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S1 Notations

• Vectors and matrices are denoted by boldface letters, e.g. X,V .

• Sp−1 = {(x1, . . . , xp) : x2
1 + · · · + x2

p = 1} is the (p − 1)-dimensional

unit sphere.

• X i = (Xi1, . . . , Xip)
>, i = 1, . . . , n are iid uniformly distributed on

Sp−1.

• r = (1, 0, . . . , 0)> ∈ Sp−1.

• (X(1), . . . ,X(n)) is a permutation of (X1, . . . ,Xn) such that r>X(1) ≥

· · · ≥ r>X(n) (or equivalently, X
(1)
1 ≥ · · · ≥ X

(n)
1 ).
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• Θi denotes the angle between X i and r.

• Θi, i = 1, . . . , n are iid with the common cdf

Fp(θ) =

∫ θ

0

1√
π

Γ(p/2)

Γ((p− 1)/2)
(sinx)p−2dx

=

∫ 1

cos θ

1√
π

Γ(p/2)

Γ((p− 1)/2)
(1− u2)

p−3
2 du, θ ∈ [0, π].

• Θ1:n ≤ Θ2:n ≤ · · · ≤ Θn:n denotes the order statistics of Θ1, . . . ,Θn.

• Xm = 1
m

∑m
i=1 X

(i).

• ρn,p,m = r> Xm

‖Xm‖
.

• V i (V (i), respectively) ∈ Sp−2 denotes the normalized subvector of

X i (X(i), respectively) with the first component deleted.

• X i = (Xi1, (1−X2
i1)1/2V >i )>.

• X(i) = (X
(i)
1 , νiV

(i)>)>, where νi = (1−X(i)2
1 )1/2.

• V ′i, i = 1, . . . , n are iid uniformly distributed on Sp−2 independent of

X1, . . . ,Xn.

• An,p,m =
(

1
m

∑m
i=1 X

(i)
1

)2

.

• Vn,p,m =
∥∥ 1
m

∑m
i=1 νiV

′
i

∥∥2
, where νi = (1−X(i)2

1 )1/2.

• U1, U2, . . . are iid uniform (0,1) random variables.
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S2. PROOF OF LEMMA A6

• U1:n ≤ · · · ≤ Un:n denotes the order statistics of U1, . . . , Un.

• ξ1, ξ2, . . . are iid exponential random variables with mean 1.

• S0 = 0, Si = ξ1 + · · ·+ ξi, i = 1, 2, . . .

S2 Proof of Lemma A6

Proof of Lemma A6(i). For any fixed (large) C > 0 and for i = 1, . . . ,m,

let tn,i ∈ [0, 1) be such that

1

2
p ln (1− t2n,i) = min

{
− ln

n

i
+

1

2
ln ln

n

i
+

1

2
ln(4π)− C, 0

}
= − ln

n

i
+

1

2
ln ln

n

i
+

1

2
ln(4π)− C (for large n). (S.1)

Since m/n = o(1) and (lnn)2/p = O(1), we have tn,i → 0+ (uniformly in

1 ≤ i ≤ m) as n→∞. Thus

ln (1− t2n,i) = −2 ln(n/i)

p

(
1 +O

(
ln ln (n/m)

ln (n/m)

))
, (S.2)

ln (1− t2n,i) = −t2n,i(1 +O(t2n,i)) = −t2n,i
(

1 +O

(
lnn

p

))
, (S.3)

and

2 ln (n/i)

pt2n,i
= 1 +O

(
ln ln (n/m)

ln (n/m)

)
+O

(
ln n

p

)
= 1 +O

(
ln ln (n/m)

ln (n/m)

)
,

(S.4)

where the O
(

ln ln(n/m)
ln(n/m)

)
term is uniform in 1 ≤ i ≤ m. (Note that ln ln x

ln x
is

decreasing in x ∈ (ee,∞).)
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Note that Sn = ξ1 + · · ·+ ξn has the gamma distribution with the scale

and shape parameters equal to 1 and n, respectively. For large n,

n1/2 ln

(
Sn
n

)
= n1/2

(
Sn
n
− 1

)
+Op

(
n−1/2

) d−→ N(0, 1).

Furthermore, by making use of the gamma tail probabilities, it can be

readily shown that there exists an M > 0 such that

max

{
E

[
ln
Si
i

]4

,E

[
ln
Si+1

i

]4
}
≤ M

i2
, i = 1, 2, . . .

Let hn,i(x) = ln (nx/i), i = 1, . . . ,m. We have by Lemma A3

E [hn,i(Ui:n)]4 = E

[
ln

(
nSi
iSn+1

)]4

= E

[
ln
Si
i
− ln

Sn+1

n

]4

≤ 8

{
E

[
ln
Si
i

]4

+ E

[
ln
Sn+1

n

]4
}
≤ 16M

i2
, i = 1, . . . ,m.

(S.5)
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S2. PROOF OF LEMMA A6

By the definition of F p(·) given in (A.2), we have

hn,i := hn,i
(
F p(cos−1 tn,i)

)
= ln

{
n

i
√
π

Γ(p/2)

Γ((p− 1)/2)

(
(1− t2n,i)p−1

(p− 1)2t2n,i

)1/2
}

= ln

(
n

i

√
(1− t2n,i)p−1

2πpt2n,i

)
+O

(
1

p

)
(by (A.15))

= ln

(
n

i

√
(1− t2n,i)p

2πpt2n,i

)
+O

(
lnn

p

)
(by (S.2))

= ln

(√
2 ln(n/i)

pt2n,i
e−C

)
+O

(
lnn

p

)
(by (S.1))

= −C +O

(
ln ln(n/m)

ln(n/m)

)
+O

(
lnn

p

)
(by (S.4))

= −C +O

(
ln ln(n/m)

ln(n/m)

)
. (S.6)

Similarly to tn,i as defined in (S.1), let tn,i ∈ [0, 1) be such that

1

2
p ln(1− t2n,i) = min

{
− ln

n

i
+

1

2
ln ln

n

i
+

1

2
ln(4π) + C, 0

}
. (S.7)

It can be shown that

hn,i := hn,i

F p(cos−1 tn,i)

(
1 +

1

(p− 3)t
2
n,i

)−1
 = C +O

(
ln ln(n/m)

ln(n/m)

)
.

