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Supplementary Material

This supplementary material give some additional simulation studies in Section S1 and the

proofs of lemmas and theorems in Sections S2 and S3.

S1 Additional simulation studies

To see the impact of the kernel functions k and l, we examine the

performance of our HSIC-based test statistics when k and l are chosen as

inverse multi-quadratics kernels with α = β = 1.

Tables S.1-S.2 report the sizes and power of all examined HSIC-based

tests. Compared with the results in Tables 1-2, the results in Tables S.1-S.2

imply that similar performance of our HSIC-based tests retains for the two

different choices of kernels in most cases, but some differences may exist in

some cases. This is consistent with the findings in Gretton et al. (2009).
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Table S.1: Empirical sizes and power (×100) of all HSIC-based tests based on the models

in (5.1), with k and l being chosen as inverse multi-quadratics kernels

EGP 1 EGP 2 EGP 3

n = 100 n = 200 n = 100 n = 200 n = 100 n = 200

Tests 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

S1n(0) 1.5 5.7 12.1 1.2 5.4 11.4 52.6 74.9 83.9 92.1 97.1 98.7 79.5 94.2 99.5 100 100 100

S1n(3) 1.5 6.2 12.7 1.0 6.4 11.0 1.0 6.5 11.3 1.0 6.0 10.8 0.3 2.7 7.5 1.0 3.6 9.2

S2n(3) 1.1 5.7 11.7 1.0 6.0 11.8 0.7 5.4 12.0 1.2 6.4 12.8 0.3 2.9 7.8 0.9 3.8 7.4

J1n(3) 1.5 7.2 15.2 0.6 5.4 13.3 21.2 50.4 65.6 61.8 83.2 91.3 12.6 43.0 68.8 80.5 96.2 98.7

J1n(6) 0.5 6.7 17.1 1.1 5.7 11.7 10.8 34.7 55.0 41.4 69.1 81.3 1.0 13.0 35.6 39.8 76.7 88.8

J2n(3) 0.9 6.2 13.1 1.3 6.7 14.1 21.2 47.1 63.2 62.8 83.4 90.3 12.0 42.5 67.3 79.0 94.4 97.9

J2n(6) 0.8 5.3 15.1 0.9 5.7 13.9 9.7 34.0 52.6 41.6 71.6.7 82.3 0.9 14.8 35.6 36.7 75.5 88.4

EGP 4 EGP 5 EGP 6

n = 100 n = 200 n = 100 n = 200 n = 100 n = 200

Tests 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

S1n(0) 0.4 3.6 8.3 0.5 3.5 7.5 20.0 44.6 62.1 78.9 93.8 97.3 41.2 66.1 79.1 36.8 64.3 76.3

S1n(3) 0.5 2.7 8.5 0.9 4.0 8.9 0.4 3.0 7.7 0.6 5.0 10.5 0.4 3.0 7.9 0.5 3.1 7.8

S2n(3) 73.9 91.9 96.4 99.3 100 100 0.4 3.8 7.4 0.7 4.9 11.1 0.3 4.4 8.2 0.4 3.1 7.6

J1n(3) 0.1 0.7 3.3 0.2 1.6 5.0 0.8 3.8 7.4 30.2 62.4 77.9 2.5 16.6 33.0 7.6 25.3 41.9

J1n(6) 0.0 0.0 3.3 0.0 0.6 2.7 0.0 1.1 8.2 10.8 35.4 55.2 0.0 2.8 11.3 1.7 12.4 25.5

J2n(3) 10.5 40.6 62.6 75.0 94.2 97.4 0.7 7.5 19.8 30.4 61.3 76.2 3.0 14.9 33.6 5.6 23.6 38.8

J2n(6) 0.6 11.9 32.2 37.1 70.8 87.1 0.1 1.7 7.4 10.2 35.6 55.2 0.0 3.5 12.0 1.8 10.3 23.4
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Table S.2: Empirical sizes and power (×100) of all HSIC-based tests based on the models

in (5.2), with k and l being chosen as inverse multi-quadratics kernels

EGP 1 EGP 2 EGP 3

n = 100 n = 200 n = 100 n = 200 n = 100 n = 200

Tests 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

S1n(0) 0.4 4.1 8.0 0.6 4.8 11.0 100 100 100 100 100 100 99.9 100 100 100 100 100

S1n(3) 0.9 4.2 9.0 0.6 5.1 9.3 1.0 5.1 10.7 0.6 5.30 10.2 0.8 3.9 8.2 0.1 2.1 5.7

S2n(3) 0.2 2.7 8.2 0.7 5.0 9.5 0.8 4.3 9.6 0.7 4.5 9.6 0.5 3.6 7.4 0.3 3.2 7.4

J1n(3) 0.5 2.4 6.3 1.3 4.9 10.4 98.8 99.9 100 100 100 100 99.0 100 100 99.9 100 100

J1n(6) 0.3 2.7 6.9 0.6 3.9 9.2 87.1 98.3 99.7 99.9 100 100 55.6 85.6 95.0 95.3 99.6 100

J2n(3) 0.4 3.3 8.3 0.9 4.4 9.9 98.1 99.7 99.9 100 100 100 89.6 97.8 99.6 99.8 100 100

J2n(6) 0.3 2.4 7.1 0.6 3.5 9.3 87.3 97.7 99.3 99.5 99.9 100.0 55.6 84.4 94.3 96.0 99.5 99.8

EGP 4 EGP 5 EGP 6

n = 100 n = 200 n = 100 n = 200 n = 100 n = 200

Tests 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

S1n(0) 0.5 2.9 6.4 0.4 3.4 7.2 65.5 87.3 93.4 89.4 97.2 98.4 90.6 97.6 98.4 98.9 99.7 99.9

