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1. Proof of Proposition 1 and Corollary 1

Consider the following constraint optimization scheme in (3.2):

rgin 1(8) + P(v),

(11)
st. DB =w,

where [() is the original objective function, P(v) = >_, _; P-(||lvi;ll, Ar) is the penalty function,
0= (a,8), 8= {Biti<i<n) and (v = {v};}1<icj<n)’ are the aggregated grand parameter
vectors, and D is the matrix defined in Section 3.2, yielding the pairwise constraints 3; — 3; —

v;; =0 for 1 <4 < j < N. The corresponding augmented Lagrangian function is
£4(8,,X) = U(8) + P(v) + 2| DB ~ v|* + A"(DB — v),

where A = ()‘;j)IISKjSN is the Lagrangian multiplier and k is the fixed augmented parameter.



To establish the convergence of the ADMM algorithm, we assume the following regularity

conditions (?) on the objective function [(€) and the penalty function P(v).

R1. (coercivity) g(0,v) = () + P(v) is coercive on the feasible set, that is, g(6,v) — oo
if |(0’,v")|| = oo on the set {6,v : DB = v}, and g(0,v) is lower bounded on the

feasible set;

R2. (smoothness) 1(0) and P(v) are Lipschitz differentiable, that is, the gradients of 1(0)

and P(v) are Lipschitz continuous with Lipschitz constants L; and Ly, respectively;

R3. (Lipschitz sub-minimization paths) For any w € Im(D), where Im(D) denotes
the image of matriz D, there is a unique minimizer 6(u) = argming{l(0) : DB = u},
and the mapping 8(u) : Im(D) — RYP* is Lipschitz continuous, that is, there exists

C; > 0, for any w1, us € Im(D), such that [|@(u1) — O(uz)| < Ciljur — uzl|.

We establish the convergence results of the proposed ADMM algorithm based on the

following properties summarized by ?.
P1. (Continuity) L.(0,v, ) is continuous with respect to (0, v, \);
P2. (Boundedness) £.(0, v, X)) is lower bounded, and {9(‘9), v, )\(s)} is bounded;

P3. (Sufficient Descent) There exists C1(k) > 0 such that for any sufficiently large k,

L6, 0 A)_L£, (@6FD o+ AEHY > o (k) (HD(,@(HU ~ B2 4 Y - v(s)||2) :

P4. (Bounded subgradient) There exists Ca(r) > 0 and d'*) € dL,,(8®), v, X)) where



0 denotes the general subgradient operator, such that

1] < Calw) (IDB = B+ 0 = w1

Suppose P1-P4 hold for the generated sequence {9<S), v AG) }, it is standard to show that
the sequence has at least one limit point, and each limit point a stationary point. P2 implies that
the sequence (0(5), v, )\<5>) converges subsequentially, that is, limtﬁoo(e(st), o) }\(St)) =
(0*,v*, A*), where each limit point is bounded. By P2 and P3, £.(8, v A(®) is monotoni-
cally decreasing and lower bounded, yielding that || D(8°FY —38())|| = 0 and v+ —0®)|| —
0 as s — co. Thus, by P4, we have ||[d®*V| — 0, in particular, |[d®?)|| — 0. By continuity in
P1, it follows that lim:— e LH(G(S*), v )\(St)) = L.(0",v*,X") and thus 0 € 9L.(0",v", A¥).
Note that the convergence results based on P1-P4 is general and also applies to the non-
differentiable objective functions. In this paper, we assume In,(0) and P(v) are differentiable

(R2), and thus the subgradient “9” can be simply replaced by the regular gradient “V”.

Next, we check P1-P4 with regulation conditions R1-R3 assumed. P1 holds naturally given

R3. In order to show P2-P4, we first give some useful lemmas under R1-R3.
Lemma 1. Im(D) C Im(I,N(n—1)/2), where Im(I,n(n—1)/2) is the identity matriz.

Lemma 2. For sequence {9(8), v, )\<S)}, there exists a constant M > 0 such that, Vs1,s2 € N,
”9(81) _ 9(82)H < M”Dﬂ(sl) _ D5(82)”.

Lemma 3. There exists C, > 0, Vs € N, such that |ACHY — X&) || < G, |loCHD) — ).



Proof of Lemma 1- Lemma 3: Lemma 1 is trivial. Given R3, Lemma 2 directly follows

the results of Lemma 1 in ? by noting that the primal feasibility constraint can be rewritten as

diag (0gxq, D)0 = (01x4,v’)’, where diag(-,-) denotes a block-diagonal matrix. For Lemma 3,

since vV minimizes £, (O(SH),v, )\(S)), we have

VP T) = A — (DU — ) =,

and thus ACHD = VP, (v+D) by noting ACTY = A 4 g(DBETY — 4(+D), Hence,

IACHD =X = [VP@T) = VP(u)]| < Ly[o®T — o]

holds based on the Lipschitz continuity on VP by R2. [

Next we show P3 holds with a sufficiently large «.

