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In this supplemental file, we provide proofs of the theorems and two large tables.

S1. Proof of Theorem 1

For the convenience of proof, define A = (A;,...,Ay) and B = (By,..., By). Let
a;j, bj; and t;; be the jth columns of A;, B; and T;, respectively.

(i) From Lemma 6.27 of Hedayat, Sloane and Stufken (1999) and the definition of
A, we can see that A is an OA(sny, gs, s,2). It is easy to see that after collapsing the
factors of T into s levels, T becomes A. Thus any two distinct columns of T’ can be
collapsed into an OA(snyg, 2, s, 2).

(ii) First we consider the space-filling property in two dimensions. Let D = (d;;)sxs
and d; be the jth column of D. Without loss of generality, we assume dy; = --- =
ds1 = 0. For other cases, the proof is similar. Here A and B are OA(sno, gs, s,2)’s. If
(@iyjy > Qigjos binjy) AN (@injy, iy jy s biy jy ) are OAs of strength 3 for iy # 4o, then (¢, ;,, iy, )
can be collapsed into an OA(sng,2,s x s%,2) and an OA(snyg, 2, s* x s,2). Therefore,
we only need to prove that (a;;,, @iyj,, biyj,) is an OA of strength 3 in the following two
cases.

(a) Here we consider the case: j; = jo = 1. Then (a1, ai,1,0i1) = (di @ ¢y, dy @
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Ciyy ds @ ¢;,) 18 an OA(sng, 3, s,3) due to its special structure
Ciy Ciy dis+ Ciy
Ciy Ciy dss+ Ciy

(b) Next, we consider the case: j; = 1 and j, > 1. According to the definitions of

A and B, (a1, Giyj,, binj,) can be written as

Ciy dljz T Ciy dl(j2—1) + Ciy

Ciy dsj2 + Ciy ds(jg—l) ‘l— Ciy
As (¢, ¢i,) is an OA(nyg, 2, s,2), then (¢;,, dyj, + ¢;,) forms an OA(nyg,2,s,2). And for
any level combination (o, 3,71) in (¢, dij, + Cigy 1 (jy—1) + Ciy ), there is a correspond-
ing level combination («, 5,7%) in (¢, , dij, + Cig Ai(jo—1) + ¢i,) for k=2,... s, where
Y, .- -,7s are distinct with each other and they are a permutation on {0,1,...,s— 1}.
Thus (a;,1, Giyjys binjy) 18 an OA(sno, 3, s, 3).

For other cases ji,jo > 1, the structures of (a;j,, iyjy, binj,)’s can be considered
the same as the one in case (b) because (d;, ® ¢;,,d;j, ® ¢y, dj,—1 ® ¢;,) is equivalent
to (dy @ ¢y, (dj, — dj,) @ ¢y, (djy1 — djy) ® ciy). Thus for T, any two columns from
different T;’s can be collapsed into an OA(sng, 2, s X s%,2) and an OA(sng, 2, s* x s,2).

Now we consider the column orthogonality of T. For all the cases considered
above, we know that (a;, j,, @iyjy, binjp) fOr 41 # o is an OA(sny, 3, s,3). Without loss of
generality, now assume the s levels in A and B are centered. Correspondingly we have

tT

L= . .\ . ) — 2T T 3. . T . . T p. . —
i1j1t1232 = (8aiyj; +biyjy )" (8Qigjy +bigjgy) = 8 A5, 4, Qigga +5az‘1j1bzzjz +sz‘1j1 Qigjo +bz‘1jlbzzjz =0,

implying that any two columns from different groups of T are column orthogonal.
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(iii) Similarly to the proof in (ii), we can get that (a;j,, @iyjy, @ipjy) With i1 # o
and jo # j3 must be an OA of strength 3. Thus for the resulting design, any three
distinct columns from two different groups 7; and 7T} with ¢ # j can be collapsed into
an OA(sng,3,s,3).

In summary, T is an SGOA(sng, gs, 52, 2).

