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S1 Notations

e Vectors and matrices are denoted by boldface letters, e.g. X, V.

o 8" = {(xy,...,1p) : 2} + - + 2 = 1} is the (p — 1)-dimensional

unit sphere.

e X, = (Xiy,...,X;;)", i = 1,...,n are iid uniformly distributed on

S,
e r=(1,0,...,0)T e SP..

o (XW ... X™)isapermutation of (X71,..., X,) such that ' X >

>t x™ (or equivalently, Xl(l) > 2 X1(n))-
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e O, denotes the angle between X; and 7.

e O;,i=1,...,n are iid with the common cdf

"1 T2
o VTT((p—1)/2)

1 LM _u2PT*3 w .
/Cos9 ﬁr((p—l)/Q)(l ) d ’ AS [07 ]

F,(0) = (sinz)?*dx

e O, <0y, <---<0,., denotes the order statistics of ©1,...,0,,.

°
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o V, (VO respectively) € SP~2 denotes the normalized subvector of

X, (X9 respectively) with the first component deleted.
o Xi=(Xa,(1-X3)2V])T.

X0 = (X1 y,VOT)T, where v; = (1 — X{7)1/2,

V! i=1,...,n are iid uniformly distributed on S?~2 independent of
Xi,..., X,.
2

o Ay = (&0 X1

o Vipm = |2 >0, 15V ? where 1; = (1 — X172,

o Uy, U, ... are iid uniform (0,1) random variables.
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S2. PROOF OF LEMMA A6

o Uy, <--- <U,., denotes the order statistics of Uy, ..., U,.
o &,&, ... are iid exponential random variables with mean 1.

.SOIO, Sz:£1++§“ 221,2,

S2 Proof of Lemma A6

Proof of Lemma A6(i). For any fixed (large) C' > 0 and fori =1,...,m,

let ¢,,;, € [0,1) be such that

1 1 1
Spin(1—£2) = min{—ln ? + 5 ? + 5 In(4m) —C,O}

1 1
S P 5 Inln = + 5 In(4m) — C (for large n). (S.1)
i i

Since m/n = o(1) and (Inn)?/p = O(1), we have t,; — 0% (uniformly in

1 <i<m)asn— oo. Thus

In(1—-¢8,) = _2n(n/i) (1 + O (M» : (S.2)

p In (n/m)

-2 =200 -2 (1+0(20)). 69
and

M) o (B0 g (1) g (Mininf)),
p

pﬁm In (n/m) In (n/m)
(S.4)

where the O <%> term is uniform in 1 < ¢ < m. (Note that 222 jg

decreasing in = € (e, 00).)
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Note that S,, = & + - - - + &, has the gamma distribution with the scale

and shape parameters equal to 1 and n, respectively. For large n,

n'/?1n (&) = nl/? (& - 1) +0, (n71?) LN N(0,1).

n n

Furthermore, by making use of the gamma tail probabilities, it can be

readily shown that there exists an M > 0 such that

4 4
, . M
max{E{lni} 7E[hﬁ SZ, ] }ST,izl,Q,...
i i i

Let h,i(x) = In(nx/i), i =1,...,m. We have by Lemma A3

E [hni(Uin)* = E [ln ( 5 )r =E {m 5 S"“} 4

1On+1 ( n
4 4
§8{E{1n5—,1 —|—E{lns+1} }g 62 ,1=1,....,m.
1 n 1

(S.5)
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By the definition of F,(+) given in (A.2), we have

nm <p/2>/2 ((1—9)2);—:)”2}

Dpi = D (Fp(cos_1 zn,i)) =1In {

i )
n [(1 —23” A
=In |- 27Tpt + O (=) (by (A.15))
n [(1— t2 lnn
i 27rpt +O - ) )
Inln(n/m) Inn
o (mn/m)) O(p)“’Y)
- —C+0 (hllrllnn% m > (S.6)

Similarly to ¢, ; as defined in (S.1)), let Z,; € [0, 1) be such that

1 _ 1 1
ipln(l — %) =min {—lnﬁ_ + 5 Inln = + 51n(47r) + C, O} . (8.7)
’ i i

It can be shown that

ST S L\ Loy o (tntan/m)
hn,z = hn72 (Fp( tn,z) <1 + (p . 3)%721,2) ) ¢+0 ( ln(n/m) ) .

