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In this supplementary note, we give some lemmas, which play a crucial role in the proof of

Theorems 1−3. The detailed proofs of the theoretical results corresponding to the main doc-

ument are presented. Meanwhile, we provide the cross-validation method and some additional

notation for simplicity of presentation.

S1 Notation

In this section, the notation is the same as the main document. For sim-

plicity of presentation, we introduce some additional notation, let α =

H(β − β∗) = (α0, . . . , αp)
T, where αk = hk

{
βk(t) − β(k)(t)/k!

}
, H =

diag(1, h, . . . , hp) is pth-order diagonal matrix and β∗ is the true vector.

z̃i(u) = H−1zi(u) = zi(1, (u − t)/h, . . . , (u − t)p/hp)T. For a matrix

A = (aij), ‖A‖ = supi,j |aij|. For a vector a, ‖a‖ = supi |ai|, and

|a| = (
∑
a2i )

1/2. Some further definitions are:
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For j = 0, 1, 2, set

Sn,j(u,α) =
1

n

n∑
i=1

I(Ci ≥ u) exp(αTz̃i(u) + β∗Tzi(u))oi(u)zji ,

Sj(u,α) = E(p1(u | z)p2(u | z) exp(αTz̃(u) + β∗Tz(u))zj).

For j = 0, 1, 2, set

S̃n,j(u) =
1

n

n∑
i=1

I(Ci ≥ u) exp(β∗Tzi(u))oi(u)z̃i(u)⊗j,

S̃j(u) = E(p1(u | z)p2(u | z) exp(β∗Tzi(u))z̃(u)⊗j).

For j = 0, 1, put

S̃∗n,j(u) =
1

n

n∑
i=1

I(Ci ≥ u)exp(β(u)zi)oi(u)z̃ji (u),

S̃∗j (u) = E(p1(u | z)p2(u | z) exp(β(u)z)z̃j(u)).

For j = 0, 1, 2, set

Sn,j(u,β
∗) =

1

n

n∑
i=1

I(Ci ≥ u) exp(β∗Tzi(u))oi(u)zji ,

Sj(u,β
∗) = E(p1(u | z)p2(u | z) exp(β∗Tzi(u))zj).
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For j = 0, 1, 2, put

S∗n,j(u, β(u)) =
1

n

n∑
i=1

I(Ci ≥ u) exp(β(u)zi)oi(u)zji ,

S∗j (u, β(u)) = E(p1(u | z)p2(u | z) exp(β(u)z)zj).

S2 Cross-validation method

In this part, we give the derived process of the approximations for β̂(−i), as

well as an asymptotic expression for the contribution li(β) of individual i to

the local partial likelihood. Then we can construct an alternative expression

of cross-validation likelihood CV L.

S2.1 The expression of ith subject log-likelihood

Here, to facilitate notation, we omit the n in log-likelihood formula, and

the local partial likelihood can be denote as:

L(β) =
n∑
i=1

∫ τ

0

Kh(u− t)I (Ci ≥ u)

[
βTzi(u)

− log
{ n∑

j=1

I (Cj ≥ u) exp
(
βTzj(u)

)
oj(u)

}]
dÑi(u),

(S2.1)

which equivalent to the local partial likelihood defined in the main docu-

ment. Analogous with (S2.1), we have the local partial likelihood which the
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ith subject is left out:

L(−i)(β) =
∑
l 6=i

∫ τ

0

Kh(u− t)I (Cl ≥ u)

[
βTzl(u)

− log
{∑

j 6=i

I (Cj ≥ u) exp
(
βTzj(u)

)
oj(u)

}]
dÑl(u).

(S2.2)

Then, from (S2.1) and (S2.2) yields,

li(β) = L(β)− L(−i)(β)

=
∫ τ
0
Kh(u− t)I (Ci ≥ u)

[
βTzi(u)

− log
{∑n

j=1 I (Cj ≥ u) exp
(
βTzj(u)

)
oj(u)

}]
dÑi(u)

+
∑

l 6=i
∫ τ
0
Kh(u− t)I (Cl ≥ u) log

{∑
j 6=i I(Cj≥u) exp(βTzj(u))oj(u)∑n
j=1 I(Cj≥u) exp(βTzj(u))oj(u)

}
dÑl(u).

(S2.3)

For the second term of right-hand side, the term

log
{∑

j 6=i I (Cj ≥ u) exp
(
βTzj(u)

)
oj(u)∑n

j=1 I (Cj ≥ u) exp (βTzj(u)) oj(u)

}
= log

{
1−

I (Ci ≥ u) exp
(
βTzi(u)

)
oi(u)∑n

j=1 I (Cj ≥ u) exp (βTzj(u)) oj(u)

}
,

approximately equal to zero, due to the latter term{
I (Ci ≥ u) exp

(
βTzi(u)

)
oi(u)/

∑n
j=1 I (Cj ≥ u) exp

(
βTzj(u)

)
oj(u)

}
is small.
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Thus, we derive an alternative expression for li(β) by

li(β) =

∫ τ

0

Kh(u− t)I (Ci ≥ u)

[
βTzi(u)− log

{ n∑
j=1

I (Cj ≥ u)

exp
(
βTzj(u)

)
oj(u)

}]
dÑi(u),

(S2.4)

which equivalent to the following log-likelihood,

li(β) =
1

n

∫ τ

0

Kh(u− t)I (Ci ≥ u)

[
βTzi(u)− log

{ 1

n

n∑
j=1

I (Cj ≥ u)

exp
(
βTzj(u)

)
oj(u)

}]
dÑi(u).

(S2.5)

S2.2 Approximation of estimator

Here, we approximate β̂(−i) using Taylor expansion. For L(−i)(β) = L(β)−

li(β) defined in the main document. We have

∂L(−i)

∂β
(β) =

∂L
∂β

(β)− ∂li
∂β

(β). (S2.6)

We approximate
∂L(−i)

∂β
(β) with first-order Taylor expansion at β = β̂, one

has

∂L(−i)

∂β
(β) =

∂L(−i)

∂β
(β̂) +

∂2L(−i)

∂β2
(β̂)(β − β̂). (S2.7)
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Note that
∂L(−i)

∂β
(β̂) = ∂L

∂β
(β̂)− ∂li

∂β
(β̂), and ∂L

∂β
(β̂) = 0, we infer

∂L(−i)

∂β
(β) = − ∂li

∂β
(β̂) +

∂2L(−i)

∂β2
(β̂)(β − β̂). (S2.8)

Substitute β̂(−i) for β in (S2.8), note that
∂L(−i)

∂β

(
β̂(−i)

)
= 0, we obtain

0 =
∂L(−i)

∂β

(
β̂(−i)

)
= − ∂li

∂β
(β̂) +

∂2L(−i)

∂β2
(β̂)

(
β̂(−i) − β̂

)
. (S2.9)

By direct calculate, we establish

β̂(−i) = β̂ +
{∂2L(−i)

∂β2
(β̂)
}−1 ∂li

∂β
(β̂). (S2.10)

From (S2.6), we have

∂2L(−i)

∂β2
(β̂) =

∂2L
∂β2

(β̂)− ∂2li
∂β2

(β̂), (S2.11)

and from (S2.5) yields

∂2li
∂β2

(β) =

− 1

n

∫ τ

0

Kh(u− t)I (Ci ≥ u)

[∑n
j=1 I (Cj ≥ u) exp

(
βTzj(u)

)
oj(u)zj(u)⊗2∑n

j=1 I (Cj ≥ u) exp (βTzj(u)) oj(u)

−
{∑n

j=1 I (Cj ≥ u) exp
(
βTzj(u)

)
oj(u)zj(u)∑n

j=1 I (Cj ≥ u) exp (βTzj(u)) oj(u)

}⊗2]
dÑi(u).

(S2.12)
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Since the calculation of the above second derivation can increase compu-

tation burden. Omitting this term leads to, combined with (S2.10) and

(S2.11),

β̂(−i) = β̂ +
{∂2L
∂β2

(β̂)
}−1 ∂li

∂β
(β̂). (S2.13)

Then, we derive the approximation of the estimator β̂(−i), which is the

function of β̂.

We are now prepared to approximate CV L, CV L(h) =
∑n

i=1 li

(
β̂(−i)

)
,

defined in the main documents. A first-order Taylor approximation for

li(β), coupled with (S2.5) and (S2.13), yields

li
(
β̂(−i)

)
= li

(
β̂ +

{∂2L
∂β2

(β̂)
}−1 ∂li

∂β
(β̂)
)

= li(β̂) +
{ ∂li
∂β

(β̂)
}T{∂2L

∂β2
(β̂)
}−1 ∂li

∂β
(β̂)

= li(β̂) + tr

[{∂2L
∂β2

(β̂)
}−1{ ∂li

∂β
(β̂)
}{ ∂li

∂β
(β̂)
}T
]
.

