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Supplementary Material

This supplementary document includes detailed proofs of the theoretical results in the main article and addi-
tional results from simulation and application studies. In Appendix 1, we first describe the basic properties of
the bivariate splines, then we present the asymptotic properties of the penalized /unpenalized bivariate spline
estimators and the piecewise constant bivariate spline estimators of the coefficient functions, and investigate
the convergence of the proposed covariance estimator of the coefficient functions. In Appendix 2, we provide

more results from the simulation studies and ADNI data analysis.

S1. Appendix 1

In the following, we use ¢, C, ¢y, co, C1, Cy, etc. as generic constants, which may
be different even in the same line. For any sequence a, and b,, we write a, < b,
if there exist two positive constants ci,cy such that ci|a,| < |b,] < colay|, for all

n > 1. For a real valued vector a, denote ||a| its Euclidean norm. For a ma-
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trix A = (a;;), denote [|A|x = max;;|a;;|. For any positive definite matrix A,
let Amin(A) and Apax(A) be the smallest and largest eigenvalues of A. For a vec-
tor valued function g = (go,..., )", denote ||gllL,) = {D_—o llgell?, )}1/2 and
19|lco.0 = Mmaxo<i<p || 9¢]| .05 Where [|gel| 2,0 and ||ge]|ooo are the Ly norm and supre-
mum norm of g, defined at the beginning of Section 2.3] Further denote ||g|lv,c00 =

MaxXo<e<p |e|v,00,0, Where |gelv,co.0 = max;ij—y |V V2 g¢(2)||0,0. For notation simplic-

ity, we drop the subscript 2 in the rest of the paper. For gV (z) = (g5 (%), . . . gV ()T

and g?(z) = (g5 (2), . .. ,g,(,Q)(z))T, define the empirical inner product as

I -y Do e
<g(1)7g(2)>n,N = W Z ZZXMXZg/gé )(zj)gé,)(zj), (Sll)
0Lr=0 i=1 j=1
and the theoretical inner product as

p

(9%.9%) = Y BOX) [ o 29 ()i, (s1.2)
0,0=0 Q
and denote the corresponding empirical and theoretical norms || - ||, v and || - ||.
Furthermore, let || - [|¢ be the norm introduced by the inner product (-, -)¢, where,

for gV (z) and g?(z),

(g, g?), = Z;/{Z+ 2( ) (Vi VI giV)? }2{2 (Z)(V’ Vi_gt )2};dzldzg.

i+j=2

Let A(Q2) be the area of the domain (2, and without loss of generality, we assume
A(€2) = 1 in the rest of the article. Note that the triangulation for different coefficient
function can be different from each other. For notational convenience in the proof
below, we consider a common triangulation for all the explanatory variables: By(z) =

Bi(z) = -+ = By(2) = B(2), and Bi(2;) = B'(2))7:.



S1. APPENDIX 1

S1.1 Properties of bivariate splines
We cite two important results from Lai and Schumaker| (2007)).

Lemma S1.1 (Theorem 2.7, |Lai and Schumaker| (2007))). Let { By, }mem be the Bern-
stein polynomial basis for spline space Sy(A) defined over a w-quasi-uniform trian-
gulation /. Then there exist positive constants ¢, C' depending on the smoothness

r, d, and the shape parameter 7 such that c|APYS 72 < |1 mem 7mBmH; <
CIAP X mert Y-

Lemma S1.2 (Theorems 10.2 and 10.10, |Lai and Schumaker (2007)). Suppose that |A|

is a T-quasi-uniform triangulation of a polygonal domian €, and g(-) € Wath>(Q).

(i) For bi-integer (a1,as) with 0 < a; + ay < d, there exists a spline g*(-) € S(A)
such that [[V3V2 (g — g*) || < C|A[1792|g|41 o, where C' is a constant

depending on d, and the shape parameter .

(ii) For bi-integer (a1, a2) with 0 < ay + ay < d, there exists a spline g**(-) € Sj(A)
(d > 3r +2) such that |[V2V2 (g — ™) oo < C|A|H9792 gl 114 o, where C'is

a constant depending on d, r, and the shape parameter .

Lemma shows that 8Y(A) has full approximation power, and Sj(A) also has
full approximation power if d > 3r + 2. For any g(-) in Sobolev space C(?(€), there

exists a spline g*(-) € PC(A) such that ||g — ¢*||ec < CIA]]19]l00-

Lemma S1.3. Let g(z) = (go(2), ..., 9p(2)) ", where go(z) = >, c pq VemBm(z). Then,

under Assumptions (A3) and (A5), |lgll = >-0_o llgellz,-
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Proof. By (SL1), [lg]1* = 320 v—o E(XeXe) [o 9:(2)g0 (2)dz = [o 87 (2)Sxg(2)dz. Ac-

cording to Assumptions (A3) and (A5), ||g|]* < [, 8" z)dz <o llgell .- O

Lemma S1.4. Under Assumptions (A4) and (A5), for any Bernstein basis polynomials

B,.(z), m € M, of degree d > 0, we have

max | =3 Bu(z) Bu(2;) — /Q Bon(2) By (2)dz| =

m,m’'EeM N -
7j=1
|
{75 3 Gl ) B2 By )= |Gl ) B(2) Bz
J:.g'=1
O (N2, (S1.5)
max}||aB ||NL2 |lo B, ||L2| = max ZBQ (zj)o / 0%(2)B2 (z)dz
Q
=0 (N7'2|1]). (S1.6)

Proof. Note that there are d* = (d + 1)(d + 2)/2 Bernstein basis polynomials on each
triangle and [, Bf (z)dz = fT[m/d*] Bt (2)dz, for any k > 1.
For piecewise constant basis functions, we have B,,(z) = I(z € T,), then

RS k k
N Z By.(z;) — /Q B

j=1
According to Assumption (A5),
RS k k
N ;Bm(zj) - /Q By (z)dz

For any j =1,..., N, let V; be the jth pixel, and it is clear that

1 N N
¥ 2 Bh(z) -~ [ Bhiz)az <
N j=1 & j=1

= %Zl(zj € Ty) — AT,

max

< CN-YV2A].
meM

m(2;) — By, (2)}dz

+ / B (2)dz.
Q\UY;
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If d > 1, by the properties of bivariate spline basis functions in Lai and Schumaker

(2007), fQ\uvj Bt (2)dz = O(N~Y2|Al), and

{Bk (2j) — By (2)}dz| <

> [ IBhz) - Bhe)

{5:2j€T mya1} Y

< C(N|AP) x N7t x (NTY2AITH) < ONT2|A.

Thus, (S1.3]) holds. The proof of (S1.4)) is similar to the proof (S1.3]), thus omitted.

Next, for any m,m’ € M,

N

1
Gn(zj,zj/)Bm(zj)Bm/(zj/)—/ Gy(z,2")Bn(z)Byy/(2')dzdz
-1 Q2

2
-

/ G2, 2 Bu(2) B (21) = G2, 2) By (2) B ()} dzd2
02 \U 1 Vj ><V/

=
WE

<
Il

Mz

3 ., (Gnn 201 B Bor(a) = Gl ) Bl 2) B () !

I
—

As N — oo,
L (G2 Bz Bur(as) — G2, 2) Bu(2) B ()} i 0('“3)
Zi,Zi1 | D\ Z5 ) Dy Z50) — zZ,z m m! = —
Q2\Uj7j/Vj><Vj/ ! ! ! ! ! ! V N

Notice that

Z /V XV ZJ’ZJ )Bm(zj)Bm’(zj’) - Gn(z’z/)Bm(z)Bm’(zl)}dzdz/

Jj=1j=1

< > Wi (G K, 2NV dzd2'|

{(:3"):2; €T m jax1,2 1 €Ty} 7 V3V

where K,,(z,2') = B,,(z)B,(z') and

wijr(g: ) = sup 921, 21) — g(z2, 2)|
(21,2]),(22,25) €V x V)0,
12l +1124 ~=4l12=e?
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is the modulus of continuity of g on V; x V;i. Therefore, by Assumption (A4), we have

> > {Gn(2),2) Bin(23) By (21) — Gy (2, 2') By (2) B (2') } dzd 2’

Vj ><Vj/

=1 j'=1

< (NJAP)Y? x N72 5 (NT2IATY) = O(NTV2|AP).

Thus, (S1.5)) follows.

Finally, note that

<

%Zlezj)a?(zj) - [ ez > / (B0 (2) — B ()0 (2) )tz

+ /Q\uvj |B2(2,)0%(2;) — B2 (2)0%(z)|dz.

