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S1 Local linear estimators

We propose the criterion function,

N T
Z Z <AY; - AW)E;ﬂ - <WX~Lt ® (Zit - Z) - WXi(tfl)

i=1 t=2

2
(Zi—1) — Z))T%) Ky(Zy — 2) K (Zi—1y — 2), (S1.1)

where v; = m(z) and v = D,,(2), with D,,(z) being a (dg x 1) vector of
partial derivatives of the m(z) function respect to the elements of the (¢ x 1)
vector z such that D,,(2) = vec(dm(z)/0z"). Replacing the unknown

quantities by their corresponding estimators as before, we define A/WX 7(2)
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as a n x d(1 + ¢q) dimensional matrix of the form

A/W)—l(—m W)—(rm & (le — Z)T — /W)—l(—ll X (Z11 — Z)T

AWXz(Z) =

= AW;NT W;NT ® (ZNT - Z)T - W;N(T—l) ® (ZN(Tfl) - Z)T i
Assuming that A/sz(z)T K(z; HQ)A/WX 7 is nonsingular, it is straight-

forward to show that the value of v; that minimizes (S1.1]) has the solution
Mg (2 Hy) = e (AWxz(2) K (25 Hy) AWxz(2)) ™!
x AWy z(2) K (2 H))(AY — AWyB),  (S1.2)

where e; = (I5:044xa) is a (d(1 4 ¢) x d) matrix, I is a (d x d) identity
matrix, and Ogyxq is a (dg X d) matrix of zeros.
Also, E 11, is the corresponding profile least squares estimator for a local
linear fitting given by
Brn = (AW (L = Su1) (I, — Spu) AWy
x AU (I, — Sp.) (I, — Sp1)AY, (S1.3)

T

where Sp;, = (S];,,,---»S01,,) 18 anxn matrix such as its it th element

is of the form
Sip, = (Xip 00 ) (AWxz(Zi)" K(Zit; Ho) AWx2(Zit)) ™ AWx 2(Zit) " K (Zis; Ha)

— (X1 04g)(AWxz(Zit) " K(Zit; H2)AWx 2(Zit)) " AWx 2(Zit) " K (2i0—1); Hz),
where 0g4, is a dg-dimensional vector of zeros. S 1 is defined in a similar way

as above, with /WX“ and WX«H) instead of X;; and Xj;_1), respectively.




S1. LOCAL LINEAR ESTIMATORS

Under the previous assumptions, the asymptotic normality of ﬁzg, 11 (25 Ha)

and 3 11, is collected in the following Corollaries.

Corollary S1.1. Suppose that Assumptions S2.1-S2.10 hold. When Ntr(H,)?* —

0, because N tends to infinity and T is fized, we have
NG (ELL _ 5) N (0,3 e

Corollary S1.2. Suppose that Assumptions S2.1-52.10. Because N tends

to infinity and T s fized, we have

V n’H2’ <mE,LL(Z; HQ) — m(z) — BLL(Z; HQ)(l + Op(l))> L) N(O, VLL(Z; HQ)) ,
where

Bu(z) = 2 aiag, (r (1, () H)

Vir(z Hy) = 20§R2(K)83VXAWX (2,2).

The proofs of these corollaries follow a similar proof scheme as the
corresponding for Theorems 3.1 and 3.2, respectively, and therefore they
are omitted.

Assuming Ntr(H,)*? — 0, the higher-order bias can be ignored and

the result of Corollary S1.2 can be rewritten as

/n|Ha)| (mg,m(z; Hy) — m(z)) N0, (2 Hy)) . (S1.4)



Juan M. Rodriguez-Péo and Alexandra Soberén

We propose a consistent estimator for S 1(z, Hy) of the form

~ 1 o~ — -1
Spp(z, Ha) = R*(K)e] (gAW)—(rZK(Z;HQ)AWXZ)

X

1 —~ ~ —~ 1 — -1
[;AWXz(Z)TK(Z,HQ)VK(Z,HQ)sz(Z):| (;AW;ZK(Z;HQ)AWXZ) el

S2 Assumptions

Throughout this Supplemantary Material, we use the same notation as used

in previous sections. Previously, we have used the following vectors,

AWXit = (E(AXITif|Elt7£'L(t—1))7AXQTH)T7 AWX” = (E\(AX;;t‘EityEi(t—l))7AX;;t)T7
AWUit = (E(AUl—Zt|‘CZt7‘C1(t—1))aAUZ-I;t)Tv AWU“ = (E\(AUl-Et‘[’iﬁ‘Ci(t—l))7AU2-|;t)T7
Wi, = (BE(Xwlli,Lio1)" X2) 5 WX, = (BE(Xwullit, L) T, Xa) "

ASSleptiOIl S2.1. Let (}/ityXlihUlit7Eit)i:l,...,N;t:l,...,T be a set Of nde-
pendent and identically distributed IR* "+ _random variables in the sub-
seript 1 for each fixed t and strictly stationary overt for fized i, where L is

a (¢ x 1) vector which contains all exogenous variables (i.e. Zy, Xoy, and

Usit) and other IVs such that { = q+ dy + ko + M.

Assumption S2.2. The idiosyncratic error terms, €;, are independent and

identically distributed with constant variance, 0. Furthermore, E (€| Li) =

0 and E (4| Ly) = o2.



