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S1. Simulations

S2. Proof of the Inconsistency Issue in Example 1

In Example 1, x and Y are jointly normal. The normality yields that

m(y) = cov{x, I(Y ≤ y)} =

[
− 1√

2π
√
1 + σ2

exp

{
− y2

2(1 + σ2)

}
, 0, · · · , 0

]T

,

Λ1,1 =
1

2
√
3π(1 + σ2)

, Λk,l = 0 for k2 + l2 > 2.

We sort the response in an ascending order to obtain Y(1) ≤ Y(2) ≤ · · · ≤

Y(n). Denote by x(i) the corresponding quantity associated with Y(i). For
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Table 1: The averages (standard deviations) of trace correlation(× 100) for

Scenario 1 where SIRk denotes SIR with k slices and Σ = Ip×p.

p CUME SIR2 SIR5 SIR10 SIR20 NEW

(1.2)

10 99.2(0.4) 96.9(1.4) 99.1(0.4) 99.4(0.3) 99.6(0.2) 97.5(2.2)

50 94.5(1.5) 81.8(4.0) 94.0(1.5) 96.2(1.0) 96.9(0.8) 97.5(3.5)

100 84.2(3.7) 60.0(6.1) 83.8(3.3) 89.3(2.4) 90.8(2.0) 97.6(3.1)

200 - - - - - 97.6(3.1)

300 - - - - - 97.2(3.6)

(1.3)

10 97.1(1.5) 94.8(2.6) 96.8(1.7) 96.9(1.6) 96.7(1.8) 97.3(3.8)

50 83.0(4.9) 72.8(6.4) 81.7(5.2) 81.7(5.4) 79.8(6.3) 98.3(5.5)

100 61.6(7.9) 47.5(8.0) 58.8(8.3) 57.7(8.9) 51.6(11.2) 99.0(4.4)

150 33.5(8.6) 23.3(7.1) 30.4(8.9) 25.8(10.2) 13.9(9.9) 99.2(3.8)

200 - - - - - 99.3(3.7)

300 - - - - - 99.4(3.6)

(1.4)

10 98.8(0.6) 95.4(2.2) 98.9(0.5) 99.3(0.4) 99.4(0.3) 97.6(2.3)

50 91.6(2.4) 74.6(5.2) 92.9(1.8) 95.4(1.1) 96.2(1.0) 98.0(3.1)

100 76.5(5.1) 49.6(6.7) 80.8(3.7) 86.9(2.8) 88.5(2.5) 98.2(2.8)

200 - - - - - 98.1(3.0)

300 - - - - - 98.1(3.1)

(1.5)

10 88.9(5.5) 94.3(3.4) 84.3(8.5) 86.9(8.0) 86.5(8.7) 94.9(7.1)

50 59.0(6.0) 75.2(5.2) 53.6(6.7) 55.2(7.8) 52.4(7.8) 94.6(8.9)

100 39.6(4.5) 60.3(7.5) 35.9(4.5) 36.0(4.7) 33.2(4.7) 94.4(8.6)

200 - - - - - 93.8(9.4)

300 - - - - - 94.1(9.2)

(1.6)

10 89.4(5.5) 58.6(3.6) 88.0(6.3) 89.3(6.1) 87.7(7.4) 90.8(9.4)

50 54.5(7.3) 45.5(5.2) 55.6(7.6) 56.5(8.4) 51.8(8.8) 84.8(14.6)

100 34.4(5.5) 31.7(7.5) 35.4(6.0) 35.0(6.2) 31.2(5.8) 82.3(15.5)

200 - - - - - 79.9(16.2)

300 - - - - - 77.6(15.9)

(1.7)

10 97.7(0.9) 48.9(0.7) 96.9(1.2) 97.5(1.0) 97.5(1.0) 95.6(3.1)

50 84.5(2.8) 41.5(1.9) 80.2(3.3) 83.2(2.9) 82.9(3.2) 93.4(6.5)

