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This document includes the proofs of the theorems presented in Section 3 of the article “Bayesian

i

inference in high-dimensional linear models using an empirical correlation-adaptive prior,” along

with some details about the choice of tuning parameter ¢ and some additional simulation results.



2 C. Liu, Y. Yang, H. Bondell, and R. Martin

S1 Preliminary lemmas

Before getting to the proofs of the main theorems, we need to suitably lower-
bound the posterior denominator and upper-bound the posterior numerator,
the latter depending on the type of neighborhood being considered. In

particular, for a generic measurable subset A of the parameter space, write

Nn(A) _ J4 > ™(S)Ru(Bst, B)*ma(Bs | S) dfs
D, > sm(S)Rn(Bsy, 65)ma(Bs | S)dBs

where R,,(Bs+, %) = Ln(Bs+)/Ln(8%) is the likelihood ratio, with Sg the

I (A4) =

p-vector corresponding to Bg with zeros filled in around the indices in S.
Recall that 5* denotes the true and sparse coefficient vector in RP, with
S* = Sp« the corresponding configuration of complexity s* = [S*|. Also,
recall that the condition number, x(S*), of the matrix n='Xd, Xg- is O(1)
as n — oo by Assumption 3 in the main text. Lemma [I] gives a general

lower bound on the denominator D,,.
Lemma 1. Given the inputs (c, g, \) to our proposed posterior, define

Llog{1+ agr($7)), if A € [0,00)

b=0b(a,g,\ 5") = %log{l + agr(S™)}, if A€ [-1,0) (S1.1)

tlog{l + agr(S*)™*},  if A € (=00, —1).

\

Then under Assumptions 1-3, the denominator D,, of the posterior satisfies

Ps{D, < m(S*)e ™™} =0 asn — oo.
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Proof. Since D,, is a sum of non-negative terms, we get the trivial bound

D, > W(S*)/Rn(ﬂs*,ﬁg*)a'\'(dﬁs* | &+, 0 ghis- (X & X))

s*

= m(S%) H(l + ang*défé)_l/2 exp{ a

] 202
=1

(An = By},
where

An =n(Bs- — B5.) T (0 X g Xs+) (B — B5.)

B, = (1 - ¢)*3.Q5! bs-
are both non-negative, and the Qg matrix is defined as

Qs = (Xs Xs) ™' +agks(X3 Xs)", S C{1,2,...,p}. (S1.2)
From the well-known sampling distribution of BS*, we have
A, ~ a® ChiSq(s*) = O,(s*).

Next, for B,, under Assumption 3, it can be verified that the maximal

eigenvalue of Qg; is O(n). Therefore, B, < n(1 — $)%||Bs+||2. Write
1Bs11* < 1B+ — B II* + 1185 11*
Since the first term is O,(s*n™1) and (1 — ¢)? < o(1), we have

2= 0p(8™).

n(1—¢)°(|Bs- — B5-

Similarly, by Assumption 2, for the second term we have

(1= ¢)*[|85:|1* = o(s").
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This implies B,, = 0,(s*) and, hence, Pg«(A4,, < B,) — 0 which, in turn,
implies that the exponential term in the lower bound for D,, is no smaller

than 1. Therefore,

s*

D, > m(S) J[(1 + agks-dsi) =/

i=1

and the product can be lower-bounded by e~ for b as defined in (S1.1]).
Finally, we have that D, < 7(S*)e " with vanishing Ps.-probability, as

was to be shown. O
Next, consider the subset B. of RP given by
B.={BeR:||XB—-XB|*>¢}, e>0.

For the sequence ¢,, and constant M > 0 as in the statement of Theorem 1
in the main text, set N,, = N, (B, ). The following lemma gives an upper

bound on N,,.

