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Supplementary Material

This part contains the proofs of Theorems 3.1 to 3.5, which depend on a number of pre-

liminary lemmas.

Proofs of the theorems

We give the proofs of the main results here. Let C > 0 denote a generic constant of which

the value may change from line to line. For a matrix A = (aij), set ‖A‖∞ = maxi

∑
j |aij |

and |A|∞ = maxi,j |aij |. For a vector v = (v1, . . . , vk)T , set ‖v‖∞ =
∑k

j=1 |vj | and |v|∞ =

max1≤j≤k |vj |. We write Yi = Y ∗
i + εi with Y ∗

i =
∫
T a(t)Xi(t)dt + W T

i ααα0 + g(ZT
i βββ0). Denote

Y̌i = Y ∗
i − 1

n

∑n
l=1 Y ∗

l ξ̃il, ε̃i = εi− 1
n

∑n
l=1 εlξ̃il and Y̌YY = (Y̌1, . . . , Y̌n)T , ε̃εε = (ε̃1, . . . , ε̃n)T . Then

Ỹi = Y̌i + ε̃i and ỸYY = Y̌YY + ε̃εε. Define PPP (βββ) = In − B̃BB(βββ)(B̃BB
T
(βββ)B̃BB(βββ))−1B̃BB

T
(βββ), where In is the

n× n identity matrix. By (3.5), (2.9) and (2.10), we have

G̃n(ααα,βββ) =
1

n
[(Y̌YY − W̃WWααα)TPPP (βββ)(Y̌YY − W̃WWααα) + 2(Y̌YY − W̃WWααα)TPPP (βββ)ε̃εε + ε̃εεTPPP (βββ)ε̃εε]. (A.1)

Lemma A.1. Suppose that Assumptions 1 to 4 and 5’ hold. Then

1
n
(Y̌YY − W̃WWααα)T (Y̌YY − W̃WWααα) = ρ(ααα) + op(1),

where ρ(ααα) = (ααα−ααα0)
T E(V̆ V̆ T )(ααα−ααα0)− 2bbbT

0 E[BBBβββ0(Z
Tβββ0)V̆

T ](ααα−ααα0) + bbbT
0 Γ(βββ0,βββ0)bbb0, and

op(1) holds uniformly for ααα in any bounded neighborhood of ααα0.
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Proof. Define ξ̌il =
∑m

j=1

ξljξij

λj
, Y̌i1 = Y ∗

i − 1
n

∑n
l=1 Y ∗

l ξ̌il and Y̌i2 = 1
n

∑n
l=1 Y ∗

l (ξ̃il− ξ̌il).

Then Y̌i = Y̌i1 − Y̌i2 and

1

n
Y̌YY

T
Y̌YY =

1

n

n∑
i=1

(Y̌ 2
i1 − 2Y̌i1Y̌i2 + Y̌ 2

i2). (A.2)

Denote Y̌i21 =
∑m

j=1
1

λj
[ 1
n

∑n
l=1 Y ∗

l (ξ̂lj − ξlj)]ξij , Y̌i22 =
∑m

j=1(
1

λ̂j
− 1

λj
)( 1

n

∑n
l=1 Y ∗

l ξ̂lj)ξij and

Y̌i23 =
∑m

j=1
1

λ̂j
( 1

n

∑n
l=1 Y ∗

l ξ̂lj)(ξ̂ij − ξij). Then we have

Y̌ 2
i2 ≤ 3(Y̌ 2

i21 + Y̌ 2
i22 + Y̌ 2

i23). (A.3)

From Lemma 5.1 of Hall and Horowitz (2007) it follows that

ξ̂lj − ξlj =
∑

k 6=j

ξlk

λ̂j − λk

∫
∆φ̂jφk + ξlj

∫
(φ̂j − φj)φj , (A.4)

where ∆ = K̂ −K. Then we obtain

[ 1
n

∑n
l=1 Y ∗

l (ξ̂lj − ξlj)]
2 ≤ 2(

∑
k 6=j

~ξk

λ̂j−λk

∫
∆φ̂jφk)2 + 2(~ξj

∫
(φ̂j − φj)φj)

