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In this supplementary material, we provide the detailed proofs of the main theorems that are stated in the main

manuscript and some additional simulation results for our proposed estimators and variable screening approaches.

Appendix A: Proofs

The following Lemma is a well-known result for the bivariate empirical process theory.

and suppose that H is a distribution function on R? with marginal distribution functions
F and G that are continuously differentiable on the intervals [F~*(a) — e, F~1(b) + €] and
(G (a) — &, GH(b) + €] with positive derivatives f and g, respectively, for some & > 0.
Furthermore, assume that OH/Ox and OH /Oy exist and are continuous on the product of
these intervals. Let ¢ : D(R) + £([a,b]?) is the map from bivariate distribution function
H on R? to bivariate distribution on [a,b]?, defined by ¢(H)(u,v) = H(F~(u), G"1(v)).
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Then the map ¢ is Hadamard-differentiable at H tangentially to C(R). The derivative is

given by

on(h)(u,v) = W(F™H (), G (v) = = (F 7 (w), G (v)

Proof of Theorem 2.1 By the definition, we have

VilFyx (Foy (1), F x (1) = Fyx(Fy (1), Fx (1))
\/7'(1 — 7)1 =) '

Employing Lemma BT and the empirical process theory (Example 3.9.29 in van_der Vaarf

\/E{EY,X(W L) —ovx(T, 1)} =

and Wellner (I996)), we are able to show that
_ _ _ _ o 1 -
\/E[Fn,Y,X(Fn,%/(T)’ Fn)lf(b)) - FY,X(FYl(T)a Fxl(b))] = % Z[@(Xi, Yi;,0) — B{o(Xi, Yis 7, 0) },
i=1
where £ means ”asymptotically equivalent” and ¢(X;, Y;;7,¢) is given by

oY, Xis70) = H{Y; < FyYr), Xi < F'(1)}

9 H{Y; < Fy (1)}

gy T () )=
- e Fex(F ). i) HE 2 )
Furthermore, it is easily verified that
S B (7 (1), (0) = S (B () g (P, (SL.1)
O R (FP 0, A (0) = S (FR0) Ryt o (F7 (7)) (512)

Hence, by (§I) and (8122), it follows that

VlBvx(r ) — ovx(r )} % S le(i X7, 0) — EAECY:, X 7,0},
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where (Y, X;7,¢) is defined in the line before Theorem 2.1.
Because the class of indicator functions is Donsker, thus {£(Y;, X;; 7,¢), (1,¢) € [a, b]?}

is Donsker. By Donsker’s theorem,

Vi{ov,x(7,0) — ovx(7,0)} ~ Gyx(7,0)

. w
in £>°([a, b]?), where ~> denotes ”converge weakly”, and the process Gy x (7, ¢) has mean zero
and covariance function cov(Gy x(71,t1), Gy, x(72,t2)) = Q1(71, t1; T2, t2) given in Theorem

2.1. [l

Proof of Theorem 2.2 Following the arguments in the proof of Theorem 2.1, we can show

\/ﬁ{[/Q\Y,X1 (T’ L) — 0y, X, (7—7 L)] - [/Q\Y,X2 (7-7 L) — 0v,X, (T7 L)]}
o 1 ¢
= % iZI[U(YuXﬂ; Xio; T, L) - E{U(Yz‘a Xin, Xio; 7, L)}]
where n(Y;, X, Xio;7,0) = £(Yi, Xty 1, 0) — E(Yi, Xyo; 7, 0) and E(Y, X;7,¢) is given in Theo-

rem 2.1. Since {&(X;,Yi;7,0), (7,¢) € [a,b]*} is Donsker, {n(Y;, Xi1, Xi2; 7,¢), (1, ¢) € [a,b]?}

is also Donsker. By Donsker’s Theorem, we have

\/ﬁ{[EY,Xl (7,0) = 0v,x, (75 0)] = [ov,x, (75 1) — oy x, (7, 0)]} ~ Gy.x, x,(7,0)

in £>([a, b]*), where the process Gy x, x,(T,¢) has mean zero and covariance function

cov(Gy.x, x, (1, t1), Gy xy x, (T2, t2)) = Z(71, t1; T2, t2) given in Theorem 2.2. O

Proof of Theorem 2.3 (i) We first prove the first statement. Observe that

Foyx; (Fry (1), Frx (1) = Fyox, (FyH(7), Fi (1) = Tt + T (51.3)

J
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where 1151 = Foyx, (F, 3 (7), F, x ()= Foyx, (Fy (1), Fx (1) = n7 300 [1(Y; < F (), Xy <

Pl (0)—1(Y; £ B\ (), Xy < F ()] and s = Fuyoe, (F (7). P ()~ Fro, (F (1), 51 (1) =
n Y Y < Fyl(r), Xy < F)}jl(L)) - Fy}Xj(Fgl(T),F);jl(L))]. In what follows, we are
going to bound the tail probabilities for I1,;; and 11,2, respectively.
Since [I(Y; < Fy'(7),X;; < F)}]_I(L)) - FYVXj(F;I(T)jF);jl(L)M < 2 and var([(Y; <
Fol (), Xy < F)};(a))) < 1, applying Bernstein’s inequality (Lemma 2.2.9, van der Vaarf

and Wellner (1996)) gives that for any § > 0,

2
max P(|11,;2] > d/n) < 2exp(— i

max 3573 (S1.4)

Next consider I1,;;. Note that

Iy = 07U 31 < F ) [H0G < B, (0) = 105 < FRlQ)]

n

i=1

I[ 1—1—[],1]1 (say). (S1.5)

>

On the other hand, it follows from Lemma B of Serfling (T980) (p.96) that |Fn_)1(J(L) -
( )| < 2n7Y2(logn)'?/ fx,(Fx ( )) almost surely. Let M; ' = infi<j<,, fXj(F)}jl(L))/Q,
which is positive under condition (C1). On the event {]Fn_)lfj(a) - F)zjl(b)| < Min~}

with any ¢ < 1/2. we have |1'In§)1

| <P (X < Fox, (1) = I(Xy < Fy(W)] <

%Z?:l @.(Xij, F, ())7 where ¢,(X;, Fy, ()) = I(F)EJI(L) — M= < Xj; < F)Ejl(b) +

X ()+M1n °1
L) Min—s1

M), Because E{q, (X, F5' ()} = [ fx,(5)ds < erMyn~ for some pos-
itive constant ¢; by condition (C1). Since qL(XU,F ( )) < 1 and var(q,(X;;, Fy. ( ) <
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E{q.(Xij, Fx. ( ))}, so applying Bernstein’s inequality (Lemma 2.2.9, kan_der Vaarf and

Wellner (T996)) yields that

P(\%Z[ (X, Fx!(0)) — B{a (X, Fy. <>>}1\z%)szexp<—8(clefil+ 73

This further implies that

max P(IIG 2 3/n) < P(—ZqL i F )’>5/n>
< P(—Zm 52 P2 (0) = B{a(Xsy. FR2 O] 2 8/n— b~
< P(—ZqL 5 (0) = Ba (X P10 2 6/(2m)
< 2exp(— i ) (51.6)