(S.8)

By (S.6) and (S.8), we have

hn,i < −
C

2
and hn,i >

C

2
for i = 1, . . . ,m for large n. (S.9)
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Thus, we have for large n

P

(
max

1≤i≤m

∣∣∣∣p ln (sin Θi:n) + ln
n

i
− 1

2
ln ln

n

i
− 1

2
ln(4π)

∣∣∣∣ > C

)
≤

m∑
i=1

P

(∣∣∣∣p ln(sin Θk:n) + ln
n

i
− 1

2
ln ln

n

i
− 1

2
ln(4π)

∣∣∣∣ > C

)
=

m∑
i=1

{
P
(
p ln(sin Θi:n) <

p

2
ln(1− t2n,i)

)
+ P

(
p ln(sin Θi:n) >

p

2
ln(1− t2n,i)

)}
(by (S.1) and (S.7))

=
m∑
i=1

{
P(cos2 Θi:n > t2n,i) + P(cos2 Θi:n < t

2
n,i)
}

≤
m∑
i=1

{
P(Θi:n < cos−1 tn,i) + P

(
cos−1 tn,i < Θi:n <

π

2

)
+ 2P

(
Θi:n >

π

2

)}
≤

m∑
i=1

{
P
(
Fp(Θi:n) < F p(cos−1 tn,i)

)
+ P

(
Fp(Θi:n) > F p

(
cos−1 tn,i

)(
1 +

1

(p− 3)t
2
t,n

)−1
)

+2P

(
Fp(Θi:n) >

1

2

)}
(by Lemma A2)

=
m∑
i=1

{
P(hn,i(Ui:n) < hn,i) + P(hn,i(Ui:n) > hn,i) + 2P

(
Ui:n >

1

2

)}
(since Fp(Θi:n)

d
= Ui:n)

≤
(
C

2

)−4 m∑
i=1

{
E[hn,i(Ui:n)]4 + E[hn,i(Ui:n)]4

}
+ 2mP

(
Um:n >

1

2

)
(by (S.9))

≤ 512M

C4

m∑
i=1

1

i2
+ 2mP

(
Um:n >

1

2

)
(by (S.5))

≤ 512M

C4

π2

6
+ 2mP

(
Um:n >

1

2

)
. (S.10)

Since limn→∞mP
(
Um:n >

1
2

)
= 0 and since 512M

C4
π2

6
can be made arbitrarily

small by choosing a sufficiently large C, Lemma A6(i) follows from (S.10).
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S2. PROOF OF LEMMA A6

Proof of Lemma A6(ii). By Lemma A6(i), for any given 0 < η < 1,

there exist C > 0 and N > 0 such that P(An) > η for all n > N , where the

event An is defined by

An =

{
max

1≤i≤m

∣∣∣∣p ln (sin Θi:n) + ln
n

i
− 1

2
ln ln

n

i

∣∣∣∣ ≤ C

}
.

Let

un,i = 1− exp

(
−2 ln (n/i)

p
+

ln ln (n/i)

p
+

2C

p

)
and

vn,i = 1− exp

(
−2 ln (n/i)

p
+

ln ln (n/i)

p
− 2C

p

)
,

so that An = {un,i ≤ cos2 Θi:n ≤ vn,i, i = 1, . . . ,m}.

Since (lnn)2/p = O(1), there exist C ′ > 0 and N ′ > 0 such that for

n > N ′

max
1≤i≤m

∣∣∣∣un,i +

{
−2 ln (n/i)

p
+

ln ln (n/i)

p
+

2C

p

}∣∣∣∣ ≤ C ′
(ln n)2

p2
,

max
1≤i≤m

∣∣∣∣vn,i +

{
−2 ln (n/i)

p
+

ln ln (n/i)

p
− 2C

p

}∣∣∣∣ ≤ C ′
(ln n)2

p2
.

Let C ′′ = supn>N ′(ln n)2/p, so that for n > N ′ and i = 1, . . . ,m,

un,i ≥
2 ln (n/i)

p
− ln ln (n/i)

p
− 2C + C ′C ′′

p

and

vn,i ≤
2 ln (n/i)

p
− ln ln (n/i)

p
+

2C + C ′C ′′

p
.
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We have for n > max{N,N ′}

η < P(An) = P(un,i ≤ cos2 Θi:n ≤ vn,i, i = 1, . . . ,m)

≤ P

(
max

1≤i≤m

∣∣∣∣cos2 Θi:n −
2 ln (n/i)

p
+

ln ln (n/i)

p

∣∣∣∣ < 2C + C ′C ′′

p

)
= P

(
max

1≤i≤m

∣∣∣∣−p2 cos2 Θi:n + ln
n

i
− 1

2
ln ln

n

i

∣∣∣∣ < C +
C ′C ′′

2

)
.

This proves Lemma A6(ii).

S3 Proof of Lemma A7

Proof of Lemma A7(i). For wm = (w1, . . . , wm) and ui > 0, let

g(u1, . . . , um;wm) :=
1

m

m∑
i=1

wi

{
ln
n

i
+ lnui

}
.

Let w′m = (1, 1, . . . , 1) and w′′m = (1/m, 2/m, . . . ,m/m). To derive the

asymptotic behavior of An,p,m, we first establish

g
(
F p(Θ1:n), . . . , F p(Θm:n);wm

)
= op(1) (S.11)

for wm = w′m, w′′m. To show (S.11), it suffices to prove that for wm =

w′m, w
′′
m,

g (Fp(Θ1:n), . . . , Fp(Θm:n);wm)
d
= g (U1:n, . . . , Um:n;wm) = Op(m

−1/2),

(S.12)

g (Fp(Θ1:n), . . . , Fp(Θm:n);wm) = g
(
F p(Θ1:n), . . . , F p(Θm:n);wm

)
+ op(1).