100 63.6(4.7) 30.9(3.1) 57.8(4.7) 60.9(5.1) 57.4(6.2) 88.6(13.2)

200 - - - - - 76.6(22.2)

300 - - - - - 71.2(24.0)



S2. PROOF OF THE INCONSISTENCY ISSUE IN EXAMPLE 13

Table 2: The averages (standard deviations) of trace correlation(× 100) for

Scenario 3 where SIRk denotes SIR with k slices and Σ = (0.5|k−l|)p×p.

p0 CUME SIR2 SIR5 SIR10 SIR20 NEW

(1.2) with p = 1000

38 92.7(2.3) 74.4(5.8) 92.1(2.3) 95.7(1.3) 97.0(1.0) 97.2(3.2)

76 80.3(5.1) 52.0(6.4) 81.3(4.0) 89.2(2.6) 92.0(2.0) 96.8(3.7)

114 56.6(10.6) 33.1(6.1) 65.9(6.0) 78.2(4.6) 82.7(3.9) 96.6(4.0)

152 15.7(11.3) 17.0(4.6) 43.5(7.4) 57.2(7.7) 59.8(8.2) 96.5(4.4)

190 1.1(1.4) 3.5(2.3) 7.9(5.1) 4.2(4.8) 0.5(1.7) 96.3(4.7)

(1.5) with p = 1000

38 66.1(5.8) 80.6(7.6) 62.6(6.5) 67.0(6.8) 64.0(7.8) 93.6(9.8)

76 48.4(4.6) 65.5(9.2) 45.6(4.8) 47.4(5.9) 43.0(6.1) 92.8(11.3)

114 34.8(4.6) 48.6(12.5) 32.3(4.7) 32.0(5.4) 26.4(6.0) 92.4(11.6)

152 20.9(4.6) 29.4(13.7) 18.8(4.6) 16.6(5.3) 10.3(5.3) 91.5(12.2)

190 5.1(2.8) 10.0(9.5) 4.5(2.9) 2.7(2.0) 1.6(1.3) 90.6(12.7)

(1.2) with p = 5000

38 92.7(2.4) 75.1(5.8) 92.3(2.2) 95.8(1.3) 97(0.9) 97.4(3.1)

76 81.1(5.0) 53.8(6.8) 82.0(3.8) 89.5(2.6) 92.3(2.0) 97.2(3.5)

114 59.9(9.6) 35.0(6.5) 67.4(5.9) 79.0(4.7) 83.5(3.9) 97.0(3.6)

152 18.1(12.9) 18.4(5.0) 45.4(7.7) 58.7(7.7) 61.2(8.3) 96.8(4.0)

190 1.4(1.7) 3.9(2.5) 8.6(5.6) 4.7(5.2) 0.5(1.7) 96.7(4.2)

(1.5) with p = 5000

38 66.9(6.3) 79.3(9.7) 63.3(6.9) 67.8(7.0) 64.8(7.9) 93.4(10.4)

76 49.6(4.7) 64.6(11.2) 46.6(5.1) 48.5(6.0) 44.1(6.1) 93.4(10.7)

114 36.2(4.4) 47.9(13.6) 33.5(4.6) 33.2(5.3) 27.6(6.1) 93.0(11.2)

152 22.5(4.7) 30.1(13.5) 19.9(4.9) 17.7(5.5) 11.1(5.4) 92.3(12.0)

190 5.5(3.1) 12.4(12.4) 4.8(2.9) 3(2.3) 1.6(1.4) 91.7(12.4)
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Example 1, we have Y(1) < Y(2) < · · · < Y(n) almost surely. Thus

Λ̂ = n−3

n∑
i=1

n∑
j=1

n∑
k=1

x(j)x
T
(k)I(Y(j) ≤ Y(i))I(Y(k) ≤ Y(i))

= n−3

n∑
j=1

n∑
k=1

{n+ 1−max (j, k)}x(j)x
T
(k)

= n−1
(
x(1),x(2), · · · ,x(n)

)
T
(
x(1),x(2), · · · ,x(n)

)T
,

where T is an n×n matrix with its (j, k)-th element being Tj,k = n−2{n+

1−max (j, k)}. It can be verified that T is positive definite. By Gershgorin’s

circle theorem,

∥T∥ ≤ n−2

n∑
j=1

(n+ 1− j) < 1.