It is easy to see that fQ\UV- |B2,(z;)0%(z;) — B2,(2)0%(z)|dz = O(N~Y2|Al]). Denote
w;(g; 0) = SUP, ey, |2—2=0 [9(2) — g(2')] is the modulus of continuity of g on the jth
pixel V;, then by Assumption (A4), we have

< ) w;(B%0% 2N"Y?)dz

{4:2;€Trmya=1} Vi

N
> [ (B (=) - Bil2)t =)z
j=17Vi
< C(N|AP) x N7 x (NTYAAITYH) < N2 A
We obtain ([S1.6]). [

Lemma S1.5. For any m € M, 0 < 0,0 < p, let ®p0p = E(X,Xy) [, B2 (2)dz.
Suppose Assumptions (A3) and (A5) hold, and NY/?|A| — oo as N — oo, then with

probability 1, one has

n N
YN Bl(z)XuXiw — Cppp| = O {n 2|AP(logn)? + N7 |A[}

i=1 j=1

1
max Imax e
meM 0<L./'<p | nIN
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Proof. Let Gim = Simer = & oy Ba(2) XuXiw. If NY2A| = 00 as N — oo,

then by (S1.3), we can show that E(g;,,) = %Zj\;l B2(z,)E(XXy) = |Al?, and

Blan) = {450, Bz} B (XX = A

Next define a sequence D,, = n® with a € (1/3,1/2). We make use of the following
truncated and tail decomposition X;pr = XXy = ng{l + Xi%,w where Xi%,l =
X Xin I {|E(X3Xier| > Dy} ngfg = XX I {| X3 X| < D, }. Correspondingly the
truncated and tail parts of ¢, are ¢ ;o = Gimwrr = % Zjvzl Bgl(zj)ngg}m, v=1,2
According to Assumption (A3), for any ¢,¢' =0,...,p,

ZP{|XH€XTL£/’>D }<ZE|XnZXnZ’| <CbiDn3<oo'

n=1

By Borel-Cantelli Lemma, Zjvzl Bfn(zj)XfZ;,l = 0, almost surely. So for any k > 1,

SUD,, .0 13 Gimal = Oas.(n7F). Since NY2|A| — 0o as N — oo,

|E(Sima)| = [E(X 75 ,)| { ZEQ%}

stM&Mmﬂ/Bmaw+OW”ﬂmﬁscmﬂm?
Q

Next, we consider the truncated part ¢; 2. Define ¢/ 5 = ¢ mo — E(Simz2), then

E¢r

S =0, and

2
E($f2)? = E(Gmp)” — (ESimz2)” = { ZBQ Zj } {E(Xilz)ﬁz)z - (EXi?ZILz)Q}'

Note that E(Xjp,)? < D'E|XyXw|” < cD;t, thus, BE(X[p,)? = E(Xuw)? —

E(X££771)2 = E(Xue)? — o(1). Therefore, there exists ¢, such that for large n, we
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2
have E(c},,2)” > c.E(Xiw)? x {% Zjvzl Bgl(zj)} . Next for any k > 2,

E

§vag|k =ElGme— E ((i,m,2)|k < okt (E |§i,m,2|k + |E(§zm2)|k>
1 & ’
1)} {N ZBgl(Zj)} :
=1

then there exists C. > 0 such that for any k£ > 2 and large n,

k— D, |k
= 2B |xl,

E

N k
sl < 2T DI E (Xuw)® + O(1)}) {%ZBT%L(ZJ)}
=1
) N k—2
- \
< D8 sima) {N; B,(z; } < (CeDRAP) T RE (6ms)

which implies that {gi*’m’z}?:l satisfies Cramér’s condition with constant C.D,|AJ*.

Applying Bernstein’s inequality to ., Sim2s for k> 2 and any large enough 6 > 0,

1 n
p{_
n

=1

*
§ Sim,2

- 52 log(n)
> on 1/QIAIQ(lc’ng} e {_4 +2C,Dyd(log n)l/zn—l/Q} '

Assume that |[A|72 < n" for some 0 < 7 < co, we have

Z%m?

=1

o
g P max
meM

0<2,'<p

> 6n 2| AP (logn)'/? <22 Z Z 2T

n=1 meM 0<L,0'<p

rI‘hU.S7 SUp,, ¢.¢r

n Y e = Oas {n7 V2| APP(logn)'/?} as n — oo, by Borel-

Cantelli Lemma. Furthermore,

max

< max
m, 00

m,L,0

+ max

-+ max |E§i,m,1|
m, 0 m, .0

n n n
—1 —1 —1 *
n 5 Si;m — Egz',m n E Si,m,1 n E Si,m,2
i=1 i=1 i=1

= O4s.(n") 4+ O, {n’l/2|A]2(log n)l/Q} +0 (D;Q\AF) =0, {n’l/2\A|2(log n)l/Q} )
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Finally, we notice that

n N
2 — /
gleaﬁ nN Z Z Bm Z] 'MX'M’ (I)m 2.0
0<,'<p i=1 j=1
n 1 N
= max |n Zghm EGm| + |EXi X max |~ Z B: (%)) /QBm(z)dz
0<L,6/<p i=1 j=1
=0, {n_l/QIAIQ(logn)l/Q} + O(N~V2A|.
We obtain the desired result. O

The following lemma provide the uniform convergence rate at which the empirical

inner product in (S1.1]) approximates the theoretical inner product in (S1.2)).

Lemma S1.6. Let gél)(z) = D meM CEQLBm(z), gl@(z) = D meM cf)B (z) be any
spline functions in S5(A). Denote g(z) = (go(2),...,9,(2))" with g, € S5(A), € =

0,...,p. Suppose Assumptions (A3) and (A5) hold, and N'?|A| = oo as N — oo,

(g.9®), (g™, g?)
lg 19|

R, N = sup = Op{n~2(logn) 2+ N~V2|A|71}.

gM,gPesT(A)

Proof. 1t is easy to see

gV, g™,y = %ZZ{Z > o Xt B }{Z S e Xio Buy z])}

=1 j=1 (=0 meM 0m’'eM
= E E CZ Cé’m N E E XMXM/B ZJ)B ( )
Lm L' m/ =1 j=1

Note that ||g™||? = Dm0, ,chcg, ,E(Xng/)fQ Bn(z)By(z)dz, r = 1,2. It fol-

9
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lows from Assumptions (A1), (A2), Lemmas and that,

AP {2 < [lg@? < O AP Y (e,
£m lm

1/2

1/2
1 2 1 2
CilAP [Z{céniﬁ Z{céfzﬂ}?] < lgD1g@| < ColAP [Z{céni}z Z{cé/,;,}?]
lm 2 m/ om!

lm
With the above preparation, we have
2)
Zﬁ,Z’Jmfm/|§(d+2)(d+1)/2‘Cfmcﬁ’ /|

NG [zem{céii}z Sl cion /}2}

X B zj) XuXiw — E(XeXp) | Bn(2)Bn(2)d
mrPnaécM N ZZ (z;)B ) Xie X (X z)/ﬂ (2) (2)d=z

0<6,0'<p =1 j=1

n N
1
§| B vy > Bu(zj) B (2)) Xu X — E(X,Xp) / B (2)B(2)dz]| .
gl<?£’6<p i=1 j=1 @
The desired result follows from (S1.7) and Lemma [S1.5] O
As a direct result of Lemma [S1.6, we can see that
sw [llglZ /llgl? = 1| = Opfn~"2(1ogm)/2 4+ N2A[ . (S18)
ges; (D)

S1.2 Uniform convergence of the unpenalized spline estimators

In this section, we consider the unpenalized spline smoothing approach. The unpenal-
ized bivariate spline estimator of 3% = (4§, ... ,BO) is defined as

n

B=(fo,....5,)" =argmin Z{Yi(zj)—ZXig g(zj)} . (S1.9)
£=0

Beg Pty =1 j=1

10
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Denote
~ ~T ~T n N ~
0= (B,00--+8,,) =Trp——>">" {X ® B(z; }XTﬁo(zj)
=1 j=1
~ ~T ~T 1 < al
077: (077,07“'7077;7 I‘n%)nN Z{ }ni(zj)7
=1 j=1
~ ~T ~T 1 K&
05:<05,07"'70€p =TI %m Z{ }O’(Zj)z‘iij,
=1 j=1
where
1 n N o ~ N
T, = — Z (X, X)) ® {B(2;)B"(2;)}. (S1.10)
i=1 j=1

Lemma S1.7. Under Assumptions (A3) and (A5), if N'?2|A| — oo as N — oo, then
there exist constants 0 < cr < Cr < 00, such that with probability approaching 1,
as N = 00, n — 00, cp|AP < Muin(Tro) < Amax(Tno) < Cr|A2, where Ty, is in

S1.10)).

Proof. Note that for any vector 8 = (0, , - - - ,0;)T with v, = (Yem,m € M) T,

oTrnoe—anzzxxT®{B<zJ>BT<zJ>}w lgy 2y (SL1D)

=1 j=1

where v = Qq0, and g, = (gyys- -+, 9y,) " With gy, = 37 0 YemBm. By (S1.8), we

have

(=R n)|APIYIP < (A=Row)llgylI* < llgylln v = AR n)llg,1* < CO+Run)| AP

in which we have used the stability conditions in Lemma [S1.1} m

11
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Next, we consider the following decomposition B(z) = B.(z) +n(z) +&(z), where

Bu(2) = (Buo(2),---. Bup(2) T = {I© B(2)}6,, (S1.12)
M(z) = ((2),....(2) = {12 B(2)}'6,, (51.13)
E(z) = (Bo(2),....5(2)" = {Io B(2)} .. (S1.14)

Lemma S1.8. Under Assumptions (A2)-(A5) and (C1), if N'2|A| — oo as N — 0o,
525 A 2P|l < 00 and n'/4H52) < n/2N-Y2| AL for some 8y, then for j and € in

and (S1.14), [l = Op{n~'/2(logn)'/} and |||« = Op{(nN)~}/*(logn)'/?| A[~'}.