8(61M17’Ll_§1 + 5/3) ’

where the third inequality is due to §/(2n) > ¢;Myn~°'. Similarly, by condition (C1), we

can show that

62
max P(|[I1] > 6/n) < 2exp(—

1.
1<j<pn 8(02M2n1*<2 + 5/3) )’ (S 7)

for any ¢ € (0,1/2) and for some positive constants co and M,. Therefore, combining
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(8T4)-(811), we obtain that

max P(|Iln]1 +]]n]2| > 35/71) < max P(|I]n]2| > 5/71)
Pn

1<j<pn 1<5<
(1) (2)
+1g}%§n P(11| > 6/n) + i, P(|11,1] = 6/n)
52 52
< 2 S 2 —
s 2expl-5o 557y 2P an e 1 0/3)
52
2 —
F2ep( =g i 1 973)
52

< T 1.
< Gexp( p—— (51.8)

for some positive constants c; > max(2, 8¢; My, 8coMy) and ¢4 > 8/3, provided that 6/(2n) >
max(c; Myn=<, coMon™2).
Using the basic inequality that ||z| — |y|| < |z — y| and the union bound of probability,

it follows that

~ > —K < T > K
P(max [@; —w| 2 Cn™) < py max P(Ji; -] 2 Cn™")

< pp max P(|ILyi + 10| > /(1 —7)u(1 —)Cn™").
1<5j<pn

Hence, this in conjunction with the result (8I8) proves the desired result by letting 6 =

V71 = 7)e(l —)Cnt="/3.

(ii) Prove the second assertion. By the choice of v, and using condition (C2), we have

P(M* C Ma) > P(Jl’él/{/ln* ﬂj > Vn) > P(]renjtr&(ﬂj —Uj) > Up —jrél/gtl* Uj)

>P<minu-—max Wi — U >1/>>1—P(max Wi — U >I/>
- JEM, J je/vl*| J ]‘ ") = je/vl*| J ]‘_ "

> 1 — 65, exp(—én'~2").
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Thus, this completes the proof. O

Proof of Proposition 2.4 Observe that the expected false discovery rate can be rewritten

as

|M\a5[1(M*)C| 1 ~ _1/21
E ’ = = E P(vn[Qu(7, 17,0 2| 0y.x, (1,0)]| > 6).
{ |(,/\/IZ)C| } Pn — |./\/lz| v ( [ 1( )] | YX]( )| )

By Theorem 2.1 and the Berry-Esséen result, it follows that there exists some constant

¢, > 0 such that
sup |P(v/n n[Qy (7, 07, 0)] 2 Ov,x,;(T,1) < 2) — ®(2)] < can V2,

Combining the above results, we obtain

Mas 0 (M;)°] ! . I
E{ (M| } < on M| je(z (2(1 = @(9)) + ca/V/n).

My)e
Plugging § = ®~1(1 — d,,/(2p,)) into the above inequality yields the result. O

Proof of Theorem 3.1 We first observe that E{¢, (Y — ZTa®)Z} = 0 and E{¢, (X —
Z70°)Z} = 0, where Z"a’ = Z"a’ and Z76° = Z76". Using the arguments in Lief al

(2015) and Koenked (2005), we can obtain

V(@ - o) = {Elfyz (2] a")ZZ] | Z@ZJT Y= Zia’)Zi +0p(1),  (S1.9)

VR
and
V(6 — 0°) = {Blfx,z (276" 2,2]1} Zwb i —Z70°)Zi+0,(1).  (S1.10)

Let

n
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Then, it follows that

n{o T,1) — oy xiz(T, )} = Viln(&.0)
ViBixatr) = ovntr)) - AL

where

BN 1 « R ~ e
ViU, (a,0) = NG S 1V < Z'a, X; < 270) - E{Fyx3z(2"a,270)}]
i=1
+[E{Fy xz(2"&, 270)} — E{Fy xz(Z2"a’, 27 6°)}]

= Kn(0,80) + K@, 0) (say). (S1.11)

Employing the result of empirical processes (Corollary 2.3.12, van der Vaart and Welnex
(1996), p115), we can obtain

Y [1(vi<zla’, X; < Z]6")
=1

—E{FKX|Z(ZTOCO,ZT00)}] +0p(1) (8112)

Kpi(&,0) =

Si-

By Taylor expansion and using (§I9) and (8T10), we have

Kn2(6,8) = E{Fxzy—2ra0(Z76°) fy2(Z7a’)Z}" (@ — o)
+E{Fy 1z x_zre0(Z7 ) fx2(Z76°)Z}" (8 — 6°) + 0,(1)
= % Zil {A%Aﬁl?ﬁr(yi —Z; a")Z;
+AL AL (X — Z76°)Z:} + 0,(1). (S1.13)

Finally, combining (8T1)-(8TT3) and recalling the definitions of 0y x|z (7, ¢) and oy, x|z(7, ¢),

8



XTAOCHADXBURBENINLIANG LI

we have

V(L= 7)1 — )Vn{ovxz(r 1) — ovxiz(r, 1)}
1 n
_ 7T x. < 7Tg0) _ T 0 7T Qo
\/ﬁ;{[m@ < 77a® X, < 776" — E{Fy.x2(Z" o, Z"6")}]
+ALAL (Y — Z] &) Zi + AL AR (X — z?eo)zi} +0p(1),(S1.14)
which implies that \/n{0y x|z(7, ) —ov.x)z(7, )} = \/Lﬁ Yo (X3, Y5, Zyy ) —EC(X, Y, Zs 7).
It can be checked that {¢(X;,Y;, Zi;7,¢) : (7,¢) € [a,b]*} is Donsker. Therefore, by Donsker

Theorem, we can conclude the result. O

Proof of Theorem 3.2 This result can be proved using the same arguments in the proof

of Theorem 3.1. We omit the details. O]

To prove Theorem 3.3, we need the following two lemmas which can be verified using

the same arguments in Ma ef-all (20017) and the proofs are omitted.

Lemma S1.2. Under conditions (D1)(i) and (D2), for any given constant ¢ > 0 there

exist some constant ci such that

P(l|a — | > ¢in™") < 3exp(—chq, 'n' 7).
Lemma S1.3. Under conditions (D1)(ii) and (D2), for every 1 < j < p, and for any given
constant c5 > 0 there exist some constant ¢ such that

P(16; = 831 > cin™) < 3exp(—cig, 'n' ™).

Proof of Theorem 3.3 To prove the first part of the result, we need to only prove the

following fact. Under conditions (D1) and (D2), for every 1 < j < p, and for any given

9
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constant ¢f > 0, there exist some positive constants ¢ such that

n

1 N ~

P(|= 37 0oV = T @)X — 218;) — B{wn (Vi — 2L ) (X — 27 69)}] | = cin ™)
=1

< 12exp(—cjq, 'n' ). (S1.15)

To this end, we first make a decompose as

=1

=Nyj1 + Nyjo + Nyjs,

where
1 n
Noji = = > [0-(Yi = Z7 @) (X; — Z765) — B{u(Y; — Z{ o) (X, — Z]6))}]
i=1
1 & . ~
Nujz == > [U-(Y: = Z[&) = 0-(Y; = Z] o) |wu(X; — 2]6)),
=1
IR T T 0 T _0
Nnj3 = ﬁ Z [wL(Xij - Zi Oj) - %(Xij - Zi 9j)]wf(Yi - Zi o )
=1