S2. ASSUMPTIONS

Assumption S2.3. Let fz, (-) be the probability density function of Zy.

Moreover, let fz, z (+,+) be the probability density function of (Zit, Zi(t—l));

i(t—1)
respectively. All density functions are continuously differentiable in all their

arguments and they are bounded from above and below in any point of their

Support.

Assumption S2.4. Let z be an interior point in the support of fz, (+). All
second-order derivatives of m(z), E(AXyi|Lit, Li—1)), and E(AU|Lit, Lig-1))
are bounded and uniformly continuous and they satisfy a Lipschitz condi-

tion.

Assumption S2.5. The kernel function K is the product of univariate
kernels, symmetric around zero and compactly supported. Also, the kernel
is bounded such that [wu'K(u)du = po(K)I and [ K*(u)du = R(K),
where ps(K) and R(K) are scalars and I the identity matriz. In addition,
all odd-order moments of K vanish, that is [ ...ud K (u)du =0, for all

nonnegative integers iy, . .., L, such that their sum is odd.

Assumption S2.6. The kernel function satisfies the property that | K (u)| <
K < oo and [|K(u)|du < K < oo. Further, for some Ay < oo and ¥ < oo,
either K(u) = 0 for ||u|| > ¥ and for all u,uv’ € R?, |K(u) — K(u')| <
A|lu = ||, or K(u) is differentiable, |(0/0u)K(u)| < Ay, and for some

¢ > 1, [(9/0u) K (u)] < Aafful|™ for [lu]| > V.
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Assumption S2.7. Let ||A|| = v/tr (ATA). E[|Wx,, WL, 1| Zi = 21, Zis—1) = 22]
is bounded and uniformly continuous in its support. Furthermore, let Wx =

(Wx

it?

Wi, )" and AWx = (AWx,, AWy, )". The matriz functions E[Wx, Wk, |Zi =
21, Zit—1) = 22}, E[AWx,, AWX, |Zit = 21, Zis—1) = 22|, EWx,,AWx,,|Zss = 21, Ziz—1) =

2], E[WXHW)T%‘ZZ'(HU = 21,2 = 22, Zit-1) = 23]:E[WXHAW)T(“|Zi(t+1) = 2,Zit =

20, Zii—1y = 23] are bounded and uniformly continuous at any interior point,

(21, 22) or (21, 22, 23), in the support of fz, z,, (21, 22) and fz,, .\, 7.7, 1) (215 22, 23),

respectively.

Assumption S2.8. The bandwidth matrices Hy and H, are symmetric
and strictly positive-definite. Also, let hy and hy be each entry of the
matrices Hy and Hs, respectively, hy — 0 and hos — 0. As N — oo,
|Hy|logN (N|H[*)™' — ¢ € [0,00), tr(Hy)(N|Hy|)Y? — ¢ € [0,00), and

tr(Hy) = o, (tr(Hy)).
Assumption S2.9. Let

BAWXAWX (21, 2’2) = E[AWXitAW)—(I—“|Zit = Z1, Zi(tfl) = Z2]fzit,zi<t,1)(21, 2’2),

Bawy_ awy_(21,22) = E[AWk,

3

T
(t—l)AWXi(t_U |ZZt =%, Zi(t_l) - Z]fZihZi(t—l) (Zl7 ZQ)'

The matrices Bawyawy (21, 22) and Bawy_ awx_, (21, 22) are positive-definite

at any interior point, (z1, z2), in the support of fthvzl(t—l)(Zl7 Z9).

Assumption S2.10. For some £ > 0, the function E [|e,~t|2+5|Zit = 21, Zi(t—1) = zz}



S2. ASSUMPTIONS

is bounded and it is uniformly continuous at any point, (z1, z2), in the sup-

port of [z, 2, (21, 22).

Assumptions [S2.1] and [S2.2] are standard in the nonparametric panel

data regression analysis and characterizes the data-generating process. Specif-
ically, it states that individuals are independent and, for a fixed individual,
correlation along time is allowed. Other time-series structures can also be
considered; see, e.g., Cai and Li (2008) or |Cai et al. (2009). Also, for the
estimation of the fully nonlinear part in the one-step backfitting algorithm
some further assumptions about the density functions than the usual Lip-
schitz continuity are needed. The smoothness and boundedness conditions
established in Assumptions for the kernel function, conditional
moments, and densities are standard in the literature of local linear regres-
sion estimates; see Ruppert and Wand| (1994). Also, they allow us to claim
the uniform convergence results established in Hansen| (2008, Theorems 8
and 10). Assumption contains bandwidth conditions. They are re-
quired to show consistency of the different estimators. For example, the
condition tr (Hy) = o, (tr (H2)) is needed to ensure that mz(z; Hp) is not
sensitive to the choice of H;. Assumption is the sufficient condition
for the model identification. Assumption is required to show that

the Lyapunov condition holds.