S2. Proof of Theorem 2

From Algorithm 1, we can see that T becomes A after collapsing the factors into s
levels. Therefore, we only need to prove that A = (Ay,..., A,) achieves stratifications
on s X s x s grids with a proportion 7. There are (935) possible combinations of choosing
3 distinct columns out of gs columns. Now we count the number of the combinations
(@iy gy s Qigjyy Qigjy)'s which are OA(sng, 3,s,3)’s, for 1 < iy,i9,43 < g and 1 < jy, o, jg <
s. There are only two cases:

(a) Any two of 7;’s, k = 1,2, 3, are equal, for example i; = iy and i3 # i;. There
are gs(gs — s)(s — 1)/2 possible choices for (a;, i, @iyjp, Qigjs). And from the proof of
Theorem 1, under all these choices, (@;,;,, Giyjy, Gigjs)’s are OA(sng, 3, s, 3)’s.

(b) i1, i2 and i3 are not equal to each other. As C' is regular, any (a;, j, , @iyjy, Gigjs) 1
an OA(sny, 3, s,3) if and only if a;,;, cannot be represented by the linear combination
of a;,;, and a,,;, according to Theorem 3.29 of Hedayat, Sloane and Stufken (1999).
For any given a; ;, and a;,;, with i; # iy, there are s — 1 columns among all other
gs — 2s columns which can be represented by the linear combination of a;,;, and a,;,
since C' is saturated. Thus there are gs(gs — s)(gs — 2s — s + 1) /6 choices in this case

that can make each (a;, i, @iy, iyj;) being an array of strength 3. Therefore for design
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A, there are M three-tuples that are OA(sng, 3, s,3)’s, where

Ao 98lgs = s)(s = 1) | gs(gs —s)(gs —3s+1) _ gs(gs —s)(gs —2)
2 6 6

Thus the proportion is equal to 7 = (gs — s)/(gs — 1).

S3. Proof of Theorem 3

For the convenience of proof, we denote £ = (Ey,...,E,), F = (F,..., F,)
and G = (Gy,...,G,), and let e;;, fi; and g;; be the jth columns of E;, F; and G;
respectively, fort = 1,...,gand 7 = 1,...,s. From Lemma 6.27 of Hedayat, Sloane
and Stufken (1999), it is easy to see that E, F and G are OA(s’ng, gs, s,2)’s. We first
verify that the level size of T is s®. From the construction, we only need to prove that
(eij, fij» 9i7) 1s an OA(s?ng, 3,8,3), forany i =1,...,g and j = 1,...,s. Let d; denote
the jth column of D, for j = 1,...,s. Then according to the definitions of E, F' and

G, for j=1,5=2,5> 3, (e, fij, gij) can be written as

dq ds ds_1 do dy dy d; di—1 dj_2
di+1  dy des dy+1  dy d, d;+1  dj_y dj_o

@ ¢, ® ¢;,and @ ¢,
dl + (S — 1) ds ds—l d2 + (S — 1) dl ds dj + (S — 1) dj—l dj_g

respectively. For j > 3, from Lemma 6.12 of Hedayat, Sloane and Stufken (1999),
we know (d;,d;_1, dj_3) & ¢; is an OA(sng,3,s,2). And for any level combination
(a, B,7) in (d;,dj—1, dj_2) & ¢;, there is a corresponding level combination (o, 3,7)
in (d; + k,dj_1,dj_3) @¢; for k =1,...,s — 1, where ay, ..., a1 are distinct with
each other and they are a permutation on {0,1,...,s — 1}. Thus (e;;, fij, gij) is an
OA(s%ng, 3,,3) for j > 3. And we can show that (e;;, fij, gi;) is an OA(s?ng, 3, s, 3)

for j =1 or j = 2 by the similar argument.
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(i) Now we prove the space-filling property in any two dimensions. It is easy to see
that T becomes F after collapsing the factors into s levels, and it becomes sE + F' after
collapsing the factors into s levels. Let t;; denote the jth column of 7; fori = 1,...,g
and j =1,...,s. Here we want to verify that any two distinct columns (¢, j,, ti,j,) can
be collapsed into an OA(s%*ng,2,s x s%,2) and an OA(s%ng, 2, s* x s,2). To prove this,
we only need to verify that (€;,,, €injas fins) A0 (€i1j15 firirs €inja) are OA(s%ng, 3, 5, 3)’s.
We now give the proof for (e;,;,, €i,jss finj,) il three cases: (a) iy =iy and j; # j2; (b)
i1 # i and j1 = jo; and (c) ¢y # 2 and j; # jo. The proof for (e;,j,, firj, €inja) 1S
similar. For case (a), here we assume that j; < jo, then (e;;,, €14, firj») Can be written
as

d.