(S.8)

By (5:6) and (5:8), we have

h

Zng

C — C
< —5 and h,,; > 5 for i =1,...,m for large n. (S.9)
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Thus, we have for large n

IN

IN

IA

IN

Since lim,,_,oo m P (Um:n > %) = 0 and since *Z7

1 1
pln (sin ©;,) + In % ~3 Inln % =5 In(4m)

>C>

> 0)

>r(
i=1
Zm: {P (p In(sin ©;.,,) < Zghq(l — ﬁ”)> +P (p In(sin ©;.,) > gln(l - fiz))}

(by (B.1) and (5.7)

. n 1 n 1
pln(sin O.,) + In 773 Inln 773 In(47)

s
I
_.

Z {P(C082 O, > ﬁ”) + P(cos? ©;., < Z,ZH)}

- 1 -173 T T

Z {P(@m <cos t,;)+P (cos tni < Oim < §> + 2P (@i:n > 5)}

m —1

Z {P (Fp(Oin) < Fplcos™ t,,)) + P (Fp(@izn) > F, (cos™ ) (1 + %) )
+2P (Fp(@zn) >

)} O Lemma a2)

P(h ,(Uzn) < ﬁn,z) + P<hn,z(Uzn) > Enﬂ) + 2P (Uzn > } (Since Fp(@i:n> i Ui:n)

L[

N— —
3

DO | =

N\ 1
i=1
512M < 1 1
i=1
512M 72 1
G T2mP (Umm > 5) . (S.10)

512M 72
6

can be made arbitrarily

small by choosing a sufficiently large C, Lemma A6(i) follows from ([S.10).
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Proof of Lemma AG6(ii). By Lemma A6(i), for any given 0 < n < 1,
there exist C' > 0 and N > 0 such that P(A,,) > n for all n > N, where the

event A, is defined by

1
= L Zl<
A, {1122251 pln (sin @m)—i—ln - 21n1n - C}
Let
—21 ) Inl ) 2
s = 1 — exp ( n(n/i) L n(n/i) N _C)
p p p
and

b= 1 —exp (—21n (nfi) , Inn(n/i) g) |

p b p
so that A,, = {u,; < cos® Oy, <wpii=1,...,m}.

Since (Inn)?/p = O(1), there exist ¢’ > 0 and N’ > 0 such that for

n> N’
_ 2
i um_i_{ 21n (n/z) Inln (n/z) }’ < C,(l ;’L) |
1<i<m P p p p
—21 ' Inl 2 | 2
- Um+{ n(n/z)+ nln(n/i) OHSC(H?) '
1<i<m p p p p

Let C” = sup,,- x/(In n)?/p, so that forn > N and i = 1,...,m,

2l (n/i) Inln(n/i) 20 +C'C"
p p p

Uni =

and

2In(n/i) Inln(n/i) N 20+ C'C”
p P p

Un,i S
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We have for n > max{N, N’}

n < P(A,) = P(u,; < cos* Oy < vy =1,...,m)

21 ) Inl ] 20+ C'C”
<P (max cos? ©;., — n (n/7) + nln (/i) < + )
1<i<m P P p
— 1 / 1"
=P ( max —pcosz@i;n—i-lnE,——lnlnﬁ, <C+OO )
1<i<m | 2 i 2 ) 2
This proves Lemma A6(ii). O
S3 Proof of Lemma A7
Proof of Lemma A7(i). For w,, = (w,...,w,) and u; > 0, let

1 m
pee ey Uy W) = — i9In—+1 Z}.
g(uy Upp; W m;w{n +Inwu
Let w!, = (1,1,...,1) and w!, = (1/m,2/m,...,m/m). To derive the
asymptotic behavior of A, ,,, we first establish