(S2.14)

Hence, which from (S2.14) gives

CV L(h) =
n∑
i=1

li(β̂) + tr

[{∂2L
∂β2

(β̂)
}−1 n∑

i=1

{ ∂li
∂β

(β̂)
}{ ∂li

∂β
(β̂)
}T
]

= L(β̂) + tr

[{∂2L
∂β2

(β̂)
}−1 n∑

i=1

{ ∂li
∂β

(β̂)
}{ ∂li

∂β
(β̂)
}T
]
.

(S2.15)

Thus the derived process is complete.
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S3 Lemmas

Before the proof of the theoretical results, we show two main conclusions

which are conducive to the proofs of Theorems 1−3.

Lemma 1. Let

cn(u) =
1

n

n∑
i=1

I(Ci ≥ u)oi(u)g(u, zi) and c(u) = E (p1(u | z)p2(u | z)g(u, z)) ,

if g(u, zi) is bounded variation, then

sup
u∈T
‖cn(u)− c(u)‖ = Op(n

−1/2). (S3.16)

Proof. Given g(u, zi) is bounded variation, under C2 and C4, we have

oi(u)g(u, zi) is bounded variation, then, we can write oi(u)g(u, zi) = g1(u, zi)−

g2(u, zi), where both g1(u, zi) and g2(u, zi) are nonnegative and nondecreas-

ing. Thus

cn(u) =
1

n

n∑
i=1

{
I(Ci ≥ u)g1(u, zi)− I(Ci ≥ u)g2(u, zi)

}
, (S3.17)

and I(Ci ≥ u), for each i, are non-increasing in u, then by lemma A.2

of Bilias et al. (1997), {I(Ci ≥ u), u ∈ T}, {gj(u, zi), u ∈ T}j=1,2 have

pseudodimension at most 1. By lemma 5.1 of Pollard (1990) combined
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with (S3.17), {I(Ci ≥ u)oi(u)g(u, zi), u ∈ T} has pseduodimension at most

10. Therefore, it must be Euclidean and certainly manageable according to

theorem 4.8 of Pollard (1990). In view of C2, we choose envelops as B1/
√
n,

for some constant B1. Then by theorem 8.3 (the uniform laws of large

numbers) of Pollard (1990), we have supu∈T‖cn(u)−c(u)‖ = Op(n
−1/2).

Lemma 2. Let T = [a, b] ⊂ R, suppose that

lim
n→∞

sup
s∈T

{
|hn(s)− h(s)|+ |Jn(s)− J(s)|

}
= 0, (S3.18)

where hn(·), h(·) are continuous on T , and Jn(·), J(·) are right continuous

with bounded variations on T . Then

lim
n→∞

sup
s∈T

{
|
∫ s

a

hn(u)Jn(du)−
∫ s

a

h(u)J(du)|
}

= 0, (S3.19)

lim
n→∞

sup
s∈T

{
|
∫ s

a

hn(u)Jn(du)−
∫ s

a

hn(u)J(du)|
}

= 0. (S3.20)

Proof. First, since hn uniform converges to h, and Jn ,J are bounded vari-

ation functions with total variations bounded B2, for some constant B2.
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Then

lim
n→∞

sup
s∈T

{
|
∫ s

a

hn(u)Jn(du)−
∫ s

a

h(u)Jn(du)|
}

= 0, (S3.21)

lim
n→∞

sup
s∈T

{
|
∫ s

a

hn(u)J(du)−
∫ s

a

h(u)J(du)|
}

= 0. (S3.22)

Since

|
∫ s

a

hn(u)Jn(du)−
∫ s

a

hn(u)J(du)|

≤ |
∫ s

a

hn(u)Jn(du)−
∫ s

a

h(u)J(du)|+ |
∫ s

a

h(u)J(du)−
∫ s

a

hn(u)J(du)|.

(S3.23)

Thus, from (S3.22) and (S3.23), we know that (S3.19) implies (S3.20). And

|
∫ s

a

hn(u)Jn(du)−
∫ s

a

h(u)J(du)|

≤ |
∫ s

a

hn(u)Jn(du)−
∫ s

a

h(u)Jn(du)|+ |
∫ s

a

h(u)Jn(du)−
∫ s

a

h(u)J(du)|.

(S3.24)

For the second term of the right-hand side in (S3.24), since h(·) is contin-

uous, we can partition T by a = s0 < . . . < sn0 = b, and take constant
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hj(= h(sj)) such that the simple function:

hε(s) =

n0−1∑
j=0

hjI (s ∈ [sj, sj+1)) , (S3.25)

satisfies

sup
s∈T
|hε(s)− h(s)| < ε. (S3.26)

Thus

|
∫ s

a

h(u)Jn(du)−
∫ s

a

h(u)J(du)|

≤ |
∫ s

a

{
h(u)− hε(u)

}
Jn(du)|+ |

∫ s

a

hε(u)
{
Jn(du)− J(du)

}
|+ |

∫ s

a

{
h(u)

− hε(u)
}
J(du)|

≤ 2εB2 + |
∫ s

a

n0−1∑
j=0

hjI(u ∈ [sj − sj+1))
{
Jn(du)− J(du)

}
|

≤ 2εB2 +

n0−1∑
j=0

|hj||Jn(sj+1)− J(sj+1)− Jn(sj) + J(sj)|

≤ 2εB2 + 2

n0−1∑
j=0

|hj| sup
s∈T
|Jn(s)− J(s)|

→ 2εB2, as n→∞.

This in conjunction with (S3.21) and (S3.24), we obtain (S3.19). And from

(S3.19) and (S3.22), then (S3.20) holds.
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S4 Detailed techniques for the main results proofs

S4.1 The detailed proof of Theorem 1

The proof of Theorem 1 is basically same as the proof of Lemma 2.2 of

Hardle et al. (1988) and Theorem 2.1 of Zhao (1994). The major difference

is that we have to treat a vector parameter β∗ = (β(t), β′(t), . . . , β(p)/p!)T

due to the local polynomial estimation. Next, we will show detailed proof

procedure by the below two lemmas. Introduce some notation as follows:

Gαkn1(t, t+ s) =
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)I(t < u < t+ s)
{

(u− t)/h
}k
zidÑi(u),

(S4.1)

and

Gαk1(t, t+ s) = E(Gαkn1(t, t+ s)).

Gαkn2(t, t+ s) =
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)I(t < u < t+ s)(
u− t
h

)k
Sn,1(u,α)

Sn,0(u,α)
dÑi(u),

(S4.2)

and

Gαk2(t, t+ s) = E(Gαkn2(t, t+ s)).
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For c > 0,

Vαkn1(t, c) = sup
|s|≤c
|Gαkn1(t, t+ s)−Gαk1(t, t+ s)|, (S4.3)

Vαkn2(t, c) = sup
|s|≤c
|Gαkn2(t, t+ s)−Gαk2(t, t+ s)|, (S4.4)

where αk is the kth component of α, and denote sup{αk} = ᾱk, and

inf{αk} = αk.

Lemma 3. Let 0 < cn → 0, as n → ∞, and 1 < c−1n ≤ (n/ log n)1−2/λ,

then almost surely (a.s.),

Vn1 = sup
t∈T

sup
αk∈N0

Vαkn1(t, cn) = O
(
n−1/2(cn log n)1/2

)
, as n→∞,

(S4.5)

Vn2 = sup
t∈T

sup
αk∈N0

Vαkn2(t, cn) = O
(
n−1/2(cn log n)1/2

)
, as n→∞,

(S4.6)

where N0 := {αk : |αk − 0| < ε}.

Proof. Since Vαkn1 is a special case of Vαkn2, when substituted Sn,1(u,α)

Sn,0(u,α)
by

zi. We only need to prove (S4.6). Put

an = n−1/2(cn log n)1/2.
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Since we can treat the positive and negative part of zi, separately, we assume

that zi is nonnegative. First, we reduce supαk∈N0
in (S4.6) to a maximum

on a finite set. We use finite points b1 < b2 < . . . < bNn to partition N0,

such that b1 − αk ≤ an, ᾱk − bNn ≤ an, and bj − bj−1 ≤ an, for 2 ≤ j ≤ Nn.

Further, we assume that

Nn ≤ 2(ᾱk − αk)/an, (S4.7)

and for any t ∈ T , and |s| ≤ cn, by Cauchy−Schwarz inequality, the func-

tions Gαkn2(t, t+s) and Gαk2(t, t+s) are monotone in αk. Letting Jn denote

the set
{
αk, b1, . . . , bNn , ᾱk

}
, and J∗n denote the set

{
(αk, b1), (b1, b2), . . . ,

(bNn , ᾱk)
}

. Hence, we have, for any αk ∈ N0,

Gbkn2(t, t+ s)−Gbk2(t, t+ s) +Gbk2(t, t+ s)−Gbk+12(t, t+ s)

≤ Gαkn2(t, t+ s)−Gαk2(t, t+ s)

≤ Gbk+1n2(t, t+ s)−Gbk+12(t, t+ s) +Gbk+12(t, t+ s)−Gbk2(t, t+ s).
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Thus

|Gαkn2(t, t+ s)−Gαk2(t, t+ s)|

≤ max
αk∈Jn

|Gαkn2(t, t+ s)−Gαk2(t, t+ s)|+ max
(α′k,α

′′
k)∈J∗n

|Gα′′k2
(t, t+ s)

−Gα′k2
(t, t+ s)|.