Proof. Note that for any £ = 0,1,...,p, 7:(2) = > ,.cm (%amém(z) for some coeffi-

cients gn,g,m, so the order of 7j,(z) is related to that of 57,75,% In fact

[l = o [l < CyllBalos = | (o0 @ 1)TT} | - ZZ [X 9B, }m(zg)] ,
=1 j=
where 5n = (gn’&m)me o with M being an index set of the transformed Bernstein

basis polynomials Em(z) and I'), o is the symmetric positive definite matrix defined in

(51.10)). Thus, by Lemma

n

~ 1
17, < ClA|™? max max
0<8<p e

N
ZXZZUZ ZJ ) )

=1 j=1

almost surely. Next, we show that with probability 1,

max max Z ZXZMZ z] =0 {n "?|A(logn)'/?} . (S1.15)

0<l<p EM P

To prove ((S1.15)), let w; = @i m = D> 1oy /\]14/2Xigfik% Z;VZI Em(zj)z/zk(zj), where E(w;) =

12
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0 and

N N B
Z Z Bm(zj)Bm(zj’)Gn(zj> zj’)
j=1 j'=1
= [ G,(2,2")Bn(2)Bn(2)dzdz < |A|*.
We decompose the random variable w; into a tail part and a truncated part,

W= Z)\W { Z B (Zj)@/)k(zj)} Xie€ind {| Xiekix| > Dn},
12 _ Z)‘l/2{
- Z)‘l/2 {

where D,, =n® (1/(4+ 6;) < a < 1/2). At first, we show that tail part vanishes almost

(zj)¢k(zj)} Xkl {| Xiekir] < D} — '™,

==

zmzmmzz

(Zj)Wc(Zj)} E [ Xio&irI {| Xaekix] < Dy},

==

surely. Note that, for any k£ > 1,

+94 [e%e]
< Eﬂf&%ﬁﬂﬂi_i —(4441)
ZP{|XM§M| > D,} < Z <uvs Y D, < o0
n=1

Dill+51
By the Borel-Cantelli’s lemma, we can show that E | LS~ le"’
r > 0. As E(w;) = 0, then it is straightforward to verify that p;" = —E(wﬁ") =
O(DIAP).
Next, notice that E(w; ) = 0. Then, Var(w;y) = E(w?) — E(w,7)? — (uP)? <

|A|*. Also, we have, for any r > 3,

E’sz =

0 N
BSOS Bnlz)ouz) [Xakin {1 Xl < D)) — P
k=1 J=1

o]

N 00 r—2
1 ~
S{wWZBm(z»EjA}/?wk(zj)} Blwly | < (CD|APY 2E={
j=1 k=1

< 27’—1

0o N
1 ~
E g )\i/zﬁ E By (25)0k(25) Xiekird {| Xiekir| < D}
k=1 j=1

13



YU ET AL.

Thus, E|w;2/n|" < {Cn'Dy|AP} ?rlE(w],/n®) < oo with the Cramer constant

¢t = Cn™1D,|A>. By the Bernstein inequality, for any large enough § > 0,

I~ _p -1 —6%logn ~

— Dn| ~ /21 A |2 12\ ~ - 3
P{ n;wl > on~ F|Al*(logn) } < 2eXp{4C+260Dn(logn)1/2n1/2 <2n
Hence,

Z::P{&E%%e% sz on 2| logn) /2 b < ClAL Z;n <

for such § > 0. Thus, Borel-Cantelli’s lemma implies that ||7]| . = Op{n=?(logn)*/?}.
The result of ||€]|, = Op{(nN)~Y2(logn)*/2|A|7} can be established similarly, thus

omitted. O

For B(z) defined in (S1.9), Theorem below provides its uniform convergence

rate to 3°.

Theorem S1.1. Under Assumptions (A1)-(AG6), for B(z) defined in , 18 —

Blloe = Op{| A1 18] a41,00 + 0"/ (logn) "/}

Proof. Note that [|8 — B°[lec < (|8, = Bl[cc + [|7lloc + [[€]|cc, where

—argmmzz{zxw >}2.

gegr+) i=1 j=1

Let 8" = (85,...,8;)" € GP+Y  where 3;’s are the best approximation to 3¢’s with
the approximation rate ||3; — 89(lco < C|A|4|B°]ld41.00 for any £ =0,...,p. By |Lai

and Wang] (2013)),

18, = B%lloe < 18, — B llos + 18° = B°llsc < C|AI" 18| d41.00- (S1.16)
The desired result follows from Lemma [S1.8] O

14



S1. APPENDIX 1

S1.3 Asymptotic properties of penalized spline estimators

Let B(z) = Q] B(z), then for U= X ® (BQ,) defined in Section m, we have

UT = (il ®]§(Z1)7---75§1 ®]§(zN)7"->Xn®B(z1)>"'7Xn®B(zN))>

and UTU = Y0, Y8 (X X]) @ {B(2))BT(2))}, UTY = Y1, S {Xi @ B(2)}Ys;.
Let

n N
1 Z Pn
n_N X XT ® {B ZJ)BT(zJ)} _|_ n_NIp ® QQTKBma Bm’>5]m,m’€MQ27

i=1 j=1

(S1.17)

which is a symmetric positive definite matrix.

Next, we define

0.~ @0 ~ 1 LSS (Kie B otz
i=1 j=1
Note that, for any ¢ = 0,...,p, the penalized bivariate spline estimator Bg can be
written as:
Bu(z) = Buu(2) + (=) + &u(2), (51.18)
where

-~ ~ o~

Bue(z) = B(2) 0,0, Tu(z) =B(2) 0,4 Ei(z)=B(2)76.,,

Therefore, we have

Bulz) = B}(2) = Bue(2) — B (2) + fulz) + Eul2). (S1.19)

15
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Lemma S1.9. Under Assumptions (A3)-(A5), if NY2|A| — oo as N — oo, then
there exist constants 0 < cr < Cr < 00, such that with probability approaching 1 as

N — o0 and n — o0, CF‘A‘Q < )\min(rn,p> < )‘maX(Fn,p) < Cr (’AP + %)
Proof. By (S1.11)), it is easy to see that, for any vector 8 = (6, , - - - ,BJ)T,

p
Pn
OTFMPO = ||g'y||72L,N + n_N Z’YZKBmv Bm’)f]m,m’eM'Yb

where v = (¥g,---,7,)| = Q20 with v, = (ygm,m € M)". Using the Markov’s

inequality in the supplement of Lai and Wang| (2013) and Lemma [S1.1} we have

Z Z’Mm m ’A’4Z Z’Y@m m

(=0 ||meM (=0 ||meM

2

|A,2H7H2-

Lo

Thus, the largest eigenvalue of the matrix I', , in satisfies that Amax(I'y,) <
C{(1+ R,n)|AP+ (nN|A*) tp,}. Thus, we have with probability approaching 1,
Amax(Tnp) < Cr{|A]* + (nN|A*)"p,} for some positive constant Cr. On the other
hand, we use Lemma [S1.1] and equation to have ||g, |2 y = (1 — Run)lg,|I” >
c(1 = R )| APl

Therefore, Apin(Tn ) > (1 — Ry n)| AP = cr| A2 O

Lemma S1.10. Under Assumptions (A1), (A3) and (A5), if NV2|A| — oo, one has
1B, = Blloe = Op { 518200 + (1+ 585 ) 1O 18711, }-

Proof. Define

gl 3 glle
An= s {18 gz oh A= s [ g1 20 s
gegp+

glln.n geg+1) glln,~

where random variables A, and A, depend on the collection of Xy’s, i = 1,...,n,

16
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¢ =0,...,p. It isclear that [[8° — 8,|l < [|B° — BMHOO + ||B/L — Blloo; Where Bu is

given in (S1.12), and |8, — B8°]|l < C|A|™|B°]| 411,00 according to (S1.16).

By the definition of A, in (S1.20)), we have

18, — Bulloo < AullB, — Byl (S1.21)

Note that the penalized spline B# of 3° is characterized by the orthogonality relations

~

AN{(B° = B, @)nn = pu(B,, g)e, for all g € GHY, (S1.22)

while Eu is characterized by

(B° =B, ghnn =0, forall geg® (S1.23)

By (S1.22) and (S1.23), we have nN(BM — ng%,N = pn<,@u,g>g, for all g € gD,

Inserting g = 'Bu — ,@M yields that

o~

nNHB,u_Bu“?L,N :pn<l@u7éu_13u>5' (8124)

Thus, by Cauchy-Schwarz inequality and the definition of A,,.

TLNH,BN - ﬂu”i,N < an/Bqu”lBu - QMHE < annHIBquHﬂu - IBMHTL,N‘

Similarly, using (S1.24]), nN||BM - ,/B\MHfLN = pn{(Bu,,éu>g - <BM7BM>5} > 0. Thus,

by Cauchy-Schwarz inequality, ||,/3\M||§ < (,/B\M,B,)g < ||,/3\u||s||BH||57 which implies that

1B,]le < 118, Therefore,
18, = Bullnx < pa(nN)"VA, )18, ]le- (S1.25)
Combining (S1.21)) and (S1.25) yields that

”/Bp - /BuHoo < An”ﬁp - /BpHn,N < pn(nN)ilAnZnHﬁpHS'

17
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By Lemma [S1.2] we have

1Bulle = CL{llB oot D IIVEVEB =B, o} < ColllBllaoot A1 a51,00):

a1+ags=2

It follows

18, = Bulloe = pa(nN) " A A Co[18 |3 o + |1 118 i1,00): (S1.26)

Next we derive the order of A, and A,. By Markov’s inequality, for any g € G+,
gl < CIAIT Igll, llglle < CIA[?|Igll. Equation (S1.8) implies that

_ _ _1y11/2
Sg&){llglln,N/llgH} > [1—0p {(logn)"*n~"? + N7V2|A|71}] o
ge

Thus, we have

A, < CIAIT L= 0p {(logn) 22 4 N~ A1 7 = 0p (107,

-1/2

A, < C|AI7? [1=0p {(logn) 22+ NTV2AIT] 7 = 0p (|47

Plugging the order of A4, and A, into (S1.26)) yields that

2 3 CQpn o — o
1B, = Bulle = O { 0 18 e + 1A 18 1) |

Hence,
18, = Bl < CL A ||t 100 + O <ol B l200 + 1AM B as1,00) ¢ -
p - ’ nN|A? ’ ’
Therefore, Lemma is established. O

Lemma S1.11. Suppose Assumptions (A2)-(A5) hold and N'/?|A| — oo as N — 0o,
then [|6,]|* = Op(n~!|A|72).