Next, we are going to find the probability bounds for N, ;i, N,jo and N, ;3. For N, i, let
Apij = U, (Y — ZF o) (X — ZiTO?). Since |A,;;| < 1 and thence var(A,;;) < 1, we can

obtain that for any 6 > 0,

2
P(Not| > 8/m) < 2exp(—5 ), (S1.16)

(n+6/3)

by applying Bernstein’s inequality (Lemma 2.2.9, van der Vaart and Wellner (T996)). For

Nyja, observe that [Ny < 230 ¢, (V; — ZF @) — 4, (Y; — ZTa®)|. It follows that for any

10
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0 >0,

1 _ .
P(INogal 2 6/m) < P{= 3" [un(¥i = 2T&) — (Y = Zla)| = d/n, |G — o] < cin~" }
n
i=1
+P(|la — a®|| > cn"). (S1.17)

Let Iy = supjy <y |- (Y; = ZT' (@ + ¢in"u)) — ¢.(Y; — ZT a®)|. Under condition (D1)(i)
and (D2)(ii), there exist a finite positive constant ¢; and a u* with |ju*|| < 1 such that
B(IL) < B{| fii o ™" friama()dyl} < ciesnB{ZTw |} < cleschlion™ = con ™,
where cg = c*{c5crln/§x the last inequality uses Cauchy-Schwarz inequality. Analogously, we
can obtain E(II2,) < ¢;n™" for some positive constant ¢;. Notice that [IT,;] < 1. Hence,
applying Bernstein’s inequality (Lemma 2.2.9, kan_der Vaarf and Wellner (1996)) yields
that for any € > 0,

n’e?
2(crn'=* 4+ ne/3)

P(’%iﬂm—E(Hm) ).

> €) < 2exp(-

Letting § > 2¢gn' ™", that is 6/n — cgn™" > 6/(2n), and using the above inequality, we can

obtain

P(% iHm’ 2 5/”) < P(lZHm —E(l,;) >d/n— cﬁn”’”)

52
8(ern " +6/6)

). (S1.18)

Because the first probability on the right hand side of (8I17) is bounded by (SII8). So,

11
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by Lemma BT and the results (8T14) and (8TI8), we have

52

8(crni— +0/6)

P(|Nyj2| = 6/n) < 2exp(— ) +3exp(—cyq, 'n' ™) (S1.19)

provided that § > 2cgn!~". Similarly, using Lemma 813, and under conditions (D1)(ii) and

D2(ii), we have

52

P(|Nnjs| 2 0/n) < 2eXp(_8(cgn1—” +6/6)

)+ 3exp(—ciq, 'n'"?")  (S1.20)

for some positive constant cg, provided that § > 2cyn!'~" for some constant cg > 0. Let
c10 = max(cy, ¢g) and ¢1; = max(c3, ¢;). Combining the results (ST18), (ST19) and (ST-20)

gives

max P(|Nyj1 + Nyj2 + Najs| > 36/n)
1<j<pn
52 52

4 —
)+ GXp( 8(010n1_“+5/6)

< 26Xp(—2 ) + 6exp(—ciiq, 'n' ") (S1.21)

(n+0/3)

provided that § > 2 max(cg, co)n' . The result in (8II3) follows by letting § = 3 max(cg, co)n' ™"
in (8T2T). In addition, applying (STT3) and using similar arguments in the proof of Theo-
rem 2.3, we can conclude the first part of Theorem 3.3.

For the second part of the result, we can verify it by following the proof of Theorem
2.3. O
Proof of Proposition 3.4 The proof directly follows the proof of Proposition 2.4. The

details are omitted. O]

12
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Appendix B: A Compared Screening Procedure T-SIS

We first describe the the testing-based screening procedure (T-SIS) mentioned in the simu-

lation section in the main manuscript, which is suggested by one referee.

e First, consider p, marginal hypothesis testing problems, where for each j(1 < j < p,),

we test the null hypothesis Hy : oy, x,(7,¢) = 0 versus Hy : oy,x,(7,1) # 0.

e Second, propose a self-studentised testing statistic for each hypothesis problem as
Tjé\/ﬁﬁfl/ Oy, x,(7,¢), which is asymptotically distributed as N(0,1) under Hy, ac-
cording to Theorem 2.1. Given the sample data, we can calculate the self-studentised
testing statistic as t; and its associated p-value as 2[1 — ®(|¢;])], where ®(-) is the

cumulative distribution function of N(0,1).

e Third, rank these p-values in an increasing order and select the first d,, variables as an

active set.

Appendix C: Additional Numerical Results

(1) Inference Performance for CC and CPC

We consider two simulation examples with fixed dimension p in this subsection, and illustrate
the practical performance of estimated CC and CPC, respectively. We consider sample size
n = 200 and 400 and set the number of repetitions to be N = 5000 in Examples 1 and 2.

Example S1. We generate the response from two models

13
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e (al) Y = exp(2X;) + exp((2 + ¢p)X2), where (X, X5) is from a standard bivariate

normal distribution with corr(Xi, X3) = p and

° (82) Y = 2X()1 + (2 + CQ)X[)Q + g,

where in model (a2), covariates X; and X, are both generated from a mixture distribution
of a normal distribution with probability 0.9 and a cauchy distribution with probability
0.1, that is, X; = 0.9Xg; + 0.1¢; and Xy = 0.9X(2 + 0.1e; with (Xg1, Xo2) following a
standard bivariate normal distribution with corr(Xo1, Xo2) = p, e1 ~ zCauchy(0,1) and
e ~ +Cauchy(0,1) are independent and the model error ¢ is generated from N(0,1). Our
interest of this example is to test Hy : oy x,(7,t) = 0yv.x,(7,¢) at the significance level
ap = 0.05 under various values of ¢y. We consider different p’s and set ¢g = 0, 1,2, 4, where
co = 0 implies that Hj holds true, whereas H, should be rejected with large probability for
other values of ¢y. We report the empirical size and power for each setup over 5000 runs in
Table M. Observing Table M, we can see that our proposed CC testing procedure based on
Theorem 2 performs satisfactorily across different quantile levels (7,¢) since the values of
empirical size are close to nominal level ay = 0.05 and enlarging the sample size from 200
to 400 generally tends to improve the performance. Also we can see that when ¢y runs away
from 0, the empirical power increases to 1, and when the correlation between X; and X, is
low, the performance will be better.

Example S2. In this example, we generate conditional variables Z = (7, Zs, Z3, Z4)T

from the 4-dimensional multivariate normal distribution N (04, ) with X = (pl/ =), ;<.

14
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We generate Y from the model

oY =2X, + (2+co)Xo+Z"b + ¢,

where b = (3,4,3,4)", X; = Z"b +¢; and X5 = Z"b + €5, where €, ~ 3t(3) and €, ~ 3t(3)
are independent. The other setups are the same as Example 1. In this example, our interest
is to test Hy : oyx,z(7,t) = 0v,x,z(7,¢) at the significance level oy = 0.05. Here, we
consider the performance of CPC with (7,.) = (0.5,0.5), and the corresponding empirical
size and power are reported in Table B. A similar conclusion can be drawn as in Example

S1. These numerical results empirically demonstrate that our theoretical result in Theorem

5 is valid.

(2) Empirical performance of CC and CPC estimates

In this subsection, we conduct some additional simulations, part of which can be viewed as
a response to the questions raised by the reviewers, namely, how well the plug-in variance
estimates of CC and CPC perform? To answer this question, we conduct two simulation
examples to evaluate the performance of the proposed plug-in estimates of variance of CC
estimator and CPC estimator, respectively.