Proof of P3: Since 8°TY minimizes £, (0, v, X)), it satisfies the optimality condition:

0=Vsl(0") + D"A® + kDT (DB — ),

0= Val(0©).



Thus, the descent by updating @ can be controlled by

La(09), 6, A) = £, (067D, 5™ A

— l(O(s)) _ l(9(5+1)) + (D,B(S) _ DI@(SJrl))T)\(S) +

N x

(108~ o = DA — o))

— l(e(s)) _ l(0(3+1)) + (D,B(S) _ Dﬂ(erl))T)\(s) + g (DIB(S) . DIB(5+1))T (DB(S) —o® + Dﬁ(s+1) o ,U(s))
S S K S S B S T S S S

= 1(09) — 10 + §|\Dﬁ( ) DBV + (Dﬁ< ) _ DB +1>) A®) 4 k(DBETY — o))

— l(e(s)) _ l(g(S-H)) _ VBZ(O('S+1>)T(ﬁ(S) _ B(s+1)) + gHDﬁ(S) _ D,B(S-H)HQ

L S S K S S
>~ [0 — 6 V| + DDA — DR

Y

H*ML s s
%HDIBC) _ Dﬁ< -&-1)”27

where the first inequality holds because of

|l(0(3)) _ l(9(3+1)) _ Vﬁl(G(S'H))T(B(S) _ 5(S+1))| _ |l(0(3)) _ l(9(3+1)) _ Vel(e(S-H))T(e(S) _ 9(S+1))|

IN

L
?ng(S) _ 0(s+1)||2

by condition R2, and the second inequality holds based on Lemma 2.



Next we consider updating (v, A) with k > 2L,:

CN(9<5+1), ,U(S)7 )\(5)) _ CK(9(5+1>7U<5+1), )\(SH))
— PT(U(S)) _ PT(,U(erl)) + (DB(S+1) _ ,U(S))T/\(S> _ (DB(S+1) _ ,U(S+1))T>\(S+1)
+ 5 (1D8eH) o~ DB o)
1
— P('U(S)) _ P(U(S+l)) _ VP(U(S+1))T(U(S) _ ,U(S-H)) + gH,v(S) _ ,U(S+1)H2 _ EHA(S) _ )‘(S+1)H2
Ly (o) _ o402 o By _ o402 _ Loy o) _ o orny2
> 220l — D 4 Epl®) — g HD 2 = Tyl et

KR — 2Lp (s)
~2|jv

Y

V2 >0,

where the first inequality holds based on R2 and Lemma 3. By adding the above results together,

it follows that

IQ—MLZ

,CH(G(S),’U(S), )\(S))fﬁn(e(ﬁ%l), ,U(SJrl)’ )\(S+1>) > 5

s s K —2L s s
ID(B") =) P4 == o) o 2,

k=ML, k—2Lp
2 ’ 2

With a sufficiently large x > max(ML;,2L;), let C1(k) = max( ), the proof is
completed. This also indicates that if x is large enough, all sub-optimization-problems are

solvable and the generated sequence of function values of £, is monotonically decreasing. O

Based on the above results, we prove P2 and the following lemma.
Lemma 4. lim |[D(B“T) —g)|2 =0, lim o™ |12, and lim [AETD —XE)12 = 0.
5—>00 5—>00 §—>00

Proof of P2 and Lemma 4: By R2, EN(O(S),'U(S))\(S)) is lower bounded; From P3, we
have EH(6<S>,U(S>,)\(S)) < L:,i(O(O),vm),)\(O)) for all s € N, implying that £, is also upper

bounded and thus g(8*),v*)) is upper bounded. Given R1, we have (8, v(*)) bounded.



Moreover, by the proof of Lemma 3, A®) = —VP(v*®)) is also bounded. The first two terms
in Lemma 4 directly follows P2 and P3 by noting that EK(G(S),v(S), A(S)) converges. The last

term holds based on Lemma 3. Lemma 4 also implies that lim .o [|[7(*)]| = 0 by noting that

P& = LAGHD _ \©).

Next we we show the results of P4 regarding the bounded subgradient. Note that by R2,
L, is differentiable and thus we are using the gradient instead.