S1n(3) 0.3 3.1 8.2 0.6 2.7 6.1 0.6 3.0 7.5 1.1 4.2 8.7 0.7 3.1 8.2 0.9 4.3 10.3

S2n(3) 99.9 99.9 100 100 100 100 0.4 3.0 6.7 0.5 3.9 9.0 0.5 3.2 6.8 0.3 3.3 5.6

J1n(3) 0.1 1.6 4.4 0.1 1.7 4.0 14.8 38.8 55.6 38.5 67.0 80.9 42.4 71.6 82.80 77.6 92.9 96.9

J1n(6) 0.1 0.7 2.9 0.0 0.5 2.7 2.6 16.4 32.9 11.3 37.5 57.7 10.2 39.2 61.4 42.3 74.3 86.5

J2n(3) 87.3 97.7 98.7 99.8 100 100 13.3 38.1 56.2 38.1 68.6 81.6 42.0 71.0 83.6 79.1 92.5 96.5

J2n(6) 51.4 83.5 91.4 94.5 99.5 99.9 1.9 16.2 32.0 11.3 39.6 58.8 10.9 38.1 59.1 42.0 74.5 86.4
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S2 Proofs of Theorems

This section provides the proofs of all theorems. To facilitate it, the

results of V-statistics are needed below, and they can be found in Hoeffding

(1948) and Lee (1990) for the i.i.d. case and Yoshihara (1976) and Denker

and Keller (1983) for the mixing case.

Proof of Theorem 3.1. (i) By Lemmas 3.1 and S3.1,

N [S1n(m)] = Z1n(m) + op(1),

where

Z1n(m) := N [S
(0)
1n (m)] + ζT1n[NS

(11)
1n (m)] + ζT2n[NS

(12)
1n (m)]

+
1

2
ζT1n[NS

(21)
1n (m)]ζ1n +

1

2
ζT2n[NS

(22)
1n (m)]ζ2n

+ [
√
Nζ1n]

TS
(23)
1n (m)[

√
Nζ2n].

For a, b = 1, 2, S
(ab)
1n (m) is a degenerate V-statistic of order 1 by Lemma

3.2(ii), and hence NS
(ab)
1n (m) = Op(1). By Assumption 2.3, it follows that

Z1n(m) = N [S
(0)
1n (m)] + [

√
Nζ1n]

TS
(23)
1n (m)[

√
Nζ2n] + op(1)

= N [S
(0)
1n (m)] + [

√
Nζ1n]

TΛ(23)
m [

√
Nζ2n] + op(1),

where the last equality holds by the law of large numbers for V-statistics.

Hence, Z1n(m) →d χm as n → ∞ by (3.9), Lemma 3.3, and the continuous

mapping theorem. This completes the proof of (i).
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(ii) It follows by a similar argument as for (i). �

Proof of Theorem 3.2. (i) By Lemmas 3.1 and S3.2, we have

√
N

[
S1n(m)− Λ(0)

m

]
= Z1n(m) + op(1), (S2.1)

where Λ
(0)
m = E[h

(0)
m (η

(m)
1 , η

(m)
2 , η

(m)
3 , η

(m)
4 )] > 0 and

Z1n(m) :=
√
N

[
S
(0)
1n (m)− Λ(0)

m

]
+ [

√
Nζ1n]

TS
(11)
1n (m) + [

√
Nζ2n]

TS
(12)
1n (m)

+
1

2
√
N

{
[
√
Nζ1n]

TS
(21)
1n (m)[

√
Nζ1n] + [

√
Nζ2n]

TS
(22)
1n (m)[

√
Nζ2n]

+2[
√
Nζ1n]

TS
(23)
1n (m)[

√
Nζ2n]

}
.

First, since S
(0)
1n (m) is a non-degenerate V -statistic under H

(m)
1 , part

(c) of Theorem 2 in Denker and Keller (1983) implies that

√
N

[
S
(0)
1n (m)− Λ(0)

m

]
=

1√
N

N∑
i=1

h
(0)
1m(η

(m)
i ) + op(1) = Op(1), (S2.2)

where h
(0)
1m(x1) = E[h

(0)
m (x1, η

(m)
2 , η

(m)
3 , η

(m)
4 )] − Λ

(0)
m . Second, by the law of

large numbers for V-statistics and Assumption 2.3, it follows that

[
√
Nζ1n]

TS
(11)
1n (m) =

[
1√
n

n∑
i=1

π1i

]T

Λ(11)
m + op(1) = Op(1), (S2.3)

[
√
Nζ2n]

TS
(12)
1n (m) =

[
1√
n

n∑
i=1

π2i

]T

Λ(12)
m + op(1) = Op(1), (S2.4)

1

2
√
N

{
[
√
Nζ1n]

TS
(21)
1n (m)[

√
Nζ1n] + [

√
Nζ2n]

TS
(22)
1n (m)[

√
Nζ2n]

+2[
√
Nζ1n]

TS
(23)
1n (m)[

√
Nζ2n]

}
= op(1), (S2.5)



Guochang Wang, Wai Keung Li and Ke Zhu

where Λ
(1s)
m = E[h

(1s)
m (η

(m)
1 , η

(m)
2 , η

(m)
3 , η

(m)
4 )] for s = 1, 2. By (S2.2)-(S2.5),

Z1n(m) = Op(1), which together with (S2.1) implies that n[S1n(m)] → ∞

in probability as n → ∞. This completes the proof of (i).

(ii) It follows by a similar argument as for (i). �

Proof of Theorem 4.1. (i) By Assumptions 4.1 and 4.2(i),
√
Nζ∗sn =

O∗
p(1). Then, by (4.1)-(4.2), Assumption 4.2, and a similar argument as for

Lemmas 3.2(ii)-(iii) and S3.1, we can show that

S∗∗
1n(m) =

∞∑
j=1

λ∗
jm

[
1√
N

N∑
i=1

Φ∗
jm(η̂

(m∗)
i )

]

+ [
√
Nζ∗T1n ]Λ

(23∗)
m [

√
Nζ∗2n] + o∗p(1) = O∗

p(1). (S2.6)

This completes the proof of (i).

(ii) It follows by a similar argument as for (i).