Ezample S3 Assume that X and X are independent and standard normally distribut-
ed. We simulate covariates X; and X, from two mixture distributions: X; = 0.9X} 4 0.1¢;

and Xo = 0.9X5 + 0.1y, respectively, where €; and €, are independent and have the same

15



XTAOCHADXBURBENINLIANG LI

Table 1: Empirical size and power for testing Ho : oy, x; (T,¢) = 0y, x, (7, ¢) using the CC across (r,¢) = (0.25,0.25), (0.5,0.5)

and (0.75,0.75) for Example S1.

Model (al) Model (a2)

p Method(T,¢) n co=0 1 2 4 co=0 1 2 4
0 CC0.25,0.25) 200 0.056 0.07 0.07 0.08 0.051 0.48 0.90 1.00
400 0.051 0.07 0.09 0.08 0.055 0.78 1.00 1.00
CC(O'570‘5) 200 0.059 0.33 0.69 0.94 0.057 0.56 0.95 1.00
400 0.054 0.57 0.93 1.00 0.048 0.85 1.00 1.00
CC0.75.0.75) 200 0.057 0.77 0.99 1.00 0.053 0.49 0.90 1.00
400 0.055 0.96 1.00 1.00 0.050 0.78 1.00 1.00
0.5 CC0.25,0.25) 200 0.055 0.06 0.08 0.14 0.048 0.27 0.62 0.94
400 0.056 0.06 0.08 0.18 0.052 0.45 0.90 1.00
CC0.5.0.5) 200 0.057 0.26 0.56 0.85 0.050 0.29 0.68 0.96
400 0.053 0.44 0.83 0.98 0.049 0.51 0.93 1.00
CC(0.75.0.75) 200 0.054 0.71 0.99 1.00 0.052 0.26 0.63 0.93
400 0.052 0.95 1.00 1.00 0.043 0.47 0.89 1.00
0.9 CC(0.25,0.25) 200 0.055 0.08 0.17 0.47 0.048 0.10 0.19 0.43
400 0.052 0.09 0.29 0.75 0.052 0.14 0.35 0.73
CC0.5.0.5) 200 0.061 0.17 0.36 0.63 0.048 0.09 0.20 0.45
400 0.050 0.27 0.59 0.87 0.048 0.15 0.36 0.75
CC(0.75.0.75) 200 0.045 0.52 0.91 0.99 0.053 0.09 0.20 0.43
400 0.047 0.85 1.00 1.00 0.049 0.14 0.36 0.72
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Table 2: Empirical size and power for testing Hy : 0v,x,112(T: 1) = 0y, x,|z(7,¢) using CPC with (7,¢) = (0.5,0.5) in Example

S2.
e~ N(0,1) €~ %C’auehy(o, 1)
14 n co=0 1 2 4 co=0 1 2 4
0 200 0.074 0.40 0.84 1.00 0.084 0.45 0.87 1.00,
400 0.067 0.65 0.98 1.00 0.073 0.72 0.99 1.00,
0.5 200 0.073 0.40 0.83 1.00 0.081 0.46 0.86 1.00,
400 0.066 0.65 0.98 1.00 0.068 0.72 0.99 1.00]
0.9 200 0.077 0.40 0.84 1.00 0.080 0.46 0.86 1.00]
400 0.069 0.65 0.98 1.00 0.070 0.72 0.99 1.00]

distribution as éCauchy(O, 1). We simulate the response variable Y from the model:
Y = 2exp(co) Xy + 2X; + ¢,

where the random error ¢ is distributed as one of the following two distributions: (Normal
error) N(0,1) and (Cauchy error) $Cauchy(0,1). In this example, our interest is to consider
the finite-sample performance of CC estimator p,,(Y, X;) by computing the mean of CC
estimator, empirical standard error and the mean of estimated standard deviation over 5000
runs. The corresponding results are reported in Tables B and A.

From Tables B and B, we can first observe that the values of estimated standard devia-
tion are very close to empirical standard errors, which indicates that our proposed plug-in
estimator of asymptotic variance of CC estimator works reasonably well as expected. Fur-
thermore, when the sample size increases, the SD and SE gradually decrease to zero and,
meanwhile, the estimation of CC keeps stable. For large CC (corresponding to c¢q = 2), the

SD and SE tend to be smaller than those for small CC (corresponding to ¢y = 0). The
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Table 3: Empirical performance of CC estimator for Example S3, where Ave., SE and SD represent the average of CC

estimator, empirical standard error and the mean of estimated standard deviation, respectively, over 5000 runs.

Normal error

Cauchy error

(1,0) Ave. SE SD Ave. SE SD
co =10 (0.25, 0.25) n =30 0.417 0.200 0.189 0.417 0.170 0.168
n = 50 0.410 0.154 0.148 0.415 0.130 0.130
n = 80 0.399 0.116 0.119 0.419 0.103 0.103]
n = 100 0.399 0.105 0.106 0.416 0.091 0.092
n = 200 0.405 0.073 0.074 0.418 0.064 0.065]
n = 400 0.404 0.052 0.052 0.418 0.045 0.046]
(0.5, 0.5) n =30 0.417 0.170 0.168 0.402 0.171 0.170
n =50 0.415 0.130 0.130 0.401 0.133 0.131]
n =80 0.419 0.103 0.103 0.402 0.102 0.103]
n = 100 0.416 0.091 0.092 0.406 0.093 0.092
n = 200 0.418 0.064 0.065 0.406 0.065 0.065]
n = 400 0.418 0.045 0.046 0.405 0.045 0.046]
(0.75, 0.75) n =30 0.416 0.195 0.197 0.393 0.198 0.197]
n =50 0.412 0.151 0.151 0.390 0.152 0.152
n =80 0.400 0.118 0.119 0.382 0.118 0.119
n = 100 0.402 0.101 0.106 0.380 0.106 0.106
n = 200 0.402 0.073 0.074 0.384 0.074 0.075
n = 400 0.404 0.052 0.052 0.385 0.053 0.053]

differences of SD and SE between normal random error and cauchy random error are minor.

FExample S4: Suppose that we generate the response variable from

Y = 3exp(co)X + 1.5Z"b + ¢,

where X = Z"b + ¢ with € ~

1

1t(4), b = (2,2)7, and Z = (%, Z,)", in which Z; and

Zy are independent and standard normally distributed. We consider random error € to

18
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Table 4: Empirical performance of CC estimator for Example S3, where Ave., SE and SD represent the average of CC

estimator, empirical standard error and the mean of estimated standard deviation, respectively, over 5000 runs.

Normal error Cauchy error

(1,0) Ave. SE SD Ave. SE SD
co =2 (0.25, 0.25) n = 30 0.826 0.142 0.137 0.800 0.148 0.141
n = 50 0.820 0.103 0.105 0.800 0.110 0.108
n = 80 0.810 0.080 0.090 0.785 0.085 0.093
n = 100 0.811 0.070 0.080 0.786 0.075 0.083
n = 200 0.816 0.049 0.054 0.792 0.051 0.056
n = 400 0.819 0.035 0.037 0.795 0.037 0.039
(0.5, 0.5) n = 30 0.793 0.116 0.118 0.775 0.119 0.122
n = 50 0.803 0.089 0.089 0.781 0.091 0.093
n = 80 0.808 0.066 0.069 0.789 0.070 0.072
n = 100 0.807 0.061 0.062 0.789 0.062 0.064)
n = 200 0.810 0.041 0.043 0.791 0.043 0.044
n = 400 0.812 0.029 0.030 0.793 0.031 0.031
(0.75, 0.75) n = 30 0.828 0.145 0.162 0.804 0.148 0.166
n = 50 0.825 0.103 0.119 0.796 0.111 0.123
n = 80 0.809 0.079 0.091 0.784 0.084 0.094
n = 100 0.811 0.069 0.080 0.786 0.076 0.083
n = 200 0.817 0.049 0.054 0.792 0.053 0.056,
n = 400 0.818 0.034 0.037 0.795 0.038 0.039

be distributed from two cases: (Normal error) N(0,1) and (Cauchy error) Cauchy(0,1).