Proof of P4: Note that

IVoLr(8°), 0, A9 = |[Vo P(u™)) = X — w(DBY — o))
= A =AY

< Lyllo™ =0t Y,

and

||V9[,,€(g(s)7v(s)’)\(s))“ — HV;;Z(O(S)) + DT)\(S) n HDT(Dﬁ<S) 3 U(S))H
= HV;al(e(S)) _ Vel(ﬂ(s+l>) + HDTD(,B(S) B IB(S+1))||
< LZHB(S) _ 9(s+1)l| + HAmam(D)HD(ﬂ(S) . B(S_H))”

< (LM + KAmas (D))|D(BETY = B,

where A2, .. (D) is the largest eigenvalue of DT D, and the last inequality holds based on Lemma



2. Moreover, we have

IVALL(0), 0 A = | DB — o)

1

s -1
= AT =AY
< 220 — o0V,
TR

Let C2(k) = max(Lp, LiM + KAmaz (D), %), we have

IVL(69, 5, A < Calw) (IID(ﬂ““) _ B + o — v(“)n). O

Consequently, we complete the proof that, under the regularity conditions R1-R3, prop-
erties P1-P4 hold for the ADMM algorithm applied to the problem , and thus Propo-
sition 1 holds. Next, we show Corollary 1 by checking the regulation conditions R1-R3 on

the considered negative log-quasi-likelihood function Inx,(0) and the MCP penalty function

Pr(v) = 225 Pllvislls As)-

Proof of Corollary 1: The coercivity (R1) of In,(0) naturally holds if the binary outcomes
of each individual are not perfectly separable, that is,

n

1
limsup » 2(yi; — i)sign(Xg,Bi +ZLa)<n, 1<i<N,
1

loll—oo 4=

Thus, ¢(0,v) is coercive and also lower bounded by 0. In addition, note that the Jacobian
matrices VZIn,(0) and 8 o VP(v) are both bounded, hence, In,(8) and P(v) are Lipschitz
differentiable (R2). In fact, R1 and R2 hold for a variety of penalty functions including the

MCP and the SCAD as well as some non-differentiable functions such as the L,-norm (p > 1)



and the TLP, following a similar verification.
As for condition R3, for any u € Im(D), we can rewrite the constraint {3 : DB = u} to
{B:8i=01+uin, 1 <i<N,B1 € RP,ui1 = 0}. Therefore, the objective function turns to

be Inn(0|u) = Inn(a, B1|{ui1 }2<i<n), and the corresponding quasi-likelihood score function is

N
gnn(a, Bilu) = ZDiTVfl (Yi - Hi(a,ﬁl|ui1)),
i=1
which is analogues to the generalized estimating equation (7). Therefore, the Jacobian matrix of
gnn is well approximated by J(gnn) = vazl DiTVi_lDi = Zi\;l XiTRi_lXi, whose eigenvalues
are bounded and, in particular, are bounded away from zero under some regularity conditions.
Consequently, by R2, |gnn(a, B1|u') —gnn(a, B1|u?)| is uniformly bounded by [Ju* —w?| for all
a and (31, and thus || argg?,iar; gnn(a, Br|ub) fargggli gnn (o, B1|u?)]| is also uniformly bounded

by ||u' —w?| with some constant, yielding the condition R3. Therefore, Proposition 1 holds. O

2. Notations and Regularity Conditions

‘We define
Cnn(8) = Di(0)" Ai(6) '/’ R(p)" ' Ai(6) /> D;(0),
and
Dn(0) = faggT”T(a),MNn(e) = cov(gnn(8)).

When the subgrouping membership is known, we define the following notations with respect
to m:

Crn(n) = Z D;(m)"Ai(n)"*R(p)~" Ai(n)""/* D} (n),



10

and

D) = = P52 Miv, () = covlgiun ()

Without loss of generality, we rearrange the order of subjects such that they are clustered

according to membership. Then the explicit form for Cy,,(n) is:

Cn(n) = ;
S XIMX; S XIM.Z;
1,G(i)=K i,G(i)=K
S ZIMX; - S ZIMX; > ZIM;Z;
i,G(i)=1 i,G(i)=K i

where M; = A;(0)"/2R(p) "' A;(0)'/?. For any fixed N, we simplify our notation for C»(6) to
be C”(6)7 similarly for Dyn (9)’ MN"(G)v Qnn (0), Inn (0)’ C;’n (77)7 D}k\ln (77)7 M*Nn (77)7 Q*]c\fn(n)
and Uy, ().

Regularity conditions:
(A1): C,(6°) and M., (8°) are positive definite.

(A2): For any given r > 0 and ¢ > 0,
P ( sup  [[Cn(8°)"° D, (0)C(8°) 7 — 1| < g) -1,
6By, ()

where B, (r) = {6 : |7 /2Cn(8°)/2(8 — 6°)|| < r}.

(A3): Cy(n°) and M (n°) are positive definite.