For α′k < α′′k,

Gα′′k2
(t, t+ s)−Gα′k2

(t, t+ s)|

= |
∫ τ

0

I(t < u < t+ s)((u− t)/h)kS∗0(u, β(u))
{S2(u,α)

S0(u,α)
− (

S1(u,α)

S0(u,α)
)2
}

(α′′k − α′k)du|

≤ |
∫ τ

0

I(t < u < t+ s)((u− t)/h)kM0(α
′′
k − α′k)du|

≤M0an,

there exists some positive constant M0 satisfied the upper inequality. Hence

Vn2 ≤ sup
t∈T

max
αk∈Jn

Vαkn2(t, cn) +M0an. (S4.8)

Next, we reduce supt∈T to a maximum on a finite set. Now, we partition

T by an equally-spaced grid In :=
{
tk : tk = kcn, k = 0, . . . , [τ/cn]

}
, with

t[τ/cn]+1 = τ , where [·] denote the greatest integer part. For any t ∈ T and
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|s| ≤ cn, there exists a grid point tk, such that both t and t+ s are between

tk and tk+1. And

|Gαkn2(t, t+ s)−Gαk2(t, t+ s)|

≤ |Gαkn2(tk, t+ s)−Gαk2(tk, t+ s)|+ |Gαkn2(tk, t)−Gαk2(tk, t)|.

Then, we obtain

|Gαkn2(t, t+ s)−Gαk2(t, t+ s)| ≤ 2 maxt∈In Vαkn2(t, cn).

Thus

Vn2 ≤ 2 max
t∈In

max
αk∈Jn

Vαkn2(t, cn) + 2M0an. (S4.9)

In order to apply Bernstein’s inequality, we truncate {zi} by some value,

and define V ∗αkn2
(t, cn) similar to Vαkn2(t, cn). Put

Qn = cn/an,

and

G∗αkn2
(t, t+ s) =

1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)((u− t)/h)kI(t < u < t+ s)
{ n∑

j=1

I(Cj ≥ u) exp(αTz̃j(u) + β∗Tzj(u))zjI(zj ≤ Qn)oj(u)/Sn,0(u,α)
}
dÑi(u),

and

G∗αk2
(t, t+ s) = E

(
G∗αkn2

(t, t+ s)
)
.
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Likewise, we have

V ∗αkn2
(t, cn) = sup

|s|≤cn
|G∗αkn2

(t, t+ s)−G∗αk2
(t, t+ s)|,

V ∗n2 = max
t∈In

max
αk∈Jn

V ∗αkn2
(t, cn).

Thus

Vn2 ≤ V ∗n2 + 2M0an + 2An1 + 2An2, (S4.10)

where

An1 = sup
t∈In

sup
αk∈Jn

sup
|s|≤cn

∣∣Gαkn2(t, t+ s)−G∗αkn2
(t, t+ s)

∣∣ ,
An2 = sup

t∈In
sup
αk∈Jn

sup
|s|≤cn

∣∣Gαk2(t, t+ s)−G∗αk2
(t, t+ s)

∣∣ .
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For

Gαkn2(t, t+ s)−G∗αkn2
(t, t+ s)

=
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)
{

(u− t)/h
}k
I(t < u < t+ s)

{ n∑
j=1

I(Cj ≥ u) exp(

αTz̃j(u) + β∗Tzj(u))zjI(zj > Qn)oj(u)/Sn,0(u,α)
}
dÑi(u)

≤ Q1−λ
n

1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)
{ n∑

j=1

I(Cj ≥ u) exp(αTz̃j(u) + β∗Tzj(u))zλj

oj(u)/Sn,0(u,α)
}
dÑi(u).

(S4.11)

We have, by the classical strong low of large numbers and Lemma 1,

1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)
{ n∑

j=1

I(Cj ≥ u) exp(αTz̃j(u) + β∗Tzj(u))zλj oj(u)/

Sn,0(u,α)
}
dÑi(u)→

∫ τ

0

S∗0(u, β(u))E
(
p1(u | z)p2(u | z) exp(αTz̃(u)+

β∗Tz(u))zλ
)
/S0(u,α)du <∞, a.s.

(S4.12)

Noting that

a−1n Q1−λ
n =

{
c−1n (log n/n)1−2/λ

}λ/2
= o(1). (S4.13)
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From (S4.11), (S4.12) and (S4.13), we have, as n→∞,

a−1n An1 → 0, a.s. (S4.14)

From (S4.11), (S4.12), (S4.13) and An2 ≤ E(An1), then, as n→∞,

a−1n An2 → 0, a.s. (S4.15)

Then, combining (S4.10), (S4.14) and (S4.15), it suffices for (S4.6) to show

V ∗n2 = O(an), a.s. (S4.16)

Next, we will find a suitable upper bound for pr (V ∗n2 ≥ B0an) by appro-

priate choice of B0. Now, we perform a further partition for V ∗αkn2
(t, cn)

at a fixed t ∈ In. Set wn = [(Qncn/an) + 1], and sr = rcn/wn, for

r = −wn,−wn + 1, . . . , wn. Since G∗αkn2
(t, t + s) and G∗αk2

(t, t + s) are

monotone in |s|, suppose that 0 ≤ sr ≤ s ≤ sr+1, then

G∗αkn2
(t, t+ sr)−G∗αk2

(t, t+ sr) +G∗αk2
(t, t+ sr)−G∗αk2

(t, t+ sr+1)

≤ G∗αkn2
(t, t+ s)−G∗αk2

(t, t+ s)

≤ G∗αkn2
(t, t+ sr+1)−G∗αk2

(t, t+ sr+1) +G∗αk2
(t, t+ sr+1)−G∗αk2

(t, t+ sr),



YANG WANG AND ZHANGSHNEG YU Ph.D

from which we obtain

|G∗αkn2
(t, t+ s)−G∗αk2

(t, t+ s)| ≤ max{ξn,r, ξn,r+1}+G∗αk2
(t+ sr, t+ sr+1),

where

ξn,r = |G∗αkn2
(t, t+ sr)−G∗αk2

(t, t+ sr)|.

The same holds for sr ≤ s ≤ sr+1 ≤ 0. Therefore

V ∗αkn2
(t, cn) ≤ max

−wn≤r≤wn

ξn,r + max
−wn≤r≤wn−1

G∗αk2
(t+ sr, t+ sr+1). (S4.17)

For all r, under C5,

G∗αk2
(t+ sr, t+ sr+1) ≤

∫ t+sr+1

t+sr

q0(u)Qndu ≤M3Qn(sr+1 − sr) ≤M3an,

so that

pr
(
V ∗αkn2

(t, cn) ≥ B0an
)
≤ pr

(
max

−wn≤r≤wn

ξn,r ≥ (B0 −M3)an

)
. (S4.18)

Now, let

Xi =

∫ τ

0

I(Ci ≥ u)
{

(u− t)/h
}k
I(t < u < t+ s)

{ n∑
j=1

I(Cj ≥ u) exp(αTz̃j(u)

+ β∗Tzj(u))zjI(zj ≥ Qn)oj(u)/Sn,0(u,α)
}
dÑi(u),

then
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ξnr = | 1
n

∑n
i=1

{
Xi − E(Xi)

}
|.

For

|Xi−E(Xi)| ≤ |
∫ τ
0
I(Ci ≥ u)((u−t)/h)kI(t < u < t+s)QndÑi(u)| ≤ N̄Qn,

where N̄ = τ supu∈T Ni(u).

And, for some constant M4, we have

n∑
i=1

var(Xi) ≤
n∑
i=1

E(X2
i )

≤
n∑
i=1

∫ τ

0

I(t ≤ u ≤ t+ sr)
{

(u− t)/h
}k
E(p1(u | z)p2(u | z)E(N2(u) | z))

{
E(p1(u | z)p2(u | z) exp(αTz̃(u) + β∗Tz(u))zI(z ≤ Qn))/S0(u,α)

}2

du

≤
n∑
i=1

∫ t+sr+1

t+sr

M4du ≤ nM4cn.

Then, by Bernstein’s inequality,

pr (ξ ≥ (B0 −M3)an)

≤ exp
{
− ((B0 −M3)nan)2/2(

n∑
i=1

var(Xi) + 3−1(B0 −M0)N̄Qnnan)
}

≤ exp
{
− ((B0 −M3)nan)2/2(M4ncn + 3−1(B0 −M0)N̄Qnnan)

}
≤ n−B

∗
0 ,

where

B∗0 = (B0 −M3)
2/2
{
M4 + 3−1(B0 −M3)N̄

}
. (S4.19)
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By (S4.18) and Boole’s inequality,

pr

(
sup
t∈In

sup
αk∈Jn

V ∗αkn2
(t, cn) ≥ B0an

)
≤ (Nn+2)([τ/cn]+1)2[(Qncn/an)+1]n−B

∗
0 ,

(S4.20)

where [·] denote the greatest integer part.

