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A Technical details in Section 4.2: Derivatives of mi with respect to β4

and Σ5

Using equation (119) from [13], we get6

∂mi

∂β
= −2Σ−1(Yi − µY − β(Xi − µX))(Xi − µX)T .

On the other hand, for F (X) ∈ Rm×p and G(X) ∈ Rp×q, (see [6]), we have7

∂vec(F (X)G(X))

∂vecT (X)
= (G(X)T ⊗ Im)

∂vec(F (X))

∂vecT (X)
+ (Iq ⊗ F (X))

∂vec(G(X))

∂vecT (X)
.

Now take X = Σ, F (Σ) = Σ and G(Σ) = Σ−1, then8

0 = (Σ−1 ⊗ Ir)
∂vec(Σ)

∂vecT (Σ)
+ (Ir ⊗ Σ)

∂vec(Σ−1)

∂vecT (Σ)
,
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which yields9

∂vec(Σ−1)

∂vecT (Σ)
= −(Σ−1 ⊗ Σ−1).

Therefore10

∂mi

∂vec(Σ)
= −

[
(Σ−1 ⊗ Σ−1)vec

(
(Yi − µY − β(Xi − µX))(Yi − µY − β(Xi − µX)T

)]T
,

or equivalently11

∂mi

∂Σ
= −Σ−1[Yi − µY − β(Xi − µX)][Yi − µY − β(Xi − µX)T ]Σ−1.

B Proof of Proposition 112

We calculate the asymptotic distributions for the MLE estimator of model (1), the reduced-rank regres-13

sion estimator, the envelope estimator and the reduced-rank envelope estimator.14

The MLE estimator of model (1): avar{
√
nvec(β̂std)}15

From [1], [2], [8], [9], [10], [11], or [15] to compute the asymptotic variance of the estimator we need16

to compute the information matrix.17

Without loss of generality we assume that µY = 0 and µX = 0. The log-likelihood function for the18

elliptical linear multivariate regression (1) is given by19

L = −1

2
log |Σ|+ log g

[
(Y − βX)T Σ−1 (Y − βX)

]
. (1)
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The Fisher information matrix for (vecT (β), vechT (Σ)) is given by20

Jh =

 J11 J12

J21 J22

 ,

with21

J11 = E

(
∂L

∂vecT (β)

∂L

∂vec(β)

)
,

J12 = E

(
∂L

∂vecT (β)

∂L

∂ vech(Σ)

)
, J21 = JT

12,

J22 = E

(
∂L

∂ vechT (Σ)

∂L

∂ vech(Σ)

)
.

Let U = Σ−1/2(Y − βX). We will prove that22

A ≡ E

[(
g′(UTU)

g(UTU)

)2

UUT

∣∣∣∣X
]

= NXIr, (2)

B ≡ E

(
U
g′(UTU)

g(UTU)

∣∣∣∣X) = 0, (3)

C ≡ E

[(
g′(UTU)

g(UTU)

)2

vec(UUT )UT

∣∣∣∣X
]

= 0, (4)

D ≡ E

[
g′(UTU)

g(UTU)
(UUT )

∣∣∣∣X] = −1

2
Ir, (5)

E ≡ E

[(
g′(UTU)

g(UTU)

)2

vec(UUT )vecT (UUT )

∣∣∣∣X
]

= MX(Ir2 +Krr) +MXvec(Ir)vecT (Ir),(6)

whereNX = E

[(
g′(UTU)
g(UTU)

)2
UTU

∣∣∣∣X] /r,MX = E

[(
g′(UTU)
g(UTU)

)2
(UTU)2

∣∣∣∣X] /(r(r+2)) andKrr ∈23

Rr2×r2 denotes a commutation matrix that for an arbitrary matrix A ∈ Rr×r, vec(AT ) = Krrvec(A).24
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Using (2)-(6), we have25

J11 = 4(Σ̃X ⊗ Σ−1), (7)

J12 = 0, (8)