Lemma 2. There exists a constant d = d(c,0%) such that

sup Eg-(N,) < e % 7 (|S])Im(9),

p S|S|<R
where
(e 14+ 20(s) 0] if ) € [0,00)
V()" = Y w(s)2[L + Lu(s)™] if A € [~1,0) (SL.3)
w(s) A1+ Luw(s))] if A € (—o0, —1),
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where ¢ = h(h —1)7! and h € (1,a™") is a constant.

Proof. Let us consider the expectation of N,,, given the true distribution of
Y,ie. Y ~ N(XpB* 02I). Then by Holder’s inequality, for constants h > 1

and ¢ = h(h — 1)~!, we can find an upper bound for Eg.(N,,),

B (V) < Y0(S) [ (800K (55) s, (S1.4)

€n

where

o e (A

K,(Bs) = Eg- [N%(Bs | ¢fs, 02gks(Xg Xs)")].

If ha < 1, then upon taking expectation with respect to y ~ N(Xg« %, 021),

we get

Jn(ﬂs) _ eia(;;ga)HXBS+*XB*H2 < ef[a(lfha)/Zgﬂen’ v ﬂSJr c Bsn- (815)

Next, for K, after factoring out the non-stochastic terms in the multivari-
ate normal density, there is an expectation of exponential quadratic form

to be dealt with, i.e.,

Ess [exp{ — Z}], (51.6)

202gks
where Z = (85 — ¢fs)T(Xd Xs)(Bs — ¢fs) and B is the least square

estimator under configuration S. Let 8% denote the mean of BS, then 8% =
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(X4 Xs) XL Xg. 5. Applying a spectral decomposition on XJ Xg in Z,

we have,
Z)(0%¢%) = viAg™ s,

where vg = AIS/QFE (Bs—dBs)/(0¢). Ag is a diagonal matrix whose diagonal
elements are the corresponding eigenvalues for X{ X, and I's is a matrix

with columns being corresponding eigenvectors. It is not difficult to show,

vs ~ N(AY*T3(8s = 682)/(00), 1),

which implies vs; are iid N(dg;T§;(8s — ¢83)/(06), 1), where dg, is the
ith eigenvalue of XSTXS and I'g; is the ith eigenvector. Hence, 1/%71- has a
non-central chi-square distribution with df = 1 and non-centrality ps; =
02—1(152(63 — ¢B%) Tsds;T§,(Bs — ¢0%). By taking advantage of the inde-

pendence of the l/gyis and using the moment generating function of the

non-central chi-square distribution, (S1.6)) can be written as

S

T[]t —2ts,) % exp{'l;zi (ﬁ - 1) } (S1.7)

i=1

where tg; = —q¢2d§’(il+’\)/2gks < 0 < 1/2. It is clear that (S1.7) is a
non-decreasing function with respect to tg;. And when A >0, tg; < tg:=

—24)(5)= D Then, for all 35 € RI¥!, we can obtain an upper bound for
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(S1.6) by replacing ts; with tg in (S1.7),

2t5 > 1

1 — 2tg/ 2q0%¢? (Bs — #5) " (Xg Xs)(Bs — ¢5§)}

U(Bs) = (1 — 2tg) % eXP{(

(S1.8)

For A < —1 and —1 < A < 0, we can get the same expression of U, (8s)

with tg = —¢?quw(s)/2g and tg = —p2qw(s)*/2g respectively. Therefore,

K, (Bs) < (270°gks) 3 D(S)2U,(8s) (S1.9)

Since J,(Bs) and K, (8s) are non-negative, we upper-bound the integral in

(ST4) by

K, (Bs)7dBs (S1.10)

=

Jaee

By plugging (S1.9) and ({ into (| , and integrating out [Bs , we

bound Eg-(N,,) by,

ef[a(lfha)/202]en Z 1/1(|S‘)S7T(S>

S:|S|<R

where function v (s) is defined (S1.3]). O
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S2 Proofs of theorems

S2.1 Proof of Theorem 1

With Lemmas [I] and [2] the expectation of posterior probability of event

B,, = By, can be bounded by,

Ds:s<r V() m(S5)
7(S*)