18
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n,pnN

Proof. Note that 5,7 =T, 5" Zjvzl {)zl ® ﬁ(zj)} Yooy )\llc/inkwk(zj). Accord-
ing to Lemma [S51.9]

o = s 30 O (Ko Bis))

1,i'=1j,5'=1

X ZA & Eintr(z)) {X ®B (zj }Z)\ 2Ent (z).

Note that

X, ® ]§(zj) Z /\,16/2&'##1@(%)
k=1

[e’e] e} T
= (Xi01§<zjf SO eavi(z)), . Xy Bz) TN Qakmzj)) ,

k=1 k=1
so one has
100 = e SIS S KXo Bler) 3 () (2 w5,
=0 i,i'=173,7'=1 k,k'=1

Because the eigenvalues of Q,Q, are either 0 or 1, under Assumptions (A2) and (A3),

for any /, 1,
1 N N 0o
N2 ZZ { 7B(z;)"B(z;) > (AMk')l/Qﬁik%(zj)&k/%'(Zj')}
o1 -1 kok/=
N N
DIE=D D) 9N 27)Go (25, 2)
mem NV o

Assumption (A4) and (S1.5) imply that

5 2 B2 Bu2)Golz20) = [ Gl ) Bun(2) B

G5! T XTom
x {1+ O(N"'ZIAP)} = Oo(|ah.
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Thus,
1 N N o]
N2 > Y EXiB(z) Blzy) > (M) utbn(z5) o (21) < ClAP.
j=1 ji=1 k' =1

Next for any ¢, i #4', j, j', we have

E {XMXZ'/@B(Z]')TB(Z]") Z ()\Mk/)Wfik%(zj)&k'%'(Zj/)}

kK =1

= E(XuXwe) Y Bh(2)Ba(2) > E{(Medw) " anintn(25) twe (257) } = 0.

meM k&

Therefore, E||6,]|> < Cp(n~!|A|~2). The conclusion of the lemma follows. O

Lemma S1.12. Suppose Assumptions (A2)-(A5) hold and NY/?|A| — oo as N — oo,

then |02 = Op(n=N=1|A|™).

Proof. By the definition of 55 in (S1.37), we have

uésukm AT, Zi{x @ B(z)} olz)z
i
x (|A[2T,, ZZ{XZ@)B }o—(z,)sl-jf.
i=1 ji=1
By Lemma [ST.9]
16.]1> = 2N2|A|4 21 Zl{X ® B(z, } o(z))ei {Xz" ®]§(Zj')}0(zj')€i'j'~

e

Note that

~ ~ ~ T
Xi®@B(z;)o(z;)ei; = <XioB(Zj)T0(Zj)€ijaXilB(Zj)TU(Zj)%a cos »XipB(Zj)TU(Zj)gij> ;

so one has

H55H2 2N2|A|4ZZ Z XMX’L’B z;) B( )o(z;)o(zy)eqen;.

0=0 i,i/=1j,7'=1
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Because the eigenvalues of Q,Q, are either 0 or 1, under Assumption (A2), for any

£,i, by (51.6),

Z (2))'B(2))0”(2)) = B(2,)" Q:Qs B(2;)0”(2;) Z ZBQ zj)o

mEM

<cy / 02(2) B2 (2)dz{1 + O(N"2|A| 1)} < C.
meM Y Trmyax]

Next note that for any ¢,4, j # 7/, E{Xﬁﬁ(zj)Tﬁ(zj/)eijeij/} =0, and for any /¢, i # 7/,

j, j,, E{XigXi/gﬁ(Zj)T]§<Zj/)0(2j)O’(Zj/)&?ijéfi/j/} =0. Therefore,

. 1 <& 1 &
2 _ 2 T ‘ C1p A -4
EHHEH - TLN’A|4 ;E(XM ;B z] B z] (zj> S Cp<nN) ’A’
The conclusion of the lemma follows. O]

Proof of Theorem [1 By Lemma Lemma [S1.12] and the properties of the

bivariate spline basis functions in Lemma [S1.1} ||7.]|7, = |A|2||§n7g||2 = Op(n~') and

82, = |API6..> = Op(n™"N7HA|™2), for any £ = 0,1,...,p. It is clear that

1Be= B2 117, < 1 Bue—=B2 N7, + 117l Z, +lIEENZ,, where the asymptotic order of [|5,.c— 57 |l .,

is the same as ||BM — ?]|co- The desired result follows from Lemma [S1.10] [

Lemma S1.13. Under Assumptions (A1)-(A6), if for any ¢ = 0,1,...,p, |Xu| <

Cy < o0, then as N — oo and n — oo, one has for any vector a = (ag, ... ,ap) with
a'a=1, [Var{a' ( +6. HV#HaT ( +8. )} £, N(0,1), where Bn and 8, are given

Proof. For coefficient vectors /0\,7, 55 and the matrix I',, , defined in ((S1.17)), Var{a" (/0\77—1—
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§€>} = aT{E(b\n/O\;) + E(@;@j)}a Denote \:[177 = (\I’m&g/)&g/ and ‘I‘a = (lI’e,Z,E’)Z7€’7 with
n N

N
1 -
e = 33 DY XuXiwB(z)B' (2;1)Gy(25, 27,

i=1 j=1 j'=1

n N
1 ~ ~
W, o= IN? Z Z XiuXiwB(z;)B' (z;)0%(z;),

i=1 j=1

then, we have

n N
aTB(0,0,)a =Ea T, 3" S (X 0 B(z)} {X 0 B(z)} G,(z,.2,)0, )

P 2 N2
i=1 jj'=1
=Ea'l, | ¥,T, a,
T n N N N _ _ T
a'£(0.0_)a :EaTI‘;’})ﬂ?N2 Z Z {Xi ® B(zj)} {XZ— ® B(zj)} o*(z;)T,,
i=1 j=1
=Fa'Tl, w.I', a.
Note that for any vector a with a’a = 1, we can rewrite as aT(b\n + /9\5) =

n n+e
> o1 @i 3i, where

N N
@ P =a' T S {Riw Bl } {Kio Bz} Gilz 20T, Lo

N
1 S 5 S S T _ R
+a’l > {XioBE) p{XioB)} o%=)Ia= @)+ (@)
j=1
and conditional on {XZ,Z =1,...,n}, 3; are independent with mean zero and variance

one. Thus, >"  (a])? = aTI‘;%\IlnI‘;’La and 37 (a5)* = aTI‘;’})\IIEI‘;,})a.

1=1\"

According to Lemma [S1.9, Assumptions (A2) and (A4),

-2
_ _ _ Pn
Ea'T, W,T "a>c’ (|A|2 + nN|A|2> Ea'W,a,
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where

D n

N N
1 ~ ~
aTWa= 0 S SN XaXiwa B(2,)B(z1) anGy (2, 21)

0,0'=0 i=1 j=1 j'=1
N

—EyY {% 2.2 A%Ximzjm(zj)}
k=1

=1 i=1 =0 j=1

with gi(2z) = a, /B(z). Therefore, by Assumption (A3), we have

o0 P 2
EaT\Ilna: %ZZ{ Z)"f 9e(25) Z])}

k=1 (=0

> — ST wle oz Gz 2)

(=0 j=1 j'=1

1 ¢ / / /
ot Z /2 91(2)90(2") Gy (2, 2")dzdZ'.
=0 7

Noting that the eigenvalues of G, are strictly positive, we have
p
Ea'W,a>cn™" ) / G2(z)dz > conHA)?a)?.
=0 /9

2
Therefore, we have Ea'T, | W,T',"a > cn™! (1 1 nN\A|4) |A|72. Similarly, one can

show that EaTI‘,_L’;\IlEI‘;’;a > ¢(nN)™? (1 + N\A|4) |A|72. In addition,

max(ay)2g A nQNQZZ{XxT ® B(z,)B(z, )}Gn<zj,zj/)a

Jj=1j=1

C p 1 N N B -
< NG Z nZN2 mZaX|XZ-ng\ ZZg@(zj)gf’(zj’)gn(zﬁZj’) <Cn 2‘A‘ %,
e0=1 =1 =1
N ~ o~ ~ o~
IA[*T n2N2 Z {(XzXzT) ® B(Zj)B(Zj)T} Uz(zj)a

j=1

C - 1 al DU
<—= Y 5 —INT m?X|Xz‘eXz‘e’\de(zj)gé/(zj')02(zj) < CnN7HAI
0,0=1 =1

Thus, if p,n ' N71A[™* — 0, we have

maxicica (6] + af)° Cn~! (1 4+ —Pr )2 0

Zi:l(a? + af)Q
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which satisfies the Lindeberg condition. O

Theorem S1.2. Under Assumptions (A1)-(A6), if for any ¢ = 0,1,...,p, | Xiu| <

Cy < 00, supzeQ[Var{gg(z)}]_lm(g%g(z) — B9(z)) = op(1), for £ =0,...,p.