J22 = 2MET
r (Σ−1 ⊗ Σ−1)Er + (M − 1

4
)ET

r vec(Σ−1)vecT (Σ−1)Er, (9)

where Σ̃X = E(NXXX
T ) if X is random and Σ̃X = limn→∞

1
n

∑n
i=1NXiXiX

T
i if X is fixed26

(assuming the limit is finite); M = E(MX) if X is random and M = limn→∞
1
n

∑n
i=1MXi if X is27

fixed (assuming the limit is finite).28

We first prove (7)-(9) given (2)-(6), and then establish (2)-(6).29

Based on (1), the derivatives of L with respect to β and Σ−1 are given by30

∂L

∂vecT (β)
= −2

g′(UTU)

g(UTU)
(X ⊗ Σ−1/2)U,

∂L

∂ vechT (Σ−1)
=

1

2
ET

r vec(Σ) + ET
r

g′(UTU)

g(UTU)
(Σ1/2 ⊗ Σ1/2)vec(UUT ).

Since

∂vec(Σ−1)

vecT (Σ)
= −(Σ−1 ⊗ Σ−1),

we get31

∂L

∂ vechT (Σ)
= −1

2
ET

r vec(Σ−1)− ET
r

g′(UTU)

g(UTU)
(Σ−1/2 ⊗ Σ−1/2)vec(UUT ).
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Then32

J11 = 4E

[(
g′(UTU)

g(UTU)

)2

(X ⊗ Σ−1/2)UUT (XT ⊗ Σ−1/2)

]
= 4E

(
(X ⊗ Σ−1/2)A(XT ⊗ Σ−1/2)

)
= 4E

(
NX(XXT ⊗ Σ−1)

)
= 4(Σ̃X ⊗ Σ−1),

J12 = 2E

(
g′(UTU)

g(UTU)
(X ⊗ Σ−1/2)U

[
vecT (UUT )(Σ−1/2 ⊗ Σ−1/2)

g′(UTU)

g(UTU)
Er +

1

2
vecT (Σ−1)Er

])
= 2E

(
(X ⊗ Σ−1/2)CT (Σ−1/2 ⊗ Σ−1/2)Er + (X ⊗ Σ−1/2)B

1

2
vecT (Σ−1)Er

)
= 0,

33

J22 = E

([
1

2
ET

r vec(Σ−1) + ET
r

g′(UTU)

g(UTU)
(Σ−1/2 ⊗ Σ−1/2)vec(UUT )

]
[
vecT (UUT )(Σ−1/2 ⊗ Σ−1/2)

g′(UTU)

g(UTU)
Er +

1

2
vecT (Σ−1)Er

])
=

1

4
ET

r vec(Σ−1)vecT (Σ−1)Er +
1

2
ET

r vec(Σ−1)vecT (D)(Σ−1/2 ⊗ Σ−1/2)Er

+
1

2
ET

r (Σ−1/2 ⊗ Σ−1/2)vec(D)vecT (Σ−1)Er + ET
r (Σ−1/2 ⊗ Σ−1/2)E(Σ−1/2 ⊗ Σ−1/2)Er

= −1

4
ET

r vec(Σ−1)vecT (Σ−1)Er

+ET
r (Σ−1/2 ⊗ Σ−1/2)E

[
MX(Ir2 +Krr) +MXvec(Ir)vecT (Ir)

]
(Σ−1/2 ⊗ Σ−1/2)Er

= 2MET
r (Σ−1 ⊗ Σ−1)Er + (M − 1

4
)ET

r vec(Σ−1)vecT (Σ−1)Er,

from which we establish (7) - (9). Now we prove (2)-(6).34

Proof of (2): Since the distribution of U given X is symmetric, for any orthogonal matrix V , U and35
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V U should have the same distribution. As a consequence,36

A = E

[(
g′(UTU)

g(UTU)

)2

UUT

∣∣∣∣X
]

= E

[(
g′(UTV TV U)

g(UTV TV U)

)2

V UUTV T

∣∣∣∣X
]

= V E

[(
g′(UTU)

g(UTU)

)2

vec(U)vecT (U)

∣∣∣∣X
]
V T

= V AV T .

Using Proposition 2.14 of [7], we have37

A = NXIr.