2

≤ 2[
∑

k 6=j

~ξ2
k

(λ̂j−λk)2
][
∑∞

k=1(
∫

∆φ̂jφk)2] + 2~ξ2
j (

∫
(φ̂j − φj)φj)

2,

where ~ξj = 1
n

∑n
l=1 Y ∗

l ξlj . Lemma 1 of Cardot et al. (2007) yields that

|λj − λk| ≥ λj − λj+1 ≥ λm − λm+1 ≥ λm/(m + 1) ≥ λm/(2m)

uniformly for 1 ≤ j ≤ m. From (5.2) of Hall and Horowitz (2007) we have supj≥1 |λ̂j − λj | ≤

|‖∆‖| = Op(n−1/2) and

(
∫

(φ̂j − φj)φj)
2 ≤ ‖φ̂j − φj‖2 ≤ C |‖∆‖|2

(λj−λj+1)2
≤ C|‖∆‖|2λ−2

j j2, (A.5)

where |‖∆‖| = (
∫
T

∫
T ∆2(s, t)dsdt)1/2. Using Parseval’s identity, we obtain

∞∑

k=1

(

∫
∆φ̂jφk)2 =

∫
(

∫
∆φ̂j)

2 ≤ |‖∆‖|2 = Op(n−1).

Assumption 5’ implies that |λ̂j−λj | = op(λm/m). Consequently,
∑

k 6=j

~ξ2
k

(λ̂j−λk)2
=

∑
k 6=j

~ξ2
k

(λj−λk)2
[1+

op(1)], where op(1) holds uniformly for 1 ≤ j ≤ m. Using Lemma 2 of Cardot et al. (2007) and
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the fact that (λj − λk)2 ≥ (λk − λk+1)
2, we deduce that

∑
k 6=j

1
(λj−λk)2

E(~ξ2
k)

≤ C
∑

k 6=j
1

(λj−λk)2
[n−1λk + a∗k

2λ2
k]

≤ C[ 1
n(λj−λj+1)

∑
k 6=j

λk
|λj−λk| +

∑j−1
k=1

λ2
ka∗k

2

(λk−λk+1)2
+

∑2j
k=j+1

j2a∗k
2

(k−j)2
+

∑∞
k=2j+1

λ2
ka∗k

2

(λj−λ2j)2
]

≤ C(n−1λ−1
j j2 log j + 1).

where a∗k = ak +
∑q

r=1 v∗rkα0r. Assumption 2 yields that

m∑
j=1

λ−2
j j2 log j ≤ m−2λ−2

m

m∑
j=1

j4 log j ≤ λ−2
m m3 log m

and
∑m

j=1 λ−1
j ≤ λ−1

m m. Therefore,

1
n

∑n
i=1 Y̌ 2

i21 ≤ (
∑m

j=1
1

λj
[ 1
n

∑n
l=1 Y ∗

l (ξ̂lj − ξlj)]
2)(

∑m
j=1

1
nλj

∑n
i=1 ξ2

ij)

= Op(n−2λ−2
m m4 log m + n−1λ−1

m m2).

(A.6)

Decomposing 1
n

∑n
l=1 Y ∗

l ξ̂lj = ~ξj + 1
n

∑n
l=1 Y ∗

l (ξ̂lj − ξlj) and using (A.6), we obtain

1
n

∑n
i=1 Y̌ 2

i22 ≤ C
∑m

j=1

(λ̂j−λj)2

λ3
j

( 1
n

∑n
l=1 Y ∗

l ξ̂lj)
2[1 + op(1)](

∑m
j=1

1
nλj

∑n
i=1 ξ2

ij)

= Op(n−1λ−1
m m + n−3λ−4

m m4 log m + n−2λ−3
m m2).

(A.7)

By (A.10) of Tang (2015), it holds that

‖φ̂j − φj‖2 = Op(n−1j2 log j) (A.8)

uniformly for 1 ≤ j ≤ m. Using (A.7) and (A.8), we obtain

1
n

∑n
i=1 Y̌ 2

i23 ≤ (
∑m

j=1
1

λ̂2 ( 1
n

∑n
l=1 Y ∗

l ξ̂lj)
2)( 1

n

∑n
i=1 ‖Xi‖2)(

∑m
j=1 ‖φ̂j − φj‖2)

= Op((n−1m3 + n−3λ−3
m m6 log m + n−2λ−2

m m4) log m).

