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Section [ST] contains proofs of Theorem 3. The required Assumptions are also included for com-
pleteness. Theorems 1 and 2 follow from Theorem 3 with J = () and X, = 1. In this case,
U, = X, — EW?X/EW?. And the proofs are omitted.

Section [S2] contains proofs of Theorem 4. The required Assumptions are also included for com-
pleteness.

Section contains discussion of the uniqueness condition on k¢ and an extension of Theorem
1 to the case of non-unique ko.

Section [54] contains discussion of the doubly robust method when used in randomized trial.

Section [SAl contains details of simulations.

S1 Assumptions and proofs of Theorem 3

Assumptions:

(C1) The error term e in model (2.1) has mean zero, finite variance and is
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uncorrelated with W and WX.

(C2) EX}! < oo fork=1,...,p.

~

(C3) ¢,(X) is estimated from a P-Donsker class of measurable functions,

and there exists some fourth-moment integrable function ¢(X) such

that E[n(X) — ¢(X)]* 5 0 as n — occ.

(C4) ki & arg max,,e o }Corr(WUk, WUTBOJC)} is unique if By ;o # 0.

Proof for part i) of Theorem 3.
For k € JO, let (a},0),) = argming, ) E[Y — E(Y|X) — (o + 0U;,) W12

By first order conditions, we have

-1

o EW?  EW?U, EW(Y - E(Y|X))]

0, EW2U, E(WU,)? E[WUL(Y — E(Y|X))]

EW(Y - E(Y|X))]/EW?

EWU(Y — E(Y|X))]/E(WUy)?

where the second equality follows from the fact that E(W?2Uy) = 0.
Under Assumption ((fI)), it is easy to verify that the new error term
¢’ in model (3.2) has mean zero, and is uncorrelated with W and WU, for

k € J°. Replacing Y by the right hand side of (3.2) yields o}, = «f and
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0, = Cov(WU,, WU' By je)/E(WU;)?. In addition, note that

E[Y — E(Y|X) — (o}, + 0,U, ) W]?
=Ehy(X) + (ag + U By sc)q0(X) + € — E(Y|X) + (af + U By jo — o — 0,Ux) W]?
=B[ho(X) + (o + U By yo)ao(X) + ¢ = E(Y|X)]* + El(ay + U By ye — o — OLU) W]?
=E[hy(X) + (ap + U By ye)ao(X) + ¢ — EY|X)* + E(U ' By yc)?

— [Corr(W Uy, WUT,BO’JC)]2E(WUTﬁO,JC)'

Thus choosing k to maximize Corr(W Uy, WUT,BQ sc) is equivalent to min-

imizing E[Y — E(Y|X) — (a}, + 6,U) W12 So 6, = 0y, , where
ki = arg max |Corr (WU, WU B, ;¢ )| = arg min E[Y — E(Y|X) — (o, + 6,U)W]2.
keJC ? keJC
Similarly, we can verify that é;l = é;, , where

(d;,é;) —arg min P,[Y — q@n(X) — (a+ QUk)W}z

(a,0)€R2
_(PaW (Y = 6u(X))] Pu[WOR(Y = $u(X))]
P, 112 ’ B, (WU,)?2 ’

A R . P, T(Y — An X2
and . = arg min Po[Y — dn(X) — (&), + 0,00)W]? = arg max LtV UY = n(X))])
keJ< keJC P, (WU,)?2

N ~T ~ T
with U = X, — X 4, and 4, = arg min, P, [V (X — X ;)]
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Note that P, W20, = 0., Again using first order conditions, we have

P, (WO /20 — 0) = n'°, [WOL (Y = 6u(X) — W)
~G, [WUk (Y ~H(X) - Q;WUkﬂ
%P, [W(Uk Uy (Y ~ (X)) - Q;WUkﬂ

4 nl2p, [WUk (QB(X) — (X)) + OW (U — Uk))} . (SL1)
where the second equality follows from the fact that

E WU (Y - 6(X) - WU, ) |
=F [WUk (Y — B(Y|X) — (o}, + OUn)W) + WU, (E(YIX) +ap W — 45(X)>}

=0.

By definition of U, and Uk, it is easy to verify that IP’nWQka)Z 7=0

N —_ —~ ~—T\ 1 —
and n2(0—U,) = — X (PHW2XJXI) G (W2X ;U,). Thus the third
term in (S1.1) equals G, [W U, (4(X)—¢.(X))]. Note that E[W Uy (¢(X)—

1/2 P

an(X))}Q < [E(WUk)4E(§Z~5(X) — ggn(X))ﬂ — 0 under Assumptions

( and ( by Lemma 19.24 of[van der Vaart| (1998)), we have G,, [WUk (QZ;(X)—

gEn(X))] = op(1). The second term in equals

P, [W (Y ~ (X)) — Q;WUk> ’)Z;] (PHWQ’X“[X’D VG (WX, UL,

(S1.2)
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Plugging in (S1.2)) into (S1.1) and using LLN yields
P, (WUy)*n'/*(6; — 6;)
~ , ~T e A
— G, WU, [Y ~HX) O WU — WX, (PW XJXJ)
E (WX, (Y = 3(X) - ,W0y)) | } +op(1)
=G [WUL(Y — ¢(X) — My)] + op(1) (S1.3)

where

My = WU, + WX, (PWQ’X“J’X“;) g [W’X} (Y - ¢>(X))] . (S1.4)

Case 1. B jc # 0. In this case,

{PAWOY = (XD} {EIWULY — 6(X))))?
P, (W Uy)? E(WU)?
_{E[WQUk<UT50,JC)]}2
E(WU,)?