To find NX , notice that tr(A) = rNX . So we have38

NX =
1

r
tr(A) =

1

r
E

[(
g′(UTU)

g(UTU)

)2

UTU

∣∣∣∣X
]
.

Proof of (3): We prove (3) using the same technique as that in the proof of (2). For any r×r orthogonal39

matrix V ,40

B = V E

(
U
g′(UTU)

g(UTU)

∣∣∣∣X) = V B.

Let ei denote the vector of all zeros except that its i element is one. Take V to be the permutation matrix41

such that V ei = ej , V ej = ei and V ek = ek for k = 1, . . . , k 6= i, j. Then B must be proportional to42

a vector of 1’s. In other words, B = c1r , where 1r is the vector of r one’s. Then for any orthogonal43

matrix V , we have c = c
∑r

j=1 vij for i = 1, . . . , r. Therefore c = 0 and (3) follows.44

Proof of (4): Using the same reasoning, for any orthogonal matrix V ,45

C = (V ⊗ V )CV T . (10)
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We first take V to have the following form46

V =

 1 0

0 V−i

 ,

where V−i is any (r − 1)× (r − 1) orthogonal matrix. Then we have V e1 = e1. Let c1 denote the first47

column of C. Then we have48

c1 = (V ⊗ V )c1.

Let M1 be an r × r matrix such that vec(M1) = c1. Then we have49

vec(M1) = (V ⊗ V )vec(M1) = vec(VM1V
T ).

If we partition the matrix M1 the same way as we partition V . Then by Proposition 2.14 of [7], M150

must have the following structure51

M1 =

 d1 0

0 f1Ir−1

 ,

where d1 and f1 are constants. Similarly, we take V such that V T ei = ei. Then we can construct Mi52

such that vec(Mi) = ci, where ci is the ith column of C. By the previous discussion Mi must be a53

diagonal matrix where the ith diagonal element is di and the rest are fi.54

Now we want to prove di = fi for all i. Let V be a permutation matrix such that for i 6= j,55
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V T ei = ej , V T ej = ei and V ek = ek for k 6= i, j. Then we have56

ci = (V ⊗ V )cj , vec(Mi) = vec(VMjV
T ).

So Mi = VMjV
T . Because of the structure of V , we then have di = dj = fi = fj ≡ c for all57

1 ≤ i, j ≤ r, where c is a constant. Therefore Mi = cIr for all i = 1, . . . , r. This implies that58

C = c vec(Ir)1
T
r . Using (10), we have59

c vec(Ir)1
T
r = c(V ⊗ V )

(
vec(Ir)1

T
r

)
V T = c vec(V V T )1Tr V

T = c vec(Ir)1
T
r V

T .

Pre-multiplying both sides by vecT (Ir) we get60

cr1Tr = cr1Tr V
T

for any V orthogonal. This implies c = 0 and therefore C = 0.61

Proof of (5): Again for any orthogonal matrix V , we have D = V DV T . By Proposition 2.14 of [7]62

D = HXIr

with HX = E
[
g′(UTU)
g(UTU)

(UTU)
∣∣∣X] /r. Using equation (2.12) of [12], we get HX = −1/2.63

Proof of (6): By the definition of E, for any orthogonal matrix V ,64

E = (V ⊗ V )E(V T ⊗ V T ).

Using Proposition 4.1 of [4], we get E = cIr2 + aKrr + 2dvec(Ir)vecT (Ir), where a, c and d are65
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constants. Since E is symmetric,66

E = KrrE = cKrr + aIr2 + 2dvec(Ir)vecT (Ir).

Therefore c(Krr − Ir2) = a(Krr − Ir2), which implies that a = c and67

E = c(Ir2 +Krr) + 2dvec(Ir)vecT (Ir). (11)

Now we compute c and d. Taking trace of (11) on both sides and using the fact that tr(ATB) =68

vecT (A)vec(B) for any matrices A ∈ Ra×b and B ∈ Ra×b, we have69

E

[(
g′(UTU)

g(UTU)

)2

(UTU)2

∣∣∣∣X
]

= cr(r + 1) + 2dr.