9 (Fp(Orn), o Fp(Opn); wi) = 0,(1) (S.11)

for w,, = w!,, w”. To show (S.11)), it suffices to prove that for w,, =
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To prove (S.12), we have by Lemma A3

Si S
U'n:"'aUm:n;wm i ( IR = 7wm>
9(h: ) =9 Sn+1 Sh1
1 — N oe=1 S; 1 — "1
I 1 — | - D -
m;iﬂz{nm—f—;g‘i‘nanrl}‘i‘m;wz{ 27
= Ry(wy) + Ro(w). (S.14)

Here,
Ri(w,,) = — i | In— - +1
o= S (n e o)

1 & S; | S, S, 1 &
:Ezlwi <1n +ZZ>+<IH m+1—1n n+1> (Ezwz

i Sm—i—l =i =1
= Ry(wy) + R (wy), (S.15)
where
1 & S 1
R Wy) = — w; [ In : + —
1(tom) UL < Sm-+1 ; E)
J 1 m m 1
LS w (Ui + Y 5
m 2 w (n . —|—Z é)
=1 =i
d 1 & 1 1 - 1
i (£ =R ERE (1)
(S.16)
where £1., < o < -0 < & are the order statistics of iid exponential
random variables &, . .., &, with mean 1 and Y; := {un—it1):m — Em—iyim,t =

1,...,m (&.m := 0). Note that the Y;’s are independent and exponentially
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distributed with respective means 1/i,1 =1,...,m.
For w,, = w! = (1,1,...,1), by Chebyshev’s inequality,

e S (1) = ) o

=1 f=1 =1
(S.17)

Also,

m m n

Sm 1 Sn 1 1 T Sm 1 Sn 1 —
which together with (S.17) implies
Ry(w),) = Ry(wy,) + R (w},) = Op(m™"/?). (S.18)

Since m™* Y7 In(m/i) = 1+ O(Inm/m), we have

which together with (S.14) and (S.18]) yields (S.12)) for w,, = w/,,.

For w,, = w! by (S.16)) and Chebyshev’s inequality,

R (w),) = %Z%i (Ye - %) = % zm:z(z +1) (Y,- - %) = 0,(m~"/?),

10
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by (S.14) and ( s 9 Uty - oy U W) = O,(m~1/2) . This establishes

(S.12)) for w,, = w’

To prove (S.13)), note that P(©,,., < 7/2) — 1. For w,, = (wy, ..., wy,)

with 0 <w; <1, i=1,...,m, on event {O,,,, < 7/2}, we have by Lemma

A2

9(Ep(Orn); -+ s Fp(Omen); wim) < g(Fp(Orn); -+ s Fp(Omin); win)

_ 1 wz{ln—+lnF )}

mz:l
<l§:w {lnﬁjtlnF )}+ max ln_p
—mZ:1 ¢ i<m Fp

By Lemma A6(ii), pcos® O,y = 21n (1 + 0,(1)), implying that

1 1
In (1 -0, | ———
" ( * (p — 3) cos? @m:n) P (ln (n/m)) ’
which together with (S.19) establishes (S.13). So we have proved (S.11]).

We now prove Lemma A7(i). We have by the definition of F,(6) given

n (A.2),

9(Fr(O1), - Fo(Orem %Xm: A% 4 mF (00 )

—1 In (1 — cos® @m) — %111 (27rp cos” @m) H ,

(S.20)
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where ¢, 1= F(Ei(p/l?ﬂ) ;ﬁl 1+ O(p~') by (A.15). By Lemma A6(ii)

4(1 4(1 )2 4
max |cos®©;., — LQ/m)) < max |cos?©;., — LZ/Z)) + =
1<i<m P 1<i<m P P

Inninlnn Innlnm
:Op< p? )+O”< p* )
(S.21)
1 3
and max cos® O, = 0, <%) . (S.22)
1<i<m P
By (S.22) and In(1 — z) = —z — 2?/2 + O(2?),
1 (Inn)?