Proof. Using similar arguments as in the proof of Lemma and the result of Lemma
S1.9 we have for any |ja|| =1, Ea'T, | ®,T,a < C.*|A|*Ea’®,a < Cn7' A2
and Ea'T, | W.T,'a < Ci?|A["Ea"W.a < C(nN)~'|A|2. Therefore, based on the

proof of Lemma [S1.13] for any ||a|| = 1,

2
—1| A -4 Pn Tp-1 -1 —1 A =2
en” | A <1+nN|A|4> <FaT,WTI, a<Cn |A7,

-2
c(nN)™! (1 + W) A7 < Ea'T, lW.T, a < C(nN) A

Thus,

Var(5,) = {e; ® B(z)} E{T, (¥, + ¥.)T, ) }He, © B(2)}

= {es®B(2)} B(T, ¥, T, ) {e;®B(2)} =< {e; @ B(2)}'

. Sy [X,0B(z) X 9B(z)} G,z 200} | (e @ B(2)).

i=1 j,5'=1

x FE

By Lemma [S1.9, we have

Var(5) SHN%W > {e®B(2)} B(2))B(z;) {er @ B(2)}Gy (2, 27,

j=1j/=1

Var(5) zm > {e®B(2)} B(2))B(z;) {er © B(2)}Gy (25, 27)

j=1 j'=1
P -2

1 P
( *nNrAr*) ’

and according to Lemmas [S1.1{ and |[S1.4, we have cn™! (1 + W)

< Var(B) <
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Cn~'. According to Lemma [S1.10} if p,n /2N"HA|™3 — 0 and n'/2|A|4 — 0, the

bias term in (S1.19) is negligible compared to the order of [Var{gg(z)}]lﬂ. O

Proof of Theorem @ Theorem 2| follows from (S1.19)), Lemma [S1.13| and Theorem

S12 O

S1.4 Asymptotic properties of piecewise constant spline estimators

In this section, we study the asymptotic properties of the piecewise constant spline
estimators defined in the spline space PC(A). Define piecewise constant bivariate

spline functions

n

B,(2) = (Bo(2), .. BL,(2) {n}ZZBm (2)) wzﬂm } :

=1
(S1.27)
ﬁ(z) = (ﬁO(Z)a <. 77/7\p(z))T = V;@%z) {W Z Z Bm(z)(zj>Xif Zfzkwk(’z])} )
i=1 j=1 k=1 =0
(S1.28)
1 n N
/E\(Z) = (go(Z), R ,gp(z))—r % {nN Z Bm(z) ZJ Mgz]} s (8129)
=1 j5=1 =0
where \Afm(z) is defined in 1}
The next two theorems concern the functions B\ﬁl(z), ne(z), €(z), £ = 0,...,p,

given in (S1.27)), (S1.28) and (S1.29). Theorem gives the uniform convergence

rate of B\M(z) to B7(2).

Theorem S1.3. Under Assumptions (A1'), (A2)-(A6), the constant spline functions

~

;vg(z), (=0,...,p, satisfy SUp,cq SUPy<s<, Blie(z) — B2(z)| = Op(|A]).
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In the following, we provide detailed proofs of Theorems For the random ma-
trix ?m defined in 1' the lemma below shows that its inverse can be approximated

by the inverse of a deterministic matrix A;'3y', where 4,, = [, B

Lemma S1.14. Under Assumptions (A3) and (A5), for any m € M, we have

VL= AISE 4 Op {n 12 1A R (logn)Y? + N7V2 A} (S1.30)

m

Proof. By Lemma [S1.5] va —AmZXH = Op {n'2|AP*(logn)'/? + N72|A])}.

Using the fact that for any matrices A and B, (A 4+ 0B)™' = A~'—§A"'BA~'+0(8?),

we obtain (|S1.30)). O]

Proof of Theorem [S1.3  According to Lemma [S1.2 there exist functions §; €
PC(A) that satisfies ||8; — 87|, = O(JA|) for £ = 0,1,...,p. By the definition of
N e N N T _
Buelz) in (8127, Bo(2) = (Boo(2). Bea(2)s . B(2)) = Gineror -+ mern)

~ ~ = n o P ~
’Ym(z)v where Ym = V;Ll {(nN)_l Zi:l Zjvzl Bm<2j)Xig ZZZ)’:(] ﬂg/(zj)X'M/} for Vm

T_

defined in (2.7)).
Let

B(z) = (go(z)7gl(z)7"'7gp(z))T - [n%NZZBm (2) z] ZZZBE’ ZJ M’] )

=1 j=1

p

B.(2) - B(z) = [n} 22 Bty ()Xo Z {82(25) — By} X]

i=1 =0

Observing that 3, = f; as ; € PC(A), BM( z) = B\/‘i’e(z)—gg(z)—l—ﬁj(z), (=0,1,...,p.
It is easy to see ”B\;CL,Z o EZHOO = OP(|A|) Hencev for £ = Oa 17 Ry 2 ”Bﬁ,é o BZOHOO <
Hgﬁf—ggHm—l—Hﬁg—ﬁ;Hm = Op(]A|), which completes the proof.
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By Lemma [S1.14] the inverse of the random matrix \A/m can be approximated by
that of a deterministic matrix A,,3yx. Substituting i\/‘m with A,,2Xx in (S1.28)) and

(S1.29)), we define the random vectors

n N p
1

ﬁ*(Z):(%(Z),...,ﬁ;(z»TZA_ 1{TLN Bm (2) zj zéZfzkwk zj } )
1

=l j= (=0

(S1.31)

& (2) = E2). . E(2) | = AL B {%N > Bm<z><zj>xweij} . (S132)

i=1 j=1 /=0

The next lemma implies that the difference between 7*(2) and 77(2) and the dif-

ference between €”(z) and €(z) are both negligible uniformly over z € €.

Lemma S1.15. Under Assumptions (A2)-(A5) and (C1), if NY2|A| — oo as N —

00, || > re, A,lf/Qz/)kHOO < 00 and n'/+%2) < p1ZNTI2|A|7Y for some 0y, then for 7j(z),

€(z) gwen in (S1.28), (S1.29) and i (z), € (2) given in (S1.531), (S1.53), as N — oo

and n — oo, we have

sup [|[n(z) — 0" (z)]|, = Op {n_l\A|4log(n) + n_l/zN_l/QlAF’(log n)l/Q} ,  (S1.33)

zeQ

sup |[€(z) —€°(z)]|, = Op {71_1]\7_1/2|A|3 log(n) + n_l/QN_1|A|2(logn)1/2} )

E1SY

(S1.34)

Proof. Comparing 1(z) and 1" (2) given in (S1.28) and (S1.31)), we have

n N p

ﬁ(Z) - ﬁ*(Z) - {\7;@1 - A;ll(z)z_;(l} { ZzBm Zj zfzgzk¢k Zj }

i=1 j=1 =0

Now let e =¢ =n""! [XZ[ ey {% Zjvzl Bm(zj)@/)k(zj)} &k} , then it is easy to see

that niN Sy Zjvzl B (2)Xie > e Cinthi(z5) = % oy Gime- It is easy to see that
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E(¢;) =0, and

a?ﬁn =F (CZQ) = nQE(Xf)/ G, (u,v) dudv{l + O(N’1/2|A|’1)}.

T XTm
Note that {a;}ng}?zl are uncorrelated random variables with mean 0. Assume
that |A]72 =< n" for some 0 < 7 < 0o, we can show that for any large enough § > 0,

P [|Z:l:1 Gl > 5{Clog(n)n*1|A|4E(Xfe)}1/2] < 2n727". Therefore,

zp{ ap (36
n=1

meM,0<l<p
Thus, sup,,¢|>r Gme = Op {n~"?|A]*(logn)'/?} as n — oo by Borel-Cantelli

> on 12| AP (logn)1/2} 0.

Lemma. It follows that sup,,,[n' Y1) Gmel = Op {n""?|A]*(logn)"/?}. Finally,
according to (S1.30), we obtain (S1.33)). The result in (S1.34)) can be proved simi-

larly. ]

Lemma S1.16. For any z € §, the covariance matrices of )" (z) and € (z) are

En(z) — E{ﬁ*(z)ﬁ*T<z)} 2 EXI N2 Z)\k {ZB Z] ¢k Z])} ,

S.(z) = E{g*(z)g*T(z)} = A2 S N2 ZB 0 (2)0°(2)),
i addition,

sup |2, (2) + Bo(2) - Bu(2)ll,, = O(n™'N72|AT), (S1.35)

o0
z€eN

where X,(2) is given in (2.9).

Proof. Note that A7, ﬁ*(z)ﬁ*T(z) is equal to

P
{n2N2 ZZB (2) Z] zfzgzklbk Zj ZZBm(z Z] X/K’ Zflfkli/ik/ Zj } 2)_(1.

=1 j=1 i'=1j'=1 0.0'=0
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3, (z) = E{ﬁ*(z)ﬁT(z)} — m2 EXI N2 Z)\k {Z Bin(2)(25) 0 z])} :

Similarly, we can derive the covariance of €*(2): X.(z) = AmQ(z 3Y 2 Zjvzl Bfn(z) (z;)0%(2;).