Now pre-multiply (11) by vecT (I) and post-multiply (11) by vec(I), and take the trace. We have70

E

[(
g′(UTU)

g(UTU)

)2

(UTU)2

∣∣∣∣X
]

= 2cr + 2dr2.

As a consequence, 2d = c. Then71

r(r + 2)c = E

[(
g′(UTU)

g(UTU)

)2

(UTU)2

∣∣∣∣X
]
.

Let Mx denote c, and we have (6).72

Since the reduced-rank regression, the envelope and the reduced-rank envelope models are over-73

parameterized, we will apply Proposition 4.1 from [14] to prove the asymptotic distribution for β̂RR, β̂E74

and β̂RE as in [5] and [6]. To apply Proposition 4.1 of [14], we will check the assumptions first. Along75
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the discussion, we will match Shapiro’s notations in our context. Let us call F ((βstd,Σstd), (β,Σ)) =76

L(β̂std, Σ̂std)− L(β,Σ) where L is the likelihood function. Then F satisfies the four conditions for F77

in Section 3 in [14]. The function g defined by Shapiro in (2.1) are the functions g1, g2 and g3 defined78

in (12) under our context. Let h = (vecT (β), vechT (Σ))T , ψ = (
(
vecT (A), vecT (B), vechT (Σ)

)T
,79

δ = (vecT (ξ), vecT (Γ), vechT (Ω), vechT (Ω0))T and φ = (vecT (B), vecT (η), vecT (Γ), vechT (Ω),80

vechT (Ω0))T denote the parameters in the standard model, the reduced-rank regression, the envelope81

model and the reduced-rank envelope model respectively. We have82

h = g1(ψ) =

 vec(AB)

vech(Σ)

 , h = g2(δ) =

 vec(Γξ)

vech(ΓΩΓT + Γ0Ω0ΓT
0 )

 ,

h = g3(φ) =

 vec(ΓηB)

vech(ΓΩΓT + Γ0Ω0ΓT
0 )

 . (12)

It is obvious that g1, g2 and g3 are all twice continuous differentiable. Therefore all the assumptions of83

Shapiro’s Proposition 4.1 are satisfied, and we can get the asymptotic distribution of each of the estima-84

tors using Proposition 4.1 from [14]. Furthermore, the asymptotic variance of the estimator of reduced-85

rank regression, the envelope model or the reduced-rank envelope model is given by H(HTJhH)†HT ,86

where Jh is the Fisher information under the standard model, and H is the gradient matrix, which87

equals to ∂h/∂Tψ, ∂h/∂T δ and ∂h/∂Tφ under the reduced-rank regression, the envelope model and88

the reduced-rank envelope model respectively.89

Next we calculate the asymptotic variance of the reduced-rank regression estimator, the envelope90

estimator and the reduced-rank envelope estimator in details as follows.91
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The reduced-rank regression estimator: avar[
√
nvec(β̂RR)]92

To estimate h = (vecT (β), vechT (Σ))T , the constituent parameters of the reduced-rank regression are93

ψ =
(
vecT (A), vecT (B), vechT (Σ)

)T
. Since β = AB, the gradient matrix H = ∂h/∂Tψ is94

H =

 BT ⊗ Ir Ip ⊗A 0

0 0 Ir(r+1)/2

 =

 h1 0

0 Ir(r+1)/2

 , (13)

with h1 = (BT ⊗ Ir, Ip ⊗A). Using Proposition 4.1 in [14], avar[
√
nh(ψ̂)] is given by95

H(HTJhH)†HT =

 1
4h1[hT1 (Σ̃X ⊗ Σ−1)h1]†hT1 0

0 J−1
Σ

 ,

where † denotes the Moore-Penrose generalized inverse. We can write h1 = H1H2, where96

H1 =

(
BT ⊗ I (I −BT (BΣ̃XB

T )−1BΣ̃X)⊗A
)
, H2 =

 Ird (BΣ̃XB
T )−1BΣ̃X ⊗A

0 Ipd

 .