=Var(WU' B, s )[Corr (WU, WU ") By sc]?,

which is maximized at unique kj when B, ;o # 0. Since l%;l maximizes the
left hand side of the above display, it follows immediately that l%,’l R k{ as

n — oo. Hence

nI2(, — 6h) =n' (0, — ) + op (1)

G WU (Y = &(X) — My)]
B P(WU,, )? Forll)
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The proof is completed by using Slutsky’s lemma and the CLT and noticing

that 0}, = E[WU(Y—E(Y|X)]/EWU,)? = EIWU(Y —6(X))]/E(WUy).
Case 2. (3, ;o = 0. In this case ¢}, = 0 for all k € J. Thus

P, (WU) /20, = 0 2P [WUL(Y =60 (X))] = G [WUL(Y —§(X)— M) +0p(1).
This implies that

n'/29,

keJc
) 1 Gu[WUL(Y — $(X) — M) +op(1)
VO @awuny = o0 -2 ) |
72 E(WU)?

keJc

where {Z;, : k € J°} is a normal random vector with covariance matrix
given by that of the random vector with components {WU,(Y — ¢(X) —
M), k e JY.

For any t € RVI, let h(t) be a JC-dimensional vector of zeros, except

a 1 at the maximal element of t. We can re-write n'/20’ as
20, = 02 ({0 ke se) Th ({n(BaWULY = 6n(X))D)?/Pu(WUR) rese).

Under Assumption ((H4]), we have |Corr(WU,, WU;)| < 1 for k # j, and

thus |Corr(Zy, Z;)| < 1. Since {Z; : k € J°} is a normal random vector,
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we have

72
J
E(WU;)?

Zi
E(WU)?

+ for any j # k a.s. (S1.6)

So K is unique a.s. Thus h is continuous at ({Z/E(WUyx)?}iese) a.s. And

the result follows by applying the continuous mapping theorem to (S1.5)).

Proof for part ii) of Theorem 3.

We use 7. to denote average over the bootstrap sample of size m, and
G:, = v/m(P:, —P,). In the case of Z, , in which € is not observed, we also
replace € by €, =Y — &, — énX, resulting in Zj, ;, = Grlén( Xy — PE Xy)]
where G* = /n(P: — P,).

Let EM denote expectation conditional on the data, and let P be the
corresponding probability measure. The bootstrap analog of ¢/, is HA;;'; = é;ﬂ,

where

l;:;; = arg min Py [V — én(X) — (a7 + é,’:U,:)W]Q
keJc

B (PEWULY — ¢u(X))]}
= arg max =
keJ© Px, (WU)?2

2

Y

(@ 0¢) = argmin B [Y = 6,(X) = (o + 00 WP

~ —~T —T
and U} = X}, — X ;4; with 4} = argmin P* [W (X, — X ;7).
il

By first order conditions, P {W (1, U;)T[Y — ¢, (X) — (dﬁﬂ*+é§€*f],j)W]} = 0.
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In addition, by the definition of U s [P’;‘nW2U » = 0. This implies that

P (WOR) m (0 — 0})
_ tfopr [WU,:: (Y (X)) — gzwﬁ;ﬂ + P (WO m (6], — 6)
=G, WU (Y = 8(X) — 0,V Ty )|
+ 2y, (W0 = Uy) (Y = 6(X) - WU ) |
!B, (WO (0X) = u(X) + 8 (U~ 07) |
+ /) 2@ WU (Y = 6(X) — W) |

+ P (W) m (0, — 0) (S1.7)

By the definition of U; and Uy, It is easy to verify that IF’:‘nWQU,jSC/J =0

and EWQUk/—X/J = 0. Thus

m' (U — Uy)
—~ PR —1 —~
— —m2X P, (X JXI)] P, (W20 X,))

— X [IP,*n (Wﬁfﬁf})} - [G; (WQU,ﬁfj) + (m/n)Y2G,, (WQU,CSEJH .
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So the second term in (S1.7) equals

-1

_ P [W (Y ~H(X) - Q;WUk) ’X’}] [P;;L (Wf_ff J’X’;)]
x [G;*n (WW{)E) + (m/n)V?G,, (WQU,C}JH
=—B[w(y-dx) 3(’}] 2 (W@E[X’I)} -
% (G, (W2UX ) + (m/n) 26, (WHULX )| + 0pu (1),
(S1.8)
conditionally on the data, in probability. And the third term in (SL.7)

equals

}
|+ Gnymy e, W (5(X) - 6.()))|
=B [ (90 = 6u(x)) X | [, (WXL X)|

X [an (WQUk’)ZJ) + (m/n)2G, (WQUkS(“J)],
which converges to zero, conditionally on the data, in probability, under

Assumptions (C(f2) and ((f3). The last term in (S1.7)) equals

P, (WU) m"2(0;, — 6,) + [P5,(WU;)? = P (W) Im'2(6), — 0,

= — (m/n)2C[WUL(Y — ¢(X) — M)] + opu (1), (S1.9)
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where My, = O,WU, + WX, (PW?’)ZJ}Z;) p WX, (v - o(x))] is

defined in (S1.4). Plugging in (S1.8)) and (S1.9) into (S1.7)) yields

P, (WU7) m' (0 — 6;) = G, [WUk (Y - o(X) - Mk)] + opur (1),
(S1.10)
conditionally on the data, in probability.