Juan M. Rodriguez-Péo and Alexandra Soberén

Assumption S2.11. The bandwidth matriz Hs is symmetric and strictly
positive-definite. Also, each entry of the matriz tends to zero as N tends to
infinity in such a way that N|Hs| — oo. As N — oo, |Hz|logN (N |H,|?)™! —

c € [0,00), tr(Hsz)(N|H3)'/? — ¢ € [¢,00), and tr(Hy) = o,(tr(Hs)).
Assumption S2.12. Let
Bwwy(2) = EWx, Wy, |Zy = 2]fz,(2),
waflwxfl(z) = E[WXi(t,1>W)—(ri(t,1)|Zi(t71) :Z]fzi(t,n(z)-

The matrices Bwywy (2) and Bwy_ wy_ (2) are positive-definite at any inte-

rior point, zy and za, in the support of fz,(z1) and fz,

2

w1 (22), respectively.

To prove Theorems 3.1-4.2, the following lemmas are needed. For the

sake of simplicity, let us denote
Ku=|H|PK(Hy, *(Zu—2)) Koy = B PK(Hy P (Zig) = 2),

and T, = n~1 Yo KitKi(tfl)A/WXitAW)zt'

S3 Lemmas

Lemma S3.1. Suppose that Assumptions hold. Because N —

oo, we have

T, = Bawyawy (2, 2) (1 + Oy(azn)),
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holds uniformly for z € A, where agy = (N|Hy|)™Y? + tr(Hy) and
BAWXAWX(Za 2) = E[AWX“AW;“|Z# =z, Zz’(tq) = Z]fzit,zi(t,l)(% Z)

Proof of Lemma [S3.1} Following the same arguments as in the proof

of Theorem 8 in (Hansen| (2008]))

A/WXM - AWXit + Op((slillaTN% (835>
1/2
where afy = (%) + tr(H,) and oy = " B\fch f(Ly,L2) > 0 with

ey = ((InN)VEN?T) | for some r > 0.

Then, it is possible to write
T, =T+ 0,051y, (S3.6)

where I',, = n AW K (2; Hy) AWy

To prove this lemma, we first show that, as N — oo,
I = Bawyawy (2, 2)(1 + Op(azn)). (S3.7)
To this end, we follow the usual Taylor expansion, i.e.,
Flz+ Hy?u) = f(2) + Ds(2)Hy*u+ O,(tr(Hs)), as Hy — 0,

where D (z) = 8f(z)/9z is a g-dimensional vector which contains the first-
order derivative vector of f(-).

By Assumption Zy is i.1.d. across ¢ and strict stationary in t.
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Then, by the law of iterated expectations we get that
ET,) = = %Xt: AWy, AW Ky K1)
- / / EAWx, AW | Zy = 2+ Hy*u, Zyy 1y = = + Hy/*v]
X fZimZi(t—l)(Zit =z+ H21/2u, Zit—1) = 2 + H21/2U)K(U)K(v)dudv
= Bawyawy (2, 2) + O,(tr(Hs)). (S3.8)
Also, under Assumption

Var(l'y,) = n_lvaT(KitKi(t—l)AWXuAW)—(rit)

T-2
+ n_l Z(T — K)COU(KQKHAWX&AW)EQ? Ki(g_‘_n)Ki(lJ’_,ﬂ)AWX AW;1(2+K)>’
k=1

i(24kK)

for k = |t — s|, where k € {2,...,(T — 2)}. Under conditions [S2.8-S2.9]

it holds

) 1
n~WVar(Ki Ky AWx, AWy, ) = O, (N|H2|)

and

1
n_loO’U(KigKﬂAWXmAW)EQ, Ki(2+n)Ki(1+N)AWXi(2+H)AW)—(E-@JM)) = Op (m) .

Since N|Hy| — oo, this variance term tends to zero so ([S3.7)) is proved.

Then, replacing (S3.7) in (S3.6) and using the bandwidth conditions of

Assumption [S2.8] it is easy to prove that

T, = Bawyawy (2,2) + 0p(05 asn) + O, (azn). (53.9)
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Lemma S3.2. Suppose that Assumptions hold. Because N —

oo, we have
%AWJ(In — 9, - SAU s ¥,
where ¥ = E(YT}) with Ty = AWy, —Baws awy, (2, Z)TBZ%,VXAWX(Z, 2)AWx,, .
Proof of Lemma [S3.2} Note that

n AW (I, — 8) (I, — S)AU = n~ (AWy — SAWy) T (AU — SAU). (S3.10)

Then, we analyze S AWU and SAU separately. To this end, let

W;nf;;Aw; K (212; Ho) AWy — Wi TP AWK (211 Ho) AWy
SAWy =

fV\T

T DN AW K (215 Ha) AWy — W Dotr  AWL K (2n(r—1y; H2) AWy

XN(T-1)" N(T-1)
(S3.11)

By Lemma we know that, uniformly in z € A,
AWT K (2 H) AWy = nBaw,awy (2, 2)(1 + Opasy)).  (S3.12)

Following the same arguments as in the proof of Theorem 8 in (Hansen

(2008)), as N — o0,
AWy, = AWy, + O, (63 aly). (S3.13)

Then, under the same reasoning as in ([S3.12) it can be shown that,
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uniformly in 2 € A,

AWK (2 H)AWy = Y AWx, AW, KiKiq1) + O,(05 aly)
it

= nBAWXAWU (Z, Z)(l + Op(agN)), (8314)

where
BAWXAWU (27 Z) = E[AWXnAWUTZJth =z, Zi(t—l) = Z]fZit»Zi(t—l)(Z7 Z)'