_ s —dMen ZSR:1 U(s)* fuls)

7(S*) '

E,B*{Hn(Bn)} S 6bs*—dMan

While for the prior, if A > 0, we can get,

7(5%) > w(s) 2 fu() (p)

S*

Therefore the upper bound for the posterior probability can be written as,

Eﬁ*{Hn(Bn)} < ebs*fdMsnfn,

where
w(s*))‘/z({) &
bn = ——F 7 D U(R) fuls).
FER GRS
Taking logarithm on both sides, we get
* 1
log Eg- {I1"(B,)} < (ii — Md+ 28 5")571. (S2.1)

We require ¢,, to have a certain rate such that the upper bound for posterior
probability can vanish. A preliminary requirement for ¢, is s*/¢, — 0, in

order make "%~ as o(1). In addition, ¢, should satisfy log&, = O(e,).



S2. PROOFS OF THEOREMS9

Therefore, as n — oo, bs*/e,, — 0 and log(&,)/e, — K. Thus, for any M

satisfying Md > K, we will have
log Eg« {II"(B,)} — —oo0.

Next, we establish the rate for log¢&,. Under Assumptions 1 and 2,

w(s*) is bounded with probability 1. By Stirling’s formula, we have that

log (p) < 5*log(p/s"){1 + o(1)}.

Given that f,(s) oc ¢ *p~*, we can also have

—log fn(s*) < s*log(es™) + as*log(p/s*) = O(s* log(p/s*)).

Since we have ruled out cases with extremely ill-conditioned X Xg, w(s)

is bounded above by C'p". Thus, for the nonnegative \ case,

R

SO G(R) fuls) S L0

s=1

Therefore, when A > 0, the rate of €,, should be
max{R[r(1+ \) — a] log p, s" log(p/s*)}.

The proofs for A < 0 are similar. Therefore, the rate €, then can be

rewritten as
e, = max{q(R, \,r,a),s"log(p/s*)},

where function ¢ is defined in the Theorem 1 statement.
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S2.2 Proof of Theorem 2

Followed by Lemma [2 and Theorem 1, we can get

1/h N<y | XSﬁS+7O-QI> he o _a(l—ha) 9
EB* [{ N(y | XSﬁS*,U2I)} } eXp{ 2(,2 | X Bsy — X B+l } <1

If U, ={8 € RP:|Ss| > ps*}, then it is not difficult to show that,
R
Eﬂ*{Nn(Un)} < Z ¢(3) f (S)
s=ps*
With the help of Lemma [1| the posterior probability of event U, can be

bounded as,

From Theorem 1, we have

w<8*)>\/2 (g)

ey S (a1 o(1)s" log(p/s").

log

In addition, for A > 0, if a > r(1 + \), we can get

Z U(5)" fu(s) S exp{—ps*[a — r(1+ )] log p}.

s=ps*
When A >0, p > po = (a+1){a—r(1+)}~, then 37 per U(8)° fu(s) dom-
inates the other two terms in (S2.1)). Therefore, Eg-{II"(U,)} will vanish

as n — oo. Similarly for A < 0, we can get the same result if p > py.



S2. PROOFS OF THEOREMS11

S2.3 Proof of Theorem 3

Let |Sp_p+| be the number of non-zero entries of (8 — 5*). Then,
IX(8 = B* > nt(|Ss-s 1B = 51

If a > max{1+ A, 1,1 — A} and p > py in Equation (3.1) in the main text,

by Theorem 2 and monotonicity of £(s), we can get
EgI1"({B : £(|Sp-p+|) > l(ps* +s)}) — L.
If we set d,, as in the theorem’s statement and apply Theorem 1, we get

EB*{Hn(ﬁ : HB - B*HQ > M(Sn)} < Eﬂ*{Hn(BM5nf(pS*+S*))} — 0,

as was to be shown.