When B~ # 0, it is easy to verify that

% 3 * n 2
{PL WU (Y — 6u(X))]}

P;,(WU;)?
- . . - . 2
{PLIWULY = G(X))] + Py [W(T = UR)(Y = 6u(X) + WULS(X) = du(X))] }
Py, (WUL)? + By, (WU = WUL)? + 2P;, [W2UL (U} — Up)]

pABEWU(Y — (X))} _
E(WUy)?

Var(WU' By_je)[Corr (WU, WUT) By se]?
conditionally on the data, a.s. for k& € J¢. This implies that

PM (K # k)

o ( 5 {{P;[W%W — 0N} _ (B WO - gfsn(X))]}Q})

it P;, (WU, )? - Py, (WU}
* s n 2 ~ ~
o 5 por [ BRIVOLL —GCON (LI OY = du(X))
ko Py, (WU}, ) N Py (WU;)?
— 0 as.,

where the convergence follows from the condition that, when B, ;¢ # 0, k;

uniquely maximizes |Corr(W Uy, WUT)B, se|. This, together with (S1.10)
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and k. 5 k), yields

m! (0 — 0P (WU, )* =m' (05 — O )P (WU )* + 0pu (1)

=G, [Wng (Y - o(X) - Mk())] + opn (1)

(S1.11)

conditionally in probability. The result follows from bootstrap CLT, con-
tinuous mapping theorem, and Slutsky’s lemma.
When B ;o =0, 8, =0 for k € J° and 6 = 0. In this case, we need

m/n = o(1). Thus

m2(07 —0') = m'20" — m 20!, — 0,) = m'/%0” + op(1),

m1/2é;:
and
(MR [WULY = 6u(X))]} [P (WT)?
keJc
mA2P: (WU (Y = 6u(X) — OLWT)]
N * / Tk 2
m 2P (WUR(Y — 6, (X) — 0,W0;)]} .
G [WUL(Y — ¢(X) — My)] opi(D)
= , OpMm
PLVOR2 | (e w0y — () — M) .
S
|z EwUL)?
%
72 | E(WU)?

keJc
conditionally on the data, in probability. The result follows by using similar

arguments are those at the end of the proof of part i).
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S2 Assumptions and proofs of Theorem 4

Assumptions.

(Al) EX! <oofork=1,...,p.

(A2) There exist functions A(X) and §(X) such that n'/2[h,(x) — h(z)] =
An(x)S, + op(1) and n'/2[G,(x) — §(x)] = Ay(x)S, + op(1), where
Ap(x) and Ay(x) are vector-valued deterministic functions of @, and

S, and Sq are data dependent random vectors satisfying

i). Ap(X) and A (X)) are square integrable random vectors; and

~ e~ —~—

if) <{Gn WL (Y = W(X) = ALy — B[W (Y - i}(X))X’;] [B(aWX,X

)

;
v Q Q q o . C T o
< AX,)|} S sq> ({28 k€ IV, 81, S,)T ~ N(0,5)

for some variance-covariance matrix »° assumed to exist.

(A3) The error term € in model (2.1) has mean zero, finite variance, and is

uncorrelated with (W, WX), where W = A — §(X).
(A4) kg is unique when B ;e # 0.
(A5) ¢(X) = qo(X) or h(X) = ho(X) a.s.

(A6) m'2[h, () — hn(@)] = An(@)S; + op,, (1) and m'[g;, (@) — Ga()] =

Aq(m)gg + op,, (1) conditionally on the data (in probability), where
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Ap(zx) and Ay(x) are defined in Assumption (, and S; and g; are
bootstrap sample dependent random vectors satisfying

—~T

({an (WLe(y = h(X) - AL, — B[W (Y - (X)) X,] [ (AW’)Z,}?;)} -
T
AEEJ)] }Wc, S, S;) (129 ke IV, Sp, S,)T ~ N(0,5°)
conditional on the data, in probability.

Proof for part i) of Theorem 4.

First note that for k& € JC,

P, [AW LA /2 (4, — ) = n/?B, {’mk (Y — (X)) — ¢kAik>]
~ G, [’WLk (Y (X)) — kaLkﬂ 4 nl2p, [W(ﬁk o (Y (X)) — 1/zkALk>]
+nl/2p, [(W W)Ly (Y (X)) — kaLkﬂ
+nl/?p, [Wﬁk (h(X) — (X)) + ALy — zk))] . (92.12)
Recall that Ly, = X,—X ym, and L, = X,— X iy, where 1, = arg min,, £ AW (X;—

NT 2 A . = NT 2 . .
X ;n)?] and 7, = argmin, P, [AW (X, — X ;n)?], respectively. First order

conditions implies that E(A/—WVL]C/—X/J> =0, PR(AW_ikfX/J) =0, and

nV2 (i, = ) = [Pa(AWX X )] (G AW LXK 5] + 0B, [AW — W) LX)