Replacing (83.12)—(S3.14) into (S3.11]) and rearranging terms, we get

that, uniformly in z € A,

AW)—(FMBK%/VXAWX (Z, Z)BAWXAWU (Z, Z)

SAW, = : (14 O,(azy)). (S3.15)

AW)—(FNTBK%/V)(AWX (2, 2)Bawxawy (2, 2)

Similarly, it is straightforward to show that

AXEBK%WxAWX (’z? Z)BAWXAWU (Z? Z)

SAU = : (14 Op(agn)). (S3.16)

Using (S3.15)) and (|S3.16|) into (S3.10) and some algebra, we obtain
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that, uniformly in 2 € A,

— o~ ~ 1
n—lAWJ(In -9, -=95AU = - Z[AWU“ — AW;“BE%,VXAWX(,Z, 2)Bawyawy (2, 2)]
it
X [AU = AUT Balyy sy (5 2)Baws sy (2 2)]
+ 0p(05'aan) + Oplagy)

- B(TyY}),
where the law of iterated expectations has been used and we denote

Then, the proof is done.

Lemma S3.3. Suppose that Assumptions hold. Because N —

oo, we have

1 —~ ~ -
EAWI}_(IH -85 (I, = S)M = Op(a3y),
where M = [M},, ..., My|" is a n-dimensional vector whose it th element

18 Mit = XJm(Zzt) — Xi?tfl)m(Zi(t_l)).
Proof of Lemma [S3.3} Note that

%AWJ (I, - S) (I, - S)M = %(AWU — SAW)T(M — SM), (S3.17)
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where

XU LAWY K (212, Ho)M — X\ T AW K (211; Ha)M
X3r DN AW K (enrs Ho)M — X3\ Dk p— ) AW K (2(r—1y; H2)M

Following a similar procedure as in the proof of Lemma and using

(S3.13]) and Assumption |S2.8| we obtain that, uniformly in z € A,

1, — 1
EAW; K(z;H)M = - > KKy AWx,, (Xgm(Zu) — Xy ym(Zi-ry))
it

+ Op<51:flaTN)

= Bawyawy (2, 2)m(2)(1 + Op(asn)) (S3.18)

Using Lemma [S3.1} the equation (S3.18)), and the usual Taylor expan-

sion, we can show that, uniformly in z € A,

SM = [(AXm(2)7,. .., (AXLrm(2))T] T (14 Oplasn)).  (83.19)

By (53.11)) and (S3.12), we have

1 o~ ~ o~
E<AWU — SAWU) = (AWU — AWXB&%/VXAWX (Z, Z)BAWXAWU (Z, Z))
X (1 + Op(CLQN)), (8320)
where AWy = (AW, ..., AW, )" and AWx = (AW . ...,AWy )T

are matrices of (n x (k1 + ko)) and (n X (d; + d3)) dimension, respectively.

Replacing (53.19)—(S3.20)) into (53.17)) and using the bandwidth condi-
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tions in Assumption we get
%AWJ(IH — 8T (I, — )M
_ % S (AW, — Bawxaws (5:2) Bihy awy (5 2) AW, JAX T m(2)
it
X(1+ Op(azn))Oplasn)

= 0,(a3y). (S3.21)

Lemma S3.4. Under conditions [S2.1H52.6, and [S2.8 For some r > 0,

we define cy = O((InN)YINY?T). For all z such that ||z| < cy, where

|z|| = max(|z1],...,]%|), as N — 00 and T is fized,
sup |mg(2; Ho) — mp(z; Ha)| = 0,(0x aan).
llzll<en

Proof of Lemma [S3.4] Note that
W5z Hy) — gz Hy) = T T, — T, (S3.22)
where
fn = n! Z KitKi(t—l)AWXit(AYit — A/WUitg)u
it

T, = n'Y KK 1AWy, (AY; — AWy, B).
it

Using Lemma and equation (S3.7). By the Slutsky theorem, we

get

mg(z; Ho) — mg(z; Hy) = Bai,awy (2 (T, — T)(1+ O,(azn)). (S3.23)
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Let us consider now

To—T, = 0"y KuKie 1AWy, (AY; — AW/ )
it
— 07t Kl AWx, (AYy — AWy, §)
it
= Z KitKi(t—l)(AWXu — AWk, )AYy
it

— ][T(Ll) — Lg?) — ﬂ7(13) — 17724) — yr(f) — L(LG) — I,

n

where

¥ = ot ZKitKi(t—l)(Aﬁ/\Xit — AW, )(AWu,, = AWu,) T (B - B),
it

¥ = n! ZKitKi(pl)(A/WXu — AWx,,) (AW, — AWy,) "B,
it

L(f’) = n! ZKitKi(tfl)(AWXit - AWX“)AW(L (g_ B,
it

L(f) = n! ZKitKi(t—l)(AWXit - AWXH)AWJHB’
it

HT(LS) = n! ZKitKi(t—l)AWXit(A)?Uit - AWUH)T(B_ B
it

][T(LG) = n! ZKitKi(pl)AWXu (A)?Uit B AWU“)Tﬁ’
it

][7(;) = pnt ZKitKi(tfl)AWXitAWJit (B’, B

it

Following the same lines as in Lemma and the y/n-consistency of

E , we claim that
T, — T, = 0,(05'aly). (S3.24)
More precisely, using (S3.5]) we get

n Tty KiKi-1) (AW, — AW, )AY; = 0,(05'a}y)

it
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since it is straightforward to show that n™'3". K K;i—1)AYy = Op(1).
Similarly, it is straightforward to show that I\" = 0,(0>a naiy), e =
Op(57ainaiy), I = LY = 0, (65" ajy), I = ¥ = O,(6y'aty), and

I = 0,(1).