Since H2 is of full rank, h1[hT1 (Σ̃X ⊗ Σ−1)h1]†hT1 = H1[HT
1 (Σ̃X ⊗ Σ−1)H1]†HT

1 . Now97

HT
1 (Σ̃X ⊗ Σ−1)H1 =

 BΣ̃XB
T ⊗ Σ−1 0

0 (Σ̃X − Σ̃XMBΣ̃X)⊗ATΣ−1A

 (14)

where MB = BT (BΣ̃XB
T )−1B. Notice that both BΣ̃XB

T ⊗Σ−1 and ATΣ−1A are invertible. Since98

MBΣ̃XMB = MB , (Σ̃X − Σ̃XMBΣ̃X)† = Σ̃−1
X −MB . Therefore,99

[
HT

1 (Σ̃X ⊗ Σ−1)H1

]†
=

 (BΣ̃XB
T )−1 ⊗ Σ 0

0 (Σ̃−1
X −MB)⊗ (ATΣ−1A)−1

 . (15)
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LetMA = A(ATΣ−1A)−1AT . Since avar[
√
nvec(β̂RR)] correspond to the upper left block ofH1[HT

1 (Σ̃X⊗100

Σ−1)H1]†HT
1 , we have101

avar[
√
nvec(β̂RR)] =

1

4
MB ⊗ Σ +

1

4
(Ip −MBΣ̃X)(Σ̃−1

X −MB)(Ip −MBΣ̃X)⊗MA

=
1

4
MB ⊗ Σ +

1

4
(Σ̃−1

X −MB)⊗MA

=
1

4
[Σ̃−1

X − (Σ̃−1
X −MB)]⊗ Σ +

1

4
(Σ̃−1

X −MB)⊗MA

=
1

4
Σ̃−1
X ⊗ Σ− 1

4
(Σ̃−1

X −MB)⊗ (Σ−MA). (16)

The envelope estimator: avar[
√
nvec(β̂E)]102

Under the envelope model, the constituent parameters are δ = (vecT (ξ), vecT (Γ), vechT (Ω), vechT (Ω0))T .103

Since β = Γξ, Σ = ΓΩΓT + Γ0Ω0ΓT
0 , the gradient matrix H = ∂h/∂T δ is104

 Ip ⊗ Γ ξT ⊗ Ir 0 0

0 2Cr(ΓΩ⊗ Ir − Γ⊗ Γ0Ω0ΓT
0 ) Cr(Γ⊗ Γ)Eu Cr(Γ0 ⊗ Γ0)Er−u

 .

By Proposition 4.1 in [14], avar[
√
nh(δ̂)] = H(HTJhH)†HT . Again we write H = H1H2, where105

H1 =

 Ip ⊗ Γ ξT ⊗ Γ0 0 0

0 2Cr(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) Cr(Γ⊗ Γ)Eu Cr(Γ0 ⊗ Γ0)Er−u

 ,

and106

H2 =



Ipu ξT ⊗ ΓT 0 0

0 Iu ⊗ ΓT
0 0 0

0 2Cu(Ω⊗ ΓT ) I(u(u+1)/2 0

0 0 0 I(r−u)(r−u+1)/2


.
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Since H2 is full rank, then the asymptotic variance is avar[
√
nh(δ̂)] = H1(HT

1 JhH1)†HT
1 . Now107

HT
1 Jh =



4(Σ̃X ⊗ Ω−1ΓT ) 0

4(ξΣ̃X ⊗ Ω−1
0 ΓT

0 ) 2M(ΓT ⊗ Ω−1
0 ΓT

0 − Ω−1ΓT ⊗ ΓT
0 )Er

0 2MET
u (Ω−1ΓT ⊗ Ω−1ΓT )Er + (M − 1

4)ET
u vec(Ω−1)vecT (Σ−1)Er

0 2MET
r−u(Ω−1

0 ΓT
0 ⊗ Ω−1

0 ΓT
0 )Er + (M − 1

4)ET
r−uvec(Ω−1

0 )vecT (Σ−1)Er


,

and108

HT
1 JhH1 =



4(Σ̃X ⊗ Ω−1) 0 0 0

0 S22 0 0

0 0 S33 S34

0 0 S43 S44


,

where109

S22 = 4(ξΣ̃Xξ
T ⊗ Ω−1

0 ) + 4M(ΓT ⊗ Ω−1
0 ΓT

0 − Ω−1ΓT ⊗ ΓT
0 )ErCr(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

= 4(ξΣ̃Xξ
T ⊗ Ω−1

0 ) + 4M(Ω⊗ Ω−1
0 + Ω−1 ⊗ Ω0 − 2Iu ⊗ Ir−u).