From (S4.7), we obtain

Nn + 2 ≤ 2(ᾱk − αk)a−1n + 2.

And, obviously,

[τ/cn] + 1 ≤ (τ + 1)c−1n .

Also,

2[(Qncn/an) + 1] ≤ (2Qncn/an) + 2 ≤ 2
{

(cna
−1
n )2 + 1

}
,

since

(cna
−1
n )2 = cnn/ log n ≥ c−2/(λ−2)n ≥ 1,

then, we have,

2[(Qncn/an) + 1] ≤ 3c2na
−2
n .
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Hence

pr (V ∗n2 ≥ B0an) ≤ 2(ᾱk−αk+1)(τ+1)3cna
−3
n n−B

∗
0 ≤ M̄0(n/ log n)(2λ−1/λ)n−B

∗
0 ,

(S4.21)

for some constant M̄0.

Given λ and real κ > 0, we choose a suitable B0 denoted as Bκ,λ to

make the constant B∗0 in (S4.19) satisfies

B∗0 ≥ κ+ (2λ− 1)/λ.

And using (2λ− 1)/λ = 2− 1/λ > 1, for λ > 2, then (S4.21) yields

pr (V ∗n2 ≥ Bκ,λan) ≤ M̄0(log n)−1n−κ. (S4.22)

When κ ≥ 2 in (S4.22), pr (V ∗n2 ≥ Bκ,λan) is summable in n. So, applying

the Borel−Cantelli lemma,

V ∗n2 = O(an), a.s. (S4.23)

Thus, form (S4.10), (S4.14), (S4.15) and (S4.23), we have

Vn2 = O(an), a.s.
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Similarly, we can also prove Vn1 = O(an), a.s.

Lemma 4. Let h be a bandwidth and cn = 2h. Assume that h → 0 and

h−1(log n/n)1−2/λ = o(1), let

Unk(α) =
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)Kh(u−t)((u−t)/h)k
{
zi−

Sn,1(u,α)

Sn,0(u,α)

}
dÑi(u),

(S4.24)

Then, we have

sup
t∈T

sup
αk∈N0

(nh/ log n)1/2|Unk(α)− E (Unk(α)) | = O(1), a.s. (S4.25)

Proof. Since K(·) is bounded variation function, so we can write K(·) =

K1(·)−K2(·), where K1(·) and K2(·) are both increasing functions. Without

loss of generality, suppose that K1(−1) = K2(−1) = 0. Next up, we apply

Lemma 3 by letting cn = 2h. It is clear that the assumption of Lemma 3

hold here. Write

Unk(α) =

∫ h

−h

[
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)I(v < u− t < h)(
u− t
h

)k
{
zi −

Sn,1(u,α)

Sn,0(u,α)

}
dÑi(u)

]
dKh(v)

=

∫ h

−h

{
Gαkn1(t+ v, t+ h)−Gαkn2(t+ v, t+ h)

}
dKh(v),

where Gαkn1 and Gαkn2 defined as (S4.1) and (S4.2), respectively. So, we
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have

sup
t∈T

sup
αk∈N0

|Unk(α)− E(Unk(α))|

≤ sup
t∈T

sup
αk∈N0

{
Vαkn1(t, 2h) + Vαkn2(t, 2h)

}∫ h

−h
dKh(v)

≤ (K1(1) +K2(1))h−1 sup
t∈T

sup
αk∈N0

{
Vαkn1(t, 2h) + Vαkn2(t, 2h)

}
.

Hence, by the consequence of Lemma 3, we can derive

sup
t∈T

sup
αk∈N0

|Unk(α)− E(Unk(α))| = O((log n/(nh))1/2), a.s. (S4.26)

Thus establishing (S4.25).

Prove Theorem1

Proof. Since α = H(β − β∗) and αk(t) = αk = hk
{
βk(t) − β(k)(t)/k!

}
defined in Section S1, we have

Ln(α) =

1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)Kh(u− t)
{
αTz̃i(u) + β∗Tzi(u)− logSn,0(u,α)

}
dÑi(u),

(S4.27)
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and

Unk(α) = ∂Ln(α)/∂αk

=
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)Kh(u− t)
{

(u− t)/h
}k{

zi −
Sn,1(u,α)

Sn,0(u,α)

}
dÑi(u).

By the assumption of C3, we have w(h) = sup|t−t′|≤h |αk(t)−αk(t′)| = O(h).

In this, we consider αk in the neighborhood of zero, that is αk ∈ N0. And we

take ε = εk = max
{

2w(h), 6ln/(µ2kM1)
}

. Now, we consider αk ∈ (−εk, εk),

without loss of generality, we assume εk < 1. Define

Unk(εk) =
1

n

n∑
i=1

∫ τ

0

I(Ci ≥ 0)Kh(u−t)
{

(u−t)/h
}k{

zi−
Sn,1(εk, u)

Sn,0(εk, u)

}
dÑi(u),

(S4.28)

with, for j = 0, 1, 2,

Sn,j(εk, u) =
n∑
i=1

I(Ci ≥ 0) exp
(
εkzi
{

(u− t)/h
}k

+ β∗Tzi(u)
)
oi(u)zji .

So by Lemma 3 and Lemma 4, we have (as n→∞) a.s., for any t ∈ T ,

|Unk(±εk)− E (Unk(±εk)) | ≤ ln, (S4.29)

where ln = O((log n/(nh))1/2).
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Under C1 to C5, and by Lemma 1, we have,

E (Unk(εk)) =

∫ τ

0

Kh(u−t)
{

(u−t)/h
}k{

q1(u)−q0(u)S1(εk, u)/S0(εk, u)
}
du,

(S4.30)

where, for j = 1, 2, 3,

qj(u) = E
(
p1(u | z)p2(u | z)µ0(u) exp(β(u)z)zj

)
,

Sj(εk, u) = E
(
p1(u | z)p2(u | z) exp(εkz((u− t)/h)k + β∗Tz(u))zj

)
.

Let (u− t)/h = v, and h sufficiently small, by Taylor expansion, we have,

E (Unk(εk, u)) =

∫
K(v)vk

{
q1(t)− q0(t)E

(
p1(t | z)p2(t | z)z exp(εkzv

k+

β(t)z)
)
/E
(
p1(t | z)p2(t | z) exp(εkzv

k + β(t)z)
)}

dv +O(h).

For

exp(εkzv
k+β(t)z) = exp(β(t)z) exp(εkv

kz) = exp(β(t)z)
{

1+εkv
kz+o(εk)

}
.

Then

E (Unk(εk)) =

∫
K(v)vk

{
q1(t)− q0(t)

q1(t) + q2(t)εkv
k

q0(t) + q1(t)εkvk

}
dv + o(εk)

= −
∫
K(v)v2kσ1(t)εk/

{
1 + o(εk) + εkv

kq1(t)/q0(t)
}
dv.

Similarly,
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E (Unk(−εk)) =
∫
K(v)v2kσ1(t)εk/

{
1 + o(εk)− εkvkq1(t)/q0(t)

}
dv.

Hence, under C5, we have,

E(Unk(εk)) ≤ −3−1µ2kM1εk, (S4.31)

E(Unk(−εk)) ≥ 3−1µ2kM1εk. (S4.32)

Therefore, combing (S4.27), (S4.29) and (S4.30), we obtain that (as n→∞)

a.s., for any t ∈ T ,

Unk(εk) ≤ ln − 3−1µ2kM1εk < 0,

Unk(−εk) ≥ −ln + 3−1µ2kM1εk > 0.

Then the two above inequalities imply that a.s., for any t ∈ T , there exists

α̂k(t) = α̂k ∈ (−εk, εk), such that Unk(α̂k(t)) = 0, and α̂k(t) = hk(β̂k(t) −

β(k)(t)/k!). Thus, we have,

supt∈T |α̂k(t)| ≤ εk, a.s.

and the above proof follows from εk = O((log n/(nh))1/2 + h). Hence,

sup
t∈T
|β̂k(t)− β(k)(t)/k!| = O(h−k{log n/(nh))1/2 + h}), a.s.

then Theorem 1 holds.
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S4.2 The detailed proof of Theorem 2

The proof of the asymptotic normality for the coefficient estimator is basi-

cally based on the functional central limit theorem of Pollard (1990). Simi-

lar to the proof of the Theorem 2.1 of Bilias et al. (1997), we will first show

the asymptotic distribution of stochastic functions by the following lemma,

which play a crucial role in the proof of Theorem 2.