We partition the matrix Λ̂ into block matrices as

Λ̂ =

w wT

w W

 =

w wT

w 0

+

0 0T

0 W

 def
= Λ̂1 + Λ̂2.

Denote the leading eigenvalue and eigenvector as λ and (b,bT)T, respec-

tively. By definition, bw + Wb = λb. Therefore, b2∥w∥22 ≤ ∥Wb∥22 +

λ2∥b∥22 ≤ (∥W∥2 + λ2)∥b∥22 = (∥W∥2 + λ2)(1− b2). Accordingly,

∥P− P̂∥2F = 2(1− b2) ≥ 2∥w∥22
∥w∥22 + ∥W∥2 + λ2

. (S2.1)

The matrix Λ̂1 has two non-zero eigenvalues, (w ±
√
w2 + 4∥w∥22)/2. By

Weyl’s inequality,

λ ≤ w +
√

w2 + 4∥w∥22
2

+ ∥W∥.
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In other words,

λ2 ≤ 2

(
w2 + w2 + 4∥w∥22

2
+ ∥W∥2

)
= 2w2 + 4∥w∥22 + 2∥W∥2.

With the above inequality, (S2.1) reduces to

∥P− P̂∥2F ≥ 2

3

∥w∥22
w2 + 2∥w∥22 + ∥W∥2

. (S2.2)

Now, we study the asymptotic distribution of Λ̂. Let ek be a unit-length

p-vector with its k-th entry being one. We have

Λ̂a,b = eT
aΛ̂eb = n−3

n∑
i=1

n∑
j=1

n∑
k=1

xj,axk,bI(Yj ≤ Yi)I(Yk ≤ Yi).

For (a, b) = (1, 1), by the classical result for U-statistics,

w = Λ̂1,1
p→Ex1,1x2,1I(Y1 ≤ Y3)I(Y2 ≤ Y3) = Λ1,1. (S2.3)

Define

ck
def
= n−3

n∑
i=1

n∑
j=1

xj,1I(Yj ≤ Yi)I(Yk ≤ Yi).

Then

n
n∑

k=1

c2k = n−5

n∑
i,j,k,i′,j′

xj,1xj′,1I(Yj ≤ Yi)I(Yk ≤ Yi)I(Yj′ ≤ Yi′)I(Yk ≤ Yi′)

p→ Ex2,1x5,1I(Y2 ≤ Y1)I(Y3 ≤ Y1)I(Y3 ≤ Y4)I(Y5 ≤ Y4)

= Em(Y1)m(Y4)I(Y3 ≤ Y1)I(Y3 ≤ Y4) =
arctan

√
5

4π2(1 + σ2)
,
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and

∥w∥22 =

p∑
b=2

Λ̂
2

1,b =

p∑
b=2

{
n−3

n∑
i,j,k

xj,1xk,bI(Yj ≤ Yi)I(Yk ≤ Yi)

}2

=

p∑
b=2

{
n∑

k=1

ckxk,b

}2

d
=n

n∑
k=1

c2k ·
χ2
p−1

n

p→ γ arctan
√
5

4π2(1 + σ2)
. (S2.4)

We next study the eigenvalues of W. Write x̃i as the vector xi without the

first element. Define x̃(i) in a similar fashion. Following Λ̂, we have

W = n−1
(
x̃(1), x̃(2), · · · , x̃(n)

)
T
(
x̃(1), x̃(2), · · · , x̃(n)

)T

d
=n−1

(
x̃1, x̃2, · · · , x̃n

)
T
(
x̃1, x̃2, · · · , x̃n

)T
,

where we used the fact that x̃1, · · · , x̃n are independent of the observations

{Yi : 1 ≤ i ≤ n}. Note that
(
x̃1, x̃2, · · · , x̃n

)
are composed of i.i.d. entries.

