The convergence of the estimators ($T,17 1//1\771) to the first population canon-
ical directions, (¢1,11), is the convergence with respect to the association mea-
sure induced by vz and oy, that is analogous to the I'-norm convergence defined
in Leurgans, Moyeed, and Silverman| (1993). This convergence means that the
canonical variates obtained from (57.,1, 1;771) for a given random element (X,Y)"
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behave as those obtained from (¢1,%1), which is a desirable property for the
estimated canonical directions. To clarify the convergence considered, given
u1, U9, v1,v2 € H, define the quantities

Ya(Pryyy v, va])
o3 (v1)o% (v2)

Y (Pix,x)[u1, uz])

d c¥ =
0% (u1)o% (u2) and Ly (v, v2)

[’I)t((ul’ uQ) =

For any pair of sequences (up)nen € H, (vn)nen € H, we say that (up,vy)
converges to (u,v) € H in the Ly-norm if L (u,u,) — 1 and LY (v,v,) — 1.
The following theorem (the proof is given in the Appendix) shows that the

robust estimators of the canonical directions given in (3.1]) are consistent.

Theorem 1. Let (X1,Y1)",...,(Xn, Y, be independent and identically dis-
tributed (i.i.d.) with the same distribution as (X,Y)T ~ Pixy). Assume that C1
-C2, C3(a), and C4 hold. Then, we have that

Y a.s, . . . .. .
(a) \r == \g = p?, so the estimate of the mazimum canonical association is
consistent,

(b) Lx(dr1,¢r1) 2% No, and
(¢) LX(Br1, 1) 2251 and LY (Y1, 1) 255 1.
In order to get consistency results for the robust smoothed canonical correla-

tion estimators in the basis expansion domain, it is necessary to adopt additional
notation and assumptions. Let k = Ky = (Tn,dn), A = SUPy, yepo Lrr(u,v),

and Ax = Sup,,enq L;r(u,v), with maximizers (¢r,1,¥r,1) and (Pw,1, Vr1)-
Let

D, x = sup ‘siX(u) — ai(u)! ,
u€Ha,,, ||lull1,-, =1
Dyy = sup ‘Si,y(v) — oy (v)] |
v€EHa,, ||v]l2,7n=1
Dn,XY = sup |gn(u7 U) - IVXY(’L% U)| )

w,v€Hay,, lully, -, =[?]l2,-, =1
and let I3, be the orthogonal projection operator onto Hg, .

C5 The basis {¢;}i>1 € H and d = d,, is such that d, — oo. The smoothing
parameter 7 = 7, > 0 is such that 7, — 0, max(D,, x, Dy y) 2% 0, and one
of the following hold:

(a) Dy xy 2% 0 as n — oo and there exists a constant A > 0 such that
for any u,v € ’Hgn, we have that £,z (u,v) < A.
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(b) The co-association measure is such that g,(u,v) = r(u,v)s, x(u)
spy (v), and we have that §,, = SUDy weHS, | [fulls vy =[vlls.rn =1 |rn (u, v) —
pxy (u,v)].

C6 0% (u):H — R, 0% :H — R, and yxy : H x H — R are continuous in
o1, 1, and (¢1,11), respectively.

Note that assumption C5 is slightly weaker than C4.
The following theorem shows that the robust estimators of the canonical
directions given in (3.2)) are consistent (see the Appendix for the proof).

Theorem 2. Let (X1,Y1)7,...,(X,,Y,) " bed.i.d. with the same distribution as
(X, V)T ~ Pixyy. Assume that C1-C3(a) and C5-C6 hold, 7, ¥ (I3, ¢1) — 0,
and 1, W (113, 1) — 0. Then, we have that

(@) e 5 Xo = p},

(b) ﬁR,(an,l,?ZnJ) &5 Ag, and

(¢) LX(Drr,d1) 2551 and LY (D1, 1) 25 1.
4.1. Some general comments

Assumptions C2 and C3 are similar to assumptions 3 and 4 in |Leurgans,
Moyeed, and Silverman (1993). In particular, C3(b) corresponds to the first
part of assumption 4 in Leurgans, Moyeed, and Silverman| (1993)). C3 is sat-
isfied, for example, when the roughness penalty is the integrated squared sec-
ond derivative, subject to periodic boundary conditions. Note that the assump-
tions 7W(Ily, ¢1) — 0 and 7¥(Il3, 1) — 0 in Theorem 2 are satisfied when
{U(TT3,01) }aen and {¥(IIy,11) }aen are bounded.