121%}% In(1 — cos” O;.,) + cos” O, + 5 €08 Oin| =0, < 3 ) . (S.23)

Letting R, ; := pcos® ©;,, —2In 2+Inln 2, we have max;<i<p | Rni| = Op(1)

by Lemma A6(ii), so that

max |In(peos’ ©;,) — In (2111 ;)‘ = max |In (1 _ lnz(?n/ (Zz/_z)R")'
o, (mum) o,

For0 <w; <1,i=1,...,m, let

1 & 1
mz:l 2
. 2
Zlsz{ 005291n+11 (4ﬂ)+—lnln2+w}_
m 2 ; »

1

1=

(S.26)
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It follows from Lemma AG6(ii) and (S.21)-(S.24) that

1
|A, + B,| < max {5 }ln(l — cos? @m)} +g

p 4(In(n/m))?
2

Inn (Inn)3 Innlnlnn
- Op(7)+0p( I )+Op< p )

o () o ()

1
In(1 — cos® Oy,,) + cos® Oy, + 3 cos* O,.,

p 4
+ = |cos” ©;., —
1 :

4 % ’111(]) cos® O;.,) — In (2111 E) ’}

1

(S.27)
We have
B (In n)? Inln(n/m)\
A, + B, =0, ( » + 0, n(n/m) )~ 0,(1). (S.28)
So, by (S.11)), (S.20)), (S.25)), (S.26) and (S.28)), we have for w,,, = w!,, w!
izwl {lnﬁ_ (ECOS2®zn+111’1(477)"‘111111’12—}—%)}
mi3 7 2 2 2 ) P
1 & n
E— In- — B,
- ;wl n- B
_ _ 1 &
=g (Fp(@lzn)> ceey Fp(@mn);wm) - E sz lncp — An - B,
i=1
= Op(1). (S.29)

Noting that In (14 z) < z for z > —1, 23" In 2 =14 O (22) and

' m =1

LS I = 340 (52), e have

7 m

] — 1 & ]
—Zlnﬁ:1nﬁ+—21n”—7:1n3+1+0(—“m), (S.30)
mizl 1 m mizl 1 m m

13
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m

1 & n n 1 In(m/1)
0< — Inln——Inln— = — | 1
_mznni nnm m;n{ln(n/m)+ }

: 1  In(m/i) 1 _,
m z; In(n/m) © (ln(n/m)) = oll),

I <& i n n 1 i In (m/1)
<SS —(lnh--Ihlh—) = =5 —In{——"2 +1
O_mZm<nni nnm> mizlmn{l (n/m)+ }

% ) %llrrll((;)%;)) =0 <ln(n1/m)> = oll).
_ (S.33)

By (S.29) with w,, = w),, (S.30) and (S.31)) ,

P 1 m 9 B n 1 1 n 1 n 2
3 (E;COS @m> —lnE+1—§ln(47T)—§1nlnE_Z_?OHE) + Op(1).

(S.34)

By (S.29) with w,, = w/,, (S.32) and (5.33)) ,

p(1&i m+ 1 n 1 1 1 n 1 n\2
PN L0, | =2 dm 2 2 ——11———0-—> 0,(1).
2<m;mcos > 2m {nm+2 QH(W) R D S +Op(1)
(S.35)
On the event {©,,, < 7/2}, we have cos©;, > cosOs, > -+ >

14
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cos O,,., > 0, so that

2
1 m 1 m
=3 | > Y (20— 20;m. .
(m COS @m> z 2 (20 — 1) cos” Oy, (S.36)

i—1
By Schwarz’ Inequality, (m™ Y " €08 0;.,)% < m™ 1> cos? O,.,, which

together with (S.34)-(S.36) yields

= —m + O0,(1) = O,(1). (S.37)
It follows from (|S.34] - ) and (| - ) that

2
Py PN e | = __1 n
§An7p,m =3 (m;COS @m> = ( Zcos ,n) +0,(1) =In 5 lnln + 0,(1),

completing the proof of Lemma A7(i). O

Proof of Lemma A7(ii). Define for uy, ..., uy, >0,

f(ul,...,um):ln%—i—l— (%Z\/—ln(min{ui,l})> . (S.38)

i=1

15
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We claim that

() F(Fp(Orn)s -, Fy(Oen)) if( S Sm)