(iii) Let T ∗
1i =

((
Φ∗

jm(η̂
(m∗)
i )

)
j≥1,0≤m≤M

)T

, T ∗
2i =

(
(π∗T

si )1≤s≤2

)T
, and

T ∗
n =

( 1√
N

N∑
i=1

T ∗T
1i ,

1√
n

n∑
i=1

T ∗T
2i

)T
,

where π∗
si is defined as in Assumption 4.1. Also, let T ∗

i = (T ∗T
1i , T ∗T

2i )T . As

for Lemma 3.3, it is not hard to see that conditional on ϖn,

T ∗
n →d T ∗ (S2.7)

in probability as n → ∞, where T ∗ is a multivariate normal distribution

with covariance matrix T ∗
, and T ∗

= limn→∞ E∗(T ∗
1 T ∗T

1 ) = E(T1T T
1 ) = T
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in probability by Assumption 4.2.

Next, by Lemma S3.4(i) and Corollary XI.9.4(a) in Dunford and Schwartz

(1963, p.1090), we can get

|λ∗
jm − λjm| = o(1). (S2.8)

Hence, the conclusion holds by (S2.6)-(S2.8), Lemma S3.4(ii), and the con-

tinuous mapping theorem. This completes the proof of (iii).

(iv) It follows by a similar argument as for (iii). �

S3 The remaining proofs

Proof of Lemma 3.1. Denote ẑijqr = k̂ij l̂qr. By Taylor’s expansion,

ẑijqr = z
(0)
ijqr + (η̂ijqr − ηijqr)

TWijqr

+
1

2
(η̂ijqr − ηijqr)

TH†
ijqr(η̂ijqr − ηijqr)

= z
(0)
ijqr + (η̂ijqr − ηijqr)

TWijqr

+
1

2
(η̂ijqr − ηijqr)

THijqr(η̂ijqr − ηijqr) +R
(1)
ijqr, (S3.1)

where z
(0)
ijqr = kijlqr, η̂ijqr = (η̂T1i, η̂

T
1j, η̂

T
2q+m, η̂

T
2r+m)

T , ηijqr = (ηT1i, η
T
1j, η

T
2q+m,

ηT2r+m)
T , Wijqr = W (ηijqr), Hijqr = H(ηijqr), H

†
ijqr = H(η†ijqr), η

†
ijqr lies

between ηijqr and η̂ijqr, and

R
(1)
ijqr = (η̂ijqr − ηijqr)

T
(
H†

ijqr −Hijqr

)
(η̂ijqr − ηijqr).
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Here, W : Rd1 ×Rd1 ×Rd2 ×Rd2 → R(2d1+2d2)×1 such that

W (u, u′, v, v′) =(
kx(u, u

′)T l(v, v′), ky(u, u
′)T l(v, v′), k(u, u′)lx(v, v

′)T , k(u, u′)ly(v, v
′)T

)T

,

and H : Rd1 ×Rd1 ×Rd2 ×Rd2 → R2d1+2d2 ×R2d1+2d2 such that

H(u, u′, v, v′) =

kxx(u, u
′)l(v, v′) kxy(u, u

′)l(v, v′) kx(u, u
′)lx(v, v

′)T kx(u, u
′)ly(v, v

′)T

∗ kyy(u, u
′)l(v, v′) ky(u, u

′)lx(v, v
′)T ky(u, u

′)ly(v, v
′)T

∗ ∗ k(u, u′)lxx(v, v
′) k(u, u′)lxy(v, v

′)

∗ ∗ ∗ k(u, u′)lyy(v, v
′)


is a symmetric matrix.

Next, let θ = (θT1 , θ
T
2 )

T and θ̂n = (θ̂T1n, θ̂
T
2n)

T , and denote

Gijqr(θ) =
(
g1i(θ1)

T , g1j(θ1)
T , g2q+m(θ2)

T , g2r+m(θ2)
T
)T

,

where gst(θs) is defined as in Assumption 2.2. By Taylor’s expansion again,

we have

η̂ijqr − ηijqr = R
(2)

ijqr +
∂Gijqr(θ

†)

∂θT
(θ̂n − θ0), (S3.2)

where R
(2)

ijqr = (R̂1i(θ̂1n)
T , R̂1j(θ̂1n)

T , R̂2q+m(θ̂2n)
T , R̂2r+m(θ̂2n)

T )T , R̂st(θs) is

defined as in Assumption 2.4, and θ† lies between θ0 and θ̂n. For the second

term in (S3.2), we rewrite it as

∂Gijqr(θ
†)

∂θT
(θ̂n − θ0) = R

(3)

ijqr +
∂Gijqr(θ0)

∂θT
(θ̂n − θ0), (S3.3)
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where R
(3)

ijqr =
[∂Gijqr(θ

†)
∂θT

− ∂Gijqr(θ0)

∂θT

]
(θ̂n − θ0).

Now, by (S3.1)-(S3.3), it follows that

ẑijqr = z
(0)
ijqr + (θ̂n − θ0)

T z
(1)
ijqr +

1

2
(θ̂n − θ0)

T z
(2)
ijqr(θ̂n − θ0) +Rijqr, (S3.4)

where z
(1)
ijqr =

∂Gijqr(θ0)

∂θ
Wijqr, z

(2)
ijqr =

∂Gijqr(θ0)

∂θ
Hijqr

∂Gijqr(θ0)

∂θT
, and Rijqr =

R
(1)
ijqr +R

(2)
ijqr +R

(3)
ijqr +R

(4)
ijqr with

R
(2)
ijqr =

(
R

(2)

ijqr +R
(3)

ijqr

)T

Wijqr,

R
(3)
ijqr =

1

2

(
R

(2)

ijqr +R
(3)

ijqr

)T

Hijqr

(
R

(2)

ijqr +R
(3)

ijqr

)
,

R
(4)
ijqr = (θ̂n − θ0)

T ∂Gijqr(θ0)

∂θ
Hijqr

(
R

(2)

ijqr +R
(3)

ijqr

)
.