(A.9)

Then by (A.3), (A.6), (A.7), (A.9) and Assumption 5’, we conclude that

1

n

n∑
i=1

Y̌ 2
i2 = Op(n−2λ−2

m m4 log m + n−1λ−1
m m2) = op(h2

0). (A.10)
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Define ξ∗j = 1
n

∑n
l=1 λ

−1/2
j ξljY

∗
l . Since E[max1≤j≤m(ξ∗j − E(ξ∗j ))2] ≤ 1

n

∑m
j=1 λ−1

j E(ξjY
∗)2 ≤

Cn−1m, we then have max1≤j≤m |ξ∗j − E(ξ∗j )| = Op(n−1/2m1/2). Hence, we have

1
n

∑n
i=1 Y̌ 2

i1 = 1
n

∑n
i=1 Y ∗

i
2 − 2

∑m
j=1 ξ∗j

2 +
∑m

j=1

ξ∗j
2

nλj
(
∑n

i=1 ξ2
ij) +

∑
j 6=j′ ξ

∗
j ξ∗j′ ξ̄jj′

=
∑∞

j=1(aj +
∑q

r=1 v∗rjα0r)
2λj + E(V̆ Tααα0 + g(ZTβββ0))

2

−2
∑m

j=1(aj +
∑q

r=1 v∗rjα0r)
2λj +

∑m
j=1(aj +

∑q
r=1 v∗rjα0r)

2λj + op(1)

= E(V̆ Tααα0 + g(ZTβββ0))
2 + op(1),

(A.11)

where ξ̄jj′ = 1

n(λjλj′ )1/2

∑n
i=1 ξijξij′ . Combining (A.2), (A.10), (A.11) and (3.1), we conclude

that

1

n
Y̌YY

T
Y̌YY = αααT

0 E(V̆ V̆ T )ααα0 + 2bbbT
0 E[BBBβββ0(Z

Tβββ0)V̆
T ]ααα0 + bbbT

0 Γ(βββ0,βββ0)bbb0 + op(1). (A.12)

Similar to the proof of (A.12), we obtain that

1
n
W̃WW

T
W̃WW = E(V̆ V̆ T ) + op(1), 1

n
ỸYY

T
W̃WW = ααα0E(V̆ T V̆ ) + bbbT

0 E[BBBβββ0(Z
Tβββ0)V̆ ] + op(1).

Now Lemma A.1 follows from (A.12) and the preceding expression.

Lemma A.2. Under Assumptions 1, 4 and 5’, it holds that

sup
βββ∈Θρ0

max
1≤j≤m

max
1≤k≤Kβββ

λ
− 1

2
j | 1

n

n∑
i=1

ξijB
(r)
kβββ (ZT

i βββ)| = op(n−
1
2 h

1
4−r

0 log n),

sup
βββ∈Θρ0

max
k,k′

| 1
n

n∑
i=1

Bkβββ(ZT
i βββ)Bk′βββ(ZT

i βββ)− E[Bkβββ(ZT
i βββ)Bk′βββ(ZT

i βββ)]| = op(n−
1
2 h

1
2
0 log n),

sup
βββ∈Θρ0

max
k,k′

| 1
n

n∑
i=1

B′
kβββ(ZT

i βββ)B′
k′βββ(ZT

i βββ)− E[B′
kβββ(ZT

i βββ)B′
k′βββ(ZT

i βββ)]| = op(n−
1
2 h
− 3

2
0 log n),

and

sup
βββ∈Θρ0

max
k,k′

| 1
n

n∑
i=1

Bkβββ(ZT
i βββ)B′′

k′βββ(ZT
i βββ)− E[Bkβββ(ZT

i βββ)B′′
k′βββ(ZT

i βββ)]| = op(n−
1
2 h
− 3

2
0 log n)

for r = 0, 1, 2.
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Proof. We give only the proof for the first step with r = 2, as the first step with r = 0, 1

and the other steps follow from similar arguments. Define ηjki(Z
T
i βββ) = λ

−1/2
j ξijB

′′
kβββ(ZT

i βββ).