(S.13)
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To prove (S.12), we have by Lemma A3

g(U1:n, . . . , Um:n;wm)
d
= g

(
S1

Sn+1

, . . . ,
Sm
Sn+1

;wm

)
=

1

m

m∑
i=1

wi

{
ln
n

m
+

m∑
`=i

1

`
+ ln

Si
Sn+1

}
+

1

m

m∑
i=1

wi

{
−

m∑
`=i

1

`
+ ln

m

i

}

:= R1(wm) +R2(wm). (S.14)

Here,

R1(wm) =
1

m

m∑
i=1

wi

(
ln
n

m
+

m∑
`=i

1

`
+ ln

Si
Sn+1

)

=
1

m

m∑
i=1

wi

(
ln

Si
Sm+1

+
m∑
`=i

1

`

)
+

(
ln
Sm+1

m
− ln

Sn+1

n

)(
1

m

m∑
i=1

wi

)

:= R′1(wm) +R′′1(wm), (S.15)

where

R′1(wm) =
1

m

m∑
i=1

wi

(
ln

Si
Sm+1

+
m∑
`=i

1

`

)
d
=

1

m

m∑
i=1

wi

(
lnUi:m +

m∑
`=i

1

`

)
d
= − 1

m

m∑
i=1

wi

(
e(m+1−i):m −

m∑
`=i

1

`

)
= − 1

m

m∑
i=1

wi

m∑
`=i

(
Y` −

1

`

)
,

(S.16)

where ξ1:m ≤ ξ2:m ≤ · · · ≤ ξm:m are the order statistics of iid exponential

random variables ξ1, . . . , ξm with mean 1 and Yi := ξ(m−i+1):m−ξ(m−i):m, i =

1, . . . ,m (ξ0:m := 0). Note that the Yi’s are independent and exponentially
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distributed with respective means 1/i, i = 1, . . . ,m.

For wm = w′m = (1, 1, . . . , 1), by Chebyshev’s inequality,

R′1(w′m)
d
=
−1

m

m∑
i=1

m∑
`=i

(
Y` −

1

`

)
=
−1

m

m∑
i=1

i

(
Yi −

1

i

)
= Op

(
m−1/2

)
.

(S.17)

Also,

R′′1(w′m) :=

(
ln
Sm+1

m
− ln

Sn+1

n

)(
1

m

m∑
i=1

w′i

)
= ln

Sm+1

m
− ln

Sn+1

n
= Op(m

−1/2),

which together with (S.17) implies

R1(w′m) = R′1(w′m) +R′′1(w′m) = Op(m
−1/2). (S.18)

Since m−1
∑m

i=1 ln (m/i) = 1 +O(lnm/m), we have

R2(w′m) :=
1

m

m∑
i=1

(
−

m∑
`=i

1

`
+ ln

m

i

)
= −1 +

1

m

m∑
i=1

ln
m

i
= O

(
lnm

m

)
,

which together with (S.14) and (S.18) yields (S.12) for wm = w′m.

For wm = w′′m, by (S.16) and Chebyshev’s inequality,

R′1(w′′m)
d
=
−1

m

m∑
i=1

i

m

m∑
`=i

(
Y` −

1

`

)
=
−1

2m2

m∑
i=1

i(i+ 1)

(
Yi −

1

i

)
= Op(m

−1/2),

R′′1(w′′m) =

(
ln
Sm+1

m
− ln

Sn+1

n

)(
1

m

m∑
i=1

i

m

)
= Op(m

−1/2),

R2(w′′m) =
1

m

m∑
i=1

i

m

{
m∑
`=i

−1

`
+ ln

m

i

}
= −1

4
+O

(
1

m

)
+

1

m

m∑
i=1

i

m
ln
m

i
= O

(
lnm

m

)
,

where we have used the fact that 1
m

∑m
i=1

i
m

ln m
i

= 1
4

+ O
(

lnm
m

)
. Thus,
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by (S.14) and (S.15), g(U1:n, . . . , Um:n;w′′m) = Op(m
−1/2) . This establishes

(S.12) for wm = w′′m.

To prove (S.13), note that P(Θm:n < π/2)→ 1. For wm = (w1, . . . , wm)

with 0 ≤ wi ≤ 1, i = 1, . . . ,m, on event {Θm:n < π/2}, we have by Lemma

A2

g(Fp(Θ1:n), . . . , Fp(Θm:n);wm) ≤ g(F p(Θ1:n), . . . , F p(Θm:n);wm)

=
1

m

m∑
i=1

wi

{
ln
n

i
+ lnF p(Θi:n)

}
≤ 1

m

m∑
i=1

wi

{
ln
n

i
+ lnFp(Θi:n)

}
+ max

1≤i≤m
ln
F p(Θi:n)

Fp(Θi:n)

≤ g(Fp(Θ1:n), . . . , Fp(Θm:n);wm) + ln

(
1 +

1

(p− 3) cos2 Θm:n

)
.

(S.19)

By Lemma A6(ii), p cos2 Θm:n = 2 ln n
m

(1 + op(1)), implying that

ln

(
1 +

1

(p− 3) cos2 Θm:n

)
= Op

(
1

ln (n/m)

)
,

which together with (S.19) establishes (S.13). So we have proved (S.11).

We now prove Lemma A7(i). We have by the definition of F p(θ) given

in (A.2),

g(F p(Θ1:n), . . . , F p(Θm:n);wm) =
1

m

m∑
i=1

wi

{
ln
n

i
+ lnF p(Θi:n)

}
=

1

m

m∑
i=1

wi

[
ln
n

i
+ ln cp +

{
p− 1

2
ln
(
1− cos2 Θi:n

)
− 1

2
ln
(
2πp cos2 Θi:n

)}]
,

(S.20)
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where cp := Γ(p/2)
Γ((p−1)/2)

√
2p

p−1
= 1 +O(p−1) by (A.15). By Lemma A6(ii)

max
1≤i≤m

∣∣∣∣cos4 Θi:n −
4(ln(n/m))2

p2

∣∣∣∣ ≤ max
1≤i≤m

∣∣∣∣cos4 Θi:n −
4(ln(n/i))2

p2

∣∣∣∣+
4

p2

[
(lnn)2 −

(
ln
n

m

)2
]

= Op

(
lnn ln lnn

p2

)
+Op

(
lnn lnm

p2

)
,

(S.21)

and max
1≤i≤m

cos6 Θi:n = Op

(
(lnn)3

p3

)
. (S.22)

By (S.22) and ln(1− x) = −x− x2/2 +O(x3),

max
1≤i≤m

∣∣∣∣ln(1− cos2 Θi:n) + cos2 Θi:n +
1

2
cos4 Θi:n

∣∣∣∣ = Op

(
(lnn)3

p3

)
. (S.23)

Letting Rn,i := p cos2 Θi:n−2 ln n
i
+ln ln n

i
, we have max1≤i≤m |Rn,i| = Op(1)

by Lemma A6(ii), so that

max
1≤i≤m

∣∣∣ln(p cos2 Θi:n)− ln
(

2 ln
n

i

)∣∣∣ = max
1≤i≤m

∣∣∣∣ln(1− ln ln(n/i)−Rn,i

2 ln(n/i)

)∣∣∣∣
= Op

(
ln ln(n/m)

ln(n/m)

)
. (S.24)

For 0 ≤ wi ≤ 1, i = 1, . . . ,m, let

An :=
1

m

m∑
i=1

wi

{
p− 1

2
ln(1− cos2 Θi:n)− 1

2
ln(2πp cos2 Θi:n)

}
, (S.25)

Bn :=
1

m

m∑
i=1

wi

{
p

2
cos2 Θi:n +

1

2
ln(4π) +

1

2
ln ln

n

i
+

(ln(n/m))2

p

}
.