By (S3.4), it entails that

S1n(m) = S
(0)
1n (m) + (θ̂n − θ0)

TS
(1)
1n (m) +

1

2
(θ̂n − θ0)

TS
(2)
1n (m)(θ̂n − θ0)

+R1n(m), (S3.5)

where

S
(p)
1n (m) =

1

N2

∑
i,j

z
(p)
ijij +

1

N4

∑
i,j,q,r

z
(p)
ijqr −

2

N3

∑
i,j,q

z
(p)
ijiq

for p ∈ {0, 1, 2}, and

R1n(m) =
1

N2

∑
i,j

Rijij +
1

N4

∑
i,j,q,r

Rijqr −
2

N3

∑
i,j,q

Rijiq (S3.6)

is the remainder term.

Furthermore, simple algebra shows that

(θ̂n − θ0)
T z

(1)
ijqr = ζT1nkijlqr + ζT2nkijlqr, (S3.7)



Guochang Wang, Wai Keung Li and Ke Zhu

(θ̂n − θ0)
T z

(2)
ijqr(θ̂n − θ0) = ζT1n

qkijlqrζ1n + ζT2nkij
qlqrζ2n

+ ζT1n

(
2kijl

T

qr

)
ζ2n, (S3.8)

where kij, lij, qkij, and qlij are defined in (3.1)-(3.4), respectively. Finally,

the conclusion holds by (S3.5) and (S3.7)-(S3.8). This completes the proof.

�

Proof of Lemma 3.2. Without loss of generality, we only prove the

results form = 0, under which N = n, and η
(0)
t and ς

(0)
t are denoted by ηt :=

(η1t, η2t) and ςt :=
(
η1t,

∂g1t(θ10)
∂θ1

, η2t,
∂g2t(θ20)

∂θ2

)
, respectively, for notational

ease.

(i) Denote x1 = (x11, x21) for x11 ∈ Rd1 and x21 ∈ Rd2 . Then, we

rewrite

h
(0)
0 (x1, η2, η3, η4) =

1

4!

 (2,3,4)∑
t=1,(u,v,w)

z
(0)
1,uvw(x1) +

(2,3,4)∑
u=1,(t,v,w)

z
(0)
2,tvw(x1)

+

(2,3,4)∑
v=1,(t,u,w)

z
(0)
3,tuw(x1) +

(2,3,4)∑
w=1,(t,u,v)

z
(0)
4,tuv(x1)


=:

1

4!

[
∆

(0)
1 +∆

(0)
2 +∆

(0)
3 +∆

(0)
4

]
,

where

z
(0)
1,uvw(x1) = k(x11, η1u) [l(x21, η2u) + l(η2v, η2w)− 2l(x21, η2v)] ,

z
(0)
2,tvw(x1) = k(η1t, x11) [l(η2t, x21) + l(η2v, η2w)− 2l(η2t, η2v)] ,
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z
(0)
3,tuw(x1) = k(η1t, η1u) [l(η2t, η2u) + l(x21, η2w)− 2l(η2t, x21)] ,

z
(0)
4,tuv(x1) = k(η1t, η1u) [l(η2t, η2u) + l(η2v, x21)− 2l(η2t, η2v)] .

By the symmetry of k and l, the stationarity of η1t and η2t, and the inde-

pendence of {η1t} and {η2t} under H0, simple algebra shows that

E∆
(0)
1 = 6E [k(x11, η11)]× E [l(η21, η22)− l(x21, η21)] ,

E∆
(0)
2 = 6E [k(x11, η11)]× E [l(x21, η21)− l(η21, η22)] ,

E∆
(0)
3 = 6E [k(η11, η12)]× E [l(η21, η22)− l(x21, η21)] ,

E∆
(0)
4 = 6E [k(η11, η12)]× E [l(x21, η21)− l(η21, η22)] .

Hence, it follows that under H0, E[h
(0)
0 (x1, η2, η3, η4)] = 0 for all x1. This

completes the proof of (i).

(ii) We only consider the proof for the case that a = b = 1, since

the proofs of other cases are similar. Denote x1 = (x11, y11, x21, y21) for

x11 ∈ Rd1 , y11 ∈ Rp1×d1 , x21 ∈ Rd2 , and y21 ∈ Rp2×d2 . Then, we rewrite

h
(11)
0 (x1, ς2, ς3, ς4) =

1

4!

 (2,3,4)∑
t=1,(u,v,w)

z
(11)
1,uvw(x1) +

(2,3,4)∑
u=1,(t,v,w)

z
(11)
2,tvw(x1)

+

(2,3,4)∑
v=1,(t,u,w)

z
(11)
3,tuw(x1) +

(2,3,4)∑
w=1,(t,u,v)

z
(11)
4,tuv(x1)


=:

1

4!

[
∆

(11)
1 +∆

(11)
2 +∆

(11)
3 +∆

(11)
4

]
,
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where

z
(11)
1,uvw(x1) =

[
y11kx(x11, η1u) +

∂g1u(θ10)

∂θ1
kx(η1u, x11)

]
× [l(x21, η2u) + l(η2v, η2w)− 2l(x21, η2v)] ,

z
(11)
2,tvw(x1) =

[
∂g1t(θ10)

∂θ1
kx(η1t, x11) + y11kx(x11, η1t)

]
× [l(η2t, x21) + l(η2v, η2w)− 2l(η2t, η2v)] ,

z
(11)
3,tuw(x1) =

[
∂g1t(θ10)

∂θ1
kx(η1t, η1u) +

∂g1u(θ10)

∂θ1
kx(η1u, η1t)

]
× [l(η2t, η2u) + l(x21, η2w)− 2l(η2t, x21)] ,

z
(11)
4,tuv(x1) =

[
∂g1t(θ10)

∂θ1
kx(η1t, η1u) +

∂g1u(θ10)

∂θ1
kx(η1u, η1t)

]
× [l(η2t, η2u) + l(η2v, x21)− 2l(η2t, η2v)] .