10
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(A4): For any given r > 0 and ¢ > 0,

P ( sup (| Cr(n°)"VEDL(m)Cr(n°) T — 1| < C> -1,

neB; (r)

where B;,(r) = {n : [l /*Ci(n°)"/2(n — n°)| < r}.
(A5): There exist constants ¢1 and c2, such that ¢1 < Amin(R(p)) < Amax(R(p)) < c2.

(A6): Assume that C17 < Amin(XT Xi) € Amax(XT X;) < Conand Cin < Amin(ZF Z;) <

Amax(Z] Z;) < Can for some constants C; and Co.

(A7): Assume b = min{o;;} is bounded away from zero.
0.

3. Proof of Theorem 1

We first show that for any fixed N, there exists a local minimizer 0 € B, (r) of our objective

function with probability going to 1. It suffices to prove that

P{ inf  Ln(r) > 0} — 1,
6+€dBy (r)

where 0B, (r) is defined as the boundary of the B, (r), and L,(r) = Q.(0*) — Q.(8°) =

ln(a*:p) - ln(BO,p) +Pn(13*) - Pn(ﬁo)v where Pn(:B) = Z1§i<]‘§1\r P‘r(ﬁi - ﬂj7)\)-

ey I2)
By Taylor expansion,

: * 1 * " 5ok *
Iy =1n(6)7(6" = 6°) + (6" — 0°) 1 (67")(6" — 6°),

where 8** is between 8° and 8*. Thus 8** € B,(r). As 8" € 3B, (r), we have 751/2071(00)1/2(0*7

11



12

6°) = rd for some vector d and ||d|| = 1. Therefore,
Iy =7 {—TTJI/QdTCn(90)71/2%(90) + %TQdTC’n(BO)*l/QDn(9**)071(00)71/2(1} ‘

Let r =, /w for some constant ¢; > 0 and € > 0, we have the following by the Chebychev
615

inequality:
P (7_71_1/2|Cn(00)_1/29n(00)|| S W) — P(Tn_l/2||Cn(00)_1/29n(00)H S Cl'l")
1 E||C.(8°) " 2g,.(0°)?
= c3r2r,
0y—1 0
_ o1 trace(Cn(g 2) M, (6%)) >1-e¢/2.
53Ty,

In addition, 7, /?|d” C,,(6°)~/2g,.(6°) < ||d]| - |7 /*Cn(8°)"/%g,,(8%)|| = Op(1). Therefore,
along with condition (A2), we have the second term in I(;y dominates when c; is small enough
or 7 is large enough. This implies that I(1) > 0 for 8" € 9B, (r) with probability tending to 1.

For Iz, we have I5) = P, (B") — Pn1(160) + Poy(B7) — Pﬂz(/ﬂo)a where Py, (8) =

> pe(lIBi = Bjll;A), and Py (B) = 3= pr(lBi — Bl A). Since Pry(8°) = 0 and
G(9)=G(4) G()#G>)
P, (B") > 0, we have I(3) > Pn,(8") — Pa, (ﬂo). Notice that for any ¢,j such that G(i) #
G(j), we have ||Bf — B3] > min Y — B2 — 2max ||B; — BY|| > min > — B2 —
() 16; ~ 81l = _ min 188~ B3| - 2max i ~ Y] > min 8¢ - I

27’,11/2/\min(0n(90))71/2r > 7A. Thus P, (8*) and P,,(8°) are the same constant.

Next, we show that we can recover the true subgroup membership for 8 € B, (r) when
n — oo.

For any pair 4, j such that G(i) = G(j), we have [|8; — 8| < 2max ||8;—B7||+8) — 87| <

27',1/2)\min(Cn(90))71/2r — 0. This implies that ,32 and ,éj will be in the same group with

probability tending to 1. On the other hand, for any pair i,j such as G(i) # G(j), we have

12
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Ai— 3. > min O _ 3% —2max Ai— 91 = min 9 _ 3% > 0. This implies that
1Bi=Bill > _ min 1189~ B~ 2max]| B~ 67— _ min 169 5] b

Bi and B]’ will be in different groups with probability tending to 1. This completes the proof.

4. Proof of Theorem 2

Notice that the Oracle estimators are obtained given the underlying subgrouping information
available. Therefore, it is equivalent to the estimators from the generalized estimating equations
(GEE) method, as the penalty term on pairwise coefficient distances disappears. Following ?
under conditions (C3), (A3) and (A4), we conclude that there exists 1°" € B;,(r) such that n°"
is a consistent estimator of n° and 7,, /> 1C: () 2(%°" —n°)|| = O,(1). Under conditions (A5),
(A7) and XTZ = 0, we can write C};(n°) as a block diagonal matrix, where the first K blocks
are O( Y. X7 X;) with respect to each k = 1,---, K and the last block is o z1Z;).

i,G(i)=k

Therefore, the theorem result follows under condition (A6). This completes the proof.
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