J1

d

J2 dj2—1

dj1 + 1 dj2 + 1 dj2—1
EB Ci1~

d; +(s—1) dj, +(s—1) djy—1
It is easy to verify that ((d;, + K, dj, + k)®e;,) is an OA(sng, 2, s,2), for k=0,..., s—
1. And based on the properties of the difference scheme, for any level combination
(o, B,7%) in ((dj,, dj,, dj,—1) B ¢y ), there is a corresponding level combination («, /3, k)
in ((dj, + k,dj, + k,dj,—1) ®c;,) for k =1,...,5 — 1, where vy, ...,7s—1 are distinct
with each other and they are a permutation on {0,1,...,s—1}. Thus (€, €ijs firjo)
is an OA(s%ng, 3,s,3). The proofs of cases (b) and (c) are similar, so we omit them
here.

(ii) First we prove the space-filling property of two columns selected from different

groups. We consider the two columns (t;,,,ti,j,) with i1 # i5. Here we need to verify
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that it can be collapsed into an OA(s?ng,2,s x s3,2) and an OA(s*ng,2,s® x s,2). To

prove this, we only need to verify that (e;,,, ti,;,) With i1 # i is an OA(s%ng, 2, sx 5%, 2).

Write it as
dj, djy djy—1 djy—2
dj, + 1 | ditl dj,—1 dj,—2
@Cilas @Ci2+8 @Ci2+ @Ci2 s
dj, + (s —1) dj, + (s — 1) djy—1 dj,—2

where (dj,—1,dj,—2) takes (ds,ds_1) and (dy,ds) respectively when j, is 1 and 2. It is
easy to see that ((dj, + k,dj,—1,d;,—2) & c;,) contains s* distinct three-tuples based
on {0,1,...,s — 1} for k = 0,1,...,s — 1. Then for each k, s*(d;, + k) @ ¢, +
sdj,—1 B Ciy +dj,—a D ¢y, consists of s? distinct levels in {0,1,...,s* — 1}, each of which
occurs \s times, where ) is the index of C'. Here we denote the s? different levels as
Vi = {vko,-.. 0k s21} for Kk =0,1,...,s — 1. Since (¢;,,¢;,) is an OA of strength 2,
((dj, + k)@ iy, $(dj, + k) & ¢i, + sdj, 1 ® iy + djy—o & ¢3,) must be an OA of strength
of 2 based on {0,1,...,s — 1} X {v0,Vk1, ..., Vks2—1}, of which each two-tuple occurs
A times. Vg, Vi, ..., Vi1 are disjoint with each other, and UZ;B Vi is a permutation on
{0,1,...,s% — 1}. Thus, each two-tuple based on {0,1,...,s — 1} x {0,1,...,s% — 1}
occurs A times in (e, iy, ), implying that it is an OA(s*ng, 2, s x s%,2).

Then let us verify the column orthogonality. Now assume the s levels in £, F' and
G are centered. As discussed in (ii), (i, €injs» finjo) 15 an OA of strength 3 for any

i1 # ig Or j1 # jo, which is also true for (e;,j,, €iyjs, Ginjo)- Correspondingly we have

T 2 T/ 2 T T
tiljlti2j2 = (8 €iyjy; T Sfiljl + giljl) (S Cigjy T Sfi2j2 + gizjz) - S(filjlgi2j2 + giljlfi2j2>'
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When iy # iz, both (fi,),, ginjo) and (fiyjy, Girji) are OA(s%ng, 2, s,2)’s, thus f1 gi,j, =
g 1 Jizj, = 0. Hence any two columns ¢;,;, and ¢;,;, with i; # iy are column orthogonal,
implying that any two columns from different groups in 7' are column orthogonal.
(iii) Now we consider the three-dimensional space-filling property. It is easy to see
that T becomes E after collapsing the factors into s levels. Thus it is equal to consider