The asymptotic variance of β̂E does not depend on S33, S34, S43 and S44, since it is equal to the upper110

left block of H1(HT
1 JhH1)†HT

1 :111

avar[
√
nvec(β̂E)] =

1

4
(Ip ⊗ Γ)(Σ̃−1

X ⊗ Ω)(Ip ⊗ ΓT ) + (ξT ⊗ Γ0)S−1
22 (ξ ⊗ ΓT

0 )

=
1

4
(Σ̃−1

X ⊗ ΓΩΓT )

+
1

4
(ξT ⊗ Γ0)[ξΣ̃Xξ

T ⊗ Ω−1
0 +M(Ω⊗ Ω−1

0 + Ω−1 ⊗ Ω0 − 2Iu ⊗ Ir−u)]−1(ξ ⊗ ΓT
0 ).
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The reduced-rank envelope estimator: avar[
√
nvec(β̂RE)]112

The constituent parameters of the reduced-rank envelope model are φ = (vecT (B), vecT (η), vecT (Γ), vechT (Ω),113

vechT (Ω0))T . Since β = ΓηB, Σ = ΓΩΓT + Γ0Ω0ΓT
0 , the gradient matrix H = ∂h/∂Tφ is114

H =

 BT ηT ⊗ Ir BT ⊗ Γ Ip ⊗ Γη 0 0

2Cr(ΓΩ⊗ Ir − Γ⊗ Γ0Ω0ΓT
0 ) 0 0 Cr(Γ⊗ Γ)Eu Cr(Γ0 ⊗ Γ0)Er−u

 .

(17)

Again by Proposition 4.1 of [14], avar[
√
nvec(β̂RE)] = H(HTJhH)†HT . We write H = H1H2,115

where116

H1 =

 BT ηT ⊗ Γ0 BT ⊗ Γ (Ip −MBΣX)⊗ Γη 0 0

2Cr(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) 0 0 Cr(Γ⊗ Γ)Eu Cr(Γ0 ⊗ Γ0)Er−u

 ,

(18)

and117

H2 =



Iu ⊗ ΓT
0 0 0 0 0

ηT ⊗ ΓT Iud (BΣXB
T )−1BΣX ⊗ η 0 0

0 0 Ipd 0 0

2Cu(Ω⊗ ΓT ) 0 0 Ir(r+1)/2 0

0 0 0 0 I(r−u)(r−u+1)/2


. (19)

Since H2 is of full rank, avar[
√
nvec(β̂RE)] = H1(HT

1 JhH1)†HT
1 . First we calculate HT

1 JhH1. We118

write H1 as H1 = (H11, H12, H13, H14, H15). Since119

JhH11 =

 4Σ̃XB
T ηT ⊗ Γ0Ω−1

0

4MET
r (Γ⊗ Γ0Ω−1

0 − ΓΩ−1 ⊗ Γ0)

 , (20)
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we have HT
1iJhH11 = 0 for i = 2, 3, 4, 5. Because120

Jh(H12, H13) = 4

 Σ̃XB
T ⊗ ΓΩ−1 (Σ̃X − Σ̃XMBΣ̃X)⊗ ΓΩ−1η

0 0

 , (21)

then HT
1iJhH12 = 0 for i = 3, 4, 5, and HT

1iJhH13 = 0 for i = 4, 5. Therefore121

HT
1 JhH1 =



HT
11JhH

T
11 0 0 0

0 HT
12JhH

T
12 0 0

0 0 HT
13JhH

T
13 0

0 0 0 (H14, H15)TJh(HT
14, H

T
15)T


,

and122

(HT
1 JhH1)† =



(HT
11JhH

T
11)† 0 0 0

0 (HT
12JhH

T
12)† 0 0

0 0 (HT
13JhH

T
13)† 0

0 0 0 [(H14, H15)TJh(HT
14, H

T
15)T ]†


.