Here, we have used the fact that ky(c, d) = kx(d, c) by the symmetry of k.

By the stationarity of η1t and η2t, and the independence of {η1t} and {η2t}

under H0, simple algebra shows that

E∆
(11)
1 = −E∆

(11)
2

=

{
y11Ekx(x11, η11) + E

[
∂g11(θ10)

∂θ1
kx(η11, x11)

]}
× [4El(η21, η22) + 2El(η21, η23)− 6El(x21, η21)] ,

E∆
(11)
3 = −E∆

(11)
4

= 4E

[
∂g11(θ10)

∂θ1
kx(η11, η12) +

∂g12(θ10)

∂θ1
kx(η12, η11)

]
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× [El(η21, η22)− El(x21, η21)]

+ 2E

[
∂g11(θ10)

∂θ1
kx(η11, η13) +

∂g13(θ10)

∂θ1
kx(η13, η11)

]
× [El(η21, η23)− El(x21, η21)] .

Hence, it follows that under H0, E[h
(11)
0 (x1, ς2, ς3, ς4)] = 0 for all x1. This

completes the proof of (ii).

(iii) Denote x1 = (x11, y11, x21, y21) for x11 ∈ Rd1 , y11 ∈ Rp1×d1 , x21 ∈

Rd2 , and y21 ∈ Rp2×d2 . Then, we rewrite

h
(23)
0 (x1, ς2, ς3, ς4) =

1

4!

 (2,3,4)∑
t=1,(u,v,w)

z
(23)
1,uvw(x1) +

(2,3,4)∑
u=1,(t,v,w)

z
(23)
2,tvw(x1)

+

(2,3,4)∑
v=1,(t,u,w)

z
(23)
3,tuw(x1) +

(2,3,4)∑
w=1,(t,u,v)

z
(23)
4,tuv(x1)


=:

1

4!

[
∆

(23)
1 +∆

(23)
2 +∆

(23)
3 +∆

(23)
4

]
,

where

z
(23)
1,uvw(x1) =

[
y11kx(x11, η1u) +

∂g1u(θ10)

∂θ1
kx(η1u, x11)

]
×
[
y21lx(x21, η2u) +

∂g2u(θ20)

∂θ2
lx(η2u, x21) +

∂g2v(θ20)

∂θ2
lx(η2v, η2w)

+
∂g2w(θ20)

∂θ2
lx(η2w, η2v)− 2y21lx(x21, η2v)− 2

∂g2v(θ20)

∂θ2
lx(η2v, x21)

]
,

z
(23)
2,tvw(x1) =

[
y11kx(x11, η1t) +

∂g1t(θ10)

∂θ1
kx(η1t, x11)

]
×
[
y21lx(x21, η2t) +

∂g2t(θ20)

∂θ2
lx(η2t, x21) +

∂g2v(θ20)

∂θ2
lx(η2v, η2w)
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+
∂g2w(θ20)

∂θ2
lx(η2w, η2v)− 2

∂g2t(θ20)

∂θ2
lx(η2t, η2v)− 2

∂g2v(θ20)

∂θ2
lx(η2v, η2t)

]
,

z
(23)
3,tuw(x1) =

[
∂g1t(θ10)

∂θ1
kx(η1t, η1u) +

∂g1u(θ10)

∂θ1
kx(η1u, η1t)

]
×
[
y21lx(x21, η2w) +

∂g2t(θ20)

∂θ2
lx(η2t, η2u) +

∂g2u(θ20)

∂θ2
lx(η2u, η2t)

+
∂g2w(θ20)

∂θ2
lx(η2w, x21)− 2y21lx(x21, η2t)− 2

∂g2t(θ20)

∂θ2
lx(η2t, x21)

]
,

z
(23)
4,tuv(x1) =

[
∂g1t(θ10)

∂θ1
kx(η1t, η1u) +

∂g1u(θ10)

∂θ1
kx(η1u, η1t)

]
×
[
y21lx(x21, η2v) +

∂g2t(θ20)

∂θ2
lx(η2t, η2u) +

∂g2u(θ20)

∂θ2
lx(η2u, η2t)

+
∂g2v(θ20)

∂θ2
lx(η2v, x21)− 2

∂g2t(θ20)

∂θ2
lx(η2t, η2v)− 2

∂g2v(θ20)

∂θ2
lx(η2v, η2t)

]
.

By the stationarity of η1t and η2t, and the independence of {η1t} and {η2t}

under H0, simple algebra shows that

E∆
(23)
1 = −E∆

(23)
2

=

{
y11Ekx(x11, η11) + E

[
∂g11(θ10)

∂θ1
kx(η11, x11)

]}
×
{
−6y21Elx(x21, η21)− 6E

[
∂g21(θ20)

∂θ2
lx(η21, x21)

]
+4E

[
∂g21(θ20)

∂θ2
lx(η21, η22)

]
+ 2E

[
∂g21(θ20)

∂θ2
lx(η21, η23)

]
+4E

[
∂g22(θ20)

∂θ2
lx(η22, η21)

]
+ 2E

[
∂g23(θ20)

∂θ2
lx(η23, η21)

]}
,

E∆
(11)
3 = −E∆

(11)
4 +Υ

= 4E

[
∂g11(θ10)

∂θ1
kx(η11, η12) +

∂g12(θ10)

∂θ1
kx(η12, η11)

]
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×
{
E

[
∂g21(θ20)

∂θ2
lx(η21, η22)

]
− E

[
∂g21(θ20)

∂θ2
lx(η21, x21)

]
+E

[
∂g22(θ20)

∂θ2
lx(η22, η21)

]
− y21Elx(x21, η21)

}
+ 2E

[
∂g11(θ10)

∂θ1
kx(η11, η13) +

∂g13(θ10)

∂θ1
kx(η13, η11)

]
×
{
E

[
∂g21(θ20)

∂θ2
lx(η21, η23)

]
− E

[
∂g21(θ20)

∂θ2
lx(η21, x21)

]
+E

[
∂g23(θ20)

∂θ2
lx(η23, η21)

]
− y21Elx(x21, η21)

}
.