the three-dimensional property of E. Write it as

D&e, D&e, ... Dag,

Dl@Cl Dl@CQ Dl@Cg
E=(Ey,....,E)=

Ds_l@cl Ds—l@c2 Ds_l@cg

In the proof of Theorem 1, we have shown that any three distinct columns from two
different groups of (D @ ¢y, ..., D @ c,) can be collapsed into an OA(sng, 3, s, 3), which
also holds for (D, @ ¢1,...,Dp @ ¢,) with k = 1,...,s — 1. Thus, any three distinct
columns from two different groups of E can be collapsed into an OA(s?ng, 3, s, 3).

Now the proof is complete, T is an SGOA(s%ny, gs, s, 3).

S4. Proof of Theorem 4
It is easy to see that T becomes E after collapsing the factors into s levels. Thus
it is equal to consider the three-dimensional space-filling property of E. Here we only

need to verify that (e;,j, €iyjs €iajs) 15 an OA(sPT23,s,3) when 4,42 and i3 are all
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different. It can be written as

djl djz djs
djl—i—]‘ dj2+1 djg"i_l
D Cir, © ¢y, ® ciy
dj, + (s —1) dj, + (s — 1) dj, + (s — 1)

We can see that it is an OA(sP™2, 3,5, 3) if (¢, ¢y, ¢iy) is an OA of strength 3. Thus
we only consider the situation that (c;,¢;,,c,) cannot form an OA of strength 3,
which is equivalent to the situation that the three columns (¢;,, ¢;,, ¢;,) are not linearly
independent according to Theorem 3.29 of Hedayat, Sloane and Stufken (1999). Since
C' is a regular OA(sP, g1, s,2) whose each generated column can be represented as
the sum of ¢ independent columns, where 2 < ¢ < p, then for any three columns
that are not linearly independent, one of them can be expressed as the sum of the
remaining two columns. Without of generality, we assume c¢;, = ¢; + ¢, Based
on the properties of the difference scheme, for any row (zy,xs,x3) with the relation
T3 = T + Ty + Yo in (dj, @ ¢y, dj, ® ¢y, djy B ciy), there is a corresponding row
(21,22, 2%) in ((d, + k)@, (d;, + k) D ey, (djq + ke ¢iy) which has the relation
Th =1 + To + v for k=1,...,s — 1, where 7, ...,7s_1 are distinct with each other

and they are a permutation on {0,1,...,s — 1}.
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S5. Large Tables

Table S.1: The SGOA(64, 20, 16,2) in Example 2.

Post-collapsing

Pre-collapsing

Ty

T3
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Table S.2: An SGOA(81, 12,27, 3).