S2.4 Proof of Theorem 4

We segment the proof of Theorem 4 into two parts. First, under Assump-
tions 1 and 3, we aim to show that, Eg«[II"({f : Sz D Ss«})] — 0. Second,
under the beta-min condition, we prove that Eg«[II"({5 : Sz 2 Sp+})] — 0.
We only consider positive A case here. The proofs in Parts 1 and 2 below
can go through the same way when A < 0.

Note that some of the arguments presented here refer to |Martin et al.

(2017), but there are some oversights in the selection consistency results
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presented in the published version of that paper. The version available at

arXiv:1406.7718 contains corrections of those arguments.

Part 1 Let S be any configuration containing but not equal to the true

model S*, i.e. S O S*. Then the posterior for S can be written as,

T(S) < I(S) /TI"(S*)
= FsRsexp [ — 55 {y" (Ps. — Ps)y + (1 — ¢)?85 Q5" Bs — (1 — ¢)? B4 Q5! Bs- }]

< FsRsexp[3%{y" (Ps — Ps )y + (1 — ¢)25;Q§3/35*}],

where Fg = 71(S)/m(S*), Ps = X5(Xd Xs)1 X, Qs is as in (S1.2)), and

I, (1+ agkzgdgji‘l)*%

Rs = — )
Hf:l(l + agkrg*dgtbfé

Applying Holder’s inequality with the same constants in (S1.4]), A > 1 and

q = (h—1)/h, we get that Eg.{n"(S)} is upper-bounded by

aq(l—¢)? 5 —15
FsRsEY" [exp{ £y (Ps — Ps )y} E [exp{ *42 5L Q51 Bs-}]. (S2.1)

First, given that S D S*, (Pg — P%) is idempotent and (Ps — P§)Xg« = 0.
Therefore, 3 (Ps — Ps+)y/o? has a chi-square distribution, ChiSq(s — s*).
If ha < 1, using moment generating function of central chi-square, the first

expectation term in ([S2.1) can be written as,

Egéh [exp{%yT(Pg — Ps )y} =(1— ha)~ (=720,
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Second, from the spectral decomposition Xd, Xg« = [geAgTL., if u =

1/2FT B+ /o, then,

1
Z d/\—H- ulz

i—1 1 + Oégkg*

B;—*Qg*lés*/az =u ( + ang*AA“

Obviously, u ~ N(A 1/2F B% /o, ), and this implies u; @ N(dg 1/2 Té B0, 1).
It follows that the u?s are independent non-central chi-square random vari-
ables, with non-centrality parameter p; = dl/ ° L. b5 /o and degrees of

freedom of 1. Using the same argument as in (S1.7)—(S1.8)), we get,

E [exp{ 452 33.Q5! Bs- 3] < (1— 1) exp {an| B5. P Amax(S*) 75}

where 0 < t < (1 — ¢)2. Since t = o(s*{n||B%]]*)} ") < o(1), by Assump-
tion 2, we have 1 — ¢t > % for large n; in addition, by Assumption 3, we
have that the expression inside exp{-} on the right-hand side above is o(s*).
Therefore, since ¢* < 1 — o, we can conclude that the second expectation

term in (S2.1)) is asymptotically upper-bounded by

exp[{3(1 — a)log2+ o(1)}s*}] < exp{(1 — a)(log2)s*}.
Next, it is clear that

Rs < [](1 + agks.dy)'2.

i=1

Since kgdyt' satisfies

K,(S)_(A—H) < ksdg:‘gl < R(S)A+1,



14 C. Liu, Y. Yang, H. Bondell, and R. Martin

and the lower and upper bounds are stable according to Assumption 3, it
follows that Rg is upper-bounded by e™", where m = 3 log(1+agr(S*)*1).