Lemma 5. For any nonzero vector a = (a1, . . . , ap)
T, let

u1(s) = (h/n)1/2
n∑
i=1

∫ s

0

Kh(u− t)aT(u− t)dMi(u), (S4.33)

u2(s) = (h/n)1/2
n∑
i=1

∫ s

0

Kh(u− t)aT(u− t)zidMi(u), (S4.34)

where

dMi(u) = I(Ci ≥ u)
{
dÑi(u)− µ0(u) exp(β(u)zi)dOi(u)

}
.

Under C1 to C5, we have {u1(s), s ∈ T} and {u2(s), s ∈ T} converge in

distribution to Gaussian processes ξ1 and ξ2, respectively, with continuous
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sample paths, mean 0 and covariance functions identified by

E(ξ1(s1)ξ
′

1(s2)) =

∫ s1∧s2

0

hK2
h(u− t)(aT(u− t))2E(p1(u | z)p2(u | z)

σ(u | z))du, (S4.35)

E(ξ2(s1)ξ
′

2(s2)) =

∫ s1∧s2

0

hK2
h(u− t)(aT(u− t))2E(p1(u | z)p2(u | z)z2

σ(u | z))du. (S4.36)

Proof. Since u1 is a special case of u2, when we use 1 substitute for zi in

(S4.31), we only need to prove the convergence for u2. In order to get the

desired convergence, Theorem 10.7 (the functional central limit theorem)

of Pollard (1990) was invoked. Therefore, conditions (i)-(v) need to be ver-

ified.

To verify (i), using the lemma A.1 of Bilias et al. (1997), it suffices to show

both
{ ∫ s

0
Kh(u − t)aT(u − t)I(Ci ≥ u)zidÑi(u), s ∈ T

}
and

{ ∫ s
0
Kh(u −

t)aT(u − t)I(Ci ≥ u)µ0(u) exp(β(u)zi)dOi(u), s ∈ T
}

are manageable.

Without loss of generality, we assume aT(u − t) > 0 and zi > 0. Thus,

for each i,
∫ s
0
Kh(u − t)aT(u − t)I(Ci ≥ u)zidÑi(u) is nondecreasing in

s. Then it has pseudodimension at most 1. By Theorem 4.8 of Pol-

lard (1990), therefore it must be Euclidean and manageable. Similarly,{ ∫ s
0
Kh(u− t)aT(u− t)I(Ci ≥ u)µ0(u) exp(β(u)zi)dOi(u), s ∈ T

}
are also
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Euclidean and manageable. Thus (i) holds.

To verify (ii), under C1 to C5 and lemma 1,

limn→∞E (u2(s1)u2(s2))

= limn→∞
h
n

∑n
i=1E

({ ∫ s1
0
Kh(u− t)aT(u− t)zidMi(u

}{ ∫ s2
0
Kh(u− t)aT

(u− t)zidMi(u)
})

=
∫ s1∧s2
0

hK2
h(u− t)

{
aT(u− t)

}2
E (p1(u | z)p2(u | z)z2σ(u | z)) du.

Thus (ii) holds. By the classical multivariate central limit theorem, we ob-

tain that the convergence of finite-dimensional distributions of u2 to those

of ξ2 is straightforward. The latter issue is tightness.

For (iii), (iv), under C2 and C3, envelops can be chosen as B∗/
√
n, for

some constant B∗. Thus (iii) and (iv) holds.

To test (v), for any s1, s2 ∈ T , define

ρn(s1, s2) = E (u2(s1)− u2(s2))2 , ρ(s1, s2) = E (ξ2(s2)− ξ2(s1))2 .

Here,

ρn(s1, s2) = E (u2(s2)− u2(s1))2

= 1
n

∑n
i=1E

(
h
{ ∫ s2

s1
Kh(u− t)aT(u− t)zidMi(u)

}2)
= 1

n

∑n
i=1E

(
|
∫ s2
s1
hK2

h(u− t)
{
aT(u− t)

}2
z2i I(Ci ≥ u)µ2

0(u) exp(2β(u)zi)

oi(u)du|
)
.

Clearly, ρn is equicontinuous on T , and limn→∞ ρn(s1, s2) = ρ(s1, s2), ρ is

pseudometric on T . Thus ρn converges to ρ, uniformly on T . Furthermore,
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we set {sn1}, {sn2} be any two sequences in T , it follows that if ρ(sn1 , s
n
2 )→ 0,

then ρn(sn1 , s
n
2 )→ 0. Thus (v) holds.

Therefore, using Theorem 10.7 (the functional central limit theorem) of

Pollard (1990), we can state u2 converges in distribution to Gaussian process

on T having continuous sample path. Hence, {u1(s), s ∈ T} and {u2(s), s ∈

T} converges in distribution to Gaussian processes ξ1 and ξ2, respectively.

Prove Theorem 2

Proof. Let γn = (nh)−1/2, α = γ−1n H(β − β∗), then

Xn(γnα, τ) =

1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)Kh(u− t)
[
γnα

Tz̃i(u)− log
{ n∑

i=1

I(Ci ≥ u) exp(γnα
T

z̃j(u) + β∗Tzj(u))oj(u)/
n∑
i=1

I(Ci ≥ u) exp(β∗Tzj(u))oj(u)
}]
dÑi(u).

Let

I(Ci ≥ u)dÑi(u) = dMi(u) + I(Ci ≥ u)µ0(u) exp(β(u)zi)dOi(u),

then

Xn(γnα, τ) = An(γnα, τ) + Un(γnα, τ), (S4.37)

where
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An(γnα, τ) = 1
n

∑n
i=1

∫ τ
0
Kh(u − t)

[
γnα

Tz̃i(u) − log
{
Sn,0(u,γnα)

S̃n,0(u)

}]
I(Ci ≥

u)µ0(u) exp(β(u)zi)oi(u)du,

Un(γnα, τ) = 1
n

∑n
i=0

∫ τ
0
Kh(u− t)

[
γnα

Tz̃i(u)− log
{
Sn,0(u,γnα)

S̃n,0(u)

}]
dMi(u).

For

An(γnα, τ) =
∫ τ
0
Kh(u− t)

[
S̃∗n,1(u)Tγnα− log

{
Sn,0(u,γnα)

S̃n,0(u)

}
S̃∗n,0(u)

]
µ0(u)du,

by Taylor expansion of Sn,0(u, γnα) at α = 0, it follows,

log
{
Sn,0(u, γnα)/S̃n,0(u)

}
= (S̃n,1(u)/S̃n,0(u))Tγnα+ 2−1γ2nα

T
{ S̃n,2(u)

S̃n,0(u)
− (

S̃n,1(u)

S̃n,0(u)
)⊗2
}
α+ op(γ

2
n)

= (S̃1(u)/S̃0(u))Tγnα+ 2−1γ2nα
T
{ S̃2(u)

S̃0(u)
− (

S̃1(u)

S̃0(u)
)⊗2
}
α+ op(γ

2
n).

Hence

An(γnα, τ) = γnAn,1(τ)Tα− 2−1γ2nα
TFn,1(τ)α+ op(γ

2
n),

where

An,1(τ) =

∫ τ

0

Kh(u− t)
{
S̃∗1(u)− S̃1(u)S̃∗0(u)/S̃0(u)

}
µ0(u)du,

Fn,1(τ) =

∫ τ

0

Kh(u− t)
{
S̃2(u)/S̃0(u)− (S̃1(u)/S̃0(u))⊗2

}
S̃∗0(u)µ0(u)du.
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For | u− t |< ch, let u = t+ hv, under C1 to C5, we have

Fn,1(τ) =

∫
K(v)

{ S̃2(t+ hv)

S̃0(t+ hv)
− (

S̃1(t+ hv)

S̃0(t+ hv)
)⊗2
}
S̃∗0(t+ hv)µ0(t+ hv)dv

=σ1(t)Ω1 + op(1),

where Ω1 =
∫
K(v)v⊗2dv, and v = (1, v, . . . , vp)T.

Thus

An(γnα, τ) = γnAn,1(τ)Tα− 2−1γ2nα
Tσ1(t)Ω1α+ op(γ

2
n). (S4.38)

Similarly, we have

Un(γnα, τ) = γnα
TUn,1(τ)− 2−1γ2nα

TFn,2(τ)α+ op(γ
2
n),

where

Un,1(τ) =

∫ τ

0

Kh(u− t)
1

n

n∑
i=1

{
z̃i(u)− S̃n,1(u)/S̃n,0(u)

}
dMi(u),

Fn,2(τ) =
1

n

n∑
i=1

∫ τ

0

Kh(u− t)
{
S̃n,2(u)/S̃n,0(u)− (S̃n,1(u)/S̃n,0(u))⊗2

}
dMi(u).

For Fn,2(τ), similar to Lemma 5, we have
{ ∫ s

0
Kh(u − t)dMi(u), s ∈ T

}
is

manageable. Let constant B̄/
√
n as envelope. Thus, using Theorem 8.3
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(the uniform law of large numbers) of Pollard (1990), we can derive

lim
n→∞

sup
s∈T
‖ 1

n

n∑
i=1

∫ s

0

Kh(u− t)dMi(u)− 0‖ = 0.