As a consequence,123

avar{
√
nh(φ̂)} = H11(HT

11JhH11)†HT
11 +H12(HT

12JhH12)†HT
12 +H13(HT

13JhH13)†HT
13

+(H14, H15)((H14, H15)TJh(HT
14, H

T
15)T )†(HT

14, H
T
15).

The asymptotic covariance of avar[
√
nvec(β̂RE)] corresponds to the upper left block of avar[

√
nh(φ̂)],124

and (H14, H15)[(H14, H15)TJh(HT
14, H

T
15)T ]†(HT

14, H
T
15) does not contribute to it. So we only consider125
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the upper left block of
∑3

i=1H1i(H
T
1iJhH1i)

†HT
1i. The upper left block of H11(HT

11JhH11)†HT
11 is126

(BT ηT ⊗ Γ0)(HT
11JhH11)†(ηB ⊗ ΓT

0 )

=
1

4
(BT ηT ⊗ Γ0)[ηBΣ̃XB

T ηT ⊗ Ω−1
0 +M(Ω⊗ Ω−1

0 − 2Iu(r−u) + Ω−1 ⊗ Ω0)]−1(ηB ⊗ ΓT
0 ).

The upper left block of H12(HT
12JhH12)†HT

12 is127

(BT ⊗ Γ)(HT
12JhH12)†(B ⊗ ΓT ) =

1

4
(BT ⊗ Γ){(BΣ̃XB

T )−1 ⊗ Ω}(B ⊗ ΓT ) =
1

4
MB ⊗ ΓΩΓT .

And the upper left block of H13(HT
13JhH13)†HT

13 is128

1

4
[(Ip −MBΣ̃X)⊗ Γη](ΣX ⊗ ηTΩ−1η)−1[(Ip − Σ̃XMB)⊗ ηTΓT ]

=
1

4
(Σ̃−1

X −MB)⊗ Γη(ηTΩ−1η)−1ηTΓT .

Hence avar{
√
nvec(β̂RE)} is given by129

1

4
(BT ηT ⊗ Γ0)[ηBΣ̃XB

T ηT ⊗ Ω−1
0 +M(Ω⊗ Ω−1

0 − 2Iu(r−u) + Ω−1 ⊗ Ω0)]−1(ηB ⊗ ΓT
0 )

+
1

4
MB ⊗ ΓΩΓT +

1

4
(Σ̃−1

X −MB)⊗ Γη(ηTΩ−1η)−1ηTΓT . (22)

C Additional simulation results for Section 7.2130

We repeated the simulation with the same setting as in Figure 6 of the paper, but the errors were gen-131

erated from the multivariate normal distribution N(0, 2Σ). The comparison of the estimation standard132

deviation and MSE are displayed in Figure 1. Under this setting, the basic reduced-rank envelope esti-133

mator is the MLE. The reduced-rank envelope estimator with approximate weights has about the same134
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efficiency as the MLE, since the weights are adaptive to the data. The reduced-rank envelope estimator135

with normal mixture weights (computed from two normal distributions N(0, 2Σ) and N(0, 0.1Σ) with136

probability 0.5 and 0.5) loses some efficiency because of the wrong weights. For example, at sample137

size 100, the ratios of estimation standard deviations of the reduced-rank envelope estimator with nor-138

mal mixture weights versus the basic reduced-rank envelope estimator range from 1.04 to 1.17 with an139

average of 1.08. The MSE shows a similar pattern as the estimation standard deviation. The bias of the140

three reduced-rank envelope estimators is about the same, while the absolute value of the bias of the141

OLS estimator is slightly larger. Since bias is not a major component of the MSE, we did not include it142

in Figure 1.143
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Figure 1: Estimation standard deviation and MSE for a randomly selected element in β. Left panel:
Estimation standard deviation versus sample size. Right panel: MSE versus sample size. The line types
are the same as in Figure 6. The horizontal solid line at the bottom of the left panel marks the asymptotic
standard deviation of the basic envelope estimator.
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