Snt1 Snt1
_ %;m Sj:-l +1+1n S’;f +0, (ﬁ) +0, (((111;:))5)
= op(1),
() S ) FyOrnal) = S5O FoO0)) 40 (1),
() 2f (Fp(Orn)s - - Fo(Ormin)) = —pAnpm + 21n% —Inln % —In(4n) +2 — % <1n %)2
O ((11&/:3)) tO (m ni:(l;%/m)) ’
from which Lemma A7(ii) follows.
We first prove (a). By Lemma A3,
FE(O1m), - Fo(Omn)) L f(Urms -+, Uen) < f (Sil’ o %) .
(S.39)
A simple application of the triangle inequality yields for ¢ = 1,... m,
1/2 Spq |2

)

| Inn—In Sifl/Z—'lnM < (InSp41 —In Si)l/2 < |Inn—In Si|1/2+'ln—
n n

implying that

In =2 =0, (n 4.

1/2
Sn+1
n

max ‘(lnSnH — lnSi)l/2 —|Inn — lnSill/Q‘ <
1<i<m

(S.40)

Since m™t 3" | Inn—1In S;[Y2 < max{|Inn—1InS; |2, |Inn—1In S,,|/?} =

16
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O,((Inn)'/2), we have by (S.40)

2
Sl S n 1 o 1 _
m — In— 1— | = 1 —1 : /2 1/4
f( : ) n—+ m;1|nn n.S;|"* + O,(n ))

7
Sn+1 Sn+1

2
n 1 Zm 1/9 (Inn)*/2
ZIHE—Fl— E’L:1HH7’L—1HSZ|/) +OP(W

2
n 1 Zm (Inn)'/?
_IDE—F]_— Ei:10,i) +OP(W s

(S.41)

where a; := |Inn — In S;|'/2. Thus, we have by /T — 2 =1 — /2 + O(2?),

1/2) 2

_lnnzm: Ins; 1 < In S, L0 (Inm)? i
om 4 2lnn m <= 2lnn P\ (Inn)?

1/2 m
; 1 In S,
1 _ e

:4an55<m5,~%55m502+c%<%%%§)
~ P

where the third equality follows from the fact that maxi<j<,, [—In S; + m™ 3" In S¢| = O, (Inm)

and the last equality is due to the fact that

2 2
1 — 1 & ] — S; 1 — S,
=3 (lmsi—=>"1 == 1 —-—>"1
mi1<n5 m <= nS[) m 4 (nS m 1nSm+1>
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Note also that

—Zln g%gln(ftm:%glnm%—l a.s.

m+1

By (5-41), (5-42). and (5.3),
Sl S ) n o
o In — 1__ § + — E i
f( SnJrl . a (a

Sn+1 m

m

n 1 1
i1~ @0, (—)+o0,
T mz;az—F p(lnn)+

1=

1 & 1
:-—2)n&+1—mwu%%<——)+0p(
m #4 Inn

+1+1‘%:1+Op<

:—Zln

= op(1),

m+1

proving (a).

Next we prove (b). We first show that if z; > y; >0,i=1,...,

2 2
1 1
(a 2 V) - (a 2 V%—%‘) <2 (s v (o =) (o
1<i<n 1<i<n

Since \/x; — yi > /Ti — yi/+/Ti > 0, we have

(o) = ((zein )
g (%Z@') e

1<i<n

from which (S.44)) follows.

18

v )

=9

) <o ()

Inn

(S.43)

>+0

S

lnn 1/2

1/4

n, then

(S.44)

=)

)

1<i<n

max yz)

)
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By Lemma A6(ii)

cos? O, = = (21112 —Inln —> + 0, (1) (S.45)
p m m p

Let &, denote the event that ©,,., < 7/2 and FP(GM) <lfori=1,...,m.