For Fg defined above, we have

n(S) < (p)lms)éfn(s) and (") > (p)lw(S*)_an(S*)-

S S*

Now we can bound Eg«{n"(S)} above by,

eGs*w<s>*(§)_l (2)E <o

where G = (1 — a)(log2) +m and z > 0 is a constant. By Theorem 2, we
only need to consider S of size no more than ps*, where p > pg in (3.2) and

a > r(1+ ). Therefore,

Eg{IT"(B: 95 D S5 )} = > Ege{n"(9)}

SDS*
ps* p—s*\ (P
S eGS*w(ps*)A Z (p—s ) (5*)

s=s*+1 (Sp*)

(=) (s2.2)

Under Assumption 3, w(ps*) is bounded, so following the results in Martin

et al.| (2017), (S2.2) turns out to be,
eGs* g*

E/g*{Hn(ﬁ : Sg D Sﬁ*)} S pa

x O(1).

So, if p and a are such that p? > s*e“*" then E{II"(S D S*)} will go to 0

as n — o0.
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Part 2 Consider a configuration S satisfying S 2 S*, in Part 1, we already

have (S2.1)), which is
Ege{7m"(5)} < FSRSE}JL}Z [exp{ 2Ly (Ps—Ps:)y}] Eé/*q[exp{aqi,f BS*QS*IBS*H

For the first expectation term, if we plug in y = Xg«8s+ + 02, where z ~

N(0, I,,), then according to the results in Martin et al.| (2017)

y' (Ps — Ps)y = —||(I — Ps) X5+ 55| — 202" (I — Pg)Xg+B% 4 0%2" (Pg — Pg+ )z
< —||(I = Ps)Xg+BE:|12 — 2027 (I — Pg) X+ 5 + %27 (Ps — Psns+)z.
Since 2" (I — Ps)Xg-B%. and 2" (Ps — Psns+)z are independent, using the

moment generating function of normal and chi-square distributions, we can

get,

EL [exp{ 2y (Ps — Ps+)y}]

< (1 — ha) "2 ISIZISOS* D oy a02had (1 poy X g 85,12} (S2.3)

With some algebraic manipulation, we can show that

2

9

I(Z = Ps)Xs-B5: I = (I — Ps)XserseBnse

and then based on Lemma 5 of |Arias-Castro and Lounici (2014)), we get

I(Z = Ps)XsenseBginsell” = nl(s*)[1Bsnse |-
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By the beta-min condition (3.5), it follows that || 8% ||* > 02 (s*—|S*NS|),

and, hence,

exp{—*= 22 |(T — Pg) Xge B4 || } < pMEIsTnsh,

Then following the results in [Martin et al.| (2017)), we can get,

Es{I1"(B: S5 2 Spe)} S e Z Z ()0 O )G) I (") (L= hap™ M

When s < s*, we have,

s*—1 Gs*
n . Gs* a—M\s*—s €
Eg*{H (ﬁSﬂZSﬁ*)}Se Z()(Cpl+ M) Sm, M >a+1.
When s > s*, we have,
pS eGS*
Eg-{II"(8 : S5 2 Sp)} S e {(1—ha)p' ™"} Z(Cpa_l)s s ey R > 1.

—(a+1)

Furthermore, if p™ satisfies pM—(@+1) > ¢G" the two fractions above

will finally go to 0 as n and p go to infinity.

S3 Choice of ¢

Consider the following sequence

2E | Bs+ — B3I
185+ 11” + Ell s~ — B[

As claimed in Section 4.2.3 of the main text, this choice of ¢, satisfies the

¢n:1_

condition in Assumption 2, that is,

L= = O(s*{n|B5: |1} 7).
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To see this, first note that

EllBs: — 85|17 = o*tr{(Xg. Xs:) 7'} = o0 s ALL(S7),

min

where A\pin(S*) is the smallest eigenvalue of n~1 X Xg«, which is O(1).

Then it is not difficult to show that

*

" onllBs

1=¢

Therefore,

*

n(l — ¢n)?||B5|° = s*

and if s*{n||8%|*} ' — 0, we have

n(1 = ¢a)?)|Bs.1* = o(s").