Also, by Lemma 1, as n→∞,

sups∈T ‖
{
S̃n,2(u)/S̃n,0(u)− (S̃n,1(u)/S̃n,0(u))⊗2

}
−
{
S̃2(u)/S̃0(u)− (S̃1(u)/

S̃0(u))⊗2
}
‖ → 0.

Then, by lemma 2, we have

Fn,2(τ) = Op(γn),

Therefore,

Un(γnα, τ) = γnα
TUn,1(τ) +Op(γ

2
n). (S4.39)

From (S4.37), (S4.38) and (S4.39), we obtain

Xn(γnα, τ) =
{
An,1(τ) + Un,1(τ)

}T

γnα− 2−1γ2nα
Tσ1(t)Ω1α+ op(γ

2
n).

Using Quadratic Approximation Lemma of Fan and Gijbels (1996), we de-

rive

α̂ = γ−1n (σ1(t)Ω1)
−1
{
An,1(τ) + Un,1(τ)

}
+ op(1). (S4.40)

For

An,1(τ) =
∫ τ
0
Kh(u− t)

{
S̃∗1(u)− S̃1(u)S̃∗0(u)/S̃0(u)

}
µ0(u)du.

We apply Taylor expansion to the term:

S̃∗1(u)−S̃1(u)S̃∗0(u)/S̃0(u) = S̃∗1(u)−S̃1(u)−S̃1(u)
{
S̃∗0(u)−S̃0(u)

}
/S̃0(u).



YANG WANG AND ZHANGSHNEG YU Ph.D

Note that

β(u)z ≈ β(t)z + β′(t)z(u − t) + · · · + β(p)(t)z(u − t)p/p! + β(p+1)(t)z(u −

t)p+1/(p+ 1)! = β∗Tz(u) + β(p+1)(t)z(u− t)p+1/(p+ 1)!.

Then

exp(β(u)z)− exp(β∗Tz(u))

≈ exp(β(u)z)
{

1− exp(−β(p+1)(t)z(u− t)p+1/(p+ 1)!)
}

≈ exp(β(u)z)β(p+1)(t)z(u− t)p+1/(p+ 1)!.

Thus

S̃∗1(u)−S̃1(u) = E (p1(u | z)p2(u | z) exp(β(u)z)zz̃(u)) β(p+1)(t)(u−t)p+1/(p+

1)! + o((u− t)p+1),

S̃∗0(u) − S̃0(u) = E (p1(u | z)p2(u | z) exp(β(u)z)z) β(p+1)(t)(u − t)p+1/(p +

1)! + o((u− t)p+1),

S̃0(u) = E (p1(u | z)p2(u | z) exp(β(u)z)) +O((u− t)p+1),

S̃1(u) = E (p1(u | z)p2(u | z) exp(β(u)z)z̃(u)) +O((u− t)p+1).

Therefore, we have

An,1(τ) =
∫ τ
0
Kh(u− t)

[{
E(p1(t | z)p2(t | z) exp(β(u)z)zz̃(u))− S̃∗1(u)

S∗1(u, β(u))/S∗0(u, β(u))
}
β(p+1)(t)(u− t)p+1/(p+ 1)! + o((u− t)p+1)

]
du.

Let u = t+ hv, we derive

An,1(τ) =

∫
K(v)vvp+1dvσ1(t)h

p+1β(p+1)(t)/(p+ 1)! + o(hp+1). (S4.41)
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From (S4.40) and (S4.41), we obtain (let b =
∫
K(v)vp+1vdv)

α̂ = γ−1n Ω−11 bh
p+1β(p+1)(t)/(p+ 1)! + γ−1n σ−11 (t)Ω−11 Un,1(τ) + op(1).

Hence,

(nh)1/2
{
H(β̂ − β∗)− Ω−11 bh

p+1β(p+1)(t)/(p+ 1)!
}

= γ−1n σ−11 (t)Ω−11 Un,1(τ) + op(1).

(S4.42)

Therefore, (S4.40) can be reduced to prove the multivariate normality of

(nh)1/2Un,1(τ). That is equivalent to prove the normality of aT(nh)1/2Un,1(τ),

for any nonzero vector a = (a1, . . . , ap)
T. Write Ũn(s) = aT(nh)1/2Un,1(s)

is empirical process, we will show that it converges to Gaussian process ξ̃.

In fact,

Ũn(s) = Ũn1(s) + Ũn2(s),

where

Ũn1(s) =

√
h

n

n∑
i=1

∫ s

0

Kh(u− t)aT(u− t)
{
zi −

S1(u,β
∗)

S0(u,β∗)

}
dMi(u),

Ũn2(s) =

√
h

n

n∑
i=1

∫ s

0

Kh(u− t)aT(u− t)
{S1(u,β

∗)

S0(u,β∗)
− Sn,1(u,β

∗)

Sn,0(u,β∗)

}
dMi(u).

For Ũn2(s), by Lemma 5 and the Strong Representation Theorem of Pollard

(1990), we can construct a new probability space, and have

sups∈T ‖u1(s)− ξ1(s)‖ → 0, as n→∞,
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and by Lemma 1, we have

sups∈T ‖S1(u,β
∗)/S0(u,β

∗)− Sn,1(u,β∗)/Sn,0(u,β∗)‖ → 0, as n→∞.

Then, by Lemma 2, we can show that, almost surely, as n→∞,

√
h

n

n∑
i=1

∫ s

0

Kh(u− t)aT(u− t)
{S1(u,β

∗)

S0(u,β∗)
− Sn,1(u,β

∗)

Sn,0(u,β∗)

}
dMi(u)→ 0.

which holds in original probability space since the statement is now in

probability. Thus the convergence of Ũn(s) reduces to that of Ũn1(s). Here,

lim
n→∞

E
(
Ũn1(s1)Ũn1(s2)

)
= lim

n→∞

1

n

n∑
i=1

E
(
h
[ ∫ s1

0

Kh(u− t)aT(u− t)
{
zi −

S1(u,β
∗)

S0(u,β∗)

}
dMi(u)

]
[ ∫ s2

0

Kh(u− t)aT(u− t)
{
zi − S1(u,β

∗)/S0(u,β
∗)
}
dMi(u)

])
=

∫ s1∧s2

0

hK2
h(u− t)

{
aT(u− t)

}2
E(p1(u | z)p2(u | z)

{
z − S1(u,β

∗)

S0(u,β∗)

}2

µ2
0(u) exp(2β(u)z))du

= E(ξ̃(s1)ξ̃(s2)).

Then, the convergence of finite-dimensional distributions of Ũn1(s) to those

of ξ̃ is clearly true by the classical multivariate central limit theorem, since

Ũn1 is a sum of independent random variables. It remains to show tightness
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for Ũn1, or equivalently, tightness for

Ũn1(s) =

√
h

n

n∑
i=1

∫ s

0

Kh(u− t)aT(u− t)
{
zi −

S1(u,β
∗)

S0(u,β∗)

}
dMi(u).

By Lemma 5,
{

(h/n)1/2
∑n

i=1

∫ s
0
Kh(u − t)aT(u − t)zidMi(u), s ∈ T

}
is

tightness. And analogous to the proof of Lemma 5, we can check that{
(h/n)1/2

∑n
i=1

∫ s
0
Kh(u− t)aT(u− t)S1(u,β

∗)/S0(u,β
∗)dMi(u), s ∈ T

}
is

tightness, too. Therefore, Ũn1(s) converges to ξ̃. Hence, aT(nh)1/2Un,1(τ)

is normal. Then, (nh)1/2Un,1(τ) is multivariate normal, and asymptotically

covariance is as follows:

Σ2(t) =
∫
K2(v)v⊗2dvE(p1(t | z)p2(t | z)µ2

0(t) exp(2β(t)z)(z−q1(t)/q0(t))2)

= σ2(t)Ω2,

where Ω2 =
∫
K2(v)v⊗2dv.

Therefore,

√
nh
{
H(β̂−β∗)−Ω−11 bh

p+1β(p+1)(t)/(p+1)!
}
→ N

(
0, σ−21 (t)σ2(t)Ω

−1
1 Ω2Ω

−1
1

)
,

as n→∞, h→ 0, nh→∞.

S4.3 Proof the consistency of covariance

Proof. As defined in main document, Σ̂(t) = Σ̂−11 (t)Σ̂2(t)Σ̂
−1
1 (t).

Here, we will show that Σ̂1(t) and Σ̂2(t) are consistent, respectively.

First of all, we give a conclusion by the following demonstration. Under C2
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to C4, there exists a neighborhood B of β∗, such that functions Sj(u,β), j =

0, 1, 2, are continuous in β ∈ B, uniformly in u ∈ T . And S0(u,β) is

bounded away of from zero on (u,β) ∈ T × B. Furthermore, by Lemma 1,

we can derive, for each j = 0, 1, 2,

sup
B×T
‖Sn,j(u,β)− Sj(u,β)‖ → 0, as n→∞. (S4.43)

Further, account for Σ̂1(t). We will prove Σ̂1(t) converges to Σ1(t) =

σ1(t)Ω1. Let

v1(u, β(u)) = S∗2(u, β(u))/S∗0(u, β(u))−S∗21 (u, β(u))/S∗20 (u, β(u)), (S4.44)

and from the defined qj(t), we have S∗j (t, β(t)) = qj(t)/µ0(t), j = 0, 1, 2.