Hence, it follows that under H0, E[h
(23)
0 (x1, ς2, ς3, ς4)] = Υ for all x1. This

completes the proof of (iii). �

Proof of Lemma 3.3. Let Fi = σ(F1i,F2i). Under H0, it is not hard

to see that E(T1i|Fi−1) = E(T1i) = 0 by Lemma 3.2(i). Since E(T2i|Fi−1) =

0 by Assumption 2.3, it follows that E(Ti|Fi−1) = 0. Moreover, by Assump-

tions 2.3 and 2.5, it is straightforward to see that E∥Ti∥2 < ∞. By the

central limit theorem for martingale difference sequence (see Corollary 5.26

in White (2001)), it follows that Tn →d T as n → ∞, where T is a multi-

variate normal distribution with covariance matrix T = limn→∞ var(Tn) =

E(T1T T
1 ). �

Moreover, we introduce two lemmas to deal with the remainder term

R1n(m) in Lemma 3.1.

Lemma S3.1. Suppose Assumptions 2.1, 2.2(i) and 2.3-2.5 hold. Then,
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under H0, n∥R1n(m)∥ = op(1), where R1n(m) is defined as in (S3.6).

Proof. As for the proof of Lemma 3.2, we only prove the result for m = 0.

Rewrite R1n(0) = R
(1)
n +R

(2)
n +R

(3)
n +R

(4)
n , where

R(d)
n =

1

n2

∑
i,j

R
(d)
ijij +

1

n4

∑
i,j,q,r

R
(d)
ijqr −

2

n3

∑
i,j,q

R
(d)
ijiq

for d = 1, 2, 3, 4, and R
(d)
ijqr is defined as in (S3.4).

We first consider R
(1)
n . By (S3.2)-(S3.3), we can rewrite R

(1)
ijqr as

R
(1)
ijqr = [R

(2)

ijqr]
T (H†

ijqr −Hijqr)R
(2)

ijqr

+ [R
(3)

ijqr]
T (H†

ijqr −Hijqr)R
(3)

ijqr

+

[
(θ̂n − θ0)

T ∂Gijqr(θ0)

∂θ

]
(H†

ijqr −Hijqr)

[
∂Gijqr(θ0)

∂θT
(θ̂n − θ0)

]
+ 2[R

(2)

ijqr]
T (H†

ijqr −Hijqr)R
(3)

ijqr

+ 2[R
(2)

ijqr]
T (H†

ijqr −Hijqr)

[
∂Gijqr(θ0)

∂θT
(θ̂n − θ0)

]
+ 2[R

(3)

ijqr]
T (H†

ijqr −Hijqr)

[
∂Gijqr(θ0)

∂θT
(θ̂n − θ0)

]
=: r

(1)
1,ijqr + r

(1)
2,ijqr + r

(1)
3,ijqr + r

(1)
4,ijqr + r

(1)
5,ijqr + r

(1)
6,ijqr. (S3.9)

Then, by (S3.9), we have R
(1)
n =

∑6
d=1∆

(1)
d , where

∆
(1)
d =

1

n2

∑
i,j

r
(1)
d,ijij +

1

n4

∑
i,j,q,r

r
(1)
d,ijqr −

2

n3

∑
i,j,q

r
(1)
d,ijiq.

For the first entry of [H†
ijqr − Hijqr], we have

∥∥kxx(η̂†1i, η̂†1j)l(η̂†2q, η̂†2r) −
kxx(η1i, η1j) l(η2q, η2r)

∥∥ ≤ C
[
∥η̂†1i − η1i∥+ ∥η̂†1j − η1j∥+ ∥η̂†2q − η2q∥+ ∥η̂†2r −
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η2r∥
]
by Triangle’s inequality and Assumption 2.5. Meanwhile, by Taylor’s

expansion and Assumptions 2.2(i) and 2.3, we can show that ∥η̂†st − η1i∥ ≤

∥R̂st(θ̂sn)∥+ ∥θ̂sn − θs0∥ supθs

∥∥∂gst(θs)
∂θs

∥∥ = ∥R̂st(θ̂sn)∥+ op(1), where R̂st(θs)

is defined as in Assumption 2.4, op(1) holds uniformly in t due to the fact

that
√
n∥θ̂sn − θs0∥ = Op(1) and

1√
n

max
1≤t≤n

sup
θs

∥∥∥∥∂gst(θs)∂θs

∥∥∥∥ = op(1) (S3.10)

by Assumption 2.2(i). Hence, it follows that

∥∥kxx(η̂†1i, η̂†1j)l(η̂†2q, η̂†2r)− kxx(η1i, η1j)l(η2q, η2r)
∥∥

≤ C
[
∥R̂1i(θ̂1n)∥+ ∥R̂1j(θ̂1n)∥+ ∥R̂2q(θ̂2n)∥+ ∥R̂2r(θ̂2n)∥

]
+ op(1), (S3.11)

where op(1) holds uniformly in i, j, q, r. Similarly, (S3.11) holds for other

entries of [H†
ijqr −Hijqr]. Note that

∥R(2)

ijqr∥ ≤ ∥R̂1i(θ̂1n)∥+ ∥R̂1j(θ̂1n)∥+ ∥R̂2q(θ̂2n)∥+ ∥R̂2r(θ̂2n)∥. (S3.12)

Using the inequality (
∑4

d=1 |ad|)3 ≤ C
∑4

d=1 |ad|3, by Assumption 2.4 and

(S3.11)-(S3.12), it is not hard to show that

n∥∆(1)
1 ∥ = Op(1/n). (S3.13)

Furthermore, by Taylor’s expansion, Assumptions 2.2(i) and 2.3, and a
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similar argument as for (S3.10), it is straightforward to see that

∥R(3)

ijqr∥ ≤
∥∥∥∥∂Gijqr(θ

†)

∂θT
− ∂Gijqr(θ0)

∂θT

∥∥∥∥× ∥θ̂n − θ0∥

≤
[
2 max
1≤t≤n

sup
θ1

∥∥∥∥∂2g1t(θ1)

∂θ21

∥∥∥∥+ 2 max
1≤t≤n

sup
θ2

∥∥∥∥∂2g2t(θ2)

∂θ22

∥∥∥∥]× ∥θ̂n − θ0∥2

= op(1/
√
n),

where op(1) holds uniformly in i, j, q, r. As for (S3.13), it entails that

n∥∆(1)
2 ∥ = op(1). Similarly, we can show that n∥∆(1)

d ∥ = op(1) for d =

3, 4, 5, 6. Therefore, it follows that n∥R(1)
n ∥ = op(1). By the analogous

arguments, we can also show that n∥R(d)
n ∥ = op(1) for d = 3, 4.