Applying Assumptions 1 and Lemma E.1 of Kato (2012), we have max1≤j≤m,1≤i≤n |λ−1/2
j ξij | =

Op((mn)1/4). Hence, by Assumption 5’, for any ε > 0 and ε > 0, there exists a positive constant

C̃1 such that

P{ max
1≤j≤m,1≤i≤n

|λ−1/2
j ξij | ≥ C̃1n

1/2h
1/4
0 (log n)−1} < ε/4. (A.13)

Using Assumptions 1 and the fact that |B′′
kβββ(ZT

i βββ)| ≤ Ch−2
0 , we obtain

|E[λ
− 1

2
j ξijB

′′
kβββ(ZT

i βββ)I
{|λ−

1
2

j ξij |≥C̃1n
1
2 h

1
4
0 (log n)−1}

]|

≤ Cn−
3
2 h
− 11

4
0 (log n)3E[λ

− 1
2

j ξij ]
4 < εn−

1
2 h
− 7

4
0 log n/2.

Denote

η̃jki(Z
T
i βββ) = λ

− 1
2

j ξijB
′′
kβββ(ZT

i βββ)I
{|λ−

1
2

j ξij |<C̃1n
1
2 h

1
4
0 (log n)−1}

−E[λ
− 1

2
j ξijB

′′
kβββ(ZT

i βββ)I
{|λ−

1
2

j ξij |<C̃1n
1
2 h

1
4
0 (log n)−1}

].

Then we have

P{supβββ∈Θρ0
maxj,k | 1n

∑n
i=1 ηjki(Z

T
i βββ)| ≥ εn−

1
2 h
− 7

4
0 log n}

≤ P{maxj,i |λ−
1
2

j ξij | ≥ C̃1n
1
2 h

1
4
0 (log n)−1}

+P{supβββ∈Θρ0
maxj,k | 1n

∑n
i=1 η̃jki(Z

T
i βββ)| ≥ εn−

1
2 h
− 7

4
0 log n/2}.

(A.14)

Using the fact that |B′′
kβββ(ZT

i βββ)| ≤ Ch−2
0 , again we obtain

|η̃jki(Z
T
i βββ)| ≤ Cn

1
2 h
− 7

4
0 (log n)−1. (A.15)

From Assumption 1, it follows that

n∑
i=1

E(η̃2
jki(Z

T
i βββ)) ≤ Cnλ−1

j (E[B′′4
kβββ(ZT

i βββ)]E(ξ4
j ))1/2 ≤ Cnh

−7/2
0 . (A.16)
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For βββ1 = (β11, . . . , β1d)T ∈ Θρ0 and βββ2 = (β21, . . . , β2d)T ∈ Θρ0 , define |βββ2−βββ1| = max1≤r≤d−1 |β2r−

β1r|. Since
∑m

j=1
1
n

∑n
i=1 λ

− 1
2

j |ξij | = Op(m), then there exists a positive C̃2 such that

P{
m∑

j=1

1

n

n∑
i=1

λ
− 1

2
j |ξij | ≥ C̃2m} < ε/4. (A.17)

From (2.6), for all βββ ∈ Θρ0 , the total of different Bkβββ(u) is not more than (s + 1)kn. Let Θρ0

be divided into N disjoint parts Θρ01, · · · , Θρ0N such that for any βββ ∈ Θρ0l, 1 ≤ l ≤ N and any

1 ≤ j ≤ m, 1 ≤ k ≤ (s + 1)kn, when
∑m

j=1
1
n

∑n
i=1 λ

− 1
2

j |ξij | < C̃2m,

supβββ∈Θρ0l
| 1
n

∑n
i=1 η̃jki(Z

T
i βββ)− 1

n

∑n
i=1 η̃jki(Z

T
i βββl)|

≤ supβββ∈Θρ0l
λ
− 1

2
j

(
1
n

∑n
i=1 |ξij ||B′′

kβββ(ZT
i βββ)−B′′

kβββ(ZT
i βββl)|+ E(|ξij ||B′′

kβββ(ZT
i βββ)−B′′

kβββ(ZT
i βββl)|)

)

≤ supβββ∈Θρ0l
Ch−3

0

∑m
j=1

(
1
n

∑n
i=1 λ

− 1
2

j |ξij |+ E(λ
− 1

2
j |ξij |)

)
|βββ − βββl|

≤ Cmh−3
0 |βββ − βββl| < εn−

1
2 h
− 7

4
0 log n/4.