— [B(AWX, X )] (GuAW LX) — B[ALX,A,(X)]S,) + op(1),

where the second equality follows from Assumptions ( and ( Thus
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the second term of equals
B[ (v ~h(x))X)] [E(aWX,X,)]

(GuAW LX) — B[ALX ,A,(X)]S,) + op(1),

the third term of ($2.12) equals —E [Lk <Y ~h(X) - kaLk> Aq(X)} S, +

op(1), and the fourth term equals —F [WL;CA;Z(X)} Sp + op(1). Plugging

these into (52.12)), we have

P [AW Ln' (4, — o)
—Gn [WLk (Y (X)) — ALy — E [W (Y - B(X))YH [E (AWXJYI)] _IAEJ)}
_ E{ Lk (Y — h(X) -t AL, — B[W (Y - B(X))}Z;] E (AW?(“J}Z;)} 1A35J>

Aq(X)}Sq - E [WLkAh(X)] Sp 4 op(1) (S2.13)

Case 1. B jc # 0. In this case, (S2.13)) implies that zﬁk £ VY. In addition,

it is easy to verify that P,(AWL2) & E(AWL2). By Slutsky’s Lemma,
URPA(AWLY) 5 vRE(AW L),

which is maximized at unique k§ when B, ;o # 0 by Assumption (A4).
Since k2 = arg max;, jc [;@an(AWLi)L it follows immediately that k° ER

k§. Hence

n'2(th, — o) = nl/Q(@;kg — xg) +op(1)
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The result follows from Assumption (AZ2])

Case 2. B jc = 0. In this case ¢, = 0 for k € J¢ under Assumptions
(AB) and (AB). Thus n2P,(AWL2) = [nY2(dy — y)]PP(AWL2). The
result follows using similar techniques as those in the proof of part i) of

Theorem 3.

Proof for part ii) of Theorem 4.

For k € JC, let (32, %) be the solution to
Py, [ (3, X T (v — i, (X) — (X6 + X)) 4)| =0,
where W* = A — §2,(X). Then
O =B WY — I (X)L [y, | AW (L4)?].

~ P Y T
where Lj = X, — X ;7; and 7, = argmin, P: [AW*(X, — X ;n)?]. The

m-out-of-n bootstrap analog of zﬂn is

e _ Aik h ]%o*: e Q]P;* AW* I:* 2 )
wm wk%m where K, arggé?fé{(¢k) m[ ( k) ]}
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For k € JC, note that E[WLk <Y ~ (X)) - ¢kALk>] — 0. Thus

P, AW (L) )" (6 — )
= m! 2B, [W L (¥ = hiy(X) — ALy ) | +m! 2B, [ AW (L) (0 — )
— G, [’VVLk <Y (X)) - ¢kALk)] + ml2pr [W*(i; — L) (Y (X)) - kaLkﬂ
+m'/?Pr, [(W* W)L, (Y ~ (X)) - kaLkﬂ
+ml2Pr, [WLk (ﬁ(X) — bt (X) + Agp(Ly — ﬁ;))}
o+ (mfn) G [W L (Y = B(X) = wnALy) | +m 25, [ AW (L) (0 — )|

(S2.14)

By definition of 1, and n,, we have

Ak

mm(m — M)
* TSN N -1 * T v 1/2 T v
- [Pm <AW X, X J>] [Gm(AWLkXJ) + (m/n)Y2G (AW Ly X )
+ 2P (AW — W)L,jcﬂ,)}
e~ -1 —~  — —_
=[P, (AW*XJXIH (G AW LX) + (m/n) G (AW [, X )
= PLIALLX A, (X))(S; + (m/n)/28,) + op (1)
—— —~— -1 —~ —~ — —~
=k (AWXJXIM (G (AW LX) + (m/n) PG (AW [, X )

— BIALX j8,(X)](S; + (m/n)/28,)] + opw (1)

conditional on the data, in probability. Thus the second term of ((S2.14])
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equals

~T

=2, WX (Y = (X)) = ALy ) | (7 = )
=~ B[ (v~ h(x))X)| [B(aWX,X))] [Gr(AT LX)
+ (m/n) G (AW Ly X ) — BIALX 58, (X)](S; + (m/n)'/25,)] + 0pn (1),
(52.15)

conditionally in probability. Similarly, the third term of (S2.14) equals

_E [Lk (Y (X)) — zpkALk)Aq(X)} S+ (m/m)"/28,] + opar (1)

(52.16)
conditionally in probability, and the fourth term of (S2.14]) equals
—E[W Ly AR(X)] S + (m/n)Y284] + opu (1) (S2.17)

conditionally in probability. Note that the last two terms in (S2.14)) are

negligible. Plugging and — into , we have
By [AW*(L;))m" 2 (4 — o)
=G, [ WL (Y — h(X) — AL — B[ (¥ - B(X))SE}] E (AWEEJSE;)] _IA’X“J)}
- E{Lk (v = h(X) - AL, — B[W (v - E(X))’X’I] E (A’VV’)Z[X’I)} 1A’X’J>
Aq(X)}S; — E[WLyAW(X)] S} + op,, (1)

conditionally in probability. The result follows using similar arguments as

those in the proof of Theorem 4.
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S3 Non-Uniqueness of the Most Informative Predic-

tor

Theorems 1-4 requires that the most informative predictor of T'(X) to be
unique under H, so that the parameter in the hypotheses are well defined.