Then, replacing ([S3.24)) in (53.23)), following some straightforward cal-

culations, and Assumption (S2.8)),
M5(z; Ha) — mp(z; Hy) = 0,(0y agn),

so Lemma is proved.

Lemma S3.5. Assume conditions hold. For some r > 0, we
define cx = O((InN)YINY?"). For all z such that ||z|| < cn, where ||z|| =

max(|z1],...,]%|), as N — oo and T is fized,

sup |G (z; Hy) — mfy (2 Hs)| = 0,(0y"asw),

llzll<an

where azy = (N|H3|Y/?)7V2 + tr(Hs).

To proof this lemma we follow the same line as in the proof of Lemma

and is therefore omitted.
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S4 Proof of Theorem 3.1

The estimator E can be written as
~ — T ~ -1
Vi (B=8) = va(AWS (-9, - §)av)
x [AWJ (I, — S)T (I, — S)M + AW, (I, — §)" (I, — §)Ae|, (S4.25)
By Lemmas 53.3 the bias term is
— ~ - -1 ~ -
Jn (AWJ (I, — )" (I, — S)AU) AW (L, — §)T (I, — S)M
= O,(Vnasy). (54.26)

Consider now the second term of the right-hand side of (S4.25)), we

write
AW (L — 8)7 (I, — §Ae = AWL(I, — 8)T(Ae — SAe).

Following a similar reasoning as in (S3.18)) we obtain that, uniformly in

z€ A, SAe = [AX1a, ..., AXN7]"Op(agy). Using this result and (S3.20)),
1 —~ ~ o~ ~
E(AWU — SAWU)TSAE
1
= E Z(AWUzt - BAWXAWU<Z7 Z)TBE%/VXAWX(za Z)AWXit>
it

x AX;; (14 O,(azn))Op(agn). (S4.27)

Using (54.27) and given that E(Aey|Zi, Zii—1)) = 0, it is straightfor-
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ward to show

1 = 5 ~ 1
%AWJ (I, —S)' (I, — S)Ae = NG D Tule + 0y(05 aan) + Oplazy)
it

s N(0,39), (S4.28)

where Y% = 202E (T Y}, — U§E<Tith—'Et+1))'

Finally, by the Slutsky theorem and the central limit theorem, we get

Va(B—B) —Ls  N(O,E7'EETY).

S5 Proof of Theorem 3.2

In order to obtain the main asymptotic properties of the three-stage non-

parametric estimator we can write

/nl|Hy)| (mg(z; ) — m(z)) — /n|H,)| (mg(z; Hy) — sz Hg))
+ /n|Hs| (mg(z; Hy) — m(z)). (S5.29)
In Lemma it is shown the asymptotic equivalence between fﬁg(z; Hy)
and mg(z; Hy). Hence, the first element of the right-hand side of (55.29)

is asymptotically negligible. In the following, we consider the asymptotic

distribution of the two-step feasible estimator, i.e., T?LB(Z, H,).
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With this aim, we first focus on the asymptotic bias of this estimator.

The Taylor’s approximation of the smooth functions implies

T

1
+ 5 (X0 ® (Zi = 2) Hon(2)(Zin = 2) = Xy

®(Z¢(t_1) — Z)THm(Z)<ZZ‘(t_1) — Z)] + AUl—trﬁ + AEit + Rm(2>, (8530)

where D,,(z) and H,,(2) are the first-order derivatives vector and the Hes-
sian matrix of (dg x 1) and (dg x ¢q) dimension, respectively, for D,,(z) =
vec(Om(2)/02") and Hp,(2) = 9*m(2)/0zz". Also, R,,(z) is a vector of

Taylor series remainder terms and we denote

Xi @ (Zit —2)" Dp(2)

(X0 ® (Zi = 2)T Doy (), X34 @ (Zie =2)" D (2)]
X«; ® (Zit - Z)T 7'[m(Z) (Zit - Z) = [Xﬂt ® (Zit - Z)T Hom,y (Z) (Zit - Z) B

Xoit @ (Zit — 2)" Humy (2) (Zis — z)] .