Then, we obtain

Σ1(t) =
{
q2(t)− q21(t)/q0(t)

}
Ω1

= µ0(t)
{
S∗2(t, β(t))− S∗21 (t, β(t))/S∗0(t, β(t))

}
Ω1

=

∫
Kh(u− t)(u− t)⊗2µ0(u)S∗0(u, β(u))v1(u, β(u))du+ o(1).

(S4.45)

Using triangle inequality, we have

‖Σ̂1(t)− Σ1(t)‖

≤ ‖ 1
n

∑n
i=1

∫ τ
0
I(Ci ≥ u)Kh(u− t)(u− t)⊗2

{
V1(u, β̂)− v1(u, β(u))

}
dÑi(u)‖
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+‖ 1
n

∑n
i=1

∫ τ
0
I(Ci ≥ u)Kh(u−t)(u−t)⊗2v1(u, β(u))

{
dÑi(u)−µ0(u) exp(β(u)

zi)oi(u)du
}
‖

+‖ 1
n

∑n
i=1

∫ τ
0
I(Ci ≥ u)Kh(u−t)(u−t)⊗2v1(u, β(u))µ0(u) exp(β(u)zi)oi(u)du

−
∫ τ
0
Kh(u− t)(u− t)⊗2µ0(u)S∗0(u, β(u))v1(u, β(u))du‖

+‖
∫ τ
0
Kh(u−t)(u−t)⊗2µ0(u)S∗0(u, β(u))v1(u, β(u))du−µ0(t)

{
S∗2(t, β(t))−

S∗21 (t, β(t))/S∗0(t, β(t))
}

Ω1‖.

For the first term of the right-hand side, under C1 to C5, by the conse-

quence of Theorem 1, we can derive

sup
B×T
‖Sj(u, β̂)− S∗j (u, β(u))‖ → 0, as n→∞. (S4.46)

Hence, from (S4.43) and (S4.46), we have

sup
B×T
‖V1(u, β̂)− v1(u, β(u))‖ → 0, as n→∞. (S4.47)

By consequence of Lenglart inequality,

pr

({ 1

n

n∑
i=1

∫ τ

0

I(Ci ≥ u)Kh(u− t)dÑi(u) > C
})
≤

δ

C
+ pr

({∫ τ

0

1

n

n∑
i=1

I(Ci ≥ u)Kh(u− t)µ0(u) exp(β(u)zi)oi(u)du > δ
})

,

(S4.48)
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when δ >
∫ τ
0
Kh(u − t)µ0(u)S∗0(u, β(u))du = µ0(t)S

∗
0(t, β(t)), the latter

probability tends to zero as n → ∞, h → 0, and nh → ∞. Thus the first

term converges to zero.

For the second term of the right-hand side,

1

n

n∑
i=1

∫ τ

0

Kh(u− t)v1(u, β(u))dMi(u)

is empirical process. by Lemma 5 and v1(u, β(u)) is non-negative function,

analogous to the proof of Theorem 2, using the Theorem 8.3 (the uniform

law of large numbers) of Pollard (1990), we can demonstrate the second

term converges to zero.

For the third term of the right-hand side, under C1 to C4, functions

v1(u, β(u)) are bounded. So from (S4.43), it is easy to prove the third

term tend to zero.

For the fourth term of the right-hand side, from (S4.45), obviously, it con-

verges to zero.

Therefore,

‖Σ̂1(t)− Σ1(t)‖ → 0, as n→∞. (S4.49)

Next, we will prove Σ̂2(t) converges to Σ2(t) = σ2(t)Ω2 by the following
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demonstration. Let

v2(u, β(u)) =
{
z − S∗1(u, β(u))/S∗0(u, β(u))

}2
. (S4.50)

For

Σ2(t) =E
(
p1(t | z)p2(t | z)µ2

0(t) exp(2β(t)z)
{
z − q1(t)/q0(t)

}2)
Ω2

=

∫ τ

0

hK2
h(u− t)(u− t)⊗2µ2

0(u)E
(
p1(u | z)p2(u | z) exp(2β(u)z)

v2(u, β(u))
)
du+ o(1).

(S4.51)

Then, using triangle inequality, we have

‖Σ̂2(t)− Σ2(t)‖ ≤

‖ 1

n

n∑
i=1

∫ τ

0

hK2
h(u− t)(u− t)⊗2I(Ci ≥ u)V2(u, β̂)µ̂2

0(u, β̂(u)) exp(2β̂(t)

zi)oi(u)du−
∫ τ

0

hK2
h(u− t)(u− t)⊗2µ̂2

0(u, β̂(u))E(p1(u | z)p2(u | z)v2(

u, β(u)) exp(2β(t)z))du‖

+ ‖
∫ τ

0

hK2
h(u− t)(u− t)⊗2

{
µ̂2
0(u, β̂(u))− µ2

0(u)
}
E(p1(u | z)p2(u | z)

v2(u, β(u)) exp(2β(t)z))du‖

+ ‖
∫ τ

0

hK2
h(u− t)(u− t)⊗2µ2

0(u)E(p1(u | z)p2(u | z)v2(u, β(u)) exp(2

β(t)z))du− E(p1(t | z)p2(t | z)µ2
0(t) exp(2β(t)z)

{
z − q1(t)/q0(t)

}2
)Ω2‖.
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For the first term of the right-hand side, let V21(u, β̂) = Sn,1(u, β̂)/Sn,0(u, β̂),

and v21 = S∗1(u, β(u))/S∗0(u, β(u)). We have

1

n

n∑
i=1

∫ τ

0

hK2
h(u− t)(u− t)⊗2I(Ci ≥ u)V2(u, β̂)µ̂2

0(u, β̂(u)) exp(2β̂(t)zi)

oi(u)du =

∫ τ

0

hK2
h(u− t)(u− t)⊗2µ̂2

0(u, β̂(u))
{
S∗n,2(u, 2β̂(t))− 2S∗n,1(u,

2β̂(t))V21(u, β̂) + S∗n,0(u, 2β̂(t))V 2
21(u, β̂)

}
du.

(S4.52)

From (S4.43), we can derive, for j = 0, 1, 2,

sup
B×T
‖Sn,j(u, 2β̂(t))− Sj(u, 2β(t))‖ → 0, as n→∞. (S4.53)

Analogous to the proof of V1(u, β̂), we can obtain

sup
B×T
‖V21(u, β̂)− v21(u, β(u))‖ → 0, as n→∞, (S4.54)

and

sup
B×T
‖V 2

21(u, β̂)− v221(u, β(u))‖ → 0, as n→∞. (S4.55)

Hence, from (S4.52), (S4.53), (S4.54) and (S4.55), the convergence of the

first term can be demonstrated.
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For the second term of the right-hand side, let

µ̂2
0(u, β̂(u))−µ2

0(u) =
{
µ̂0(u, β̂(u))+µ0(u)

}{
µ̂0(u, β̂(u))−µ0(u)

}
, (S4.56)

and

µ̂0(u, β̂(u))− µ0(u) =
{
µ̂0(u, β̂(u))− µ̂0(u, β(u))

}
+
{
µ̂0(u, β(u))− µ0(u)

}
= Hn(u, β∗)

{
β̂(u)− β(u)

}
+

1

n

n∑
i=1

dMi(u)/S∗n,0(u, β(u)), (S4.57)

where Hn(u, β∗) = −S∗n,1(u, β∗)
∑n

i=1 I(Ci ≥ u)Ni(u)oi(u)/n(S∗n,0(u, β
∗))2,

and β∗ is between β(u) and β̂(u).

Under C1 to C5, by Lemma 1, Hn(u, β∗) is bounded, and β̂(u) uniform

converges to β(u). Hence, we can derive

sup
u∈T
‖Hn(u, β∗)(β̂(u)− β(u))‖ → 0, as n→∞. (S4.58)

For 1
n

∑n
i=1 dMi(u)/S∗n,0(u, β(u)) is empirical process, analogous to the proof

of Theorem 2, using Theorem 8.3 (the uniform law of large numbers) of

Pollard (1990), we can obtain

sup
u∈T
‖ 1

n

n∑
i=1

dMi(u)/S∗n,0(u, β(u))‖ → 0, as n→∞. (S4.59)
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Under C1 to C5, µ̂0(u, β̂(u))+µ0(u) is bounded, in conjunction with (S4.56),

(S4.57), (S4.58) and (S4.59), we obtain

sup
u∈T
‖µ̂2

0(u, β̂(u))− µ2
0(u)‖ → 0, as n→∞. (S4.60)

Therefore, the second term converges to zero.