(S.26)
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It follows from Lemma A6(ii) and (S.21)-(S.24) that

|An +Bn| ≤ max
1≤i≤m

{
1

2

∣∣ln(1− cos2 Θi:n)
∣∣+

p

2

∣∣∣∣ln(1− cos2 Θi:n) + cos2 Θi:n +
1

2
cos4 Θi:n

∣∣∣∣
+
p

4

∣∣∣∣cos4 Θi:n −
4(ln(n/m))2

p2

∣∣∣∣+
1

2

∣∣∣ln(p cos2 Θi:n)− ln
(

2 ln
n

i

)∣∣∣}
= Op

(
lnn

p

)
+Op

(
(lnn)3

p2

)
+Op

(
lnn ln lnn

p

)
+Op

(
lnn lnm

p

)
+Op

(
ln ln(n/m)

ln(n/m)

)
.

(S.27)

We have

An +Bn = Op

(
(ln n)2

p

)
+Op

(
ln ln(n/m)

ln(n/m)

)
= Op(1). (S.28)

So, by (S.11), (S.20), (S.25), (S.26) and (S.28), we have for wm = w′m, w
′′
m,

1

m

m∑
i=1

wi

{
ln
n

i
−
(
p

2
cos2 Θi:n +

1

2
ln(4π) +

1

2
ln ln

n

i
+

(ln(n/m))2

p

)}
=

1

m

m∑
i=1

wi ln
n

i
−Bn

= g
(
F p(Θ1:n), . . . , F p(Θm:n);wm

)
− 1

m

m∑
i=1

wi ln cp − An −Bn

= Op(1). (S.29)

Noting that ln (1 + x) ≤ x for x > −1, 1
m

∑m
i=1 ln m

i
= 1 + O

(
lnm
m

)
and

1
m

∑m
i=1

i
m

ln m
i

= 1
4

+O
(

lnm
m

)
, we have

1

m

m∑
i=1

ln
n

i
= ln

n

m
+

1

m

m∑
i=1

ln
m

i
= ln

n

m
+ 1 +O

(
lnm

m

)
, (S.30)
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0 ≤ 1

m

m∑
i=1

ln ln
n

i
− ln ln

n

m
=

1

m

m∑
i=1

ln

{
ln(m/i)

ln(n/m)
+ 1

}
≤ 1

m

m∑
i=1

ln(m/i)

ln(n/m)
= O

(
1

ln(n/m)

)
= o(1),

(S.31)

1

m

m∑
i=1

i

m
ln
n

i
=

(
1

m

m∑
i=1

i

m
ln
n

m

)
+

(
1

m

m∑
i=1

i

m
ln
m

i

)
=
m+ 1

2m
ln
n

m
+

1

4
+O

(
lnm

m

)
,

(S.32)

0 ≤ 1

m

m∑
i=1

i

m

(
ln ln

n

i
− ln ln

n

m

)
=

1

m

m∑
i=1

i

m
ln

{
ln (m/i)

ln (n/m)
+ 1

}
≤ 1

m

m∑
i=1

i

m

ln(m/i)

ln(n/m)
= O

(
1

ln(n/m)

)
= o(1).

(S.33)

By (S.29) with wm = w′m, (S.30) and (S.31) ,

p

2

(
1

m

m∑
i=1

cos2 Θi:n

)
= ln

n

m
+ 1− 1

2
ln(4π)− 1

2
ln ln

n

m
− 1

p

(
ln
n

m

)2

+Op(1).

(S.34)

By (S.29) with wm = w′′m, (S.32) and (S.33) ,

p

2

(
1

m

m∑
i=1

i

m
cos2 Θi:n

)
=
m+ 1

2m

{
ln
n

m
+

1

2
− 1

2
ln(4π)− 1

2
ln ln

n

m
− 1

p

(
ln
n

m

)2
}

+Op(1).

(S.35)

On the event {Θm:n < π/2}, we have cos Θ1:n ≥ cos Θ2:n ≥ · · · ≥

14



S3. PROOF OF LEMMA A7

cos Θm:n > 0, so that

(
1

m

m∑
i=1

cos Θi:n

)2

≥ 1

m2

m∑
i=1

(2i− 1) cos2 Θi:n. (S.36)

By Schwarz’ Inequality, (m−1
∑m

i=1 cos Θi:n)2 ≤ m−1
∑m

i=1 cos2 Θi:n, which

together with (S.34)-(S.36) yields

0 ≤ p

2

(
1

m

m∑
i=1

cos2 Θi:n

)
− p

2

(
1

m

m∑
i=1

cos Θi:n

)2

≤ p

2

(
1

m

m∑
i=1

cos2 Θi:n

)
− p

2

(
1

m2

m∑
i=1

(2i− 1) cos2 Θi:n

)
+ op(1)

=
p

2

(
m+ 1

m

)(
1

m

m∑
i=1

cos2 Θi:n

)
− p

2

(
2

m2

m∑
i=1

i cos2 Θi:n

)
+ op(1)

=
m+ 1

2m
+Op(1) = Op(1). (S.37)

It follows from (S.34) and (S.37) that

p

2
An,p,m =

p

2

(
1

m

m∑
i=1

cos Θi:n

)2

=
p

2

(
1

m

m∑
i=1

cos2 Θi:n

)
+Op(1) = ln

n

m
− 1

2
ln ln

n

m
+Op(1),

completing the proof of Lemma A7(i).