Similar definitions for X;tq) ® (Zit—1) — 2)" D,,(2) and Xitfl) ® (Zit—1) —
Z)THm(Z)(Zl(tfl) — Z)
Using ((S5.30) and subtracting AWy m(z) from both sides of ms(z, Ha),

this estimator can be rewritten as

1
mg(z; Hy) —m(z) = (ZKitKi(t—l)AWXitAW)Zt>

it

x 3 KuKiq-nAWx, (Gi + Acy), (85.31)

it
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For the sake of simplicity, let us denote
mg(z; Hy) —m(z) =T, (B, + 0,,), (S5.32)
where

B, = n’! Z Ky Ki—1)AWx, Gy
it
\Iln = n_l Z KitKi(t—l)AWXitAEit-

it

Thus, to complete the proof of Theorem 3.2 it is enough to show
(mg(z; Hy) —m(z)) = [,,'B, =T,'¥,, (S5.33)

where we will demonstrate that T',;! B,, contributes to the asymptotic bias,
whereas the term of the right-hand side of ((S5.33)) is asymptotically normal.
Considering now the behavior of B,,, it can be decomposed into five

different terms, each one has to be analyzed separately,

B, =B+ B® + B® + BW 4 B®), (S5.34)
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where
Bl = n7')y KuKie-1nAWx, (AXi — AWx,,) 'm(2),
it
Bg) = nt ZKitKi(t—l)AWXit (AU — AWU“)TB’
it
B®» = p! ZKitKi(tfl)AWXit [Xit ® (Zit — 2) = Xis—1) @ (Zis—1) — 2)] ! Din(2),
it
B — (2n) ! Z KitKi 1) AWx,, [X;tr @ (Zit — 2) " Hum(2) (Zir — 2)
it
—XiT(z—l) ® (Zis—1) — Z)T Hun(2) (Zige—1) — Z)} ’
B® = p7t ZKitKi(tA)AWXuRm(Z)'

it
By the law of iterated expectations and the stationarity condition, it is

easy to show that E(B{") and E(BY) are 0p(1). Similarly,
BBY) = [ (W, X124 = 2 Zigy = ) Dy(2) (1 *0)
®(Ha*t)T Dy (2) K (0) K (v)dudv
. / (E(AWXitXiT(t_lﬂZit = 2, Zig_1) = z)Df(z)(Hg/%))
®(Hy*0) " Dy (2) K (u) K (v)dudv
= po(K)Bawyawy (2, 2)diags(D¢(z)Ha Dy, (Z))’dfz_i,zm,l) (z,2)

+ op(tr(Hz)). (S5.35)
Following a similar procedure as above,

1
E(B 4)) = EE [KitKi(tfl) (E(AWX#X;’Z%, Zz’(tq)) X (Zit - Z)THm(Z>(Zit - Z)

—  B(AWx, X\ Zit, Zi—1) © (Ziiry = 2) Hon(2)(Zit — 2))]

_ %BAWXAWX(Z, 2Vdiaga(tr(Hom (=) Ho))uapia (K) + o, (tr(Ha)).  (S5.36)
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On its part, as it is shown in |[Rodriguez-Poo and Soberon| (2014)), E(B,(f’)) =
o (tr(I))

Following a similar procedure as in the proof of and assuming
Hy; — 0 and N|H3| — oo, it is easy to prove that any component of the

variance of B, converges to zero. Then, replacing (55.35)-(55.36)) in B,,

using (S3.7)), and applying the Slutsky theorem we have that

[0'By = pa(K)Bawyawy (2, 2) " Bawyawy (2, 2) [diaga(Dy(2) Ho Dr,, (2))
1.
xzdfz’i,zi(t_l)(z, z) + idzagd(tr(HmN(Z)Hg))zd

+ op(tr(Hz)), (S5.37)

where kK = 1,...,d. Then, the first part of the proof is done.

To finish the proof of the theorem, all we have to do is to prove the
convergence in distribution of \/N|H,|T;'W,. In order to do so, we first
calculate the asymptotic variance of ', !W, and then we will check the
Lyapunov condition. With this aim, let us denote Ae = (Aey, ..., Aey) as

the (n x 1) vector with Ae; = (Aejo, ..., Aeir) T,

(
202

€

for i=14, t="*,

E(AEiAE;r|»Cit7*Ci(t—l)) = _0-2

€

for i=1i, |t—t|<2, (55.38)

| 0, for i=i, [t—t|>2.

When U, is analyzed we claim that by the law of iterated expectations,
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condition (2.2), and Assumptions|S2.1} [S2.3|and [S2.5HS2.9| we have that

n|H2|Var(\Iln) = |H2|n_1ZZE [AWXitAeitA€i/t/AW)—(ri/t/KitKi(t—l)K’i/t/K’L‘/(t/—l)i|

i/t

= 202R*(K)Bawyawy (2, 2)(1 4 0p(1)). (S5.39)

To show this result note that the covariance between different individu-
als are clearly zero by the independence condition. Therefore, for i = i’ we

consider two different cases: t =t and ¢t # t’. For t = t' and Assumptions

S2.1], [S2.3] and [S2.5HS2.9| by standard kernel methods we obtain

T
|H,|(T Z [AWx, E(A€,|Lit, Lig—1)) AWy KGK7, )]
=2
= 20'62|H2|E [ (AWXHAWXZJZ“?Zi(t—1)>Ki2tKi2(t71)}
= 20€2R2<K)BAWXAWX <Z> Z)(l + Op(l))'

Meanwhile, for ¢ # t’, and proceeding in the same way as in the previous

equation, if we consider again the stationary assumption
2| Ho|E [AWx, E(AenAeis| Lin, Lia, L’iz)AW;ius%KilKi?»}
= —0?|H, |1/2R( W E[AW,, AW;EJZH = 2,2 = 2,23 = 2|
X [ 201,200,252, 2, 2) (1 + 0p(1)).