In fact, this condition can be removed with a slight modification of the
parameter and test statistic. In this section, we demonstrate the extension

of Theorem 1 to the case of non-unique ky. Extension to other theorems

can be derived in a similar fashion.

Denote the set of maximizers by Ky := arg maxe(i,... py |Corr(W X, WXT)BO|.

Note that

E(WX})? }1/2 0.,
)

Corr(WX,, WXT = |—5
orx( k Ba) {Var(WXT,BU

Since Var(WXT,BO) does not depend on k, we have Ky = arg maxyeq1,. py | [E(VVX,’C)Q]I/2 O,

and Hypothesis (2.4) in Section 2 is equivalent to
Hy:79=0vs. Hy,:175>0

where 7) = maxgeq1,. ) ! [E(WX,’C)2]1/2 9k|, which can be estimated by 7 =

~

. 1/2
maXee(1,...p} | [Pn(WXé)ﬂ Ok

Theorem S1. Assume conditions (({1]) - ((3) in Section [S1] hold. Then
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under model (2.1),

1/2 maneKo [2<19k>0 — 1/2)21/6] Zf T0 > O
nt? (7 — 1) >

MaxXke(1,.. p} | 2y if 0 =0,

where (Z7,. .., Z,;)T € RP? is a mean zero normal random vector. with co-

variance matriz given by that of the random vector with components

WX WY - 3(X)). EWXUY — HX))]
{E(WX@QJW{Y‘“X)‘ Ewr T 2B WXk}'

L1/2 .
Proof. Denote Z, , = n1/2{ [Pn(WX,;)ﬂ b, — [E(WXL)?]Y? ek}.
First, consider under Hy. In this case, [E(T/I/'X/,’C)Q]l/2 0 = 0 for all k.

Thus

Second, consider under H,. When Iy = {1,...,p}, [E'(I/I/X/{ﬁ)ﬂl/2 O |

is positive and takes the same value for all k. We have

n1/2 <7A' — To)

/
= s ([0 (BOVX Y 0] = 2] [BOVX0) V0] )
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where the second equality follows since n1/2| [E(WX,Q)2]1/2 Ox| — oo and
Ly = Op(1) as n — o0.

When Ky # {1,...,p}, denote

0, =1 .
" {maxkeKc| WX’)2] Gk‘Zmaxke;coHE(WX,’C)2]1/26‘;€|}

It is easy to see that

P( max | [EWX])?)" 0] = max| [EW X, 0,))

keK§ keko

<P | U N {1V o) = | B e}

kek§ j€ko
1\211/2 971/2
<2 P(ﬂ {1 BVX2) o] = | [BOVx)2 "6, \})
kek§ J€K0
Thus 6, = op(1). Therefore,
nl/? (T — 7o)
12 12
—n1/2 1\2 N 132
—n (Q%X [P (W X7)?] 94(1 5a) -+ max P02 0o
271/2
—max | [BVx7)?]"6,))
o]/ 4 1/2
—nl/? (gé%x [PH(WX,’C)z} 0| — max | [B(Wx})?] ek()
+n'/? | max [IF’ (WX’)Z]l/Qé — max [IP’ (WX’)Q] Uzé J
kEICg n k k keKo n k k n

= max [2(10,50 = 1/2)Zns] + 0p(1)
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)

where the last equality follows since

[PH(WX,QV} 6, O,

— max

1/2 .
keko :|

0 §n1/2 max
kek§

[Pn(wf(,;)?

<n'/? max ‘ [IP’ (WX}) 2}
kek§

‘ (wxy)2]"? ekD 5

AR —

<2 max |an|5 = op(1).
ke{l

------

The result follows by showing that (Z,,1,...,Z,,)" converges in distribu-

tion to (Z{,...,Z)", using arguments similar to that in Section .

S4 More on the Doubly Robust Method

Note that the doubly robust method presented in Section 4 can also be
used for randomized trials. However, as compared to the method presented
in Sections 2 and 3, this approach may cause dispersion in variance of the
estimate. Below we illustrate this point at the initial step (i.e. when J = ().

Consider a trial where two treatments are randomized with equal prob-
ability ¢o(X) = 1/2. We estimate the propensity score by the sample
proportion of patients who were assigned to treatment A = 1. In this case,
i(X)=q(X)=1/2and W = W = 1, —1/2. We can further verify that

X, =Ly =X — EXy, 0 = 1, and ko = k§, where ), and ko are defined in
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Section 2 below equation (2.3), and i, and k§ are defined in Section 4 by
setting J = (). Thus the parameters in the hypotheses (2.4) and (4.2) are
the same (i.e. 0y = ).

To ensure a fair comparison, we further assume that the main effect
can be consistently estimated by both methods, namely, ¢(X) = E(Y|X)
and h(X) = E(Y|A =0).

Denote gx(X) = X [(X — EX)"8, — 0;.X}]. Based on Remark 2 of

Theorem 1, it is easy to see that the asymptotic variance of 0, is

Var ( Zy, ) _ Var (WXje) + Var (W2g,(X)] _ 4Var (WXje) + Var g (X)]
EWX;]? {EW X2y {E1X 21

Similarly, by Theorem 4, the asymptotic variance of @ﬁk is

Var Z _ Var(W X}e) + Var(W[Agi(X) — EAgi(X)))
E(AWX?) ) [E(AWX )2

_ 4Var (W Xj€) + 2Var [gr(X)]

B {E[X]?)?