Pre-collapsing Post-collapsing

T P T3 Ty £y I35 E3 Ey
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0O 0 0 0 0 0
0 0 0 13 13 13 13 13 13 26 26 26 0 0 0 1 1 1 1 1 1 2 2 2
0 0 0 26 26 26 26 26 26 13 13 13 0O 0 O 2 2 2 2 2 2 1 1 1
13 13 13 0 0 0 13 13 13 13 13 13 1 1 1 0 0 O 1 1 1 1 1 1
13 13 13 13 13 13 26 26 206 0 0 0 1 1 1 1 1 1 2 2 2 0 0 0
13 13 13 26 26 26 0 0 0 26 26 26 1 1 1 2 2 2 0 0 O 2 2 2
26 26 26 0 0 0 26 26 26 26 26 26 2 2 2 0 0 O 2 2 2 2 2 2
26 26 26 13 13 13 0 0 0 13 13 13 2 2 2 1 1 1 0 0 O 1 1 1
26 26 26 26 26 26 13 13 13 0 0 0 2 2 2 2 2 2 1 1 1 0 0 O
7 11 21 7 11 21 7 11 21 7 11 21 0o 1 2 0o 1 2 0o 1 2 0o 1 2
7 11 21 11 21 7 11 21 7 21 7 11 0o 1 2 1 2 0 1 2 0 2 0 1
7 11 21 21 7 11 21 7 11 11 21 7 0o 1 2 2 0 1 2 0 1 1 2 0
11 21 7 7 11 21 11 21 7 11 21 7 1 2 0 0o 1 2 1 2 0 1 2 0
11 21 7 11 21 7 21 7 11 7 11 21 1 2 0 1 2 0 2 0 1 0o 1 2
11 21 7 21 7 11 7 11 21 21 7 11 1 2 0 2 0 1 0o 1 2 2 0 1
21 7 11 7 11 21 21 7 11 21 7 11 2 0 1 0o 1 2 2 0 1 2 0 1
21 7 11 11 21 7 7 11 21 11 21 7 2 0 1 1 2 0 0o 1 2 1 2 0
21 7 11 21 7 11 11 21 7 7 11 21 2 0 1 2 0 1 1 2 0 0o 1 2
5 19 15 5 19 15 5 19 15 5 19 15 0 2 1 0 2 1 0 2 1 0 2 1
5 19 15 15 5 19 15 5 19 19 15 5 0 2 1 1 0 2 1 0 2 2 1 0
5 19 15 19 15 5 19 15 5 15 5 19 0 2 1 2 1 0 2 1 0 1 0 2
15 5 19 5 19 15 15 5 19 15 5 19 1 0 2 0 2 1 1 0 2 1 0 2
15 5 19 15 5 19 19 15 5 5 19 15 1 0 2 1 0 2 2 1 0 0 2 1
15 5 19 19 15 5 5 19 15 19 15 5 1 0 2 2 1 0 0 2 1 2 1 0
19 15 5 5 19 15 19 15 5 19 15 5 2 1 0 0 2 1 2 1 0 2 1 0
19 15 5 15 5 19 5 19 15 15 5 19 2 1 0 1 0 2 0 2 1 1 0 2
19 15 5 19 15 5 15 5 19 5 19 15 2 1 0 2 1 0 1 0 2 0 2 1
9 9 9 9 9 9 9 9 9 9 9 9 1 1 1 1 1 1 1 1 1 1 1 1
9 9 9 22 22 22 22 22 22 8 8 8 1 1 1 2 2 2 2 2 2 0 0 O
9 9 9 8 8 8 8 8 8 22 22 22 1 1 1 0 0 O 0 0 O 2 2 2
22 22 22 9 9 9 22 22 22 22 22 22 2 2 2 1 1 1 2 2 2 2 2 2
22 22 22 22 22 22 8 8 8 9 9 9 2 2 2 2 2 2 0 0 O 1 1 1
22 22 22 8 8 8 9 9 9 8 8 8 2 2 2 0 0 O 1 1 1 0 0 O
8 8 8 9 9 9 8 8 8 8 8 8 0 0 0 1 1 1 0 0 0 0 0 0
8 8 8 22 22 22 9 9 9 22 22 22 0 0 O 2 2 2 1 1 1 2 2 2
8 8 8 8 8 8 22 22 22 9 9 9 0 0 0 0O 0 0 2 2 2 1 1 1
16 20 3 16 20 3 16 20 3 16 20 3 1 2 0 1 2 0 1 2 0 1 2 0
16 20 3 20 3 16 20 3 16 3 16 20 1 2 0 2 0 1 2 0 1 0o 1 2
16 20 3 3 16 20 3 16 20 20 3 16 1 2 0 0o 1 2 0 1 2 2 0 1
20 3 16 16 20 3 20 3 16 20 3 16 2 0 1 1 2 0 2 0 1 2 0 1