In such an example, we aim to investigate the empirical performance of CPC estimator

pr.(Y, X1|Z) similarly to that in Example S3. The simulation results are given in Tables B

and B. From these two tables, a similar conclusion can be made.
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Table 5: Empirical performance of CPC estimator for Example S4, where Ave., SE and SD represent the average of CPC

estimator, empirical standard error and the mean of estimated standard deviation, respectively, over 5000 runs.

Normal error

Cauchy error

(1,0) Ave. SE SD Ave. SE SD
co =10 (0.25, 0.25) n =30 0.370 0.203 0.177 0.441 0.211 0.181
n = 50 0.377 0.155 0.143 0.455 0.155 0.143
n = 80 0.379 0.123 0.117 0.465 0.120 0.116
n = 100 0.380 0.109 0.105 0.473 0.107 0.104
n = 200 0.379 0.075 0.075 0.477 0.075 0.074
n = 400 0.380 0.053 0.053 0.483 0.053 0.052
(0.5, 0.5) n =30 0.365 0.176 0.152 0.476 0.166 0.148
n =50 0.377 0.134 0.124 0.499 0.126 0.118
n =80 0.380 0.104 0.101 0.513 0.099 0.095]
n = 100 0.383 0.093 0.091 0.520 0.084 0.085)
n = 200 0.386 0.065 0.065 0.530 0.061 0.060
n = 400 0.388 0.046 0.046 0.535 0.042 0.043]
(0.75, 0.75) n =30 0.326 0.196 0.190 0.380 0.197 0.194]
n =50 0.351 0.151 0.134 0.422 0.149 0.138
n =80 0.365 0.119 0.108 0.445 0.118 0.110
n = 100 0.366 0.107 0.099 0.456 0.105 0.100
n = 200 0.374 0.076 0.073 0.471 0.074 0.072
n = 400 0.379 0.052 0.053 0.478 0.052 0.051

(3) Performance of CC-SIS compared with some popular screening methods

The following example is used to evaluate the finite-sample performance of CC-SIS.

Ezample S5. Let X* = ( f,...,X;n)T be a latent random vector having the p,-
dimensional normal distribution N(0,,,%) with ¥ = (p/*~!),<} <, , where we set the

correlation p = 0.4 and 0.8. We write €

= (El,..

20
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Table 6: Empirical performance of CPC estimator for Example S4, where Ave., SE and SD represent the average of CPC

estimator, empirical standard error and the mean of estimated standard deviation, respectively, over 5000 runs.

Normal error

Cauchy error

(1,0) Ave. SE SD Ave. SE SD
co =2 (0.25, 0.25) n =30 0.822 0.147 0.149 0.779 0.163 0.156]
n = 50 0.842 0.099 0.107 0.803 0.115 0.111
n = 80 0.854 0.073 0.080 0.819 0.083 0.086
n = 100 0.857 0.064 0.070 0.826 0.073 0.076)
n = 200 0.865 0.042 0.049 0.839 0.048 0.052
n = 400 0.869 0.030 0.034 0.847 0.033 0.036]
(0.5, 0.5) n =30 0.801 0.106 0.122 0.775 0.118 0.125)
n =50 0.831 0.077 0.083 0.808 0.085 0.087]
n =80 0.844 0.059 0.062 0.830 0.065 0.065]
n = 100 0.849 0.052 0.055 0.837 0.056 0.057]
n = 200 0.860 0.036 0.037 0.850 0.038 0.039
n = 400 0.864 0.025 0.026 0.860 0.026 0.027]
(0.75, 0.75) n =30 0.738 0.131 0.188 0.697 0.153 0.191]
n =50 0.794 0.093 0.123 0.754 0.109 0.126]
n =80 0.823 0.072 0.087 0.793 0.080 0.091]
n = 100 0.834 0.062 0.075 0.802 0.070 0.078
n = 200 0.854 0.042 0.050 0.827 0.048 0.053]
n = 400 0.863 0.029 0.034 0.842 0.032 0.036]

ing independent of other components and having the standard Cauchy distribution, i.e.,

€j ~ Cauchy(0,1). We generate covariates X from a mixture distribution: X = 0.8X*+0.2e,

and simulate the response data from the following three models:

o (b1) Y =3X} +3X5 + 2X7 + 2X] + 2X7 +¢,

o (b2) Y =5X7I(X; < 0)+5X31(X; > 0) 4 5sin(X],) + ¢,
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e (b3) Y = exp{30;sin(X;) + 262 exp(X5) + 1.50831 (X5 > 0) + 2log(| X))} + &,

where ¢ is simulated from two scenarios: € ~ N(0,1) and € ~ Cauchy(0,1) and, in model
(b3), we set 3; = ¢;(—1)Y(4logn//n + Zy) for j = 1,2 and 3, where U ~ Bernoulli(0.4),
Zy ~ N(0,0.5%) and (c1, 2, c3) = (1,0.5,1). The resulting screening results in terms of MMS
and P are presented in Tables [@ and B.

Eyeballing Tables [@ and B, we can make some key observations. Under models (b1) and
(b2), our CC-SIS outperforms SIS, SIRS, DC-SIS and QC-SIS. In this case, both response
and covariates are heavy-tailed and thus traditional linear correlation screening methods
all fail to work. Our methods are also comparable to the nonparametric Kendall’s 7 which
achieves high accuracy but is slower due to the numerical integration in its implementation.
(b3) is a difficult case and very hard to screen accurately. Under this case, our CC-SIS still
performs much better than other methods.

FExample S6. We generate the response from the following two models
L (dl) Y = 5X1 + ﬁXg + 5X3 — 35\/5)(4 + g,
o (d2) Y = BX} + BX; + BX; — 36,/pX] +e,

where 3 = 4 for both models and ¢ is simulated as N(0,1) or $Cauchy(0,1). In model
(d1), we consider the observed covariates X ~ N(0,,,%) with ¥ = (04;)1<; j<p,, implying
that covariates X have no outlier and the response Y is fully dependent on observed X up
to a random noise. Under this setting, it is desired to expect that the QPC-SIS performs

better than our CPC-SIS since X is normal. In model (d2), we generate covariates X from
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a mixture distribution 0.9X* +0.1€, where X* ~ N(0,,,>) with X = (0yj)1<i j<p,, and each
element of € is independent and distributed as %Cauchy(o, 1). In this model, the covariates
are contaminated with outliers, while the heterogeneity of response Y stems merely from
the random error €. In addition, in model (d1), we let 0;; = 1 and 0;; = p, j # @ except that
04 = 0j4 = /p. In model (d2), we set 0;; = 0 if i > 4 or j > 4 and the rest are the same
as model (d1). For both models, at the population level, the covariate X, is marginally
uncorrelated with Y. We consider two cases of p = 0.95 and 0.5 for simulation comparison.