Proof of Lemma A7(ii). Define for u1, . . . , um > 0,

f(u1, . . . , um) = ln
n

m
+ 1−

(
1

m

m∑
i=1

√
− ln (min{ui, 1})

)2

. (S.38)
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We claim that

(a) f(Fp(Θ1:n), . . . , Fp(Θm:n))
d
= f

(
S1

Sn+1

, . . . ,
Sm
Sn+1

)
=

1

m

m∑
i=1

ln
Si

Sm+1

+ 1 + ln
Sm+1

m
+Op

(
1

lnn

)
+Op

(
(lnm)3

(lnn)2

)
= op(1),

(b) f(F p(Θ1:n), . . . , F p(Θm:n)) = f(Fp(Θ1:n), . . . , Fp(Θm:n)) +Op

(
1

lnn

)
,

(c) 2f(F p(Θ1:n), . . . , F p(Θm:n)) = −pAn,p,m + 2 ln
n

m
− ln ln

n

m
− ln(4π) + 2− 2

p

(
ln
n

m

)2

+Op

(
(ln ln n)2

ln(n/m)

)
+Op

(
lnm ln ln (n/m)

ln(n/m)

)
,

from which Lemma A7(ii) follows.

We first prove (a). By Lemma A3,

f
(
Fp(Θ1:n), . . . , Fp(Θm:n)

) d
= f(U1:n, . . . , Um:n)

d
= f

(
S1

Sn+1

, . . . ,
Sm
Sn+1

)
.

(S.39)

A simple application of the triangle inequality yields for i = 1, . . . ,m,

| lnn−lnSi|1/2−
∣∣∣∣ln Sn+1

n

∣∣∣∣1/2 ≤ (lnSn+1 − lnSi)
1/2 ≤ | lnn−lnSi|1/2+

∣∣∣∣ln Sn+1

n

∣∣∣∣1/2 ,
implying that

max
1≤i≤m

∣∣(lnSn+1 − lnSi)
1/2 − | lnn− lnSi|1/2

∣∣ ≤ ∣∣∣∣ln Sn+1

n

∣∣∣∣1/2 = Op(n
−1/4).

(S.40)

Since m−1
∑m

i=1 | lnn− lnSi|1/2 ≤ max{| lnn− lnS1|1/2, | lnn− lnSm|1/2} =

16



S3. PROOF OF LEMMA A7

Op((lnn)1/2), we have by (S.40)

f

(
S1

Sn+1

, · · · , Sm
Sn+1

)
= ln

n

m
+ 1−

(
1

m

m∑
i=1

| lnn− lnSi|1/2 +Op(n
−1/4)

)2

= ln
n

m
+ 1−

(
1

m

m∑
i=1

| lnn− lnSi|1/2
)2

+Op

(
(lnn)1/2

n1/4

)

= ln
n

m
+ 1−

(
1

m

m∑
i=1

ai

)2

+Op

(
(lnn)1/2

n1/4

)
,

(S.41)

where ai := | lnn− lnSi|1/2. Thus, we have by
√

1− x = 1− x/2 +O(x2),

1

m

m∑
i=1

(
ai −

1

m

m∑
`=1

a`

)2

=
lnn

m

m∑
i=1

(∣∣∣∣1− lnSi
lnn

∣∣∣∣1/2 − 1

m

m∑
`=1

∣∣∣∣1− lnS`
lnn

∣∣∣∣1/2
)2

=
lnn

m

m∑
i=1

(
lnSi
2 lnn

− 1

m

m∑
`=1

lnS`
2 lnn

+Op

(
(lnm)2

(lnn)2

))2

=
1

4m lnn

m∑
i=1

(
lnSi −

1

m

m∑
`=1

lnS`

)2

+Op

(
(lnm)3

(lnn)2

)
= Op

(
1

lnn

)
+Op

(
(lnm)3

(lnn)2

)
, (S.42)

where the third equality follows from the fact that max1≤i≤m |− lnSi +m−1
∑m

`=1 lnS`| = Op(lnm)

and the last equality is due to the fact that

1

m

m∑
i=1

(
lnSi −

1

m

m∑
`=1

lnS`

)2

=
1

m

m∑
i=1

(
ln

Si
Sm+1

− 1

m

m∑
`=1

ln
S`
Sm+1

)2

d
=

1

m

m∑
i=1

(
lnUi:m −

1

m

m∑
`=1

lnU`:m

)2

=
1

m

m∑
i=1

(
lnUi −

1

m

m∑
`=1

lnU`

)2

→ 1 a.s.

17



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Note also that

1

m

m∑
i=1

ln
Si

Sm+1

d
=

1

m

m∑
i=1

lnUi:m =
1

m

m∑
i=1

lnUi → −1 a.s. (S.43)

By (S.41), (S.42), and (S.43),

f

(
S1

Sn+1

, · · · , Sm
Sn+1

)
= ln

n

m
+ 1− 1

m

m∑
i=1

a2
i +

1

m

m∑
i=1

(
ai −

1

m

m∑
`=1

a`

)2

+Op

(
(lnn)1/2

n1/4

)
= ln

n

m
+ 1− 1

m

m∑
i=1

a2
i +Op

(
1

lnn

)
+Op

(
(lnm)3

(lnn)2

)
=

1

m

m∑
i=1

lnSi + 1− lnm+Op

(
1

lnn

)
+Op

(
(lnm)3

(lnn)2

)
=

1

m

m∑
i=1

ln
Si

Sm+1

+ 1 + ln
Sm+1

m
+Op

(
1

lnn

)
+Op

(
(lnm)3

(lnn)2

)
= op(1),

proving (a).

Next we prove (b). We first show that if xi ≥ yi ≥ 0, i = 1, . . . , n, then(
1

n

∑
1≤i≤n

√
xi

)2

−

(
1

n

∑
1≤i≤n

√
xi − yi

)2

≤ 2

(
max
1≤i≤n

√
xi

)(
max
1≤i≤n

1
√
xi

)(
max
1≤i≤n

yi

)
.

(S.44)

Since
√
xi − yi ≥

√
xi − yi/

√
xi ≥ 0, we have(

1

n

∑
1≤i≤n

√
xi − yi

)2

≥

(
1

n

∑
1≤i≤n

√
xi −

1

n

∑
1≤i≤n

yi√
xi

)2

≥

(
1

n

∑
1≤i≤n

√
xi

)2

− 2

(
max
1≤i≤n

√
xi

)(
max
1≤i≤n

1
√
xi

)(
max
1≤i≤n

yi

)
,

from which (S.44) follows.
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S3. PROOF OF LEMMA A7

By Lemma A6(ii)

cos2 Θm:n =
1

p

(
2 ln

n

m
− ln ln

n

m

)
+Op

(
1

p

)
. (S.45)

Let En denote the event that Θm:n < π/2 and F p(Θi:n) < 1 for i = 1, . . . ,m.