Note that P(©,,., < 7/2) — 1. On {0,,., < 7/2}, we have by Lemma A2

max Fp(0;,) = Fp(Onm) < (1 +{(p — 3) cos? @m:n}_l) F,(O.,:,) — 0 in probability

1<i<m

(since p cos? ©,,., — oo in probability by (S.45) and F,(©,,.,) L Uy — 0

in probability). So P(&,) — 1. The following calculations are carried out on
the event &, so that 0 < FP(GM) <1and 4/— lan(@m) is well defined

fori=1,...,m. We have

FEY @), - Fyf @) =1 %Z va 1@(@&”))
_ n Fp(@i:n)
BT —Z ~ 0B (Oum) ~In
n ] — ?
=l | ;,/—me(@m))
— F(Ey(Orn)s- s Ey(Omen)) + B, (S.46)

19
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where R,, satisfies (on the event &,)

o ()15

p zn)

< Q{max lnF } ! {maX lnF (©
1<i<m 1<7,<m /—In F,(0;.,) 1<i<m  F,
<

— 2VInn(l +0,(1)) (Z/m 1+ 0,(1
(Inn)/? 21In(n/m)

- (In(n/m))3/2 (p — 3) cos? @mn(l +op(1)

1
= —(140,(1)) (by (S:45) and (Inm)3/(Inn)? — 0),

Inn

(p— 3cos

where the second equality is due to the fact that —In F},(©;.,) L U, <
In(Sy+1/5:) = (1 + 0,(1))In(n/7) for i = 1 and ¢ = m. Thus, (b) follows
from (|S.46)).

It remains to prove (c). Recall that by Sterling’s formula, we have

%:\@(HO(%)) as p — o0. (5.47)

Again, the calculations below are done on the event &,. We have by (A.2)

and (5:39)

f (Fp(glzn)a e 'Fp(@m:n)) =In % +1- <l in: Lg,{f) ) (8-48)

2{ —1an(@1n)}{ =7 }m( = (:1082 @mn) (by Lemma A2)
gt

—(1+ 01}
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where for e =1,...,m,
Li,n = - ln Fp(@zn)
_ p— 2 1 2
= —lIng, — In (1 — cos @m) + 3 In (27Tp cos @m) ,

where ¢, = Gp-1/7 p-1

p

(S.49)

Le/2) V% — 1 4 O(p~1) (by (S.47)). Let

1 1 1 2
T = 5 cos? ©,.,, and t,, := B Inln — + —In(47) + - <ln ﬁ) )

Then

Li,n - (E,n + tn) =

m 2 P

—Inc, + %m (1 —cos®O;)

(m (1 — cos® ) + cos® O + %Cos4 @,-:n)
<1n (pcos? ©,.,) — In (2 In %))

I (20 5) —n (21 =)

(oot (2))
)

"R, TIPS
/N

7 N7 N

21
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By Lemma A6(ii) (nm)? o(1) and % = O(1), we have

’ (In n)?

max
1<i<m

m(ﬂ% - 1' =0y <%> = 0,(1), (S.50)

Inn
2
g (1 cos? 00)] = 0, (%7,

max 2 In (1 — cos® O;.,) + cos® ©; +lcos4 Oin| =0 (In n)? =0 1 (by (S.23)))
1<i<m in in 9 n P p2 P Inn ; v :

2o ny|_ Inln (n/m)
11%1%%1 ‘ln (pcos” ©;,) —In <2ln Z)‘ =0, <—ln jm) )

n n In m
max fin (20 5) = (21 ) ZO(mn)v
Li/p 2 n\ 2 Innlnln n Inln n Inln (n/m)
“|(E ) —(lmn =) | = — ) = — — )
P ‘(2008 @Z'"> <n > Op( P ) OP( Inn ) Op( In(n/m) )’

1<i<m p 7
2 2

mox 2| 9) - (w 2)| o (B o (BR). e

1<i<m p ) m p nn

which together imply that

max |L;, — (Tin +tn)| = O, (

1<i<m

i) v (i) o0
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Thus, we have by (|S.48])

FFp(Or1m), ..., Fp(Omum)) — ln%—l
2

)

3

n

Zl/

I
3~
1

{(Tin +tn) + (Lin — (Tin + tn))}1/2>

3=
Ms

s
Il
—

Tl

T,

3=
Ms

Inm Inln(n/m) 1/2)? an
(el + 0 (s ) + 0 ()| ) by G0 and €53)

H §Tiltn + 0y ((m(l:/n;z»z))wp (W)D

s
Il
—

Tl

1,

I
3=
Ms

s
Il
—

(by VI+z =1+ L1z+0(z?)