When ~y is the covariance and oy is the standard deviation sD, C1 holds,
with T'11 = I'xx, I'so = I'yy, I'i2 = T'xy, and ¢ = 1. Note that, in this case,
a necessary condition for a good definition of the canonical weights is that both
random elements X and Y have finite second moments, and Theorem 4.8 of |He,
Miiller and Wang) (2003) provides a characterization of the canonical directions
using an eigen-analysis of the cross-correlation operator, under mild assumptions.
As discussed in the Supplementary Material, this moment requirement may be
relaxed when other association measures are considered. More precisely, in Sec-
tion S.2 of the Supplementary Material, we discuss what the target quantities
represent for elliptical processes when second moments do not exist.

Recall that a desirable property is that the measures of co-association and
scale defining Ly determine the same canonical directions, which are the target
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ones, at least for a given distribution family. This property, known as Fisher-
consistency, is strongly connected with C1 and C2. In particular, if g is re-
lated to an association measure py and the scale functional o by Vg (U, V) =
pr (U, V) oy (U) o (V), then Ly (u,v) = p2 (P[{u, X), (v,Y)]). Thus, for ellipti-
cal processes, C1 is a consequence of the Fisher-consistency of pr (see Section
S.1 of the Supplementary Material). Some examples of association measures that
are Fisher-consistent for elliptical distributed vectors are discussed in Remark 2.

The following lemma gives conditions ensuring that the convergences in C4
hold, that is, that C), x 2500, Chny 2% 0, and Cnxy 25%0.

Lemma 1. Let (X1,Y1)7,...,(Xn, Y,) T be d.i.d. with the same distribution as
(X,Y)T ~ Pixyy. Let ny = supjy—jjof=1 |9n (1, v) = vxy (u,0)], G = supy
]si,X(u) — 0% (u)|, and v, = SUD||y)|=1 \si’y(v) —0%.(v)|. If C1 and C3 hold, and
™ — 0 and 7'7;1 max(Cp, Vn, Nn) 2% 0 asn — 00, then we have that C, x el 0,
Cry =50, and Cp, xy <5 0.

Note that Lemma 1 and Theorem 1 allow us to derive strong consistency
results for the canonical directions defined in |Leurgans, Moyeed, and Silverman
(1993). Effectively, define L(t) = log max(t,e) and LL(t) = L(L(t)), for any
t > 0. Moreover, denote LLn = LL(n), so that LLn = log logn for n > 3, and
LIin=1forn=1,2. Let Z = (X,Y)  andTzz =E[{Z - E(2)} ® {Z — E(2)}]
be its covariance operator. Note that I'zz is a self-adjoint continuous linear
operator over ‘H x H; moreover, it is a Hilbert—Schmidt operator. For simplicity,
JF will stand for the Hilbert space of such operators with an inner product defined
by (T'1,T2)r = trace(IiT2) = 372 (T125, T22j)uxn, where {z; 1 j > 1} is
any orthonormal basis of H x H and I'] is the adjoint of I'y. Furthermore,
define V.= {Z —E(2)} ® {Z — E(Z)} — I'zz, which is a zero mean random
element in F. Then, if E{[|V|%/LL(||[V|#)} < co and E ((V, F)%) < oo, for
any F' € F, the law of iterated logarithms in Hilbert spaces obtained in |Acostal
and Kuelbs| (1983) allows us to conclude that the assumptions in Lemma 1 hold
when 7, \/m — 00. Hence, under C2 and C3, the canonical directions are
consistent in the I zz—norm.

5. Numerical Results

In this section, we report the results of a small simulation study conducted
to compare the finite-sample behavior of the proposed robust estimators with
that of the classical ones, that is, those based on the Pearson correlation. We
also present an analysis of the Spanish weather data set considered in |Dai and
Genton (2019). For the robust estimators, we consider the association measure
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induced from a bivariate robust M-scatter functional, described in Section 2.2,
computed using Huber’s score function with tuning constant ki = (X%,o,g)l/ 2,
The classical and robust estimators are labeled as CL and ROB, respectively, in
all tables and figures.