Note that P(Θm:n < π/2)→ 1. On {Θm:n < π/2}, we have by Lemma A2

max
1≤i≤m

F p(Θi:n) = F p(Θm:n) ≤
(
1 + {(p− 3) cos2 Θm:n}−1

)
Fp(Θm:n)→ 0 in probability

(since p cos2 Θm:n →∞ in probability by (S.45) and Fp(Θm:n)
d
= Um:n → 0

in probability). So P(En)→ 1. The following calculations are carried out on

the event En, so that 0 < F p(Θi:n) < 1 and
√
− lnF p(Θi:n) is well defined

for i = 1, . . . ,m. We have

f(F p(Θ1:n), . . . , F p(Θm:n)) = ln
n

m
+ 1−

(
1

m

m∑
i=1

√
− lnF p(Θi:n)

)2

= ln
n

m
+ 1−

 1

m

m∑
i=1

√
− lnFp(Θi:n)− ln

F p(Θi:n)

Fp(Θi:n)

2

= ln
n

m
+ 1−

(
1

m

m∑
i=1

√
− lnFp(Θi:n)

)2

+Rn

= f(Fp(Θ1:n), . . . , Fp(Θm:n)) +Rn, (S.46)
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where Rn satisfies (on the event En)

0 < Rn =

(
1

m

m∑
i=1

√
− ln Fp(Θi:n)

)2

−

 1

m

m∑
i=1

√
− lnFp(Θi:n)− ln

F p(Θi:n)

Fp(Θi:n)

2

≤ 2

{
max

1≤i≤m

√
− lnFp(Θi:n)

}{
max

1≤i≤m

1√
− lnFp(Θi:n)

}{
max

1≤i≤m
ln
F p(Θi:n)

Fp(Θi:n)

}
(by (S.44))

≤ 2

{√
− lnFp(Θ1:n)

}{
1√

− lnFp(Θm:n)

}
ln

(
1 +

1

(p− 3) cos2 Θm:n

)
(by Lemma A2)

= 2
√

lnn(1 + op(1))
1√

ln(n/m)
(1 + op(1))

{
1

(p− 3) cos2 Θm:n

(1 + op(1))

}
=

(lnn)1/2

(ln(n/m))3/2

2 ln(n/m)

(p− 3) cos2 Θm:n

(1 + op(1))

=
1

lnn
(1 + op(1)) (by (S.45) and (lnm)3/(lnn)2 → 0),

where the second equality is due to the fact that − lnFp(Θi:n)
d
= − lnUi:n

d
=

ln(Sn+1/Si) = (1 + op(1)) ln(n/i) for i = 1 and i = m. Thus, (b) follows

from (S.46).

It remains to prove (c). Recall that by Sterling’s formula, we have

Γ(p/2)

Γ((p− 1)/2)
=

√
p

2

(
1 +O

(
1

p

))
as p→∞. (S.47)

Again, the calculations below are done on the event En. We have by (A.2)

and (S.38)

f
(
F p(Θ1:n), · · ·F p(Θm:n)

)
= ln

n

m
+ 1−

(
1

m

m∑
i=1

L
1/2
i,n

)2

, (S.48)
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where for i = 1, . . . ,m,

Li,n := − ln F p(Θi:n)

= − ln cp −
p− 1

2
ln
(
1− cos2 Θi:n

)
+

1

2
ln
(
2πp cos2 Θi:n

)
,

(S.49)

where cp = Γ(p/2)
Γ((p−1)/2)

√
2p

p−1
= 1 +O(p−1) (by (S.47)). Let

Ti,n :=
p

2
cos2 Θi:n and tn :=

1

2
ln ln

n

m
+

1

2
ln(4π) +

1

p

(
ln
n

m

)2

.

Then

Li,n − (Ti,n + tn) = − ln cp +
1

2
ln
(
1− cos2 Θi:n

)
− p

2

(
ln (1− cos2 Θi:n) + cos2 Θi:n +

1

2
cos4 Θi:n

)
+

1

2

(
ln (p cos2 Θi:n)− ln

(
2 ln

n

i

))
+

1

2

(
ln
(

2 ln
n

i

)
− ln

(
2 ln

n

m

))
+

1

p

((p
2

cos2 Θi:n

)2

−
(

ln
n

i

)2
)

+
1

p

((
ln
n

i

)2

−
(

ln
n

m

)2
)
.
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By Lemma A6(ii), (ln m)3

(ln n)2
= o(1) and (ln n)2

p
= O(1), we have

max
1≤i≤m

∣∣∣∣ Ti,n
ln (n/m)

− 1

∣∣∣∣ = Op

(
ln m+ ln ln n

ln (n/m)

)
= op(1), (S.50)

max
1≤i≤m

∣∣ln (1− cos2 Θi:n)
∣∣ = Op

(
ln n

p

)
,

max
1≤i≤m

p

2

∣∣∣∣ln (1− cos2 Θi:n) + cos2 Θi:n +
1

2
cos4 Θi:n

∣∣∣∣ = Op

(
(ln n)3

p2

)
= Op

(
1

ln n

)
, (by (S.23))

max
1≤i≤m

∣∣∣ln (p cos2 Θi:n)− ln
(

2 ln
n

i

)∣∣∣ = Op

(
ln ln (n/m)

ln (n/m)

)
,

max
1≤i≤m

∣∣∣ln (2 ln
n

i

)
− ln

(
2 ln

n

m

)∣∣∣ = O

(
ln m

ln n

)
,

max
1≤i≤m

1

p

∣∣∣∣(p2 cos2 Θi:n

)2

−
(

ln
n

i

)2
∣∣∣∣ = Op

(
ln n ln ln n

p

)
= Op

(
ln ln n

ln n

)
= Op

(
ln ln (n/m)

ln (n/m)

)
,

max
1≤i≤m

1

p

∣∣∣∣(ln
n

i

)2

−
(

ln
n

m

)2
∣∣∣∣ = O

(
ln n ln m

p

)
= O

(
ln m

ln n

)
, (S.51)

which together imply that

max
1≤i≤m

|Li,n − (Ti,n + tn)| = Op

(
ln m

ln n

)
+Op

(
ln ln (n/m)

ln (n/m)

)
. (S.52)
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Thus, we have by (S.48)

f(F p(Θ1:n), . . . , F p(Θm:n))− ln
n

m
− 1

= −

(
1

m

m∑
i=1

L
1/2
i,n

)2

= −

(
1

m

m∑
i=1

{(Ti,n + tn) + (Li,n − (Ti,n + tn))}1/2
)2

= −

(
1

m

m∑
i=1

T
1/2
i,n

{
1 + T−1

i,n tn +Op

(
lnm

(ln(n/m))2

)
+Op

(
ln ln(n/m)