Tables B and [ report the screening results regarding the rank R; and MMS. From the
tables, we can see that all the marginal screening approaches fail to pick out the covariate
X4 with very large values of the rank Ry. QPC-SIS and our CPC-SIS work much better
than those marginal methods. Particularly, under model (d1), our CPC-SIS has a very
competitive performance to QPC-SIS. Under model (d2), when the covariates are highly

correlated (p = 0.95), our proposal CPC-SIS(g5,.5) has the best performance.

(4) A further comparison of CC-SIS to other methods

Secondly, we further compare our proposed CC-SIS with two variable screening procedures:
mCC-SIS and T-SIS, which are mentioned in the main manuscript by two additional simu-
lation examples.

Ezample S7 Let X* = (X7, ... ,X;n)T be a latent random vector having the p,-dimensional

normal distribution N(0,,,%) with ¥ = (p*~!);.4,<,, , where we set the correlation coef-

ficient p = 0.5 for whole simulation. We write € = (ey,...,€,,)7 with each component ¢,
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being independent of other components and having the standard Cauchy distribution, i.e.,
€j ~ Cauchy(0,1). We generate covariates X from a mixture distribution: X = 0.8X*+4-0.2e€,

and simulate the response data from the following model:

o V =3X7 43X +2X5 +2X] +2X] +e,

where ¢ is simulated from two scenarios: € ~ N (0, 1) and ¢ ~ Cauchy(0,1). The simulation
results are reported in Table [ for p, = 1000. From Table [, we can observe that when
sample size is very small (n = 30), our proposed CC-SIS performs best at the median level
of (7,¢), while the mCC-SIS behaves best since it has the smallest model size and RSD when
sample size is large.

Ezample S8. We generate the response data from the following model: Y = 5X7I( X} <
0)+5X51(X5 > 0)+5sin(X7,)+e¢, where ¢ is simulated from two scenarios: € ~ N (0, 1) and
e ~ Cauchy(0, 1) and, the covariates X are simulated in the same manner as in Example S7
above. The resulting screening results in terms of MMS and R; are presented in Table I2.
From Table 2, we can observe that our proposed CC-SIS performs best at the median level
of (7,t) for small sample size and the mCC-SIS dominates other methods for large sample

size.

(5) Overlaps for breast cancer data

Table I3 gives the overlaps of selected genes probes using several approaches in the breast

cancer data analysis.
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Table 7: Simulation results for Example S5, where MMS stands for the median of the minimum model size, and robust
standard deviations (RSD) are given in parentheses, P is the proportion of screened sets that cover all active predictors with

screening parameter d, = [n/logn].

p=04 p=0.38
e~ N(0,1) e ~ Cauchy(0,1) e~ N(0,1) e ~ Cauchy(0,1)
Method (r, ¢) MMS(RSD) P MMS(RSD) P MMS(RSD) P MMS(RSD) P
Model (b1)
SIS 655 (396) 0.03 790 (227) 0.00 522 (431) 0.12 608 (389) 0.03
SIRS 615 (176) 0.00 669 (158) 0.00 513 (149) 0.00 547 (138) 0.00
DC-SIS 634 (441) 0.09 725 (350) 0.04 460 (527) 0.20 615 (489) 0.13
Kendall-SIS 5 (0) 0.99 5 (1) 0.96 5 (0) 1.00 5 (0) 1.00
CC-STS(0.25.0.25) 9 (18) 0.80 20 (41) 0.70 5 (0) 1.00 5 (0) 1.00
CC-SIS(0.5.0.5) 6 (7) 0.93 9 (14) 0.84 5 (0) 1.00 5 (0) 1.00
CC-SIS(0.75.0.75) 9 (15) 0.85 14 (40) 0.70 5 (0) 1.00 5 (0) 1.00
QC-SI1S(g.25) 710 (315) 0.01 782 (271) 0.00 649 (444) 0.06 678 (406) 0.03
QC-SIS (0.5 716 (334) 0.01 790 (250) 0.02 665 (438) 0.07 693 (398) 0.06
QC-SIS(g.75) 711 (297) 0.01 751 (314) 0.01 599 (379) 0.04 670 (408) 0.02
CQC-SIS 573 (156) 0.00 614 (149) 0.00 442 (118) 0.00 474 (104) 0.00
Model (b2)

SIS 482 (408) 0.13 638 (376) 0.01 351 (414) 0.15 686 (331) 0.03
SIRS 551 (161) 0.00 589 (195) 0.00 523 (173) 0.00 543 (158) 0.00
DC-SIS 284 (585) 0.30 607 (493) 0.12 230 (569) 0.35 506 (514) 0.17
Kendall-SIS 3 (0) 1.00 3 (0) 1.00 4 (1) 1.00 4 (1) 1.00
CC-STS(0.25.0.25) 6 (20) 0.78 13 (45) 0.68 5(2) 0.99 7 (4) 0.94
CC-SIS(0.5.0.5) 3(1) 0.98 4(3) 0.95 4(2) 1.00 5 (1) 1.00
CC-SIS(0.75.0.75) 7 (15) 0.85 14 (43) 0.66 6 (3) 0.99 7 (3) 0.96
QC-SIS g 25 615 (356) 0.06 588 (391) 0.05 411 (418) 0.07 598 (411) 0.05
QC-SIS (0.5 584 (460) 0.07 640 (373) 0.05 539 (474) 0.13 592 (425) 0.10
QC-SIS(g.75) 588 (414) 0.03 579 (353) 0.02 486 (374) 0.09 604 (401) 0.06
CQC-SIS 512 (153) 0.00 562 (155) 0.00 441 (122) 0.00 481 (150) 0.00
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Table 8: (Continued) Simulation results for Example S5, where MMS stands for the median of the minimum model size, and
robust standard deviations (RSD) are given in parentheses, P is the proportion of screened sets that cover all active predictors

with screening parameter d,, = |n/logn].

p=04 p=0.38
e~ N(0,1) e ~ Cauchy(0,1) e~ N(0,1) e ~ Cauchy(0,1)
Method (r, <) MMS(RSD) P MMS(RSD) P MMS(RSD) P MMS(RSD) P
Model (b3)
SIS 737 (296) 0.00 768 (204) 0.00 524 (399) 0.01 619 (368) 0.01
SIRS 767 (215) 0.00 745 (182) 0.00 664 (240) 0.00 703 (203) 0.00
DC-SIS 790 (245) 0.00 789 (213) 0.01 722 (276) 0.02 719 (309) 0.01
Kendall-SIS 504 (467) 0.12 475 (442) 0.10 5 (192) 0.65 16 (377) 0.60
CC-S1S(0.25.0.25) 475 (234) 0.02 679 (317) 0.02 252 (365) 0.21 279 (455) 0.14
CC-SIS(0.5.0.5) 483 (357) 0.09 478 (337) 0.07 18 (341) 0.56 53 (357) 0.47
CC-SIS(0.75.0.75) 426 (419) 0.17 281 (460) 0.19 12 (309) 0.59 113 (349) 0.47
QC-SIS g 25) 791 (199) 0.00 795 (191) 0.00 794 (222) 0.01 781 (225) 0.01
QC-SIS (0.5 785 (210) 0.00 810 (209) 0.01 750 (266) 0.02 796 (219) 0.04
QC-SIS(g.75) 762 (257) 0.00 793 (240) 0.00 698 (408) 0.01 714 (311) 0.02
CQC-SIS 743 (216) 0.00 749 (177) 0.00 623 (210) 0.00 628 (260) 0.00
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Table 9: Simulation results for Example S6 (d1), where R; indicates the median of the rank of the relevant predictors and