5.1. Monte Carlo study

Our simulation model is similar to that considered in [He, Miiller and Wang]
(2004) and |Alvarez, Boente and Kudraszow| (2019). For each replication, we
generate independent samples {(X;,Y;)"}7, € H x H of size n = 100 with H =
L?[0,50]. The processes are observed over an equispaced grid of 50 points t;, for
j=1,...,50. Hence, the inner products (X;, u)y and (Y;,v)3 are approximated
as sums over the design points {¢;}1<;j<s0.

The clean data sets, denoted by Cj, are generated from the same distribution
as the Gaussian random element (X,Y)T € H x H, given by

X =Y mifi(t) and V() =) G, (5.1)
j=1 j=1

where {f;};>1 is the Fourier basis of L%[0,50] and m = 21. The scores n =
(..., nm)" and ¢ = ((1,...,Gn) ! are normally distributed random vectors,
(n",¢NHT ~ N(0,X), with ¥ a matrix with diagonal blocks Xp = X =
10diag(1,1,1,0.75,...,0.75™73) and an off-diagonal block 315 = diag(7,3,1,0,
..,0).

Note that for uncontaminated samples, the target quantities do not depend
on the selected co-association measure, and are equal to the canonical weights
and correlations defined in He, Miiller and Wang| (2004); that is, we have p; =
0.7, p2 = 0.3, p3 = 0.1, and py = 0 if £ > 3, whereas the canonical weights are
Ge(t) = e(t) = fo(t), for £=1,2,3.

As in|Alvarez, Boente and Kudraszow| (2019)), two contamination models, de-
noted by C1 and Cs, are studied so that the estimated canonical directions might
be affected. The trajectories obtained from these contaminations are denoted
by {(Xi(c), Yi(c))}?:l. Outliers were introduced using a Bernoulli random variable
B; ~ B(1,0.1), for 1 < ¢ < n, which corresponds to 10% outliers. To construct
trajectories with patterns different from the clean ones, we consider random vari-
ables W; ~ N(25,02?), such that W;, B;, (X;,Y;)" are independent. Under Cs,
we additionally generate (niT,C;-r)T = Mits s MimsGils - - ,Ci,m)T ~ N(0,%),
independent of W;, B; and (X;,Y;)".

When B; = 0, the generated trajectories correspond to clean ones, that is,
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(Xi(c), YZ-(C))T ~ (X,Y)T" given in (5.1). When B; = 1, the curve is contaminated,
as follows. Under C;, we define (Xi(c) Y.(C))T = Wi(fo, f2)" and take 0% = 1,

N

while under C3, 0 = 0.01 and (Xi(c), Yi(c)) are given by

f3+ fa
V2

f3+ fa
V2

Note that (' is a strong contamination in the direction of the second canonical di-

Xi(C) —nii f1 + Wi + 0.1m3 f3 + 0.1mi4 f4,

Y@-(C) =G fi + W;

+ 0.1G3 f3 +0.1¢4 fa

rection of (X,Y)T. In Cy, we contaminate in the direction of a linear combination
of the third canonical weight and the fourth element of the basis which, for clean
samples, corresponds to a canonical direction with null canonical correlation. In
all cases, we performed N R = 1,000 replications.

We present the results for the smoothed canonical estimators in the basis
expansion domain defined through ; those corresponding to the procedure
given in are relegated to the Supplementary Material. Two bases {;}i>1 are
considered in this numerical study: the cubic B-spline basis, and the Fourier basis
(the same basis used to generate the data). The elements of the B-spline basis
are orthonormalized before applying the algorithm to compute the estimators.
Because the samples are generated using the first m = 21 elements of the Fourier
basis, for this basis, the dimension of the approximating spaces is selected as
d=5,9,13. For the cubic B-spline basis, we also considered d = 20 as a possible
dimension for the linear subspace.

The selected penalization operator is the L? norm of the second derivative;
that is, U(u) = 050 u''(t)2dt (see Remark 1). As in [Leurgans, Moyeed, and
Silverman (1993)), the discretization of the roughness penalty is computed over the
same design points {t; }1<j<s0, and the second derivative of u at t; is approximated
by {u(ti_H)—2u(ti)—|—u(ti_1)}/(ti+1—ti)z, where u(tg) = u(t50) and u(t51) = u(tl).
The values [¢;,&;] = 050 &) & (e, for i,5 = 1,...,d, are evaluated using
the described approximation for the second derivative in each element of the
basis, and then approximating the integral by sums. To evaluate the influence of
the penalty parameter, different values of 7 are considered. More precisely, we
compare the performance when the smoothing parameter is equal to 7 = 20, 30, or
40. In this preliminary study, we analyze the performance for fixed values of (7, d)
only, even though, in practice, a robust cross-validation criterion is recommended,
see |Alvarez, Boente and Kudraszow| (2019)).