By Yin et al. (1988),

∥W∥ ≤ ∥n−1
(
x̃1, x̃2, · · · , x̃n

)(
x̃1, x̃2, · · · , x̃n

)T∥ a.s.→ (1 +
√
γ)2. (S2.5)

Combining the results of (S2.2)-(S2.5), in probability, we have

∥P− P̂∥2F ≥ 2

3

γ arctan
√
5

4π2(1+σ2)

1
12π2(1+σ2)2

+ 2γ arctan
√
5

4π2(1+σ2)
+ (1 +

√
γ)4

=
γ

1
2 arctan

√
5(1+σ2)

+ 3γ +
6π2(1+σ2)(1+

√
γ)4

arctan
√
5

≥ γ

6π2(1 + σ2)(1 + γ)2
.

The proof is completed.
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S3. Some Useful Lemmas

We first present some useful lemmas to study the properties of m(y), Λ,

m̂(y) and Λ̂. These lemmas pave the road for proving Theorem 1 with

p = o(n) and Theorem 2 with log(p) = o(n). For notational clarity, in what

follows we assume without loss of generality that E(x) = 0.

Lemma 1. For a p-dimension random vector z and a unit-length vector

e ∈ Sp−1 where Sp−1 denotes the unit Euclidean sphere in Rp,

pr(∥z∥∞ ≥ t) ≤ p sup
e∈Sp−1

pr(|eTz| ≥ t), and

pr(∥z∥ ≥ t) ≤ 5p sup
e∈Sp−1

pr(|eTz| ≥ t/2), for any t ≥ 0.

Proof of Lemma 1: Let ek be a unit-length p-vector with its k-th entry

being one. Apparently, ∥z∥∞ = max
k

|eT
kz|, which entails that

pr(∥z∥∞ ≥ t) ≤
p∑

k=1

pr(|eT
kz| ≥ t) ≤ p sup

e∈Sp−1

pr(|eTz| ≥ t),

which completes proof of the first part.

Next we turn to the second part. We use the ε-net strategy. To be

precise, we construct a 1/2-net N of the unit sphere Sp−1. By Lemma 5.2

of Vershynin (2012), the cardinality of N is less than 5p. Lemma 5.3 of
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Vershynin (2012) entails that ∥z∥ ≤ 2max
e∈N

|eTz|. Consequently,

pr (∥z∥ ≥ t) ≤ pr
(
max
e∈N

|eTz| ≥ t/2
)
≤

∑
e∈N

pr (|eTz| ≥ t/2)

≤ 5p sup
e∈Sp−1

pr(|eTz| ≥ t/2).

The proof for the second part is completed.

Lemma 2. Assume condition (A2). Then

sup
y∈R

∥m(y)mT(y)∥ ≤ c0 and ∥Λ∥ ≤ c0.

Proof of Lemma 2: Let e be any unit-length vector. By Jensen’s inequality,

eTm(y)mT(y)e ≤ E{(eTx)2I(Y ≤ y)} ≤ E{(eTx)2}.

By definition, ∥m(y)mT(y)∥ = sup
e
{eTm(y)mT(y)e} and ∥Σ∥ = sup

e
E{(eTx)2}.

The first part of Lemma 1 follows from Condition (A2) immediately.

Again, ∥Λ∥ = supE{eTm(Y )mT(Y )e} ≤ ∥Σ∥ ≤ c0. The proof is

completed.

Lemma 3. Assume condition (A3). Then, for any t ≥ 0,

pr (∥x xT∥∞ ≥ t) ≤ p exp(1− Cnt), and

pr (∥x xT∥ ≥ t) ≤ 5p exp(1− Cnt).