That is, @k has larger asymptotic variance than f).. So we expect the doubly
robust method to be more conservative than the method in Section 2 when

applied to randomized trials.
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S5 Details of simulations and tables

S5.1 Simulations for randomized trials

In the randomized trial setting, we compare the sampling from null (NULL),
m~out-of-n bootstrap for known propensity score (ri-boot), and the dou-
bly robust method (r-boot-DR) procedures with the following competing

methods.

Likelihood ratio test (LRT). This test is based on assuming a full
linear model (3.1) of the interaction terms. At each step, under the
null hypothesis, B, ;o = 0, the reduction in the residual sum of squares
is compared to the residual sum of squares for the full model using an

F-ratio.

Multiple testing with Bonferroni correction (BONF). At each
step, marginal regression models are used. A t-test with Bonferroni
correction is then carried out to detect whether each regression co-
efficient ¢, is non-zero. The intersection of the |J¢| null hypotheses

coincides with our null in each step.

n-out-of-n bootstrap (n-boot). This procedure is similar to the
proposed m-out-of-n approach, except that the usual n-out-of-n boot-

strap is used at each step.
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m-out-of-n bootstrap with m chosen by Bickel and Sakov’s
method ( mP°-boot). This procedure is similar to the proposed
m-~out-of-n approach, except that m is chosen via Bickel and Sakov’s

method at each step.

We consider three examples for the data generating model: i) Y =
€, i) Y = 0.6X1(A — 0.5) + ¢ and iii) Y = 0.6(X; + X5)(4 — 0.5) +
€. In all examples treatment A ~ Bernoulli(0.5), and X is generated
from a mean zero p-dimensional normal distribution with an exchangeable
variance-covariance structure Var(Xj) = 1 and Cov(X;, X)) = p for j # k,
where p takes values 0 and 0.6, and the noise € ~ N(0, 1) is independent of
X.

In the first model, there is no active interaction term. We perform one
step screening test to evaluate the type I error rate of the proposed test. In
the second model, there is one active interaction term. Thus we perform
sequential tests in two steps. The first step evaluates the power of the test
and the second step evaluates the type I error rate. Similarly, in the third
example, we conduct the test in three steps, the first two steps for power
and the last step for type I error rate control.

We consider n = 200, and p = 10,50, 100. A nominal 5% significance

level is used throughout. The number of bootstrap resamples is taken as
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1,000. Empirical rejection rates based on 500 Monte Carlo replications
are reported in Tables and The two proposed methods (NULL and
m-boot) provide good control of type I error rate and good power in all
cases. m-boot-DR, mP%-boot and LRT are less powerful as compared to
the proposed methods. n-boot fails to control the type I error rate. In
the case of independent X, BONF is as good as our proposed methods in
terms of type I error rate control and power (Table . However, when the

components of X are highly correlated, BONF is less powerful for large p

(Table [S2).

S5.2 Simulations for observational studies

In the observational study setting, we compare the proposed m-boot-DR
method with m?%-boot and n-boot methods. We consider four data gener-
ating models:

i) logitP(A =11X) = (X1 + X9)/2+ (X4 — X3)/4, Y = (X1 + Xy +
Xs)?/4+€

ii’) logitP(A =1|X) = (X1 + X0)/2+ (X4 — X3)/4, Y = (X1 + X +
X3)2/4+ (1+ X2)A + ¢

iii’) logit P(A = 1|X) = (X + X5)?/2 — (X3+ X4)?/2, Y = (X1 + Xo +

X3)/2+ ¢
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Table S1: Rejection rate (%) over 500 Monte Carlo replications for independent X for

randomized trials (n = 200).

Model p NULL r-boot m-boot-DR mP5-boot n-boot LRT BONF
i) 10 4.0 6.6 3.8 5.8 36.2 24 4.2
(type I error 50 4.0 7.2 1.0 4.2 70.4 4.0 4.4
100 3.6 6.8 1.8 24 83.6 3.0 48
ii) 10 904  88.6 81.0 82.6 98.6 79.0 89.4
50 79.8 832 52.0 65.4 99.0 324 81.6
100 71.2  76.6 38.2 52.2 98.6 16.6 73.2
10 4.0 5.2 3.8 5.2 346 24 38
(type Ierror 50 4.0 6.0 1.0 4.0 68.0 4.2 4.0
100 3.0 3.4 1.0 2.0 82.2 26 3.2
iii) 10 978 970 93.8 91.4 99.8 98.6 97.6
50 932  95.6 73.0 84.4 99.8 73.0 94.0
100 91.6  94.6 54.0 774 100 44.0 92.6
10 820 754 68.0 68.4 97.2 654 824
50 63.2  63.2 27.6 40.4 97.8 222 64.8
100 50.8  49.8 13.4 274 97.0 114 53.8
10 3.8 4.2 4.4 4.2 30.2 28 3.8
(type Terror 50 4.0 3.8 1.6 2.6 68.0 42 338
100 3.0 1.2 0.8 1.2 814 2.8 3.2
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Table S2: Rejection rate (%) over 500 Monte Carlo replications for X with pairwise

correlation of 0.6 for randomized trials (n = 200).