3=
Ms

T g 215 0 () + O (W))

1:1

) St o () vor ()

i=1 £=1

s
Il
-

8
G
1G
1c
G
(

3=
Ms

1

<
Il

<1+o <*>><>(*> o €70

N | =

establishing (c). The proof is complete. ]
Proof of Lemma A7(iii). In view of (a)-(c) in the proof of Lemma A7(ii)
together with m(Inlnn)?/(Inn)? = o(1) and (Inn)?/p = O(1), it sufficies to

prove

{ Zln -+ 1+1In S’gf} —45 N(0,2). (S.53)

By Lemma A3, > "

i1 S 'm+1- Moreover,

/2 DL e (Sm+1 _ 1) T 0,(1) -5 N(0,1)

m m
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and
m1/2i <ln 5 + 1) < ml/zi (In Uy + 1)
i=1 Sm1 i=1 -
=m723 " (InU; +1) % N(0,1),
i=1
establishing (S.53). The proof is complete. ]

S4 Proof of Lemma A8

Proof of Lemma AS8. Since W,..., W, are iid uniformly distributed

Zij

on 8P~ we may write W; = (Wiy,...,W;,) with W;; = —==2— where
Yy i ( il lp) J m

Z

i, t=1,...,n, j=1,...,p are iid standard normal. We have

S wawy = IS Wi
1<iAl<n i=1
2
Z<Z ka) )

zz{ S+ 532 (gl - 1)}2_n

7=1

1
= ];HAn,p + Bn,pHZ -n

1
1_7 (HAn,pH2 —np+ ||Bn,p||2 + 2<Anp7 B, >) (8-54)
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where A, , and B,, , are p-dimensional random vectors defined by

.....

Then
p n 2 J p
bt -m=3 () —m 23z,
j=1 \i=1 j=1
where Z1, ..., Z, are iid standard normal. So
1 1<

o (Il A pll? = np) £ NG Z(zf —1) -5 N(0,1) as p — co. (S.55)

1=

S

Next, we show -—=||B,,[|* = 0,(1). We have
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P n n
p p
BB = Y k[ p—Zg—l) 2 (5t )]
j=1 i=1 i/=1 k=1 “ik k=1 “i'k

= iiE Zf.( S h 1)]
j=1 i=1 Zlk

n

-y yelagy] ka]@iE _QZZE{ N ——

i=1 j=1 = i=1 j=1 i=1 j=1

% Z Dy Z ez

n

+np—22E

= np+np—2\/EZE
i=1

= 2np— 2\/}32 E\/?p2
(=)
I'(%)

= 2np— 2\/1_97121/2\/2(1 +0(p™H)=0(n)asnAp— oo,

= 2np— 2\/57121/2

where Xp2 denotes a chi-squared random variable with p degrees of freedom.

So

E[|By,l* = O(p~'?) as n Ap — o0,

T

which by Chebyshev’s inequality implies that

(1) asn Ap — . (S.56)

1
——— || B, =
n\/2—p|| ,PH OP
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In view of (S.54))-(S.56), it remains to show

1

n\/_<A”p’ B, ,) = 0y(1) asn A p — . (S.57)

By Chebyshev’s inequality, it suffices to establish

E(A,,, B,,)* = o(n’p). (S.58)

We have

=1 j/
P n n P n n p
) IDIDIDI) I LI (VRS P ( )}
j=1li=1i'=1j'=14=14¢'=1 k=1“i'k Z’k
—C+D, (S.59)
where
p n n n n
p p
S5 3)3) 3) 3 Di:1 PN (VSSUSISSY PAVAY (YIS
j=1i=1 ¢=1 (=1 ¢'=1 k=1 “i'k k=1 %0k
and

n n n n D D
= Y ZZE{ZZ-J-ZM< /I’—ZQ_l) Z@j,zg,j,( /p—Z2_1>}‘
1<j#j'<p i=1 i'=1 ¢=1 ¢'=1 k=1 “i'k k=1 “Vk