Proof of Lemma 3: Let e be any unit-length vector. Note that {(eTxi), i =

1, . . . , n} are independent and sub-Gaussian. By Hoeffding type inequality
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(Vershynin, 2012, Proposition 5.10),

pr(|eTx| ≥ t) ≤ exp(1− C0nt
2), (A.1)

where C0 > 0 which does not depend upon e. By Lemma 1,

pr(∥x∥∞ ≥ t) ≤ p exp(1− C0nt
2), and

pr(∥x∥ ≥ t) ≤ 5p exp(1− C0nt
2).

The proof is completed by using ∥x xT∥∞ = ∥x∥2∞ and ∥x xT∥ = ∥x∥2.

Lemma 4. Assume conditions (A2)-(A3). For any y ∈ R and t ≥ 0,

pr {∥m̂(y)−m(y)∥∞ ≥ t} ≤ p · exp(2− Cnt2), and

pr {∥m̂(y)−m(y)∥ ≥ t} ≤ 5p · exp(2− Cnt2).

Proof of Lemma 4: For notational clarity we assumed E(x) = 0. By

definition,

m̂(y)−m(y) = n−1

n∑
i=1

[
xiI(Yi ≤ y)− E{xI(Y ≤ y)}

]
− x

{
n−1

n∑
i=1

I(Yi ≤ y)

}
.

Since x is sub-Gaussian and |(eTx)I(Y ≤ y)| ≤ |(eTx)|, {xI(Y ≤ y)} must

also be sub-Gaussian for any unit-length vector e and any fixed y. Invoking

Proposition 5.10 of Vershynin (2012) again, we have

pr
[ ∣∣∣∣∣n−1

n∑
i=1

{eTxiI(Yi ≤ y)} − E {eTxI(Y ≤ y)}

∣∣∣∣∣ ≥ t

]
≤ exp(1− C0nt

2).

(A.2)
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In addition,

pr
[ ∣∣∣∣∣eTx

{
n−1

n∑
i=1

I(Yi ≤ y)

}∣∣∣∣∣ ≥ t

]
≤ pr (|eTx| ≥ t) ≤ exp(1− C0nt

2).

(A.3)

The second inequality in (A.3) follows from (A.1). Combining (A.2) and

(A.3), for any unit length vector e, we obtain

pr {|eTm̂(y)− eTm(y)| ≥ t} ≤ 2 exp(1− Cnt2)

Therefore, by using Lemma 1, for any y ∈ R,

pr {∥m̂(y)−m(y)∥∞ ≥ t} ≤ 2p · exp(1− Cnt2), and

pr {∥m̂(y)−m(y)∥ ≥ t} ≤ 2 · 5p · exp(1− Cnt2).

The proof is completed.

Lemma 5. Assume conditions (A1)-(A3). Write Λ̃ = n−1
∑n

i=1 m(Yi)m
T(Yi),

Λ̂ = n−1
∑n

i=1 m̂(Yi)m̂
T(Yi), and Λ = E {m(Y )mT(Y )} . Then

pr(∥Λ̂− Λ̃∥∞ ≥ t2 + 2c
1/2
0 t) ≤ exp(2 + log n+ log p− Cnt2), and

pr(∥Λ̂− Λ̃∥ ≥ t2 + 2c
1/2
0 t) ≤ exp(2 + log n+ p log 5− Cnt2).

Proof of Lemma 5: We deal with the first part in details and sketch the

proof for the second part briefly. Recall the definition of Λ̂ and Λ̃. We have

Λ̂− Λ̃ = n−1

n∑
i=1

{m̂(Yi)m̂
T(Yi)−m(Yi)m

T(Yi)} .
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Note that

∥m̂(y)m̂T(y)−m(y)mT(y)∥∞ ≤ ∥m̂(y)−m(y)∥2∞ + 2∥m(y)∥∞∥m̂(y)−m(y)∥∞

≤ ∥m̂(y)−m(y)∥2∞ + 2c
1/2
0 ∥m̂(y)−m(y)∥∞.