The smoothed estimators (5,%1, 1;,;71) given by are computed using the
algorithm described in the Supplementary Material. For each situation, to study



ROBUST SMOOTHED CANONICAL CORRELATION ANALYSIS 1285

Table 1. MISE for SCCA when using the Fourier basis and different contamination
settings.

d= 5 9 13
T = 20 30 40 20 30 40 20 30 40
Model Method
CL 0.13 0.13 0.13 0.31 0.27 0.25 0.33 0.29 0.26

Co ROB 0.18 0.19 0.18 0.42 037 0.34 0.44 038 0.34
oy CL 3.19 319 3.19 3.22 321 321 3.22 321 3.21

ROB 0.79 0.79 0.79 1.06 1.00 0.96 1.09 1.01 0.97
o, CL 3.02 3.02 3.02 3.08 3.06 3.05 3.08 3.07 3.06

ROB 1.02 1.04 1.02 141 1.30 1.26 143 134 1.28

Table 2. MISE for SCCA when using cubic B-splines and different contamination set-
tings.

d= 5 9 13 20
T= 20 30 40 20 30 40 20 30 40 20 30 40
Model Method
CL 0.13 0.13 0.13 0.30 0.26 0.24 0.33 0.28 0.26 0.34 0.29 0.26

Co rRoB 0.18 0.18 0.18 0.38 0.34 0.31 043 037 033 0.44 0.38 0.34
o, CL 3.19 3.19 3.19  3.21 3.21 3.21 3.22 3.21 3.21 3.22 3.22 3.20

rRoB 0.79 0.78 0.78 1.03 0.98 0.96 1.08 1.02 0.98 1.08 1.03 0.98
Oy CL 3.01 3.01 3.00 3.06 3.05 3.04 3.07 3.06 3.04 3.07 3.07 3.04

rROB 099 098 097 1.29 1.22 1.19 132 1.24 1.17 1.35 1.28 1.24

the performance of the first canonical weight estimators, we compute the average
over replications of ng~5,§71 — |2+ H@Zml —11]|?, denoted as the MISE. Tables 1 and
2 report the results when considering the Fourier and B-spline bases, respectively,
for each possible combination of the dimension and penalty parameters. We also
calculate the measures defined in |Alvarez, Boente and Kudraszow| (2019) based
on the absolute Pearson correlation of the canonical variates over non-atypical
data. The results obtained with these measures are similar to those given by the
MISE; thus, they are relegated to the Supplementary Material.

Taking into account that the MISE is nonnegative and expected to have a
skewed distribution, Figure S.2 in the Supplementary Material presents skewed-
adjusted boxplots, as defined in |Hubert and Vandervieren (2008), to display the
obtained results. The red and blue boxes correspond to the classical and robust
procedures, respectively.

As expected, when no outliers are present, all procedures are comparable,
leading to small values of the MISE, with the robust procedure performing slightly
worse than the nonrobust method, owing to the efficiency loss. In addition,
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taking into account the smoothness of the true directions, the choice d = 5 leads
to average values of the MISE that are around half those obtained for larger
dimensions.

The stability and advantage of the robust proposal over the classical one when
outliers are present in the data can be see in Tables 1 and 2 and Figure S.2. Even
though the MISE of the estimators computed using a robust association measure
is enlarged under the considered contaminations with respect to those obtained
for clean samples, its performance is much better than that of the classical ones.
Note that the maximum value of the MISE is equal to four when the estimators are
orthogonal to the target directions. Note that, under C7 and Cs, independently
of the basis dimension and penalty parameter, the classical method based on
the sample covariances and variances leads to average values of the MISE larger
than three. In contrast, the largest values for the average of the MISE when
considering the proposed robust method are equal to 1.43 and 1.35 for the Fourier
and B-spline bases (see Tables 1 and 2), respectively. Figure S.2 also reveals that,
even when large values of the MISE are obtained in some samples for the robust
estimators, the median never exceeds 1.032. Indeed, the angle between the target
and the robustly estimated directions has a median smaller than 47 degrees for
any of the considered contaminations and bases. Note when the basis dimension
is equal to five, the reported results are quite similar, independently of the value
of 7, for clean and contaminated samples. In contrast, as the dimension increases,
the penalty shows its advantage.