Observe that

0o N 2 N N

1
E Ak{ E )(25) k(2 } =Nz E :E  Gy(25,2j0) Bin(2) (25) Bz (257)
=1

j=15'=1

Hence, by (S1.5) and (S1.6)) in Lemmau m holds. Therefore,

%,(2) + B.(2) =(nA2,,) 'Sy / G, (u,v) dudv{1 + O(N-2|A| 1))

Tm(z) ><T"m(z)

(0N A% S / o (u)du{l + ON"2|A )}

m(z)
=n"'SY'G, (z,2) {1+ O(N AT}
Therefore, sup,cq ||2,(2) + B:(z) —n'2{'G, (2,2)| . = O ' N~V2|A|7!). The

desired result in (S1.35)) follows. [

Proof of Theorem E Note that, for any vector a = (ao, . . . ,otp)T € RP*D | we have

B[ ac{i;(2) +&(2)}] = 0, and

Alzln

Z (Zg?’]g T m(z Zl Zl B Z] Zfzk¢k Z] Z a'TAm%z Z]X 31,7
i=1 j
1 1 n N
zp:aggg( ) TAm(Z)E Bm Z] 5UX ZG'TAm(z EX 3“
(=0 i=1 j=1

where 37 = 3 | By (25) Yooy Snthr(z5) X and 35 = 5577 | Buay(25)e;X; are

independent sequences with variances Var(3) = ﬁ Zm, Bun(2)(2§) Bin(2)(25) Gy (25, 251) B x

and Var(35) = #Z;\[zl Biu(2)(2j)Binz)(25)0%(2;) X x, respectively. Therefore, we
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have
Var (A1 9087) = Ta TS, (z)a = n’”jv Z Buno)(2) Bt (2)G (2. 2;)a” 7',
Var( A 1 EX 3 ) iaTEE = n;n]\ﬂ ZB Bz (z)0%(zj)a’ ¢ a.
Using central limit theorem, we have

a7 {2(2) + ”“’Zae{ ) +Ei(2)) 5 N0, ).

By (S1.35), as N — oo and n — oo, {a' ,(2)a} Y230 a, {7i(2) + Ei(2)} —=

N(0,1). Therefore, {a' %, (z)a} /230 a,{B5(z) — 59(2)} £, N(0,1) follows from
(S1.18)), Theorem[S1.3} Lemma[S1.15 and Slutsky’s Theorem. Applying Cramér-Wold’s
device, we obtain 251/2(z){§§(z) — B7(2)}_o AN (0, Xps1)x(ps1)), a8 N — oo and
n — oo, and consequently, nM( ){ﬁg( ) — Bi(z)} N N(0,1), for any z € Q and

(=0,...,p. O

S1.5 Convergence of the covariance estimator

For any i = 1,...,n, and estimated residuals fiij =Y, — > Xiggg(zj)7 denote ’1A9Z =
arg ming Zjvzl {}A%Z] - B;(zj)Qn’QO}Z , where B, (2) is the set of bivariate spline basis
functions used to estimate 7;(2), and Q,; 2 is given in the following QR decomposition of
the transpose of the smoothness matrix H,: HT QR, =(Q,1 Q,, 2)( ) Then,
the bivariate spline estimator of 7;(z) can be written as 7;(z) = B,,(z)TQMQA?Z- =
B,(z)79;. Let

1 N
n:NZ ZJBTZJ
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then we have

ZJ

= B,(z;) ZXM{BE(ZJ-)—Be(zj)}+m(zj)+a(zj)€ij . (S1.36)

B

Lemma S1.17. Under Assumptions (A3)-(A5), if (NY2A,])/log(|A,|7Y) — oo as
N — o0, then there exist constants 0 < cy < Cy < oo, such that with probability

approaching 1 as N — oo, n — 00, cv|An)? < Amin(Ln) < Amax (L) < Cr|A,)2.

The proof is similar to the proof of [SI.7] thus omitted.

Next we define

bi(z) = B,(2)" ;! ZB z; ZXM{@ z;) — Bu(z)} (S1.37)

> B, (z)mi(z;), Ei(z) =By (2 Tyt Z o(2)eq;.

ZIH

following;:

For any z, 2’ € ), denote

Gy(z.2) =" ni(z)ni(2
=1

The following lemma shows the uniform convergence of én(z, Z') to Gy(2,2') in prob-

ability over all (z,2) € Q%
Lemma S1.18. Under Assumptions (A1)-(A5) and (C1)-(C3), sup(, .1 eqz ]én(z, z')—

Gy(z,2')| = Op{n~"2(logn)"/2}.
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Proof. Let &g = n~ 1500 i, then

Gz, 2) - Zwk 2) (G — 1) + 3 S o) 20n(2) (),

.
As E 300 Mthi(2)ve(2) (Exx — 1)] = 0, then E{G,(z,2') — G,(2,2')} = 0. Note
that B{7(2)iP(2)} = G2, 2)Go (', #) +2G2 (2, /) + S350, ME(ER — 30203 (#).
Next,

n

E {én(z,z’) — G,(z, z’)}2 =F {% Zm(z)m(z’) - Gn(z,z')}

-2 {Gn<z, 2)G,(22) + Gz )+ Y ME(E - swi(z)wz(z’)} .

k=1

~ 2
Therefore, E {Gn(z, Z')—Gy(z, 2 )} = n~!. Hence, following from Bernstein inequal-

Gy(z,2') — Gy(z, 2) ~1/2(logn)'/?}, and the desired result

ity, sup(; .ieo

follows. O
Proof of Theorem[4). Note that

sup |Gz, 2')~Gy(z,2)| < sup {|Gy(2,2")~Gy (2, 2)|+|Gy(2, 2') =Gy (2, 2|},

(2,2")€N? (2,2")€N?

where sup, ,eo2 |én(z, z') — G,(z,2")| = op(1) according to Lemma [S1.18| and

Zm

sup |@n(z,z’) — én(z,z’)| < sup
(2,2")eQ? (2,2")€N?

an z

With some simple calculations, we have

Zni(zﬂ)i(z/) = Zni(z i + Z’fh Vnz + an z 7
=1 i=1
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where Vn; = 1; — n;. According to (S1.39)), (S1.42) and (S1.47)), we have

sup Zm ) +n” Zm Di(2)| = op(1).

(2,2')€Q?
Note that
Z Di(z)Di(2') = Z@;(z)@(z') + Z Vni(z)Vni(2') + Zgz‘(z)vm(zl) + Z Ei(z)gi(2")

£ Vn(RE(E) + Y h(=)E ().

It follows from (S1.38), (S1.41)), (S1.43)—(S1.46)) that sup, ,ieq2 [n™' D21, Di(2)Di(2)] =

op(1). The desired result is established. O

Lemma S1.19. Under Assumptions (A1)-(A5), (C1)-(C3), we have

sup Z bi( = Op{n7Y|A,|2(logn)"/?}, (S1.38)
(z,2")€Q?
sup |y mi(2)bi(2))| = Op{n~"(logn)"/*}. (S1.39)
(2,2)€Q? |,

Proof. According to (S1.19) and (S1.37)), we have

bi(z) = B,(2) X, 1Nsz] me 2) = Bi(2)))

z)'r! ZB (2)) ZXM{BK (25) = Buelz;) = () — Eu(z))}-
(S1.40)
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Thus,

LS i) = LB T [% S B(z) Y Xl () — A)
i=1 i j=1 (=0

> B(e)" S Ko fhte) el

it

Trjlﬁn (z’)

(2) [N2 3> BleiBlay)” Y XikelH(x) ~ )

3,J'= £,6'=0

x {88 (25) — Be(25)} | By(2').

Therefore, by Theorem [}, we have

1 no_ _ P p B ) R ) R B B
E{ﬁzbi(Z)bi(z’)} = DD 1887 = Belll B = Bell =< n7H A,
i=1 =0 ¢'=0

We have B {nt S0 B(2)h() ) = & Smy B B (200 (20D

B B2 (2 b ()b (2))} = |,

x EB,(2)" []\1[2 Z B(z))B(z)" > XuXiulBi(2)) — Belz;)HBi(zy) — Bu(zi0)} | By(2)
[ Z B(z)B(z)" > XoeXoe{B(2)) — Be(z)) HBs (2) — Bu(250)} | By(2)

S O VAN

Thus, (S1.38) follows from the Bernstein inequality after the discretization
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Following from (S1.40)), we have, for any 7,7’ =1,...,n,

B {b(=)bu (=) (=) |

= |An|_4]§n(zl)T% > ﬁ(zj)ﬁ(zj')TE{ > XiéXM'ﬁe(zj)ﬁw(Zj’)ni(z)m’(z)} B, (2),

3,3'=1 £,0'=0

~ T
{Xi@B(z)} T.}

p
R N 1
E{ Z XMXM/W<ZJ')77£’(zj’)ni<z>77¢’<z>} - n2N? Z E
E,Z’ZO // =1
N " - ~
X Z XZ-//X;,/ X B(Zj//)B(Zj///)TF;})Xi/ X B<Zj/)

G 5" =1

E{ni(z)ni () (20 )nmm (zm) }

1
= Nzl

_ T N _ _ _
{Xi@B(z)} L > XuX[, @Bzy)B(zm) T, {Xs @B(zm}]

G5 =1

X E{ni(z)nu (2)n:(z0 ) (z5m) 4+ ni(2)ns (2)ns (20 )ni(z5m) } < 02

Therefore, E{%Zle i (2)bi(z )} = )i L B{bi(2)bs (2)m:(2)na (2)} = O(n~2).

]

Lemma S1.20. Under Assumptions (A1)-(A5), (C1)-(C3), we have

W va )Vni(z OP{!A e+ ZMHWHSHWJF > AkaHzo},
eq? k=Kp+1
(S1.41)
Kn [e'e)
sup Zm 2)Vni(2)| = Op 1A Nellvbellssrooltelloo + Y AalltbnlZ ¢,
(2,2)€Q? k=1 k=Kn+1
(S1.42)
n Kn
( SL;pQ2 > Vni(2)bhi(2) :OP{(logn)l/Qn_l|An|s+lZ)‘kHwkHsH,oonkHoo}
z,2")eQ* | k=1

+0P{ logn)'/?n Z Al el } (S1.43)

k=Kn+1
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Proof. For any k > 1, denote () = ﬁ(z)TTf% Z;V:lﬁ(zj)wk(zj), and Vi, =
Jk — 9. According to Assumption (C2), we hav(C3)e, for any k& > 1, ||Vl <
ClAG ko100 and [[94]lo0 < [¥lloc + [ VRlloo < 20|80k ]loc, as n — o0 Tt is easy
to see that Vn;(2') = > 7, /\,ip&kvwk(z’).