(ln(n/m))2

)}1/2
)2

(by (S.50) and (S.52))

= −

(
1

m

m∑
i=1

T
1/2
i,n

{
1 +

1

2
T−1
i,n tn +Op

(
lnm

(ln(n/m))2
)

)
+Op

(
ln ln(n/m)

(ln(n/m))2

)})2

(by
√

1 + x = 1 + 1
2
x+O(x2))

= −

(
1

m

m∑
i=1

T
1/2
i,n +

tn
2m

m∑
i=1

T
−1/2
i,n +Op

(
lnm

(ln(n/m))3/2

)
+Op

(
ln ln(n/m)

(ln(n/m))3/2

))2

= −

(
1

m

m∑
i=1

T
1/2
i,n

)2

− tn
m2

m∑
i=1

m∑
`=1

T
1/2
i,n T

−1/2
`,n +Op

(
lnm

ln(n/m)

)
+Op

(
(ln ln(n/m))2

ln(n/m)

)
= −p

2
An,p,m − tn

(
1 +Op

(
ln m+ ln ln n

ln(n/m)

))
+Op

(
lnm

ln (n/m)

)
+Op

(
(ln ln(n/m))2

ln(n/m)

)
(by (S.50))

=
1

2

{
−pAn,p,m − ln ln

n

m
− ln(4π)− 2

p

(
ln
n

m

)2}
+Op

(
(ln ln n)2

ln(n/m)

)
+Op

(
ln m ln ln(n/m)

ln(n/m)

)

establishing (c). The proof is complete.

Proof of Lemma A7(iii). In view of (a)-(c) in the proof of Lemma A7(ii)

together with m(ln lnn)4/(lnn)2 = o(1) and (lnn)2/p = O(1), it sufficies to

prove

m1/2

{
1

m

m∑
i=1

ln
Si

Sm+1

+ 1 + ln
Sm+1

m

}
d−→ N(0, 2). (S.53)

By Lemma A3,
∑m

i=1
Si

Sm+1
is independent of Sm+1. Moreover,

m1/2 ln
Sm+1

m
= m1/2

(
Sm+1

m
− 1

)
+ op(1)

d−→ N(0, 1)
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and

m−1/2

m∑
i=1

(
ln

Si
Sm+1

+ 1

)
d
= m−1/2

m∑
i=1

(lnUi:m + 1)

= m−1/2

m∑
i=1

(lnUi + 1)
d−→ N(0, 1),

establishing (S.53). The proof is complete.

S4 Proof of Lemma A8

Proof of Lemma A8. Since W 1, . . . ,W n are iid uniformly distributed

on Sp−1, we may write W i = (Wi1, . . . ,Wip) with Wij =
Zij√∑p
k=1 Z

2
ik

where

Zij, i = 1, . . . , n, j = 1, . . . , p are iid standard normal. We have

∑
1≤i 6=`≤n

〈W i,W `〉 = ‖
n∑
i=1

W i‖2 − n

=

p∑
j=1

(
n∑
i=1

Zij√∑p
k=1 Z

2
ik

)2

− n

=

p∑
j=1

{
1
√
p

n∑
i=1

Zij +
1
√
p

n∑
i=1

Zij

(√
p∑p

k=1 Z
2
ik

− 1

)}2

− n

=
1

p
‖An,p + Bn,p‖2 − n

=
1

p

(
‖An,p‖2 − np+ ‖Bn,p‖2 + 2〈An,p,Bn,p〉

)
, (S.54)
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where An,p and Bn,p are p-dimensional random vectors defined by

An,p =

(
n∑
i=1

Zij

)
j=1,...,p

,

Bn,p =

(
n∑
i=1

Zij

(√
p∑p

k=1 Z
2
ik

− 1

))
j=1,...,p

.

Then

‖An,p‖2 − np =

p∑
j=1

(
n∑
i=1

Zij

)2

− np d
= n

p∑
j=1

(Z2
j − 1),

where Z1, . . . , Zp are iid standard normal. So

1

n
√

2p

(
‖An,p‖2 − np

) d
=

1√
2p

p∑
j=1

(Z2
j − 1)

d−→ N(0, 1) as p→∞. (S.55)

Next, we show 1
n
√

2p
‖Bn,p‖2 = op(1). We have
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E‖Bn,p‖2 =

p∑
j=1

n∑
i=1

n∑
i′=1

E

[
Zij

(√
p∑p

k=1 Z
2
ik

− 1

)
Zi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)]

=

p∑
j=1

n∑
i=1

E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

=
n∑
i=1

p∑
j=1

E

[
Z2
ij

p∑p
k=1 Z

2
ik

]
+

n∑
i=1

p∑
j=1

E
[
Z2
ij

]
− 2

n∑
i=1

p∑
j=1

E

[
Z2
ij

√
p∑p

k=1 Z
2
ik

]

=
n∑
i=1

E

[
p∑
j=1

Z2
ij

p∑p
k=1 Z

2
ik

]
+ np− 2

n∑
i=1

E

[
p∑
j=1

Z2
ij

√
p∑p

k=1 Z
2
ik

]

= np+ np− 2
√
p

n∑
i=1

E

√√√√ p∑
j=1

Z2
ij

= 2np− 2
√
p

n∑
i=1

E
√
X 2
p

= 2np− 2
√
pn21/2 Γ(p+1

2
)

Γ(p
2
)

= 2np− 2
√
pn21/2

√
p

2
(1 +O(p−1)) = O(n) as n ∧ p→∞,

where X 2
p denotes a chi-squared random variable with p degrees of freedom.