5.2. Real data analysis

To illustrate the performance of the estimators of the first canonical direc-
tions defined in this paper, we consider the Spanish weather data from the R
package fda.usc, also studied in |Dai and Genton| (2019). This data set contains
geographic information from 73 weather stations in Spain that recorded meteo-
rology information for the period 1980-2009. We only analyze the data related
to temperature and wind speed, denoted by X (¢) and Y (t), respectively, and
focus on the estimated canonical weights using the penalized classical and robust
procedures on the basis expansion domain, taking the Fourier basis.

The basis dimension d and the smoothing parameter 7 were obtained by
cross-validation. For the classical procedure, we considered the criterion de-
fined in [He, Miiller and Wang (2004), while for the robust one, we adapted
the robust criterion defined in |Alvarez, Boente and Kudraszow, (2019). More
precisely, denote ((E,({_f), ~E€_1Z )
using , computed without the ith observation, and let U;-(;,)1 = <¢~5(_i) X;)

K,

) as the first canonical direction estimators defined
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and V,,Eq = (sz;f ), Y;) denote the canonical variates of the ith subject. The ro-
bust cross-validation procedure maximizes over k = (7,d) in a set of candidates

K =T x D, the quantity RCV (k), defined as

RCV (k { ZA U;e)uvré)l)} (5.2)

where A(, ), denotes the bivariate probability measure giving all its mass to the
point (a,b) and p is the same association measure considered in the estimation
step. Note that we choose the same dimension and penalizing parameter on both
the temperature and wind velocity spaces.

For the basis expansion, we considered only odd dimensions between 5 and
21, that is, D = {d = 2k + 1, 2 < k < 9}, while the grid T for possible values
of 7 consists of 20 equally spaced values between zero and one as well as values
between 2 and 40 with step 2. To perform the maximization, we first analyzed
the performance of RCV (k) when d is fixed and 7 varies on 7, leading to a value
7(d) maximizing RCV (d, 7). We then determined the maximum of RC'V (d, 7(d))
over D.

When using the classical procedure, the pair maximizing equalled K =
(c?, T) = (21,34), while for the robust procedure, the maximum was attained at
Kk = (11,12). The estimators for the first canonical weights are shown in Figure 1.
Solid black lines are used for the robust estimators, and solid gray lines are used
for the classical ones. The classical estimators are more wiggly than the robust
ones, 0W1ng to the larger dimension of the basis domain. In addition, the peaks of
qﬁn 1 and 7% 1 in August and mid-November (corresponding to days 240 and 320)
for the classical procedure are larger than those of the robust ones. Therefore, the
classical procedure suggests that the temperatures and wind speeds in that period
should receive a larger positive weight. To complement Figure 1, Table 3 gives
the cosine of the angle between the robust and the classical first canonical weight
estimates of the first canonical direction estimates of X, labeled QEROB and gECL,
respectively, and those corresponding to Y, labeled JROB and {Z;CL, respectively,
for simplicity.

We then identified p0551b1e influential observations using the bagplot of the
canonical variates U; = (cb,“, X,;) and V; = <¢R1, Y;), where X; = X; — fix
and V; = Y; — iy are the centered observations, with x and jy the spatial
medians of {X;}? ; and {Y;}}' ;, respectively. Observations 28, 57, 58, 59, and
73 were detected as influential curves. These observations correspond to the
Granada air base, three stations located in Santa Cruz de Tenerife, and the airport
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Table 3. Cosine of the angle between the robust and classical first canonical weight es-
timates. We label as —Z the results obtained when the classical estimator is computed
after removing the observations indexed in Z = {28,57,58,59,73}. The upper line cor-
responds to the data-driven dimension, and the second line reports the results obtained
when the dimension is equal to d = 11 and 7 = 7(d).