Note that only those terms of the variance-covariance matrix in which |7 —
k| < 2 holds are nonzero. The remaining terms of this matrix are zero by

the structure of the error term in first differences established in (S5.38)).
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Then, applying the Slutsky theorem and using (S3.8) and (S5.39)), as

N|H2| — 0OQ,
n|Ho|Var (T;1W0,) = 202 R*(K)Bayy, awy (2 2) (1 + 0p(1))

Finally, in order to obtain the asymptotic distribution of mg(z; Hy), it

is suffices to check the Lyapunov condition. Let
>‘1*w' =T Z Ait,
it
where
>\'L't - KitKi(t—l)AWXitAEit|H2|1/27 Z — 1, ..
By Minkowski’s inequality,
E|/\Zi‘2+£ < CT(2+§)/2E\)\“\2+5,

where using similar derivations to those used in the proof of Theorem 3.2

it is obtained
ENi>™ < |Ho| OB Ky K 1y AW, Aeyy|*
— |, / B (1AW, A4 Z = 2 + H*u, Zi sy = =+ Hy*0)

S22,y (2 F H21/2u, z+ HQI/ZU)K“g(u)K”g(v)dudv

X

= |H2‘_£/2E (|AWXitA6it|2+E’Zit =z, Zi(tfl) = Z) fZihZi(tfl)(Z7 Z)

X /K2+£(U)K2+5(v)dudv + 0, (| Ha|~/?).
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Then, it is proved that
E|)‘1*1i|2+£ < OT(2+5)/2|H2|_5/2.

Therefore, N~+9/23°N  B|X: |G+ < C(N|Hy|)"¢/2 — 0 given that,
as N tends to infinity, N|Hs| — oo. Thus, it is shown that the Lyapunov

condition holds. Using this result and Lemma [S3.4] we obtain

VAL (g5 Ha) = m(z) = B(z Ho)(1+ 0,(1) )

L N (0,202 R (K)Baly, awy (2 2))

so the proof of Theorem 3.2 is done.

S6 Proof of Theorem 4.1

In order to prove Theorem 4.1, let us denote

TN T
(z; Hs) = (ZZKnWXﬁWL) YO KyWx, (AYyy — AW, B), (S6.40)

i=1 t=2 i=1 t=2

where now

1 —1/2
Ky = WK <H3 (Zit — Z)) :

Then, the one-step backfitting estimator can be written as
1 ~ (1 ~ (1
) (5 ) =m(z) = () (21 Hy) = i) (z: Hy)

+ (m}ﬁ(z; H) — m(z)) . (96.41)

E
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Using Lemma it can be shown that the first element of the right-
hand side of is asymptotically negligible. Then, to show the results
in Theorem 4.1, the asymptotic behavior of the latter term of needs
to be proved. To do it, we first focus on the asymptotic bias of the one-step
backfitting estimator and later on the corresponding variance.

Taylor’s approximation of the smooth functions implies

N 1
Ay = Xgm(2)+ X, ® (Ziy — 2) Dp(2) + §X; ® (Zy — 2) " Hon(2)(Ziy — 2)

Xy [5(Ziys Ha) = m{Zign)| + AU + Aci + Fo(2),(56.42)

where X @ (Zyy — 2) T Dy(2) and X @ (Ziy — 2) " Hon(2)(Zig — 2), Din(2),

H.n(2), Rin(z) are defined in ([S5.30)).

Replacing ((S6.42)) in (S6.40)) and subtracting W;tm(z) from both sides

of ([S6.40)), fﬁg)(z; H3) can be rewritten as

N T -1

where

G} = (Xu—Wx,) 'm(z) + Xi @ (Zit — 2) Din(2)

1

Qu = Kooy |5 Zi; Ha) = ml(Zigen)|
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For the sake of simplicity, let us denote

) (2 Hy) = m(2) = T} (Boy + My, + U,), (56.44)

Bnl = n! Zit KitWXith(tl)a Mm = n! Zit KitWXizQih
Unl = n! Zit KitWXitAvit7 fnl = n! Eit KitWXitW)—(rit'

Therefore, to complete the proof of this lemma it is necessary to show

\/n|H3|1/2(77L/(31)(z; Hy) —m(2)) — \/n|Hs| /2T Y By, + M,,)
= \/n|Hs|V2T, 1T, (S6.45)

To obtain the bias term we first focus on the inverse term of ([56.45))
and later analyze the behavior of Enl and Mm. Then, following the same

reasoning as in (S3.7)), it can be shown that, as N tends to infinity,
Lo = Byl (2) + 0,(1), (96.46)

given that

fm = n Z E[KitWXitW;it] = Bwywx (2) + OP(1)7
it
where

BWXWX (Z) - E[WXitW)—l(—it

Zip = 2 f2,,(2).

Focus now on the behavior of En, it can be splitted up into five terms,
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1.e.