Next, we consider the remaining termR
(2)
n . Denote r

(2)
1,ijqr := [R

(2)

ijqr]
TWijqr

and r
(2)
2,ijqr := [R

(3)

ijqr]
TWijqr. Then, we can rewrite R

(2)
n = ∆

(2)
1 +∆

(2)
2 , where

∆
(2)
d =

1

n2

∑
i,j

r
(2)
d,ijij +

1

n4

∑
i,j,q,r

r
(2)
d,ijqr −

2

n3

∑
i,j,q

r
(2)
d,ijiq

for d = 1, 2. By Assumptions 2.2(i) and 2.3-2.5 and (S3.12), we have

n∥∆(2)
1 ∥ = Op(1/n). Rewrite ∆

(2)
2 = (θ̂1n − θ10)

T∆
(2)
21 + (θ̂2n − θ20)

T∆
(2)
22 ,

where

∆
(2)
2d =

1

n2

∑
i,j

r
(2)
2d,ijij +

1

n4

∑
i,j,q,r

r
(2)
2d,ijqr −

2

n3

∑
i,j,q

r
(2)
2d,ijiq

for d = 1, 2, with r
(2)
21,ijqr = k†

ijlqr and r
(2)
22,ijqr = kijl

†
qr. Here,

k†
ij =

[
∂g1i(θ

†
1)

∂θ1
− ∂g1i(θ10)

∂θ1

]
kx(η1i, η1j) +

[
∂g1j(θ

†
1)

∂θ1
− ∂g1j(θ10)

∂θ1

]
ky(η1i, η1j),
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l†qr =

[
∂g2q(θ

†
2)

∂θ2
− ∂g2q(θ20)

∂θ2

]
lx(η2q, η2r) +

[
∂g2r(θ

†
2)

∂θ2
− ∂g2r(θ20)

∂θ2

]
ly(η2q, η2r).

By the mean value theorem, k†
ij = (θ†1 − θ10)

Tk§
ij, where k§

ij is defined

explicitly, and it satisfies that

∆
(2)§
21 :=

1

n2

∑
i,j

k§
ijlij +

1

n4

∑
i,j,q,r

k§
ijlqr −

2

n3

∑
i,j,q

k§
ijliq = Op(1/n). (S3.14)

Here, (S3.14) holds, since ∆
(2)§
21 under H0 is a degenerate V -statistic by

Assumptions 2.1 and 2.5 and a similar argument as for Lemma 3.2(ii).

Note that ∆
(2)
21 = (θ†1 − θ10)

T∆
(2)§
21 and ∥θ†1 − θ10∥ ≤ ∥θ̂1n − θ10∥ = op(1).

Therefore, it follows that
√
n∥∆(2)

21 ∥ = op(1). Similarly, we can show that

√
n∥∆(2)

22 ∥ = op(1), and it follows that n∥R(2)
n ∥ = op(1). This completes the

proof.

Lemma S3.2. Suppose Assumptions 2.1-2.5 hold. Then,
√
n∥Rn(m)∥ =

op(1), where Rn(m) is defined as in (S3.6).

Proof. The proof is the same as the one for Lemma S3.1, except that when

H0 does not hold, we can only have ∆
(2)§
21 = Op(1) in (S3.14) by part (c) of

Theorem 2 in Denker and Keller (1983).

Let ςst =
(
ηst,

∂gst(θs0)
∂θs

)
for s = 1, 2. To prove Theorem 4.1, we need the

following two lemmas.
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Lemma S3.3. Suppose Assumptions 2.1, 2.2(i) and 2.3-2.5 hold. Then,

under H0, for ∀K0 > 0,

(i) sup
Ω1

∣∣∣∣∣ 1

N4

∑
q,q′,r,r′

h(0)
m (x1, x2, (η1q, η2q′+m) , (η1r, η2r′+m))

−E[h(0)
m (x1, x2, η

(m)
3 , η

(m)
4 )]

∣∣∣ = op(1),

where Ω1 = {(x1, x2) : ∥xs∥ ≤ K0 for s = 1, 2};

(ii) sup
Ω2

∣∣∣∣∣ 1

N4

∑
i′,j′,q′,r′

h(23)
m ((z11, ς2i′+m) , (z12, ς2j′+m) , (z13, ς2q′+m) , (z14, ς2r′+m))

−E
[
h(23)
m ((z11, ς21) , (z12, ς22) , (z13, ς23) , (z14, ς24))

]∣∣ = op(1),

where Ω2 = {(z11, z12, z13, z14) : ∥z1s∥ ≤ K0 for s = 1, 2, 3, 4};

(iii) sup
Ω3

∣∣∣∣∣ 1

N4

∑
i,j,q,r

h(23)
m ((ς1i, z21) , (ς1j, z22) , (ς1q, z23) , (ς1r, z24))

−E
[
h(23)
m ((ς11, z21) , (ς12, z22) , (ς13, z23) , (ς14, z24))

]∣∣ = op(1),

where Ω3 = {(z21, z22, z23, z24) : ∥z2s∥ ≤ K0 for s = 1, 2, 3, 4}.