This can be done with N = C(mn1/2/(εh
5/4
0 log n))d−1. Using Bernstein inequality and (A.15),

(A.16) and Assumption 5’, for sufficiently large n, it follows that

P
(

supβββ∈Θρ0
maxj,k | 1n

∑n
i=1 η̃jki(Z

T
i βββ)| ≥ εn−

1
2 h
− 7

4
0 log n/2,

∑m
j=1

1
n

∑n
i=1 λ

− 1
2

j |ξij | < C̃2m
)

≤ P
(
∪N

l=1 {maxj,k | 1n
∑n

i=1 η̃jki(Z
T
i βββl)| ≥ εn−

1
2 h
− 7

4
0 log n/4}

)

≤ CmknN exp
{
− ε2nh

− 7
2

0 (log n)2

32Cnh
−7/2
0 +4Cn

1
2 h
− 7

4
0 (log n)−1εn

1
2 h
− 7

4
0 log n

}
< ε/2.

Now Lemma A.2 follows from (A.13), (A.14), (A.17) and the preceding inequality.

Lemma A.3. Assume that Assumptions 1, 2, 4 and 5’ hold. Then it holds that

1

n
B̃BB

T
(βββ)B̃BB(βββ) = Γ(βββ,βββ) + op(h2

0),

where op(h2
0) holds uniformly for 1 ≤ k, k′ ≤ Kβββ and βββ ∈ Θρ0 .

Proof. Define

B̃kβββ1(Z
T
i βββ) = Bkβββ(ZT

i βββ)− 1

n

n∑

l=1

Bkβββ(ZT
l βββ)ξ̌il, B̃kβββ2(Z

T
i βββ) =

1

n

n∑

l=1

Bkβββ(ZT
l βββ)(ξ̃il − ξ̌il).
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We decompose the (k, k′)th element of 1
n
B̃BB

T
(βββ)B̃BB(βββ) as

1
n

∑n
i=1 B̃kβββ(ZT

i βββ)B̃k′βββ(ZT
i βββ) = 1

n

∑n
i=1

(
B̃kβββ1(Z

T
i βββ)B̃k′βββ1(Z

T
i βββ)− B̃kβββ1(Z

T
i βββ)B̃k′βββ2(Z

T
i βββ)

−B̃kβββ2(Z
T
i βββ)B̃k′βββ1(Z

T
i βββ) + B̃kβββ2(Z

T
i βββ)B̃k′βββ2(Z

T
i βββ)

)
.

Applying the Cauchy-Schwarz inequality, Lemma A.2, (A.8) and Assumptions 2 and 5’, we

obtain

supβββ∈Θρ0
maxk

1
n

∑n
i=1

( ∑m
j=1

1
λj

[ 1
n

∑n
l=1 Bkβββ(ZT

l βββ)(ξ̂lj − ξlj)]ξij

)2

≤ supβββ∈Θρ0
maxk

( ∑m
j=1

1
λj

[ 1
n

∑n
l=1 Bkβββ(ZT

l βββ)(ξ̂lj − ξlj)]
2
)( ∑m

j=1
1

nλj

∑n
i=1 ξ2

ij

)

≤ (supβββ∈Θρ0
maxk

1
n

∑n
l=1 B2

kβββ(ZT
l βββ))( 1

n

∑n
l=1 ‖Xl‖2)(

∑m
j=1

‖φ̂j−φj‖2
λj

)(
∑m

j=1
1

nλj

∑n
i=1 ξ2

ij)

= Op(n−1λ−1
m m4h0 log m) = op(h3

0).

(A.18)

Similar to the proof of (A.7), (A.9) and using Lemma A.2, we then deduce that

supβββ∈Θρ0
maxk

1
n

∑n
i=1

( ∑m
j=1(

ξ̂ij

λ̂j
− ξij

λj
)( 1

n

∑n
l=1 Bkβββ(ZT

l βββ)ξ̂lj)
)2

= op(n−2λ−2
m m2h

1/2
0 (log n)2) + op(n−2λ−1

m m3h
1/2
0 (log n)2) + Op(n−2λ−3

m m4h0 log m)

+Op(n−2λ−2
m m6h0(log m)2) = op(h3

0).