B, =n"'Y " KqaWyGY = BY) + B® + BY) + BY + BY,

(S6.47)

it

where

E(l) = nil Z KitWXit (th - WX“)TTH,(Z),
it
E(Z) = n_l Z K’itWXit (AUzt - AWUit)TB7
it
E'f(lgl) = n' Z KW, (Xt © (Zis — 2)) " Dp(2),
it

BY = 2n)" > KWy, (Xa ® (Z — 2)) Hu(2)(Zis — 2),
it
BY) = (2n)™">  KuyWx, Ru(2).
it
Analyzing each of these terms separately and using the law of iterated

expectations it can be proved that, as N — oo, E(E,(q,ll) ) and E(Ey(i)) are

0p(1). Further,

E(BY)) = E[KyEWx,X;}|Zu) @ (Zit — 2) Din(2)]
= 12(K)Bwywy (2)diaga (Dg(2) H3 Dy, (2)) 1af 7, (2) + 0p(tr(Hs)),
(36.48)

B(BW) — %E (K EWx, X3 Z) © (Zit — 2) Hon (2)(Zit — 2)]

= () Buwaw (2)diaga (i (M, () H)) 10 + oyt (Hy), (56.49)

and E(Ef{?) = o,(tr(Hz)). Also, assuming Hy — 0 and N|H;3|"/? — oo,

it is easy to prove that any component of the variance of Enl converges to
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Zero.
To complete the proof of the asymptotic bias we have to analyze ]/\\/[/m.
Specifically, using the results in Lemma it can be shown that, as N

tends to infinity,

BOL) = B [KaWx, Xy gz Ha) = m(z: Hy))|
_ [Kithitwg(tfl)(mg(z; Hy) — m(z; H2)>]

= 0,(65 aan), (S6.50)

since it can be proved that n=!' > |K;Wx, Wy

i(t—1) | -

O,(1).

Using the fact that tr(Hz) — 0 and ¢r(H3) — 0 in the sense that
N|H;| — oo and N|Hj3| — oo, it is proved that Mm is asymptotically
negligible. Then, if we substitute the asymptotic results of and

(156.47)—(S6.49)) into (S6.44)) by the Slutsky theorem, we obtain

U (B, + My,) = pa(K) (diage (Dy(2)Hs Dy, (2)) 1af 71 (2)

- %diagd (tr(Hm, (2)Hs)) Zd> +o0,(tr(Hs)).  (S6.51)

Therefore, it is proved that the bias rate of the one-step backfitting estima-
tor in (4.11) is the same as the corresponding of the three-stage nonpara-
metric estimator in (2.10), as we expected.

Focus now on the asymptotic variance, under assumptions of Theorem
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3.1 and by the law of iterated expectations, it is obtained

n|Hy*Var(U,,) = |Hy"*n 'S S B [WX“W)Z,t,AeitAei/t,KitKi,t,]
!t

= 202R(K)Bwwy (2)(1 +0,(1)). (S6.52)
Using (56.45)) and (S6.51)) and by the Slutsky theorem,
n|Hy|Var(T,!U,,) = 202R(K)Byt . (2)(1+0,(1)). (6.53)

Finally, following similar derivations as in the proof of Theorem 3.2 it
is straightforward to show that the Lyapunov condition holds. Therefore,

under the assumptions of Theorem 4.1 we obtain
VI H 12 () (25 Hy) = m(2) = B(z, Hy) (14 0,(1)) )
d _
—— N (0,207 R(K)Byy) . (2))

and the proof is done.

S7 Proof of Theorem 4.2

By subtracting in both terms of (4.18) the quantity m (z) and noting that

G 1(2) (Jim(2) + Jom(2)) = I we obtain

P (2 Hy) = m () = Gl ()Tin(2) (AL (51 Hy) = (2))

+ G (2) T (2) (ML Hy) —m (2))
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Note that the asymptotic variances of the backfitting estimators have been
already obtained in Theorem 4.1. Then, in order to proof this result

first we need to obtain the asymptotic covariance between ﬁzg)(z; Hj3) and

Cov (m“’(z;Hg) 7z Hg)) —E ((mg>(z;ﬂg) —m(z)) ( e (2 Hy) -

In order to obtain the asymptotic covariance term, using ([S6.44)) for m~"(z; Hs)

and the corresponding expression for m; ) (z; H3) we have

Cov <fﬁg)(2 Hs),m % (z; H3)> C’ov( lUm,I‘ U, ), (S7.54)

where for

Ki = |Hs| V2K (Hy " *(Zy — 2)),

Ki(t—l) |H | 1/2K(H 1/2<Zi(t—1) - Z))7
we have

L, = (NT)” ZK t—1 WXi(t 1)WX(z 1))

Up, = —(NoT)" ZKt W,y Aeir.

Focus on the middle term of (S7.54)), and under assumptions of Theorem

4.1, it can be proved that by the law of iterated expectations, the strict
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stationarity in ¢ and that F [A¢;;Aeyp] = 0, for i # 4.

n|Hs|YV2Cov(Un,, Un,) = — |Hy|2n ! ZE [KitKi(t_l)WXitAeitAei,t,W;w_l)]
= 0. o (S7.55)
In addition, under the same reasoning as in (|S3.7))
Tl = Bk e ()1 +0,(1)), (37.56)
where

BWX_1WX_1 (Z) = E[WXi(t—l)W,;(ri(t_l) |Zi(t—1) = Z]fzi(t—l)(z)'

If we substitute (56.46[) and (S7.55)—(S7.56) into (S7.54) and by the Cramer-

Wold device, as N — oo,

n|Hs|"?Cov (ﬁzg)(z; Hy), ﬁ@g)(z; H3)> = 0,(1). (S7.57)
Now, apply Theorem A from (Serfling (1980), p. 122) and the proof is done.
|
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