d COS(QgR,OB, 5@) COS(?:/JVROB, {/;CL) COS(%ROB? gELI ) COS({/;ROB, 7;Z?c_LI )
Ef 0.100 0.549 0.966 0.991
11 0.292 0.911 0.966 0.991
(ER,I Jﬁ,l
°] =1
2 “1
= | q |
| <
6 1‘00 Zoo 3‘00 T o foo 2‘00 360
Day Day

Figure 1. Spanish weather data: Estimates of the canonical weights. The black line corre-
sponds to the robust fit, while the solid and dashed gray lines correspond to the classical
estimators computed using the whole data set and without the outliers, respectively.

station in Zaragoza, respectively. In particular, in Zaragoza, the wind speed is
almost constant throughout the year. We computed the classical estimators after
removing these observations. The optimal value for (d, ) was (11,0.842). The
dashed lines in Figure 1 correspond to the classical estimators obtained without
these possible atypical observations. Note that the classical estimators computed
without these potential outliers are very close to the robust ones. In other words,
the robust estimator behaves similarly to the classical estimator if one can identify
and manually remove suspected outliers.

To determine whether the detected observations affect only the choice of the
dimension of the basis, Figure 2 gives the estimates obtained when d = 11 for
the classical and robust procedures. In this case, the optimal value of 7 for the
classical estimator is equal to 40. Even though the canonical weights @Zg,l are
more similar, those corresponding to temperature show a quite different pattern,
specially during the second semester. In particular, the classical estimate has two
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Figure 2. Spanish weather data: Estimates of the canonical weights when d = 11. The
black line corresponds to the robust fit, while the solid and dashed gray lines correspond
to the classical estimators computed using the whole data set and without the outliers,
respectively.

“slump” days around days 220 and 320 (mid-August and mid-November), while

the robust weight takes a positive value in that region.

6. Conclusion

We have introduced two procedures to obtain robust estimators of canonical
directions based on co-association measures and a regularization term involving a
roughness penalty. The resulting estimators are consistent under mild conditions.
Furthermore, if the process (X,Y)T has an elliptical distribution with a finite
second moment, the resulting target quantities correspond to the usual canonical
correlation and directions. However, if second moments are not assumed, an
interpretation of the canonical weights analogous to those given in a classical
FCCA, but in terms of the scatter operator, is possible. Finally, our simulation
study confirms the poor performance of the SCCA based on Pearson’s correlation
under contaminated samples. In contrast, the robust procedures based on the
association measure defined by an M-dispersion matrix show reliable results for
both clean and contaminated samples. We apply our method to a real data set,
and confirm that the robust estimators remain reliable, even when the data set
contains atypical observations.

Note that we have assumed that X and Y are defined over the same infinite-
dimensional space H to simplify the notation. The extension to the situation in
which X € H; and Y € Hs is straightforward.
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Supplementary Material

The supplementary file contains some comments regarding the Fisher-consistency
of the robust canonical directions and their interpretation. It also includes the
proofs of Lemma 2 and Proposition 1 and some additional results regarding the

simulation study reported in Section 5.
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Appendix

To prove Theorem 1, we need some preliminary results whose proofs are
given in the supplementary file. In particular, Proposition 1 is the key step in
the proof of Theorem 1 and provides a sufficient condition for convergence in the
Lg-norm. The proof of Lemma 3 is omitted, since it may be derived using similar
arguments to those considered in Lemma 4 in [Leurgans, Moyeed, and Silverman!
(1993).

Lemma 2. Assume that C2 holds. Then, for any u and v in Hs, we have that
Lr(u,v) > Lrr(u,v) and A\ < Lg(pr1,%r1). Moreover, A\x — Xg as T — 0.
Proposition 1. Assume that C3(a) and C4 hold, then sup,, My |ZTT“R(U,U) -
L, (u,v)| 2%00.

Lemma 3. Assume that C1 and C2 hold and that Ly (un,vs) — p3 = Lr(¢1,%1)
as n — 0o. Then (up,vy) — (¢1,%1) in the Lyx-norm.