(A.19)

Using Lemma A.2 and Assumption 5’, we conclude that

1
n

∑n
i=1 B̃kβββ1(Z

T
i βββ)B̃k′βββ1(Z

T
i βββ) = 1

n

∑n
i=1 Bkβββ(ZT

i βββ)Bk′βββ(ZT
i βββ)− 2

∑m
j=1 ρkjρk′j

+
∑m

j=1 ρkjρk′j(
1

nλj

∑n
i=1 ξ2

ij) +
∑

j 6=j′ ρkjρk′j′ ξ̄jj′

= E[Bkβββ(ZTβββ)Bk′βββ(ZTβββ)] + op(h2
0),

where ρkj = 1

nλ
1/2
j

∑n
l=1 ξljBkβββ(ZT

l βββ). Now Lemma A.3 follows from (A.18), (A.19) and the

preceding equation.

Proof of Theorem 3.1. By arguments similar to those used in the proof of Lemmas A.1
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and A.3, it follows that

1

n
B̃BB

T
(βββ)(Y̌YY − W̃WWααα) = Π(ααα,βββ) + op(h0). (A.20)

Using Lemma A.3, (A.20) and arguments similar to those used in the proof of Lemma 1 of Tang

(2013), we then deduce that

1

n
(Y̌YY −W̃WWααα)T B̃BB(βββ)(B̃BB

T
(βββ)B̃BB(βββ))−1B̃BB

T
(βββ)(Y̌YY −W̃WWααα) = ΠT (ααα,βββ)Γ−1(βββ,βββ)Π(ααα,βββ)+op(1). (A.21)

Therefore, Lemma A.1 and (A.21) imply that

1
n
(Y̌YY − W̃WWααα)TPPP (βββ)(Y̌YY − W̃WWααα) = ρ(ααα)−ΠT (ααα,βββ)Γ−1(βββ,βββ)Π(ααα,βββ) + op(1)

=: G̃(ααα,βββ) + op(1),

(A.22)

where op(1) holds uniformly for βββ ∈ Θρ0 and ααα is in any bounded neighborhood of ααα0. Similar

to the proof of Lemmas A.1 and A.3, it holds that 1
n
ε̃εεT ε̃εε = σ2 + op(1), 1

n
(Y̌YY − W̃WWααα)T ε̃εε =

op(h0) and 1
n
B̃BB

T
(βββ)ε̃εε = op(h0). Similar to the proof of (A.21) and (A.22), we further have

1
n
(Y̌YY − W̃WWααα)TPPP (βββ)ε̃εε = op(1) and 1

n
ε̃εεTPPP (βββ)ε̃εε = σ2 + op(1). Therefore, from (A.1), (A.22) and

(3.2), it follows that

G̃n(ααα,βββ) = G(ααα,βββ) + op(1), (A.23)

where op(1) holds uniformly for βββ ∈ Θρ0 and ααα is in any bounded neighborhood of ααα0. By the

fact that (α̂αα, β̂ββ) is the minimizer of G̃n(ααα,βββ) and using (A.23), we have

G̃n(α̂αα, β̂ββ) ≤ G̃n(ααα0,βββ0) = G(ααα0,βββ0) + op(1). (A.24)

By (A.1) and (A.22), we have that G̃(ααα,βββ) ≥ 0 and G(ααα,βββ) ≥ σ2. From (3.2), one ob-

tains G(ααα0,βββ0) = σ2 + op(1). Applying (A.23) and (A.24), we obtain that σ2 ≤ G(α̂αα, β̂ββ) =

G̃n(α̂αα, β̂ββ)+op(1) ≤ G(ααα0,βββ0)+op(1). Therefore, |G(α̂αα, β̂ββ)−G(ααα0,βββ0)| = op(1); that is, |G∗(θ̂θθ−d)−

G∗(θθθ0,−d)| = op(1). Since G∗(θθθ−d) is locally convex at θθθ0,−d, it follows that α̂αα−ααα0 = op(1) and

β̂ββ−d − βββ0,−d = op(1). This completes the proof of (3.3).
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From (A.11), Assumption 5 and the fact that λj ≤ C/(j log j), we have