Proof. (i) Denote x1 = (x11, x21) and x2 = (x12, x22). Without loss of

generality, we assume that m = 0. By the definition of h
(00)
0 , it has 24

different terms, and we only give the proof for its first term. That is, we

are going to show that

1

N4

∑
q,r,q′,r′

k̃
(0)
12 [l̃

(0)
12 + l

(0)
q′r′ − 2l̃

(0)
1q′ − E(l̃

(0)
12 )− E(l

(0)
34 ) + 2E(l̃

(0)
13 )]
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= op(1), (S3.15)

where op(1) holds uniformly in Ω1, k̃
(0)
12 = k(x11, x12), l̃

(0)
12 = k(x21, x22),

l
(0)
q′r′ = k(η2q′ , η2r′), l̃

(0)
1q′ = k(x21, η2q′), l

(0)
34 = k(η23, η24), and l̃

(0)
13 = k(x21, η23).

By the triangle’s inequality, we have∣∣∣∣∣ 1

N4

∑
q,r,q′,r′

k̃
(0)
12 [l̃

(0)
12 + l

(0)
q′r′ − 2l̃

(0)
1q′ − E(l̃

(0)
12 )− E(l

(0)
34 ) + 2E(l̃

(0)
13 )]

∣∣∣∣∣
=

∣∣∣∣∣ k̃(0)
12

N4

∑
q,r,q′,r′

[l
(0)
q′r′ − 2l̃

(0)
1q′ − E(l

(0)
34 ) + 2E(l̃

(0)
13 )]

∣∣∣∣∣
≤

∣∣∣∣∣ CN2

n∑
q′,r′=1

[l
(0)
q′r′ − E(l

(0)
34 )]

∣∣∣∣∣+
∣∣∣∣∣CN

n∑
q′=1

[l̃
(0)
1q′ − E(l̃

(0)
13 )]

∣∣∣∣∣ .
Hence, it follows that (S3.15) holds by noting the fact that

1

N2

n∑
q′,r′=1

[l
(0)
q′r′ − E(l

(0)
34 )] = op(1), (S3.16)

sup
Ω1

1

N

n∑
q′=1

[l̃
(0)
1q′ − E(l̃

(0)
13 )] = op(1), (S3.17)

where (S3.16) holds by the law of large numbers for V-statistics, and (S3.17)

holds by Assumption 2.5 and standard arguments for uniform convergence.

(ii) & (iii) The conclusions hold by similar arguments as for (i).

Lemma S3.4. Suppose Assumptions 2.1, 2.2(i) and 2.3-2.5 hold. Then,

under H0,

(i) sup
Ω1

∣∣∣E∗
[
h(0)
m

(
x1, x2, η̂

(m∗)
3 , η̂

(m∗)
4

)]
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−E
[
h(0)
m

(
η
(m)
1 , η

(m)
2 , η

(m)
3 , η

(m)
4

)]∣∣∣ = op(1),

where Ω1 is defined as in Lemma S3.3(i);

(ii)
∣∣Λ(23∗)

m − Λ(23)
m

∣∣ = op(1).

Proof. (i) First, it is straightforward to see that

E∗
[
h(0)
m

(
x1, x2, η̂

(m∗)
3 , η̂

(m∗)
4

)]
=

1

N4

∑
q,q′,r,r′

h(0)
m (x1, x2, (η̂1q, η̂2q′+m) , (η̂1r, η̂2r′+m))

=
1

N4

∑
q,q′,r,r′

h(0)
m (x1, x2, (η1q, η2q′+m) , (η1r, η2r′+m)) + op(1), (S3.18)

where op(1) holds uniformly in Ω1 by Taylor’s expansion and Assumptions

2.3 and 2.5. Then, the conclusion holds by (S3.18) and Lemma S3.3(i).

(ii) Define

H(i, i′, j, j′, q, q′, r, r′) = h(23)
m ((ς1i, ς2i′) , (ς1j, ς2j′) , (ς1q, ς2q′) , (ς1r, ς2r′)) .

By a similar argument as for (S3.18), we have

Λ(23∗)
m − Λ(23)

m = Ξ0 + op(1),

where

Ξ0 =
1

N8

∑
i,j,q,r,i′,j′,q′,r′

H(i, i′ +m, j, j′ +m, q, q′ +m, r, r′ +m)− Λ(23)
m .



S3. THE REMAINING PROOFS

Rewrite

Ξ0 :=
1

N4

∑
i,j,q,r

Ξ1,ijqr +
1

N4

∑
i,j,q,r

Ξ2,ijqr, (S3.19)

where

Ξ1,ijqr =
1

N4

∑
i′,j′,q′,r′

H(i, i′ +m, j, j′ +m, q, q′ +m, r, r′ +m)

− Eς21,ς22,ς23,ς24 [H(i, 1, j, 2, q, 3, r, 4)] ,

Ξ2,ijqr = Eς21,ς22,ς23,ς24 [H(i, 1, j, 2, q, 3, r, 4)]− Λ(23)
m .

By Lemma S3.3(ii), Ξ1,ijqr = op(1) uniformly in i, j, q, r, and hence

1

N4

∑
i,j,q,r

Ξ1,ijqr = op(1). (S3.20)

Moreover, we can rewrite

1

N4

∑
i,j,q,r

Ξ2,ijqr = Eς21,ς22,ς23,ς24

{
H(i, 1, j, 2, q, 3, r, 4)

− Eς11,ς12,ς13,ς14 [H(1, 1, 2, 2, 3, 3, 4, 4)]
}
, (S3.21)

where we have used the fact that under H0,

Λ(23)
m = Eς21,ς22,ς23,ς24Eς11,ς12,ς13,ς14 [H(1, 1, 2, 2, 3, 3, 4, 4)] .

By (S3.21), Lemma S3.3(iii), Assumptions 2.2(i) and 2.5, and the domi-

nated convergence theorem, we can show that

1

N4

∑
i,j,q,r

Ξ2,ijqr = op(1). (S3.22)

Hence, the conclusion holds by (S3.19)-(S3.20) and (S3.22).
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