We first show (SL.41). Let &y = n~t >0, &, where E(Epy) = I(k = k') and
E(&w)? < (BELEES)Y? < C. Simple calculation yields that £ 37" | Vi;(2) Vi (2') =

> hki—1 E e D)2V (2) Vb (2'). Thus, by Assumption (C2), we have

{ ZVm 2)Vni(z }‘: sup ZMV% IV (2")

sup

(2,2")€N? (2,2")eQ?

< | Ay Z)\kH%HsHmJFCw Z Nellr %

k=Kn+1

In addition, we have

z,2'€N) z,2'€Q

2
sup E{Vm(z)Vm(z’)} = sup F Zé}k/\k Vir,)? me)\k’ Vi) (2 )]

k=1 ,
{\A | ZMHWHsHooJr > /\k||1/1k||§o} :
k=Kp+1
Thus,
0o 2

Therefore, using the discretization method and Bernstein inequality

EZVm(z)Vm( ") = E{Vni(z)Vni(z)}

sup

(z,2)eQ? | —1

—OP{(IOgn)1/2 A, P Z)\k|l¢k||s+1oo(10gn )/*n Z Mellon 1% }
k=1 k=K,+1

Next we derive (S1.42). Noting that n™> 3" 7;(2)Vni(2") = E g (Medw) 200k (2') (Vb ) (27),
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we have

sup
(2,2")€N?

2DRCIEHE

Z/\kH@Z)kHoonvwk’Hoo
k=1

Kn [e'e)
SOOI Nellwellsrroolltrlloe + D AullebillZ,

k=1 k=Kn+1

var{n Zm 2)Vni(z } [E{m )Vni(2)*} — {Emi(= )Vm(Z’)}Q],

sup E {n?(2)Vn(2')*} = sup {ZE&;&AM( (Vi) (2) + D A ti( ><wk>2<z’>}

’ ’
z,2'eQ) z,2'€Q kA

< C{!A e+ ZAkHwkHs+loo+ > AkHwkHio},

k=Knp+1

and

K, [e’e)
sup |E{mi(2)Vn;(2)} < C {|An|s+1 D Awllvellsrrooltelloo + Akllwkllfm} :
k=1

z,2'€Q k=K,+1
Therefore,

2 K, [es) 2
sup F Zm Wni(2') 0 =0 [ {12801 D Millvbellarolltulloo + > AullvbellZ
z,2'e k=1 k=Ky,+1
Hence,

sup va — E{Vni(2)&i(2 ’)}‘
(2,2")€N?
Ky
ZOP{(logn)W TRIAGPED S TNk 00 + (logn)' 0 Z Mellon 1% }
k=1 k=Kpn+1

using the discretization method and Bernstein inequality.
Finally, we provide the proof of (S1.43). Note that
E {0i(2 )50 (2) Vi (2) Vi (2) } < |0~
~ 1 N - p .
Bil#) 7 2 Bn<zj>Bn<zjf>TE{ 2 Xwaﬁe(sz(zjf)Vm-(z)me(z)} B, (),
4.j'=1 £,0'=0
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and by ([S1.42]),

~ T
{Xi@B(z)} T.}

i i =1

P n
~ ~ 1
E{ > Xz-eme(Zj)W'(Zj’)Vm(z)Vﬁi'(z)} = 2 F

£,0/=0

N
< Y XoXD @ Bzy)B(zp) TohXe @ Blzy) | E (i (20 ) (250) Viri(2) Vi (2)}

413" =1
N
L B "p T 9B R Tp-1 =
= n2N2E {Xz ® B(Zj>} Fmp Z Xi”Xi”’ ® B(Zj//)B(Zj///) F"%P {XZ’ ® B(ZJ/)}
G5 =1

X EAni(zj)ne (250 )Vni(2) Vg (2) + nie (20 )0i (250 ) Vi (2) Ve (2) }

If i # 4, we have

E{m(zj")mf (zj"')Vm(Z)VW (2) + n (Zj”)ﬁi(zj”’)vm(Z)VW (2) }

Ky 00 2
x{ZAkIAWlIIwkHsH,oollwkHoo+ > AklwkHZo}.

k=1 k=Kn+1

If i = ', then we have

E{m(Zj'f)m(zjw)Vm(Z)Vm(Z)} = NE& (2" u(2") Vi (2) Vi (2)

k=1

Kn o)
<Y ONIART ]2 llnlZ + Y Al
k=1

k=Kn+1

Thus,

E{ Z XieXiome(z5)ne (25)Vni(2) Vi (2) }

£,0'=0

Ky 0 2
x{zAk\A\Z“H%HsH,OOHwklloo+ > Akl!lﬂkl!i@} :
k=1

k=Kp+1
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Therefore,

E {%va(z)a( } =3 Z Eb 2 )Vni(z) Vi (z)

i,4'=1

’QZV\AI%HHWH et100[[Unll5 + 077 Z il vkl

k=Kn+1

Thus, (S1.43) is obtained. O]

Lemma S1.21. Under Assumptions (A1)-(A5), (C1)-(C3), we have

e n"' Y Ei(2)E(2)| = Op(N A7), (S1.44)
z,z')e i—1
K’!L
( supQZ ZV% £(2')| =0p {n_l/zN_l/Z(logn)1/2|A,,|SZ)\,ﬁ/gﬂzbkﬂsﬂm}
z,2')E 1
+Op {n_l/zN_l/QlAn]_l(logn)1/2 > A;/Qngz;knoo} , (S1.45)
k=Kn+1
Lo n™ Y hi(2)E(2)| = Op{n T N7 A (logn)' /7Y, (1.46)
z,z')€e -
L n Y mi(2)E(Z)| = Op{n PN A, (log n) 2} (S1.47)
z,2') €N -

Proof. We first show (S1.44)). Let &5 = n~'Y " | e, where E(E,;) = I(j = 7).

Note that

1 n N 1 N N _ N N

LS (@) = Bla) Ty {y ZZB(an(zjf>Ta<zj>a<zj/>ajjf} T,B(2)
i=1 =1 ji—

It is easy to see that,

E{gzmw)}:a {%ZB% (=) <z]>}r;1fa’<z'>.

i=1

Therefore, sup(, .neqz |E {231, &(2)&(2))}]| = O(N7'A,|7?). In addition, note
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that

E{&(2)8(2)} =B(2)' Y, {NQZB z;)B (zj)}Tfﬁ(Z’)IO(Nl\An\2),

2

E _1{%221377 zj)B,(z;) )’ o(z;)o(zj)eij€ij }T 'B n(2')

Jj=1j'=1
A =~ = ™H = T
=i > By(2)B,(z;) " By(z;0)By(2jm)
N 4,474 3" =1

x o(2zj)o(zy)o (=)o (zpm)eyeipeieym < N2 L™

Thus, var {2 3" &(2)5(2))} = 5 >0 var {&;(2)&(2)} < n ' N72|A,|™*. There-

fore,

Ne?

s Zsz B(2) — B {E(2)E(= '>}‘=op{n1/2N1<logn>“2|an|2}

using the discretization method and Bernstein inequality.

Next we derive ((S1.45)). Note that

1 < -

S SAICTEIRED 3p PRV AE:S { ZB #3)o(24) }
i=1

zlkl

{% 2 V”i<z)gi(z'>} -0 5) D) 3D BN PW L JNE

i=1 /=1 k=1 k'=1

x Vi (2)B, ()T, {% Z > ﬁn(zj)ﬁn(zj')TU(zj)U(Zj')gijgi’j'} Y, 'B,(2).
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So,

- Chl Ay 00
E{%ZVni(z)(vwky(z)} 1| | {,A 26+1) Z)\k‘lwk”s-&-lm—i- > )\kHwngo}.
=1

k=Kn+1

Thirdly, we prove (S1.46). Note that for any i, ', j, j/, we have

E {gi(z)aijgi/(z)ei/j/}

— E B TTnlNQ Z B Zj// Zj’” Z nge Z]// e/é‘[/(Zy//)éf”é‘ZJ/T 1B ( )
]// ]//l 1 eel
= O(n2N2AI™Y).
Therefore,
1 N
T (N\E 7 = _n Tr—1 7. 7. -1p (!
B {b(=)a(= )b (2)5(=) } = By(x) X ZlE{bxz)ewb (2)eiy | T By ()
1) =
= O(nN~?A[ ),
E n125<z>a<z'>] = Y E{b(2)E(h(2)5(2) | = 0N 2|A[ )
i=1 3,0/=1

Finally, we show (S1.47). Note that
n N
> m(z)E(z ZB i Z o(z;) 5w25zk)\1/2¢k (2),
i=1 sy
where E{n='Y""  n:(2)&;(2')} =0, and
. 2
E{n_l Zm(z)gz‘(z')} = n ' B{n(2)"} E{E(2)} = n'Gy(z,2)B,(2)"

XY Z ﬁn(zj)ﬁn(zj)TUQ(zj)r_lﬁn(z/) =0~ NTHA, 7).