For the third term of the right-hand side, from (S4.51), obviously, converges

to zero.

Hence,

‖Σ̂2(t)− Σ2(t)‖ → 0, as n→∞. (S4.61)

Therefore, from (S4.49) and (S4.61), we have Σ̂(t) is consistent.

S4.4 Proof of the asymptotic normality of µ̂0(t, β̂(t))

Proof. Let

√
nh
{
µ̂0(t, β̂(t))− µ0(t)

}
=
√
nh
{
µ̂0(t, β̂(t))− µ̂0(t, β(t))

}
+
√
nh
{
µ̂0(t, β(t))− µ0(t)

}
= Hn(t, β∗)

√
nh
{
β̂(t)− β(t)

}
+
√
nh

n∑
i=1

dMi(t)/nS
∗
n,0(t, β(t)).

(S4.62)

where Hn(t, β∗) = −S∗n,1(t, β∗)
∑n

i=1 I(Ci ≥ t)Ni(t)oi(t)/nS
∗2
n,0(t, β

∗), and

β∗ is between β̂(t) and β(t).
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For the second term of right-hand side of (S4.62), let

√
nh

n∑
i=1

dMi(t)

nS∗n,0(t, β(t))

=
√
nh

n∑
i=1

dMi(t)

nS∗0(t, β(t))
+

√
h

n

n∑
i=1

{
S∗−1n,0 (t, β(t))− S∗−10 (t, β(t))

}
dMi(t).

(S4.63)

Define

U3(s) =

√
h

n

n∑
i=1

dMi(s). (S4.64)

Clearly, E[U3(s)] = 0.

Analogous to the proof of Lemma 5, using the functional central limit theo-

rem of Pollard (1990), we shall argument U3 converges to Gaussian process

ξ3. Now we test the conditions (i)-(v) in Pollard (1990).
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Under C1 to C5, by Lemma 1, we have, for any s1, s2 ∈ T ,

lim
n→∞

E (U3(s1)U3(s2))

= lim
n→∞

E

(
h

n

n∑
i=1

{
dMi(s1)dMi(s2)

})

= hE
({
I(C ≥ s1)µ0(s1) exp(β(s1)z)o(s1)

}{
I(C ≥ s2)µ0(s2) exp(β(s2)z)

o(s2)
})

+ op(1)

=


hE (p1(s | z)p2(s | z)µ2

0(s) exp(2β(s)z)) + op(1), s1 = s2 = s,

0, s1 6= s2.

Then, by the classical multivariate central limit theorem for independent

random vectors, the finite-dimensional distributions of U3 converge to those

of gaussian process ξ3, which converge to zero, as h gets to zero. Thus

condition (ii) holds. Next, checking the tightness. Under C1 to C5, we

know
{
I(Ci ≥ t)Ni(t)oi(t), t ∈ T

}
has finite points, and exp(β(t)zi)oi(t)

are bounded variation functions. Thus,
{
dMi(t), t ∈ T

}
is manageable,

and the envelops can be chosen as constant B̄/
√
n, then (i)(iii)(iv) holds.

To verify (v), for any s1, s2 ∈ T , define

ρn(s1, s2) = E (U3(s1)− U3(s2))
2 , ρ(s1, s2) = E (ξ3(s1)− ξ3(s2))2 .
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Further,

ρn(s1, s2) = E

(√
h

n

n∑
i=1

{
dMi(s1)− dMi(s2)

})2

=
h

n

n∑
i=1

E
(
I(Ci ≥ s1)µ

2
0(s1) exp(2β(s1)zi)oi(s1) + I(Ci ≥ s2)µ

2
0(s2) exp

(2β(s2)zi)oi(s2)
)
.

Clearly, {ρn} is equicontinuous on T , and limn→∞ ρn(s1, s2) = ρ(s1, s2), ρ

is pseudometric on T . Thus ρn converges, uniformly on T , to ρ. And, let

{s(n)1 }, {s
(n)
2 } be any two sequence in T , it follows that if ρ(s

(n)
1 , s

(n)
2 ) → 0,

then ρn(s
(n)
1 , s

(n)
2 )→ 0, then (v) holds. Therefore, U3 converges in distribu-

tion to Gaussian process on T , and covariance matrix is diagonal matrix,

and the matrix is zero, when h gets to zero. That is, U3 converges in distri-

bution zero, as n → ∞, h → 0 and nh → ∞. Moreover, using the Strong

Representation Theorem of Pollard (1990), we have a new probability space

and

sup
s∈T
‖U3(s)− 0‖ → 0, as n→∞. (S4.65)

By Lemma 1 and C1 to C5, we can obtain

sup
s∈T
‖S∗−1n,0 (t, β(t))− S∗−10 (t, β(t))‖ → 0, as n→∞. (S4.66)
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Then, by Lemma 2 combined with (S4.65) and (S4.66), we can derive, in

probability,

(h/n)1/2
n∑
i=1

{
S∗−1n,0 (t, β(t))− S∗−10 (t, β(t))

}
dMi(t)→ 0, as n→∞.

(S4.67)

which holds in the original probability space. And in analogy with the prove

of U3(s), we can check that, in distribution,

(nh)1/2
n∑
i=1

dMi(t)/nS
∗
0(t, β(t))→ 0, as n→∞. (S4.68)

Therefore, from (S4.63), (S4.67) and (S4.68), we can obtain, in probability,

(nh)1/2
n∑
i=1

dMi(t)/nS
∗
n,0(t, β(t))→ 0, as n→∞. (S4.69)

For the first term of right-hand side of (S4.62). Under C1 to C5 and

Lemma 1, we obtain

Hn(t, β∗)→ −q1(t)/q0(t), n→∞. (S4.70)
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By the assumption of nh5 = o(1), we can derive

(nh)1/2
{
β̂(t)− β(t)

}
→ N(0, ν0σ

−2
1 (t)σ2(t)), as n→∞. (S4.71)

Therefore, from (S4.70) and (S4.71), we have

Hn(t, β∗)(nh)1/2
{
β̂(t)−β(t)

}
→ N(ν0q

−2
0 (t)q1(t)σ

−2
1 (t)σ2(t)), as n→∞.

(S4.72)

Hence, form (S4.62), (S4.69) and (S4.72), using Slutsky’s theorem, we ob-

tain

(nh)1/2
{
µ̂0(t, β̂(t))− µ0(t)

}
→ N(0,Σ3(t)), n→∞, (S4.73)

where Σ3(t) = ν0q
−2
0 (t)q1(t)σ

−2
1 (t)σ2(t).

S5 Additional Simulations

ere, we show the simulation results about the local kernel estimators β̂(t)

with corresponding setting that β(t)=0·5
{

Beta(t/12,4,4)+Beta(t/12,5,5)
}

and β(t) = sin(πt/6), respectively, under sample sizes equal to 500. As the

following figures show.



YANG WANG AND ZHANGSHNEG YU Ph.D
0.

0
0.

5
1.

0
1.

5
2.

0
2.

5

0 1 2 3 4 5 6

t

β(
t)

True curve
Average curve

(c1)

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

0 1 2 3 4 5 6

t

β(
t)

True curve
Average curve

(d1)

0
.0

0
.5

1
.0

1
.5

2
.0

0 1 2 3 4 5 6

z

S
.E

.

ESE

MSE

(c2)

0
.0

0
.5

1
.0

1
.5

2
.0

0 1 2 3 4 5 6

z

S
.E

.

ESE

MSE

(d2)

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

0 1 2 3 4 5 6

z

co
v.

 p
ro

b.

(c3)

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

0 1 2 3 4 5 6

z

co
v.

 p
ro

b.

(d3)

0
10

0
20

0
30

0
40

0
50

0

0 1 2 3 4 5 6

t

µ(
t)

True curve
Average curve

(c4)

0
10

0
20

0
30

0
40

0
50

0

0 1 2 3 4 5 6

t

µ(
t)

True curve
Average curve

(d4)
Figure 1: (c1) and (d1): The true and the average of the local kernel estimator, with h=0·5
and hcv, respectively. (c2) and (d2): Comparison of empirical standard errors (ESE) and the

estimated standard errors (MSE) of β̂(t), with h=0·5 and hcv, respectively. (c3) and (d3):

Empirical coverage probabilities of the 95% confidence intervals for β̂(t), with h=0·5 and hcv,
respectively. (c4) and (d4): Comparison of the true baseline curve and the average of the
Breslow-type estimator, with h=0·5 and hcv, respectively.
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Figure 2: (c1) and (d1): The true and the average of the local kernel estimator, with h=0·5
and hcv, respectively. (c2) and (d2): Comparison of empirical standard errors (ESE) and the

estimated standard errors (MSE) of β̂(t), with h=0·5 and hcv, respectively. (c3) and (d3):

Empirical coverage probabilities of the 95% confidence intervals for β̂(t), with h=0·5 and hcv,
respectively. (c4) and (d4): Comparison of the true baseline curve and the average of the
Breslow-type estimator, with h=0·5 and hcv, respectively.
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