MMS stands for the median of the minimum model size and its robust standard deviations (RSD) are given in parenthesis.

e~ N(0,1) e~ %Cauchy((}, 1)
o Method (T, ¢) Ry Ry Rg Ry MMS (RSD) Ry Ry Rg Ry MMS (RSD)|
Model (d1)

0.5 SIS 2 2 2 450 450 (235) 3 3 3 411 476 (270)
SIRS 3 3 3 469 501 (243) 3 3 4 432 466 (258)
DC-SIS 2 2 2 497 497 (280) 2 2 2 464 464 (220)
Kendall-SIS 2 2 2 454 454 (228) 2 2 2 467 468 (280)
CC-SIS (g 25,0.25) 2 2 2 367 372 (331) 2 3 2 382 390 (311)
CC-SIS (g 5,0.5) 2 2 2 415 425 (272) 2 2 2 396 408 (275)
CC-SIS (g.75,0.75) 2 2 2 371 387 (324) 2 3 2 378 388 (311)
QC-SIS (g o5 2 2 2 478 493 (270) 2 2 2 473 477 (245)
QC-SIS (g 5 2 2 2 437 437 (236) 2 2 2 461 463 (331)
QC-SIS(g.75) 2 2 2 437 438 (227) 2 2 2 408 421 (247)
QPC-SIS (g 25) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
QPC-SIS (g5 2 2 2 4 4 (0) 2 2 2 4 4 (0)
QPC-SIS (g 75) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
CPC-SIS (4 25,0.25) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
CPC-SIS (g 5,0.5) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
CPC-SIS (g 75,0.75) 2 2 2 4 4 (0) 2 2 2 4 4 (0)

0.95 SIS 3 3 3 470 498 (306) 214 269 262 466 735 (353)
SIRS 28 52 45 474 541 (331) 24 26 43 473 584 (376)
DC-SIS 3 3 3 506 556 (220) 10 12 15 495 610 (240)
Kendall-SIS 3 3 3 482 529 (296) 3 3 3 486 557 (325)
CC-STS (g.25,0.25) 91 95 104 303 481 (276) 88 99 88 318 485 (292)
CC-S18 (g 5,0.5) 56 49 67 365 499 (383) 53 68 a7 354 610 (377)
CC-S1S (g 75,0.75) 114 92 94 297 470 (301) 125 63 138 318 492 (289)
QC-SIS (g5 3 3 3 470 512 (387) 3 3 3 467 522 (375)
QC-SIS (g 5 3 3 3 465 499 (346) 3 3 3 467 506 (382)
QC-SIS(g.75) 3 3 3 468 520 (379) 3 3 3 469 508 (329)
QPC-SIS (g 25) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
QPC-SIS (g 5 2 2 2 4 4 (0) 2 2 2 4 4 (0)
QPC-SIS (g 75) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
CPC-SIS(g.25,0.25) 2 2 2 4 4 (1) 2 2 2 5 5 (1)
CPC-SIS (g 5,0.5) 2 2 2 4 4 (0) 2 2 2 4 4 (0)
CPC-SIS (9.75,0.75) 2 2 2 4 4(1) 2 2 2 4 4 (1)
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Table 10: Simulation results for Example S6 (d2), where R; indicates the median of the rank of the relevant predictors, and

MMS stands for the median of the minimum model size, and robust standard deviations (RSD) are given in parentheses.

e~ N(0,1) e~ %Cauchy(O, 1)
o Method (T, ¢) Ry Ry Rg Ry MMS (RSD) Ry Ry Rg Ry MMS (RSD)|
Model (d2)

0.5 SIS 2 2 2 530 566 (359) 10 12 14 535 667 (351)
SIRS 99 93 100 453 485 (304) 107 110 112 478 507 (356)
DC-SIS 2 2 2 558 629 (393) 2 2 2 554 638 (322)
Kendall-SIS 2 2 2 514 514 (362) 2 2 2 578 578 (381)
CC-SIS (g 25,0.25) 3 3 3 437 442 (362) 4 4 4 453 456 (333)
CC-SIS (g 5,0.5) 3 3 3 339 348 (358) 2 3 3 459 463 (343)
CC-SIS (0 75,0.75) 3 3 3 440 446 (315) 3 4 5 449 451 (333)
QC-SIS (g 25) 3 3 3 499 594 (352) 3 3 2 531 618 (363)
QC-SIS (g 5) 2 2 2 514 583 (377) 2 3 2 501 533 (322)
QC-SIS (g, 75) 3 3 3 532 588 (345) 3 3 3 460 537 (337)
QPC-SIS (g 25) 3 3 3 2 4(1) 3 3 3 2 4 (1)
QPC-SIS (g 5) 2 3 3 2 4 (0) 3 3 3 2 4 (0)
QPC-SIS ¢ 75) 3 3 3 2 4 (1) 3 3 3 2 4 (3)
CPC-SIS(g 95 0.25) 2 2 2 4 4 (2) 2 2 2 4 5 (3)
CPC-SIS (g 5,0.5) 3 3 3 1 4 (0) 3 3 3 2 4 (0)
CPC-SIS(g.75,0.75) 2 2 2 4 4(1) 2 2 3 4 5 (3)

0.95 SIS 182 169 200 557 712 (285) 518 434 435 496 770 (282)
SIRS 355 388 375 507 729 (290) 450 401 403 507 720 (305)
DC-SIS 238 191 236 540 762 (335) 347 329 365 507 825 (262)
Kendall-STS 192 154 181 534 675 (274) 224 222 196 482 734 (309)
CC-SIS (g .25,0.25) 266 281 268 443 695 (197) 254 260 255 438 688 (205)
CC-SIS (g 5,0.5) 292 224 303 473 672 (305) 318 305 213 462 666 (300)
CC-SIS (4 75,0.75) 262 265 265 441 694 (199) 268 423 284 431 693 (195)
QC-SIS (g 25) 313 295 338 595 791 (259) 393 394 357 480 755 (280)
QC-SIS (g 5) 274 304 308 529 795 (283) 291 282 290 480 753 (258)
QC-SIS (g, 75) 259 341 279 529 746 (276) 362 374 376 459 806 (268)
QPC-SIS (g o5 112 150 158 4 530 (465) 163 186 162 5 583 (475)
QPC-SIS (g 5) 106 147 103 3 518 (524) 148 102 96 3 514 (535)
QPC-SIS ¢ 75) 148 164 214 3 574 (437) 146 196 126 6 591 (483)
CPC-SIS(g.25,0.25) 14 11 11 3 270 (478) 13 16 34 6 311 (591)
CPC-SIS (g 5,0.5) 5 5 6 1 110 (404) 4 4 4 1 24 (371)
CPC-SIS (g.75,0.75) 11 13 15 3 225 (453) 13 39 14 5 299 (537)
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Table 11: Simulation results for Example S7, where R; indicates the median of the rank of the relevant predictors, and MMS

stands for the median of the minimum model size, and robust standard deviations (RSD) are given in parentheses.

e~ N(0,1) e~ %Comchy(()7 1)