Thus, (S1.47) is obtained. O]
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S2. Appendix 2

In this section, we provide some additional results from simulation studies and real

application analysis.

S2.1 More results of simulation studies

In Section [5.1] of the main paper, we illustrated the advantage of the proposed method
over the complex horseshoe domain in |Sangalli et al.| (2013)). Figure shows the two
triangulations used for the horseshoe domain in this example. For implementation, the
BPST method is conducted over triangulation, Ay, while triangulation, A, is used
for PCST method. To visually compare different methods, we display the estimated
coefficient functions for Case I (jump function) and Case II (smooth function) in Figures

S2.2] and [S2.3] respectively. The plots are obtained based on the setting: n = 50,

A = 0.2, Ay = 0.05, 0 = 1.0. Table summarizes the estimation results based on
the noise level o = 1.0.

From these figures, one sees that the BPST and PCST estimates are both very
close to the true coefficient functions. When the true coefficient functions are smooth,
BPST provides the best estimation, while when the true coefficient function contains
jumps, PCST provides a better estimation. The performance of the Tensor method will
be affected by the design of the coefficient function. Moreover, from Figure and
[S2.3], one can see that even when the coefficient function is smooth across the boundary,
the estimation accuracy is also affected by the domain of the true signal, especially the

pixels which are closed to the boundary. The performance of the Kernel method is not
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affected by the design of the coefficient functions, instead, it heavily depends on the
noise level due to the three-stage structure. As the noise level increases, the Kernel

estimates are getting more blurred.

Al AQ

Figure S2.1: Triangulations for the horseshoe domain.

TRUE Tensor Kernel BPST (A1) PCST (A2)

Figure S2.2: True coeflicient functions and their different estimators for Case I in Example 1.

In Section [5.2] of the main paper, we conduct a simulation study based on the
domain of the 5th slice of the brain images illustrated in Section [0 Table demon-
strates the estimation results for ¢ = 0.5. In this example, we focus on the domain

of the 35th slices of the brain image. Based on this domain, we consider two types of
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TRUE Tensor Kernel BPST (A) PCST (A2)

Figure S2.3: True coefficient functions and their different estimators for Case II in Example 1.

triangulations: A5 and Ag; see Figure Table summarizes the MSE results of
the BPST, kernel and tensor methods. The findings are similar to those described in
Section Tables [3] and summarize the ECRs of the 95% SCCs for the 5th and
35th slices, respectively, and they are all close to 95%. As the sample size increases,

the ECRs are getting closer to 95%. Figures [S2.5] and [S2.6] show the true coefficient

functions and an example of their estimators and 95% SCCs based on the 5th and 35th
slices, respectively. The plots are generated based on the setting: n = 50, A\; = 0.1,

A2 = 0.02 and ¢ = 0.5.

S2.2 Additional ADNI data analysis results

For the ADNI data described in Section [6] in the main paper, Table below sum-
marizes the distribution of patients by diagnosis status and sex. Next, Figure

displays the triangulations of slices used for the BPST method in the model fitting and
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Table S2.1: Estimation errors of the coefficient estimators, o = 1.0.

Function M =003, Ao —0.006 A =02, Ay — 0.05
Type " Method g B Bo B
BPST  0.0059  0.0075 0.0066  0.0082
PCST  0.0023  0.0023 0.0028  0.0030
50 Kernel 0.0201  0.0206 0.0207  0.0213
Tensor  0.0201  0.0132 0.0206  0.0142
Jump BPST  0.0038 0.0050 0.0042  0.0054
PCST  0.0011  0.0011 0.0014  0.0015
100 gemel 00100 0.0102 0.0104  0.0105
Tensor  0.0099 0.0112 0.0103 0.0120
BPST  0.0010 _ 0.0012 0.0016  0.0019
PCST  0.0049  0.0065 0.0054  0.0072
%0 Kernel  0.0201 0.0206 0.0207  0.0213
Tensor 0.0189  0.0132 0.0207  0.0153
Smooth BPST  0.0006  0.0007 0.0009  0.0010
PCST  0.0037  0.0054 0.0040  0.0057
100 gemel 00100  0.0102 0.0104  0.0105
Tensor  0.0100  0.0113 0.0103  0.0128

constructing the SCCs. Finally, Figures and provide the image maps of the
estimated coefficient functions for eighth, 15th, 35th, 55th, 62nd, and 65th slices, and

Figures [S2.10] and [S2.11] show the corresponding significance maps. The significance

maps in the eighth and 15th slice show that the increase of age increases the brain activ-
ities in the cerebellum and temporal lobe, and people with the Alzheimer’s disease are
more active in the cerebellum, while less active in the temporal lobe. The significance
maps of the 35th slide display that the age has a negative effect on the brain activ-
ities in the anterior cingulate gyrus, corpus callosum, and part of the cerebral white
matter, while the female has a higher level of activities in these regions. These regions
connect the left and right cerebral hemispheres and enabling communication between

them. From the significance maps of the 55th, 62nd, and 65th slices, we could see an
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Ag Dy AN AV
Figure S2.4: Triangulations for the fifth slice (As, A4) and 35th slice (A5, Ag) of the brain image in

Simulation Example 2.

Table S2.2: Estimation errors of the coefficient function estimators, o = 0.5.

A1 =01, A =0.02 A1 =0.2, Ay =0.05
Bo B Ba Bo Bs Ba

BPST(A3) 0.003 0.005 0.005 0.007 0.011 0.010
BPST(A4) 0.003 0.005 0.005 0.006 0.009 0.009

n Method

50 Kernel  0.008 0011 0011 0011 0016 0.016
Tensor 0.008 0.007 0.010 0.011 0.012 0.014
BPST(A3) 0.002 0002 0002 0.003 0.005 0.005

Loy BUST(A:) 0002 0002 0002 0.008 0004 0.004

Kernel 0.004 0.005 0.005 0.005 0.008 0.007
Tensor 0.004 0.005 0.005 0.005 0.007 0.009

increase of brain activities in the frontal gyrus, precentral gyrus and postcentral gyrus
for people with Alzheimer’s disease. Our findings are consistent with the findings in
the literature, see |Andersen et al. (2012)), Bernard and Seidler| (2014), and |Dubb et al.

(2003).
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Table S2.3: Estimation errors of the coefficient function estimators in the 35th slice.

A1 =0.1, Ay =0.02 A1 =0.2, Ay =0.05
Bo b1 B2 Bo B1 B2

BPST(As) 0.003 0.005 0.005 0.007 0.011 0.011
BPST(AG) 0.003 0.005 0.005 0.007 0.011 0.010

n o Method

05 Kermel  0.008 0012 0012 0018 0018 0.017
Tensor ~ 0.008 0.009 0.011 0012 0.015 0.015

50 BPST(As) 0.003 0.005 0.005 0.007 0.0l 0011
BPST(Ag) 0.003 0.005 0.005 0.007 0011 0.011

L0 Kemel 0023 0033 0033 0027 0039 0.038
Tensor ~ 0.023 0012 0.019 0027 0.017 0.023
BPST(A;) 0.002 0.002 0.002 0.003 0.005 0.005
BPST(Ag) 0.002 0.002 0.002 0.003 0.005 0.005

05 Kernel  0.004 0.006 0.006 0.006 0.008 0.008
o Tensor ~ 0.004 0.006 0.007 0.006 0.010 0.009

BPST(As) 0.002 0.002 0.002 0.003 0.005 0.005
BPST(Ag) 0.002 0.002 0.002 0.003 0.005 0.005
Kernel 0.012 0.016 0.016 0.013 0.018 0.018
Tensor 0.013 0.010 0.013 0.011 0.007 0.011
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Table S2.4: The coverage rate of the 95% SCCs for the coefficient functions defined over the 35th

slice.

Coverage Width
n A o
Bo B1 B2 Bo B1 B

0.5 0.962 0916 0.934 0.307 0.344 0.347
1.0 0.964 0.926 0.940 0.331 0.368 0.371
0.5 0.952 0.920 0.930 0.426 0.490 0.492
1.0 096 0.920 0.934 0.449 0.512 0.512
0.5 0.956 0.952 0.940 0.214 0.240 0.244
1.0 0.962 0.952 0.948 0.239 0.262 0.265
0.5 0.946 0.954 0.932 0.298 0.340 0.346
1.0 0.952 0.954 0.938 0.317 0.359 0.365

(0.1,0.02)

50
(0.2,0.05)

(0.1,0.02)

100
(0.2,0.05)

Table S2.5: Distribution of patients by diagnosis status and gender.

CN MCI AD | All

Male 70 136 72 | 278

Female | 42 7 50 | 169

All 112 213 122 | 447
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Figure S2.5: True coefficient functions and their estimators and 95% SCCs based on the fifth slice.
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Figure S2.6: True coefficient functions and their estimators and 95% SCCs based on the 35th slice.

50



BIBLIOGRAPHY

Slice 35

Slice 15

Slice 8

Slice 5

2 VAV,
’4[”4’4’4’

5 AVAVAVAVAVAVAV.
LRSS

Slice 65

Slice 62

i ~J
WN#AQAVA#NQ)#N%N%EN
DA

S
s s
K

Slice 55

Figure 52.7: Triangulation sets used in the ADNI data analysis.
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Figure S2.8: The BPST estimates of the coefficient functions for the ADNI data based on the eighth, 15th and 35th slices, respectively.
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Figure S2.10: The “significance” map (based on the 95% SCC) for the coefficient functions for the ADNI data. The yellow color and blue

color on the map indicate the regions that zero is below the lower SCC or above the upper SCC, respectively.
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