So

1

n
√

2p
E‖Bn,p‖2 = O(p−1/2) as n ∧ p→∞,

which by Chebyshev’s inequality implies that

1

n
√

2p
‖Bn,p‖2 = op(1) as n ∧ p→∞. (S.56)
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In view of (S.54)-(S.56), it remains to show

1

n
√

2p
〈An,p,Bn,p〉 = op(1) as n ∧ p→∞. (S.57)

By Chebyshev’s inequality, it suffices to establish

E〈An,p,Bn,p〉2 = o(n2p). (S.58)

We have

E〈An,p,Bn,p〉2 = E

[
p∑

j=1

(
n∑

i=1

Zij

)(
n∑

i′=1

Zi′j

(√
p∑p

k=1 Z
2
i′k

− 1

))]2

= E


[

p∑
j=1

(
n∑

i=1

Zij

)(
n∑

i′=1

Zi′j

(√
p∑p

k=1 Z
2
i′k

− 1

))] p∑
j′=1

(
n∑

`=1

Z`j′

)(
n∑

`′=1

Z`′j′

(√
p∑p

k=1 Z
2
`′k

− 1

))
=

p∑
j=1

n∑
i=1

n∑
i′=1

p∑
j′=1

n∑
`=1

n∑
`′=1

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`j′Z`′j′

(√
p∑p

k=1 Z
2
`′k

− 1

)}

= C +D, (S.59)

where

C =

p∑
j=1

n∑
i=1

n∑
i′=1

n∑
`=1

n∑
`′=1

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`jZ`′j

(√
p∑p

k=1 Z
2
`′k

− 1

)}

and

D =
∑

1≤j 6=j′≤p

n∑
i=1

n∑
i′=1

n∑
`=1

n∑
`′=1

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`j′Z`′j′

(√
p∑p

k=1 Z
2
`′k

− 1

)}
.
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Then

C =

p∑
j=1

∑
i=i′=`=`′

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`jZ`′j

(√
p∑p

k=1 Z
2
`′k

− 1

)}

+

p∑
j=1

∑
i=i′ 6=`=`′

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`jZ`′j

(√
p∑p

k=1 Z
2
`′k

− 1

)}

+

p∑
j=1

∑
i= 6̀=i′=`′

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`jZ`′j

(√
p∑p

k=1 Z
2
`′k

− 1

)}

+

p∑
j=1

∑
i=`′ 6=i′=`

E

{
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`jZ`′j

(√
p∑p

k=1 Z
2
`′k

− 1

)}
:= C1 + C2 + C3 + C4. (S.60)

We have

C1 = npE

[
Z4
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= O(np1/2) as n ∧ p→∞ (S.61)

since by Schwarz’ inequality

{
E

[
Z4
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]}2

=

{
E

[
Z3
ijZ

1
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]}2

≤ EZ6
ijE

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)4
]

= 15E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)4
]
,

(S.62)
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and

E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)4
]

=
1

p
E

[
p∑
j=1

Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)4
]

=
1

p
E

X 2
p

(√
p

X 2
p

− 1

)4
 ,

= pE[(X 2
p )−1]− 4p1/2E[(X 2

p )−1/2] + 6− 4p−1/2E[(X 2
p )1/2] + 1

=
p

p− 2
− 4p1/2 1√

2

Γ((p− 1)/2)

Γ(p/2)
+ 6− 4p−1/2

√
2

Γ((p+ 1)/2)

Γ(p/2)
+ 1

= O(p−1). (S.63)

Next, we have

C2 = C4 = pn(n− 1)

{
E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)]}2

= pn(n− 1)

{
√
pE

Z2
ij√∑p
k=1 Z

2
ik

− 1

}2

= pn(n− 1)

{
1
√
p

E
√
X 2
p − 1

}2

= pn(n− 1)

{
1
√
p

√
2

Γ((p+ 1)/2)

Γ(p/2)
− 1

}2

= pn(n− 1)

{
1
√
p

√
2

√
p

2
(1 +O(p−1))− 1

}2

= O

(
n2

p

)
as n ∧ p→∞, (S.64)
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and

C3 = pn(n− 1)EZ2
i′j E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= pn(n− 1)E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= pn(n− 1)

{
Ep

Z2
ij∑p

k=1 Z
2
ik

+ EZ2
ij − 2

√
pE

Z2
ij√∑p
k=1 Z

2
ik

}

= pn(n− 1)

{
1 + 1− 2

√
p

E
√
X 2
p

}
= pn(n− 1)

{
2− 2
√
p

√
2

Γ((p+ 1)/2)

Γ(p/2)

}
= pn(n− 1)

{
2− 2
√
p

√
2

√
p

2
(1 +O(p−1))

}
= pn(n− 1)O(p−1) = O

(
n2
)

as n ∧ p→∞. (S.65)

By (S.60)-(S.65), we have

C = C1 + C2 + C3 + C4 = O(np1/2) +O

(
n2

p

)
+O(n2) = o(n2p) as n ∧ p→∞.

(S.66)

We now deal with D. For j 6= j′,

E

[
ZijZi′j

(√
p∑p

k=1 Z
2
i′k

− 1

)
Z`j′Z`′j′

(√
p∑p

k=1 Z
2
`′k

− 1

)]
= 0 (S.67)

if i 6= i′ or ` 6= `′. (Observe that (S.67) holds for the special case that j 6= j′

and i = `′ 6= `.) So

D = p(p− 1)nE

[
Z2
i1

(√
p∑p

k=1 Z
2
ik

− 1

)
Z2
i2

(√
p∑p

k=1 Z
2
ik

− 1

)]
+ p(p− 1)n(n− 1)

{
E

[
Z2
ij

(√
p∑p

k=1 Z
2
ik

− 1

)]}2

:= D1 +D2.
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We have

D1 = np(p− 1)E

[
Z2
i1Z

2
i2

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= nE

[ ∑
1≤j 6=j′≤p

Z2
ijZ

2
ij′

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= nE

[
p∑
j=1

p∑
j′=1

Z2
ijZ

2
ij′

(√
p∑p

k=1 Z
2
ik

− 1

)2

−
p∑
j=1

Z4
ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= nE

( p∑
j=1

Z2
ij

)2(√
p∑p

k=1 Z
2
ik

− 1

)2
− npE[Z4

ij

(√
p∑p

k=1 Z
2
ik

− 1

)2
]

= nE
[
pX 2

p + (X 2
p )2 − 2

√
p(X 2

p )3/2
]
− npO(p−1/2) (by (S.62) and (S.63) )

= n

{
p2 + 3p+ p(p− 1)− 2

√
p23/2 Γ((p+ 3)/2)

Γ(p/2)

}
+O(np1/2)

= n

{
2p2 + 2p− 2

√
p23/2p+ 1

2

√
p

2
(1 +O(p−1))

}
+O(np1/2)

= O(np) +O(np1/2)

= O(np),

D2 = p(p− 1)n(n− 1)

{
E

[
Z2
i1

(√
p∑p

k=1 Z
2
ik

− 1

)]}2

= (p− 1)C2 = O(n2),

so that D = D1 + D2 = O(np) + O(n2) = o(n2p) as n ∧ p → ∞, which

together with (S.59) and (S.66) establishes (S.58). The proof is complete.
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