Method(T,¢) Ry Ry R3 Ry Rs MMS (RSD) R Ry R3 Ry Rs MMS (RSD)

n=30 T-SISa2s025 103 68 86 106 175  577(207) 125 95 89 118 423 577 (254)
T-SIS(0.5,0.5) 55 24 34 69 219 442 (336) 90 36 48 121 231 464 (287)
T-SIS(o7s.075) 183 131 155 187 306 577 (152) 232 160 206 239 237 595 (242)
CC-SIS(g95025 70 5 67 74 101 404 (185) 78 70 71 78 380 408 (193)
CC-SIS(0.5,0.5) 25 5 22 29 134 162 (240) 28 22 24 34 133 164 (245)
CC-SIS(g75075 69 49 63 70 157 393 (178) 76 68 74 79 84 401 (193)
mCC-SIS 44 12 30 52 127 245(319) 107 21 57 92 161 343 (344)

n=50  T-SIS(g.25,0.25) 90 16 19 89 131 355 (313) 90 18 78 102 195 416 (332)
T-SIS(0.5,0.5) 11 5 10 26 76 196 (223) 20 7 16 41 71 245 (290)
T-SIS(0.75.0.75) 74 57 67 92 109  432(356) 100 68 74 114 134 468 (278)
CC-SIS(p25025 20 3 5 21 32 152 (270) 21 3 18 25 125 160 (259)
CC-SIS(0.5,0.5) 4 3 6 11 28 93 (173) 8 4 6 20 29 103 (143)

CC-SIS(0.75,075) B 3 4 22 28 151 (319) 2 4 5 26 31 165 (255)

mCC-SIS 14 4 6 22 57 99 (107) 25 4 19 40 66 164 (209)
n=100 T-SIS(g.25,0.25) 8 3 6 17 78 98 (98) 22 4 12 20 51 123 (181)
T-SIS(0.5,0.5) 4 2 2 4 13 27 (55) 4 2 3 5 21 48 (79)
T-SIS(0.75,0.75) 11 3 5 17 80 99 (132) 20 5 9 19 88 130 (203)
CC-SIS(0.25,0.25 3 2 3 4 29 39 (81) 4 2 3 5 21 101 (190)
CC-SIS(0.5,0.5) 3 2 2 4 9 16 (26) 3 2 3 4 14 31 (46)
CC-SIS(o.75,075 3 1 3 4 31 40 (86) 4 2 3 5 34 108 (191)
mCC-SIS 3 1 3 4 12 16 (24) 4 2 3 5 18 26 (66)
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Table 12: Simulation results for Example 6, where R; indicates the median of the rank of the relevant predictors, and MMS

stands for the median of the minimum model size, and robust standard deviations (RSD) are given in parentheses.

e~ N(0,1) €n~ éCauchy(O7 1)
Method(r, <) R Ro Rs MMS (RSD) Ry Ro Rs MMS (RSD)
n =30 T-STS(0.25.0.25) 82 138 112 479 (361) 108 390 149 521 (241)
T-SIS(0.5.0.5) 80 93 56 303 (297) 107 89 108 406 (389)
T-S1S(0.75.0.75) 259 127 216 566 (292) 260 197 267 587 (337)
CC-ST80.25.0.25) 65 84 76 387 (246) 74 355 89 405 (196)
CC-ST1S(0.5.0.5) 26 29 25 147 (303) 31 28 32 154 (253)
CC-S1S(0.75.0.75) 86 51 77 396 (391) 162 70 81 399 (203)
mCC-SIS 33 37 96 151 (148) 91 92 152 204 (326)
n =50 T-STS0.25.0.25) 20 125 105 305 (284) 28 207 111 418 (318)
T-SIS(0.5.0.5) 24 23 17 105 (166) 48 50 37 208 (259)
T-S1S(0.75.0.75) 111 56 114 425 (407) 358 78 123 459 (264)
CC-SIS 0.25.0.25) 3 31 25 144 (311) 4 126 28 161 (258)
CC-STS(0.5.0.5) 14 8 7 56 (167) 23 24 21 96 (175)
CC-S18(0.75.0.75) 25 2 27 144 (327) 138 7 28 166 (257)
mCC-SIS 12 4 30 54 (66) 28 23 45 116 (170)
n = 100 T-SIS0.25.0.25) 3 32 18 96 (145) 6 83 29 130 (223)
T-SIS(0.5.0.5) 4 3 2 14 (26) 5 7 3 33 (64)
T-SIS0.75.0.75) 37 3 17 94 (97) 101 6 75 150 (208)
CC-STS .25.0.25) 1 11 4 35 (88) 1 32 11 109 (196)
CC-SI1S(0.5.0.5) 3 3 2 8 (17) 3 4 3 16 (44)
CC-S1S(0.75.0.75) 16 1 4 37 (84) 37 1 25 116 (193)
mCC-SIS 2 2 3 5 (7) 3 2 7 16 (31)
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Table 13: The overlaps of selected genes probes using various approaches for the breast cancer data, where the screening
threshold parameter is set as d, = |n/logn] = 21 for each method. The CPC-SISa; means the CPC-SIS in Case 1, the

CPC-SISag indicates the CPC-SIS in Case 2, and the CPC-SISa3 stands for the CPC-SIS in Case 3.

QC-SIS(7) QPC-SIS(7) CC-SIS(7, ¢) CPC-SISa; CPC-SISag CPC-SISag

SIS SIRS DC-SIS Kendall-SIS 0.25 0.5 0.75 0.25 0.5 0.75 (0.25,0.25) (0.5,0.5) (0.75,0.75) (0.5,0.5) (0.5,0.5) (0.5,0.5)

SIS 21 8 7 4 17 5 1 1 0 2 1 1 0 1 0

SIRS 8 21 13 9 115 2 1 0 0 3 5 0 0 1 0
DC-SIS 7 13 21 11 o 8 3 0 0 0O 1 6 0 0 1 0
Kendall 4 9 11 21 o 3 4 0 o0 0 0 3 0 0 0 0
QC-SIS (g, 25) 11 0 0 21 1 0 0 0 0 1 0 0 0 0 0
QC-SIS (g5 7 15 8 3 121 0 1 0 0 3 7 0 0 1 0
QC-SIS (g 75) 5 2 3 4 0 0 21 0 1 0 0 0 5 0 0 0
QPC-SIS (g o5) 101 0 0 o 1 0 =21 0 0 0 0 0 0 0 0
QPC-SIS (g 5) 10 0 0 o 0o 1 o0 21 o0 0 0 0 0 0 0
QPC-SIS (g, 75) o o 0 0 o o o o o0 =21 0 0 0 0 0 0
CC-SIS(g.25,0.25) 2 3 1 0 13 0 0 0 0 21 1 0 0 0 0
CC-SIS(g.5,0.5) 105 6 3 o 7 0 0 0 0 1 21 0 0 1 0
CC-SIS(g.75,0.75) 1 O 0 0 o 0o 5 0 0 0 0 0 21 0 1 0
CPC-SISai(g.5,0.5) 0 O 0 0 o 0o o o o0 o0 0 0 0 21 0 0
CPC-SISaz(g.5,0.5) 1 1 1 0 o 1 0o 0 o0 0 0 1 1 0 21 0
CPC-SISaz(g.5,05 0 O 0 0 o 0o 0o o 0 0 0 0 0 0 0 21
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