PrROOF OF THEOREM 1. (a) Standard arguments and Proposition 1 allow to
conclude that |XT—)\T| 2% 0 which together with Lemma 2 entails that XT 2355 No.
To prove (b) first note that, by Proposition 1, ]ZTVR((;ASTJ, 121\7,1)—57,3(&);,1, $771)| 22
0. Using ~q.s. to connect quantities whose difference converges to 0 almost surely,
from Lemma 2, we get that

)\0 = ’CR((E"'J’{/};J) = ﬁT,R(af,la J‘r,l) ~a.s. ZT,R(Q/Z)\T,lﬂz;T,l) = }\\‘r ﬁ> )\Oa
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concluding the proof of (b).
(¢) is an immediate consequence of (b) applying Lemma 3.

PROOF OF THEOREM 2. (a) Using C3(a) and C5 and similar arguments to those
considered in the proof of Proposition 1, we easily obtain that

sup ‘ZTMR(U,’U) — L q(u,v)] 2%0,
u,v G’HSH

which implies |X,.c — A 2% 0. From Lemma 2, it is easily seen that \g >

Ar > A > Lon(Ga,1,¥a, 1), where ¢a,1 = Iy, é1/| M, 1] and ¢g, 1 =
Iy, /||, 1] are the standardized orthogonal projections of ¢; and 1y re-
spectively, onto Hg,. Then, the proof of (a) is completed by showing that

Lrr ((Edn,ly?;dn,l) — Lr(é1,9%1) = Ao-

Since [y, d1ll = [|@1l], Mo, il = (|41 ll, 79 (s, ¢1) — 0 and 79 (g, 1)
— 0, by C6, we have

Lrr (5%1, Jdn,l)
Lr(¢1,v1)
iy <5dn,1ﬂZdn,1> o3 (61) o3 (¢1)
Yy (¢1,¢1) {ai (551”71) + TV (5@,1)} {032/ (Jdml) + 70 (Jdn,l)}

converges to 1.

Finally, (b) and (¢) may be obtained in a similar fashion as (b) and (c) of
Theorem 1.

Lemma 4 is needed in the proof of Lemma 1. It corresponds to Lemma 2 in
Leurgans, Moyeed, and Silverman| (1993) so its proof is omitted.

Lemma 4. Assume that C1, C3(a), and C3(c) hold and let ¢1(T) and l3(T) be
the smallest eigenvalues of cI'11 + T7Y(-) and ¢ T'ag + 7Y(+), respectively. Then,
for 0 < 7 <1, we have that {1(7) > 7¢1(1) > 0 and l2(7) > 7l2(1) > 0.

PROOF OF LEMMA 1. As in Lemma 4, denote ¢1(7) and f2(7) as the smallest
eigenvalues of I'1; + 7W(+) and T'gg + 7¥(+), respectively. Then, we have that for
any u € HY, (u,T11u) + 79 (u) > £1(7)||ul|?, so that infy, €30 fuj=1{(w, T11w) +
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TW(u)} > £1(7), which together with the fact that

snox (1) — 0% (u)

Cpx = sup ‘SZX(U) — Ugf(u)‘ = sup 5
ully, -, =1 uw EMY Jullf -,
52 x(u) — 0% (u) SUPy eng, ull=1 [Sn,x (1) — 0% (1)

= Sup St
werg | (u Tiw) + 7 W () | = infy ep jug=1{(u, T11u) + 7 ¥(u)}

I

leads to

SUDy e, [lufl=1 | S, x (1) —ai(u)’ b G as
— U.
01(1y) = li(mn) T mbi(1)

Cn,X <

a.s

Similar arguments and the fact that v, /7, — 0, allow to show that C), y 2500,
Finally,

In(u,v) — yxv (U, v)
lull1,z V]2,

Chxy = sup |gn(u,v) — yxy (u,v)| = sup
lulls, 7 =llv]l2,7, =1 u,v EHY

_ gn(uvv) - /VXY(/UH/U)
= sup o 1/2 1/2
uweHd | ((u, Tiiu) + 7, (w))* ((v, Tagv) + 7,0 (v))
- SUDPy, oy €18, [uf|=|v]|=1 |9n (U, V) — Yxv (1, V)]
~ infyegg fu=1 { (0, Traw) + 7 W (W) H2 infy epg o1 {(v, T220) + 70 (0)}1/2

Using that from Lemma 4 ¢;(7) > 74;(1), for j = 1,2, we obtain that

SUPy €M, Juf=v]=1 |9n (W V) — Vxv (u, V)| _ T
(61.(7n) ba(m))"? T (G(1) £a(1)2

Chxy <

which concludes the proof since 7, /7, 250.
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