Model Step p NULL r-boot m-boot-DR mP5-boot n-boot LRT BONF
i) step 1 10 3.8 5.0 44 5.0 220 24 18
(type L error 50 4.4 6.6 3.2 5.6 350 4.0 24
rate) 100 4.0 6.8 3.6 6.0 366 3.0 1.6
ii) step 1 10 944 91.2 86.2 82.6 99.2 79.6 924
(power) 50 90.8 918 69.2 75.6 98.0 334 86.6
100 90.2 894 72.4 72.2 99.0 158 84.6
step 2 10 24 3.6 2.8 3.6 20 1.4 22
(type Ierror 50 2.6 4.8 2.8 4.2 372 26 2.4
rate) 100 2.2 5.4 2.2 5.2 43.6 1.6 1.6
iii) step 1 10 100 100 99.8 99.2 100 100 100
(power) 50 100 100 99.4 99.0 100 93.0 100
100 100 100 99.6 97.4 100 734 100
step 2 10 504 4338 40.4 42.8 82.6 26.2 47.8
(power) 50 26.2 304 13.4 28.4 84.2 94 24.0
100 19.6  27.6 15.4 26.6 87.0 52 16.2
step 3 10 34 5.0 4.4 5.0 158 1.0 3.2
(type I error 50 2.4 44 2.6 4.2 39.0 28 22

rate) 100 1.6 5.0 2.2 5.0 472 1.6 1.2
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iv’) logitP(A = 11X) = (X1 + X5)?/2 — (X3+ X4)?/2, Y = (X1 + Xo +
X3)/2+ (1+ Xo)A+e

In all examples X is generated from a mean zero p-dimensional normal
distribution with an exchangeable variance-covariance structure Var(Xy) =
1 and Cov(Xj, Xy) = p for j # k, where p takes values 0 and 0.5, and the
noise € ~ N(0, 1) is independent of X.

In the analysis, linear logistic regression model with adaptive lasso is
used to estimate the propensity score model ¢o(X ), and linear regression
with adaptive lasso is used to estimate the main effect ho(X). So in mod-
els i) and ii’), go(X) is correctly specified, while ho(X) is misspecified; in
models iii’) and iv’), go(X) is misspecified, while ho(X) is correctly speci-
fied.

Similar to the randomized trial setting, there is no active interaction
term in models i’) and iii’). We perform one step screening test to evaluate
the type I error rate of the proposed test. In models ii’) and iv’), there is
one active interaction term. Thus we perform sequential tests in two steps.
The first step evaluates the power of the test and the second step evaluates
the type I error rate.

We consider n = 200, and p = 10,50,100. A nominal 5% significance

level is used throughout. The number of bootstrap resamples is taken as
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1,000. Empirical rejection rates based on 500 Monte Carlo replications
are reported in Table The proposed m-boot-DR method provides good
control of type I error rate and good power in all cases. mP%-boot lacks
power as compared to m-boot, and n-boot fails to control the type I error

rate.

S5.3 Simulation for Test of Global Null

In this section, we report simulation results for testing the global null hy-

pothesis

Hy : there is no treatment by covariate interaction

vs. H, : there is treatment by covariate interaction

This corresponds to the first step of our method. We compare out method
with two competing methods:

Kernel Machine based Score test. This test is proposed by [Shen and
Cai (2016)) to identify whether a set of covariates are predictive of treatment
difference in the setting of randomized trials. They consider three kernels
(linear, quadratic, and Gaussian) and an Omnibus test to choose the best
kernel. Since our models are linear, we consider the linear kernel and denote
the method by KM,;.

Gene Environment Set Association Test (GESAT): This is a variance
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Table S3: Rejection rate (%) over 500 Monte Carlo replications for observational studies

(n = 200).
Corr(X;, X;) =0 Corr(X;, X)) =0.5

Model Step p m-boot-DR mP%boot n-boot h-boot-DR mP5-boot n-boot
i) step 1 10 4.6 3.4 28.4 6.6 4.6 24.4
(type I error 50 1.0 1.0 21.6 4.2 4.0 15.8

rate) 100 1.4 14 27.8 6.6 6.6 20.2

i) step 1 10 80.4 65.4 94.4 43.2 24.2 64.8
(power) 50 68.0 52.0 91.6 30.0 18.6 48.2

100 60.2 55.8 87.4 29.6 27.8 40.8

step 2 10 3.2 2.6 25.8 2.4 2.0 16.2

(type I error 50 1.0 1.0 21.8 0.8 0.8 10.8

rate) 100 1.8 1.8 25.6 1.4 14 134

iii’) step 1 10 4.0 4.0 26.4 6.4 6.0 16.6
(type I error 50 2.4 2.0 23.6 3.6 3.4 12.8

rate) 100 4.4 3.8 22.8 4.4 44 11.2

iv’) step 1 10 99.8 93.0 100 100 91.2 100
(power) 50 97.6 87.2 100 96.4 76.8 99.8

100 96.0 914 99.8 94.4 77.8 98.0

step 2 10 4.2 4.2 224 5.8 5.8 24.6

(type I error 50 1.6 1.6 20.4 2.8 2.8 14.2

rate) 100 3.0 2.6 21.2 4.6 4.6 16.4
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component test proposed by |Lin et al| (2013). It relies on the correct
specification of the full linear model. We use it as an example of set-based
test for gene by environmental interactions.