By Lemma 4, for any t ≥ 0, it follows that

pr
{
∥m̂(y)m̂T(y)−m(y)mT(y)∥∞ ≥ t2 + 2c

1/2
0 t

}
≤ pr {∥m̂(y)−m(y)∥∞ ≥ t}

≤ p · exp(2− Cnt2),

We notice that the right hand sides of the above display do not depend

upon y. Thus

pr
{
∥m̂(Yk)m̂

T(Yk)−m(Yk)m
T(Yk)∥∞ ≥ t2 + 2c

1/2
0 t

}
≤ pr {∥m̂(Yk)−m(Yk)∥∞ ≥ t}

= E
[
pr {∥m̂(Yk)−m(Yk)∥∞ ≥ t} | Yk

]
≤ p · exp(2− Cnt2).

Consequently,

pr(∥Λ̂− Λ̃∥∞ ≥ t2 + 2c
1/2
0 t) ≤

n∑
k=1

pr
{
∥m̂(Yk)m̂

T(Yk)−m(Yk)m
T(Yk)∥∞ ≥ t2 + 2c

1/2
0 t

}
≤ np · exp(2− Cnt2).

The proof of the first part is completed.

Next we turn to the second part. Note that

∥m̂(y)m̂T(y)−m(y)mT(y)∥ ≤ ∥m̂(y)−m(y)∥2 + 2∥m(y)∥∥m̂(y)−m(y)∥

≤ ∥m̂(y)−m(y)∥2 + 2c
1/2
0 ∥m̂(y)−m(y)∥
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and

pr(∥m̂(y)m̂T(y)−m(y)mT(y)∥ ≥ t2 + 2c
1/2
0 t) ≤ pr {∥m̂(y)−m(y)∥ ≥ t}

≤ 5p · exp(2− Cnt2).

Following similar arguments, we can show that

pr
{
∥m̂(Yk)m̂

T(Yk)−m(Yk)m
T(Yk)∥ ≥ t2 + 2c

1/2
0 t

}
≤ 5p · exp(2− Cnt2).

Therefore,

pr(∥Λ̂− Λ̃∥ ≥ t2 + 2c
1/2
0 t) ≤

n∑
k=1

pr
{
∥m̂(Yk)m̂

T(Yk)−m(Yk)m
T(Yk)∥ ≥ t2 + 2c

1/2
0 t

}
≤ 5pn · exp(2− Cnt2).

The proof is completed.

S4. Proof of Theorem 1

With the spectral decomposition, we have

Σ−1ΛΣ−1 =
d∑

k=1

λkuku
T
k and Σ̂

−1
Λ̂Σ̂

−1
=

p∑
k=1

λ̂kûkû
T
k ,

where c30 ≥ λ1 ≥ · · · ≥ λd ≥ c−3
0 , λd+1 = · · · = λp = 0, and λ̂1 ≥ · · · ≥

λ̂p ≥ 0. The projection matrices are P =
∑d

k=1 uku
T
k and P̂ =

∑d
k=1 ûkûk,

respectively. We know c−1
0 ≤ λ(Σ) ≤ c0 and c−1

0 ≤ λd(Λ), λ1(Λ) ≤ c0 by

conditions (A2)-(A3) and Lemma 2. By Theorem 2 of Yu et al. (2015),

∥P− P̂∥ ≤ ∥P− P̂∥F ≤ 4c30d
1/2∥Σ−1ΛΣ−1 − Σ̂

−1
Λ̂Σ̂

−1
∥.
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Therefore, it suffices to show

∥Σ̂−Σ∥ = Op

{
(p/n)1/2

}
and ∥Λ̂−Λ∥ = Op

{
(max (p, log n)/n)1/2

}
.