In practice, we cannot use ¢, because it depends on the true g*. In-
stead, we use an estimator, ¢y, of ¢,. Replacing E||fs+ — 8% |2 and || 3%, ||2

by 6tr{(X{. Xs-)"'} and || 35| respectively, we have,

) 262t (X] Xg) ™'}
)

¢n =1-— ~ )
1B]|* + 62tr{ (X Xg)~'}

where S is obtained from adaptive lasso, o and Bs are from the least squares

estimator given S.
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S4 Sensitivity analysis of choices of hyperparameters

In this section, we investigate the sensitivity of our method’s performance to
different choices of hyperparameters. In our ECAP model, hyperparameters
A and ¢ are chosen based on maximum marginal likelihood method, and
o? is determined by adaptive lasso. Here we only consider various values
of a in prior (2.1) and the upper bound of ¢, given that although we use a
James-Stein type estimator gg, in practice we still set the maximum value of

¢ to be 0.7 for “stable” performance of model selection. We will also briefly

discuss « later.

Table 1: Simulation results for Cases 1-5.

Case a P(S=5*) P(5DS*) Average|S|

1 005%  0.263 0.342 9.65(0.15)
0.5 0.411 0.465 9.50(0.73)
2 0 0 6.30(0.81)
2 0.05%  0.994 1 10.00(0)
0.5 0.975 0.975 9.96(0.20)
2 0.775 0.775 9.76(0.57)
3 0.05%  0.760 0.778 4.90(0.08)

0.5 0.182 0.182 4.18(0.14)
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2 0 0 3.67(0.12)

4 0.05% 0872 0.897  5.05(0.07)
0.5 0.809 0.825  4.90(0.06)

2 0.360 0.360  4.17(0.06)

5 0.05% 0827 0.919  4.95(0.05)
0.5 0.823 0.845  4.82(0.07)

2 0.240 0240  4.27(0.08)

Table 2: Simulation results for Cases 1-5.

A

Case ¢ P(S=5%) P(5D2S* Average|S|

1 05 0435 0.609  10.01(0.81)
0.7 0.263 0342 9.65(0.15)
0.9  0.288 0.589  10.71(1.22)
099  0.285 0.679  10.57(1.26)

2 05  0.980 1 10.02(0.14)
0.7 0.994 1 10.00(0)
0.9 0919 1 10.05(0.23)

0.99 0.826 1 10.59(0.86)
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305 0590 0.614  4.77(0.09)
0.7*  0.760 0.778  4.90(0.08)
0.9  0.692 0.781 4.96(0.10)
0.99  0.620 0.796  4.94(0.13)

4 05  0.882 0.912  4.97(0.05)
0.7*  0.861 0.940  5.05(0.07)
09 0810 0.967  5.17(0.09)
099  0.844 0.969  5.13(0.13)

5 05  0.857 0.918  4.89(0.06)
0.7*  0.827 0.919  4.95(0.05)
0.9  0.752 0.950  5.04(0.10)
0.99  0.714 0.939  5.04(0.12)

From the above tables, a take-away message we can get is that the
“optimal” choice of hyperparameters can be different for different settings.
In practice, e.g., in Sections 4 and 5, we tend to choose a hyperparameter
that can give us stable model selections results. For example, we choose
¢ = 0.7 instead of 0.9 or 0.99 because when ¢ is close to 1, we tend to get

slow MCMC convergence or unstable SSS results. And we usually avoid
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very small values of a, like 0.01, given that small a can lead to convergence
problem in choosing ¢ by maximizing local marginal likelihood.

For sensitivity analysis of hyperparamter «;, it is not difficult to under-
stand that in practice, there would be little significant difference in terms
of model selection performance between choice of 0.99 and 0.999, since we
want our « close to 1. The main issue about « is from a theoretical per-

spective, which we have discussed in Sections 2 and 3.
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