20 3 16 20 3 16 3 16 20 16 20 3 2 0 1 2 0 1 0o 1 2 1 2 0
20 3 16 3 16 20 16 20 3 3 16 20 2 0 1 0o 1 2 1 2 0 0o 1 2
3 16 20 16 20 3 3 16 20 3 16 20 0o 1 2 1 2 0 0o 1 2 0o 1 2
3 16 20 20 3 16 16 20 3 20 3 16 0o 1 2 2 0 1 1 2 0 2 0 1
3 16 20 3 16 20 20 3 16 16 20 3 0o 1 2 0o 1 2 2 0 1 1 2 0
14 1 24 14 1 24 14 1 24 14 1 24 1 0 2 1 0 2 1 0 2 1 0 2
14 1 24 24 14 1 24 14 1 1 24 14 1 0 2 2 1 0 2 1 0 0o 2 1
14 1 24 1 24 14 1 24 14 24 14 1 1 0 2 0 2 1 0 2 1 2 1 0
24 14 1 14 1 24 24 14 1 24 14 1 2 1 0 1 0 2 2 1 0 2 1 0
24 14 1 24 14 1 1 24 14 14 1 24 2 1 0 2 1 0 0o 2 1 1 0 2
24 14 1 1 24 14 14 1 24 1 24 14 2 1 0 0 2 1 1 0 2 0o 2 1
1 24 14 14 1 24 1 24 14 1 24 14 0 2 1 1 0 2 0 2 1 0o 2 1
1 24 14 24 14 1 14 1 24 24 14 1 0 2 1 2 1 0 1 0 2 2 1 0
1 24 14 1 24 14 24 14 1 14 1 24 0 2 1 0 2 1 2 1 0 1 0 2
18 18 18 18 18 18 18 18 18 18 18 18 2 2 2 2 2 2 2 2 2 2 2 2
18 18 18 4 4 4 4 4 4 17 17 17 2 2 2 0 0 O 0 0 O 1 1 1
18 18 18 17 17 17 17 17 17 4 4 4 2 2 2 1 1 1 1 1 1 0 0 O
4 4 4 18 18 18 4 4 4 4 4 4 0 0 0 2 2 2 0 0 0 0 0 0
4 4 4 4 4 4 17 17 17 18 18 18 0 0 0 0 0 O 1 1 1 2 2 2
4 4 4 17 17 17 18 18 18 17 17 17 0 0 O 1 1 1 2 2 2 1 1 1
17 17 17 18 18 18 17 17 17 17 17 17 1 1 1 2 2 2 1 1 1 1 1 1
17 17 17 4 4 4 18 18 18 4 4 4 1 1 1 0 0 O 2 2 2 0 0 0
17 17 17 17 17 17 4 4 4 18 18 18 1 1 1 1 1 1 0 0 O 2 2 2
25 2 12 25 2 12 25 2 12 25 2 12 2 0 1 2 0 1 2 0 1 2 0 1
25 2 12 2 12 25 2 12 25 12 25 2 2 0 1 0o 1 2 0o 1 2 1 2 0
25 2 12 12 25 2 12 25 2 2 12 25 2 0 1 1 2 0 1 2 0 0o 1 2
2 12 25 25 2 12 2 12 25 2 12 25 0o 1 2 2 0 1 0o 1 2 0o 1 2
2 12 25 2 12 25 12 25 2 25 2 12 0o 1 2 0o 1 2 1 2 0 2 0 1
2 12 25 12 25 2 25 2 12 12 25 2 0o 1 2 1 2 0 2 0 1 1 2 0
12 25 2 25 2 12 12 25 2 12 25 2 1 2 0 2 0 1 1 2 0 1 2 0
12 25 2 2 12 25 25 2 12 2 12 25 1 2 0 0o 1 2 2 0 1 0o 1 2
12 25 2 12 25 2 2 12 25 25 2 12 1 2 0 1 2 0 0o 1 2 2 0 1
23 10 6 23 10 6 23 10 6 23 10 6 2 1 0 2 1 0 2 1 0 2 1 0
23 10 6 6 23 10 6 23 10 10 6 23 2 1 0 0 2 1 0o 2 1 1 0 2
23 10 6 10 6 23 10 6 23 6 23 10 2 1 0 1 0 2 1 0 2 0 2 1
6 23 10 23 10 6 6 23 10 6 23 10 0 2 1 2 1 0 0 2 1 0 2 1
6 23 10 6 23 10 10 6 23 23 10 6 0 2 1 0 2 1 1 0 2 2 1 0
6 23 10 10 6 23 23 10 6 10 6 23 0 2 1 1 0 2 2 1 0 1 0 2
10 6 23 23 10 6 10 6 23 10 6 23 1 0 2 2 1 0 1 0 2 1 0 2
10 6 23 6 23 10 23 10 6 6 23 10 1 0 2 0 2 1 2 1 0 0o 2 1
10 6 23 10 6 23 6 23 10 23 10 6 1 0 2 1 0 2 0 2 1 2 1 0