27



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME?2

Then
p
c -3 % E{zijzi,j(
=1 i=i'=0=¢'
p
+ 0y E{ZUZM(
G=1 i=i'£4=0'
p
+ ) E{Zijzi,j<
=1 i=0£i' =0
p
D IRAEEA
G=1 i=0'+i'=¢
- Cl+02+03+04.
We have
) 2
Cr=npE | ZL (| =— — 1
TR (v 7k )

since by Schwarz’ inequality

eI

2

ST 7 1) G ( ST 78 1)}
ST 7 1) Zidies ( ST 7 1)}
seoz V) o sz )
ST 7, 1> Z”Z“( ST 70 1)}
.6

= O(np*?) as n Ap — co (S.61)

AN A

1 “ij

5

EZ6

=a >]]}
ST 7 1)

4
P
Z2 -1
( r7 ) ]

(S.62)

15E
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and

pE[(XQ 1/2E 1;2) 1/2 +6—4p” 1/2E[(X2)1/2]+1
b 1/2LF(( —1)/2) —1)2 L((p+1)/2)
R i VR R [ R
Op™). (S.63)

Next, we have

Co=Cy = pn(n—1)

I
i
=
S
|
=
3
m ~.
3| N
S
|
—_
—
o

et Zik
= pn(n—1) ipE X2 — 1}
_ 1 shp+1)/2) ’
DGR By s 1}
= pn(n — 1){%\/5 g(l—i—O(p_l)) —1}
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2
/ p
k=1 “ik

72 Z2
= pn(n— D Ep =2 + EZEJ- —2\/pE——

i1 Zit V2 23,
2
= pn(n—1 {1+1——E,/X2}
( ) \/ﬁ p

1 da 2 T2
= ”{2 N AT }

va\/bu+ o

O (n*) asn Ap— oo. (S.65)

and

Cy = pn(n—1)EZ},E

2
p
72 N —
”(\/ b1 Zi )]

= pin-n{2-

= pn(n—1)0(p™")

S

By (5.60)-(5.65), we have

’fl2

C—C'1+Cg+Cg+C4—O(npl/2)+O(p)+O(n2)—0(n2p) asn A p— oo.

(S.66)

We now deal with D. For j # j/,

k=1 “i'k k=1 “l'k

if i # 4 or £ # ¢'. (Observe that (S.67)) holds for the special case that j # j'

and i =0 #/.) So

D = p(p—1)nE {Zfl (\/%_ 1) Z (\/%_ 1)1
+ plp—1n(n—1) {E [ij <\/%_ 1)] }2

= D1 + DQ.
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We have

D,

D,

np(p —

o (i ]
2 2
nF 7272, ( > ZQk 1) ]

1<J¢J’<p

p 2
2 72 / p
nE ZZ]ZZJ Z2 -1 < p—Z2 — 1) ]
] 1 j/=1 ik k=1 “ik
i p 2 p ?
4
nkE <E Zi) (1/—19 7 —1) — npE Zij (‘/—p 7 —1) ]
i k=1 “ik k=1 “ik

nE [pX2 +(X2)? — 2\/_(/1’2)3/2} npO(p~Y/%) (by (5.62) and (S.63) )

I'((p+3)/2)
['(p/2)

1
n<2p* +2p — 2\/1_923/21%\/2(1 + O(p_l))} + O(np'/?)

n {p2 +3p+plp—1) — 2¢/p2*? } +O(np'”?)
{

bl =t - {23 (| [~ - )] } — (p—1)Cy = O(n?),

so that D = Dy + Dy = O(np) + O(n?) = o(n?*p) as n A p — oo, which

together with (S.59)) and (S.66)) establishes (S.58). The proof is complete.

]
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