Recall

Σ̃ = n−1
∑
i=1

xix
T
i and Λ̃ = n−1

n∑
i=1

m(Yi)m
T(Yi),

where x and m(Y ) are sub-Gaussian. By Theorem 5.39 and Remark 5.40

of Vershynin (2012), we have

pr
{
∥Σ̃−Σ∥ ≤ max(δ, δ2)

}
≥ 1− 2 exp(−c1t

2), δ = C(p/n)1/2 + (t/n1/2), and

pr
{
∥Λ̃−Λ∥ ≤ max(δ, δ2)

}
≥ 1− 2 exp(−c2t

2), δ = C(p/n)1/2 + (t/n1/2),

for any t ≥ 0. Setting t = C1(p
1/2) for sufficiently large C1 yields ∥Σ̃−Σ∥ =

Op

{
(p/n)1/2

}
and ∥Λ̃ − Λ∥ = Op

{
(p/n)1/2

}
. Setting t = C1(p/n) for

sufficiently large C1 in Lemma 3 yields that ∥Σ̂− Σ̃∥ = ∥x xT∥ = Op(p/n).

Similarly, setting t = C1{(max (p, log n)/n)1/2} in Lemma 5 for sufficiently

large C1 entails that ∥Λ̂ − Λ̃∥ = Op

{
(max (p, log n)/n)1/2

}
. We combine

the above results and use the triangle-inequality to obtain ∥Σ̂ − Σ∥ =

Op

{
(p/n)1/2

}
and ∥Λ̂−Λ∥ = Op

{
max (p, log n)/n)1/2

}
. The proof is now

completed.
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S5. Proof of Theorem 2

Write Λ = (Λk,l)p×p. For the (k, l)-th element of (Λ̃−Λ),

(Λ̃−Λ)k,l = n−1

n∑
i=1

{mk(Yi)ml(Yi)−Λk,l} .

Note that {mk(Yi)ml(Yi)−Λk,l}, for i = 1, . . . , n, are independent centered

sub-exponential random variables. By Bernstein inequality (Vershynin,

2012, Proposition 5.16),

pr
[ ∣∣∣∣∣n−1

n∑
i=1

{mk(Yi)ml(Yi)−Λk,l}

∣∣∣∣∣ ≥ t

]
≤ exp{1− Cnmin (t2, t)}.

It follows immediately that

pr(∥Λ− Λ̃∥∞ ≥ t) ≤
p∑

k=1

p∑
l=1

pr
[ ∣∣∣∣∣n−1

n∑
i=1

{mk(Yi)ml(Yi)−Λk,l}

∣∣∣∣∣ ≥ t

]
≤ exp{1 + 2 log p− Cnmin (t2, t)}.

Setting t = C (log p/n)1/2 for sufficient large C > 0 yields

pr
{
∥Λ− Λ̃∥∞ ≥ C (log p/n)1/2

}
→ 0. (C.1)

It follows from Lemma 5 that

pr
{
∥Λ̂− Λ̃∥∞ ≥ C (log p/n)1/2

}
→ 0, for some C > 0. (C.2)

Combining the results of (C.1) and (C.2) entails that

∥Λ̂−Λ∥∞ = Op

{
(log p/n)1/2

}
. (C.3)
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Since

Θ̂−Θ = Ω̂sΛ̂Ω̂s −ΩΛΩ = (Ω̂s −Ω)Λ̂Ω̂s +ΩΛ̂(Ω̂s −Ω) +Ω(Λ̂−Λ)Ω,

we have

∥Θ̂−Θ∥∞ ≤ ∥Ω̂s −Ω∥1∥Λ̂∥∞(∥Ω̂s∥1 + ∥Ω∥1) + ∥Ω∥21∥Λ̂−Λ∥∞,

where we used the inequality ∥AB∥∞ ≤ ∥A∥1∥B∥∞ for symmetric ma-

trix A and arbitrary matrix B. By the proof of Theorem 6 of Cai et al.

(2011), ∥Ω̂s∥1 ≤ ∥Ω∥1 ≤ c0, and ∥Ω̂s − Ω∥1 = Op

{
s1(p)(log p/n)

(1−q)/2
}
.