For the randomized trial setting, we consider models i) and ii) in Sec-
tion [S5.1) and a new model iv) Y = (37_, X;)(4 — 0.5)/10. Model i)
represents the null hypothesis, model ii) represents the presence of a strong
sparse signal (since there is only one large nonzero treatment-by-covariate
interaction term), and model iv) represents the case of weak dense signals
(since all treatment-by-covariate interaction terms are nonzero and small).
For observational studies, we consider the two null models i’) and iii’) in
Section to check the validity of the two competing methods.

Simulation results are presented in Tables [S4] and [S5] In randomized
trials, the m-boot method is slightly anti-conservative when p = 50 in the
case of independent covariates. (note, with 500 Monte-Carlo replications,
a rate of 7% or more is considered as significantly bigger than the nominal
5% rate.) Otherwise, all methods provide good control of type I error
rates. In the case of strong sparse signal (Model ii), our methods have
significant larger power as compared to two competing methods. In the
weak dense signal case (Model iv), all methods are comparable and have

increasing power as p increases (i.e. more signals), while KM, performs



MIN QIAN, BIBHAS CHAKRABORTY, RAJU MAITI and YING KUEN CHEUNG

slightly better when p is large. This is expected as our methods are based on
the test of selected covariate, while the two competing methods incorporate
all covariates in the test. If those extra covariates bring in signals to the
model, then the power of the test would increase; otherwise, those covariates
would just increase noise and thus decrease the power. All methods perform
better when covariates are correlated. From Table [S5| we see that KM, fails
to control type I error rate as expected since the method is designed for
randomized trial data, while GESAT is only valid in Model iii’) where the

main effect model is correctly specified.

S5.4 Tuning parameter selection

In this section, we present simulation results of the m-out-of-n bootstrap
method for p = 10 when different tuning parameter d is used. It can be
seen from Tables [S6| and [S7] that the result is pretty robust to the choice of

d €[0.7,0.9].
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Table S4: Rejection rate (%) over 500 Monte Carlo replications for the test of global null

for randomized trials (n = 200).

Corr(X;,X) =0 Corr(X;, X) =0.6

Model p NULL m-boot KM; GESAT NULL r-boot KM; GESAT

i) 10 4.0 6.6 4.0 4.2 3.8 5.0 4.4 3.4
50 4.0 7.2 3.8 2.2 4.4 6.6 5.2 6.0
100 3.6 6.8 2.8 3.0 4.0 6.8 5.8 5.2

ii) 10 904 88.6 81.4 78.6 94.4 91.2  92.0 90.6
50 79.8 83.2 41.6 24.2 90.8 91.8 89.2 77.0

100 71.2 76.6 294 7.6 90.2 89.4 89.2 694

iv) 10 9.2 142 132 11.6 49.0 46.8 79.8 77.0
50 9.2 214 204 146 92.6 94.2 100 100

100 11.2 25.0 30.2 11.8 97.6 99.2 100 100
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Table S5: Rejection rate (%) over 500 Monte Carlo replications for the global test of

treatment by covariates interactions for models i’) and iii’) (null models) in Section

(n = 200).

Corr(X;,Xx) =0

Corr(X;, X;) = 0.5

Model p m-DR KM; GESAT m-DR KM; GESAT

i) 10 46 288 396 6.6 88.6 97.0
50 1.0 122 126 42 842 952
100 14 78 6.6 6.6 874 934
iii’) 10 4.0 97.8 3.8 6.4 984 6.6
50 2.4 976 4.0 3.6 744 3.0
100 4.4 97.2 0.8 4.4 64.8 5.8

press.
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Table S6: Rejection rate (%) of 7i-boot method over 500 Monte Carlo replications for
randomized trial examples with tuning parameter d = 0.9,9.85,0.8,0.75 and 0.7 (n =

200, p = 10).

Corr(X;, Xx) =0 Corr(X;, X;) = 0.6

Model Step 0.9 0.85 0.8 0.75 0.7 0.9 0.85 0.8 0.75 0.7

i) 1 78 54 66 36 50 46 48 50 44 6.0

ii) 1 87.6 89.4 88.6 87.2 89.0 89.4 91.6 91.2 91.2 94.6

2 44 50 52 36 58 34 3.0 36 32 42

iii) 1 96.6 96.2 97.0 97.2 97.8 100 100 100 100 100
2 76.2 740 754 70.8 76.4 33.6 37.0 43.8 46.0 49.6

3 38 38 42 42 28 36 52 50 44 5.0

Table S7: Rejection rate (%) of m-boot-DR method over 500 Monte Carlo replications
for observational study examples with tuning parameter d = 0.9,9.85,0.8,0.75 and 0.7

(n = 200,p = 10).

Corr(X;, Xx) =0 Corr(X;, X;) =0.5

Model Step 0.9 0.85 0.8 0.75 0.7 0.9 0.8 0.8 0.75 0.7

i) 1 34 40 46 42 40 70 66 66 56 6.0

ii") 1 814 80.0 80.4 80.0 79.8 44.6 44.6 43.2 43.2 444

2 32 28 32 22 30 34 30 24 26 3.6

iii’) 1 26 32 40 32 36 42 46 64 44 64

iv’) 1 99.6 99.4 99.8 100 99.8 99.4 99.8 100 99.6 99.6

2 28 38 42 26 34 44 54 58 64 6.6
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