Therefore, we have

∥Θ̂−Θ∥∞ = Op

{
s1(p)(log p/n)

(1−q)/2 + (log p/n)1/2
}
= Op

{
s1(p)(log p/n)

(1−q)/2
}
.

Write tn = ∥Θ̂−Θ∥∞ and set the tuning parameter λ2n = 2tn. Decompose

Θk,l as Θk,l = Θk,lI(|Θk,l| ≥ 2tn) +Θk,lI(|Θk,l| ≤ 2tn) and

Θ̂k,lI(|Θ̂k,l| ≥ 2tn) =
(
Θ̂k,l −Θk,l

)
I(|Θ̂k,l| ≥ 2tn) +Θk,lI(|Θ̂k,l| ≥ 2tn).

It follows immediately that

max
k

p∑
l=1

∣∣∣Θ̂k,lI(|Θ̂k,l| ≥ λ2n)−Θk,l

∣∣∣
≤ max

k

p∑
l=1

∣∣∣Θ̂k,lI(|Θ̂k,l| ≥ 2tn)−Θk,lI(|Θk,l| ≥ 2tn)
∣∣∣+max

k

p∑
l=1

|Θk,l|I(|Θk,l| ≤ 2tn)

≤ max
k

p∑
l=1

|Θ̂k,l −Θk,l|I(|Θ̂k,l| ≥ 2tn) + max
k

p∑
l=1

|Θk,l|
∣∣∣I(|Θ̂k,l| ≥ 2tn)− I(|Θk,l| ≥ 2tn)

∣∣∣
+max

k

p∑
l=1

|Θk,l|I(|Θk,l| ≤ 2tn).
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On one hand, |Θ̂k,l −Θk,l|I(|Θ̂k,l| ≥ 2tn) ≤ tnI(|Θk,l| ≥ tn). On the other

hand,

∣∣∣I(|Θ̂k,l| ≥ 2tn)− I(|Θk,l| ≥ 2tn)
∣∣∣ ≤ I(|Θ̂k,l| ≥ 2tn > |Θk,l|) + I(|Θk,l| ≥ 2tn > |Θ̂k,l|)

≤ I
(∣∣∣|Θk,l| − 2tn

∣∣∣ ≤ ∣∣∣|Θ̂k,l| − |Θk,l|
∣∣∣)

≤ I
(∣∣∣|Θk,l| − 2tn

∣∣∣ ≤ |Θ̂k,l −Θk,l|
)
≤ I(|Θk,l| ≤ 3tn).

The above two results yield that

max
k

p∑
l=1

∣∣∣Θ̂k,lI(|Θ̂k,l| ≥ λ2n)−Θk,l

∣∣∣
≤ max

k

p∑
l=1

tnI(|Θk,l| ≥ tn) + max
k

p∑
l=1

|Θk,l|I(|Θk,l| ≤ 3tn) + max
k

p∑
l=1

|Θk,l|I(|Θk,l| ≤ 2tn)

≤ max
k

p∑
l=1

tnI(|Θk,l| ≥ tn) + 2max
k

p∑
l=1

|Θk,l|I(|Θk,l| ≤ 3tn)

≤ max
k

p∑
l=1

t1−q
n |Θk,l|q + 2max

k

p∑
l=1

|Θk,l|q(3tn)1−q ≤ 7s2(p)t
1−q
n .

Gershgorin’s circle theorem states that, for a symmetric p× p matrix A =

(Ak,l)p×p, its i-th largest principal eigenvalue λk satisfies

max
k

|λk(A)| ≤ max
k

p∑
l=1

|Ak,l|.

Invoking the above Gershgorin’s circle theorem, we have,

∥Θ̂s −Θ∥ ≤ max
k

p∑
l=1

∣∣Θ̂k,lI(|Θ̂k,l

∣∣ ≥ λ2n)−Θk,l| = Op

{
s1−q
1 (p)s2(p)(log p/n)

(1−q)2/2
}
.

The proof is completed.
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