∞∑
j=m+1

(aj +

q∑
r=1

v∗rjα0r)
2λj ≤ Cm−2γ = o(h2

0). (A.25)

Applying Assumption 5 and (A.25), we can easily prove that 1
n
(Y̌YY − W̃WWααα)T (Y̌YY − W̃WWααα) = ρ(ααα) +

op(h2
0) in Lemma A.1, 1

n
B̃BB

T
(βββ)B̃BB(βββ) = Γ(βββ,βββ)+op(h4

0) in Lemma A.3 and 1
n
B̃BB

T
(βββ)(Y̌YY −W̃WWααα) =

Π(ααα,βββ) + op(h3
0). Consequently, it follows that G̃n(ααα,βββ) = G(ααα,βββ) + op(h2

0) and |G(α̂αα, β̂ββ) −

G(ααα0,βββ0)| = op(h2
0). Now (3.4) follows from Assumption 7. This completes the proof of

Theorem 3.1.

Lemma A.4. Under Assumptions 1-6, it holds that

G̈n(θθθ−d, b̃bb(θθθ−d)) = 2Ω(θθθ−d) + op(1),

where op(1) holds uniformly for βββ ∈ Θρ0 , ααα is in any bounded neighborhood of ααα0 and Ω(βββ−d) =

(πkr)(q+d−1)×(q+d−1) with

πkr = E(V̆kV̆r)− E[BBB(ZTβββ)V̆k]T Γ−1(βββ,βββ)E[BBB(ZTβββ)V̆r], k, r = 1, . . . , q, (A.26)

πk(q+r) = E[ḂBBr(Z
Tβββ)V̆k]T b̄bb(ααα,βββ) + E[BBB(ZTβββ)V̆k]T b̆bbr(ααα,βββ), (A.27)

for k, = 1, . . . , q; r = 1, . . . , d− 1, and

π(q+k)(q+r) = [b̄bb
T
(ααα,βββ)Rrk(βββ,βββ) + b̆bb

T

r (ααα,βββ)Hk(βββ,βββ)]b̄bb(ααα,βββ)− [Π̈T
kr(ααα,βββ)

−b̄bb
T
(ααα,βββ)Mkr(βββ,βββ)]b̄bb(ααα,βββ) + [Π̇T

k (ααα,βββ)− b̄bb
T
(ααα,βββ)Hk(βββ,βββ)]b̌bbr(ααα,βββ),

(A.28)

for k, r = 1, . . . , d−1, b̄bb(ααα,βββ) = Γ−1(βββ,βββ)Π(ααα,βββ), b̌bbr(ααα,βββ) = −Γ−1(βββ,βββ)(HT
r (βββ,βββ)+Hr(βββ,βββ))b̄bb(ααα,βββ)+

Γ−1(βββ,βββ)Π̇r(ααα,βββ), Π̇r(ααα,βββ) = ∂Π(ααα,βββ)
∂βr

and Π̈kr(ααα,βββ) = ∂2Π(ααα,βββ)
∂βrβk

, Mkr(βββ,βββ′) is a Kn ×Kn ma-

trix whose (l, l′)th element is E[Bl(Z
Tβββ)B̈l′kr(Z

Tβββ′)] and B̈lkr(Z
Tβββ) = ∂2Bl(Z

T βββ)
∂βk∂βr

.

Proof. Let π̃kr be the (k, r)th element of G̈n(θθθ−d, b̃bb(θθθ−d)). From (3.6) and (3.7), we

have that

π̃kr =
2

n
[W̃T

k W̃r − W̃T
k B̃BB(B̃BB

T
B̃BB)−1B̃BB

T
W̃r], k, r = 1, . . . , q, (A.29)
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π̃k(q+r) =
2

n
[W̃T

k
˙̃
BBBrb̃bb + W̃T

k B̃BBḃbbr], k, = 1, . . . , q; r = 1, . . . , d− 1, (A.30)

π̃(q+k)(q+r) =
2

n
(
˙̃
BBBrb̃bb + B̃BBḃbbr)

T ˙̃
BBBkb̃bb− 2

n
(ỸYY − W̃WWααα− B̃BBb̃bb)T (

¨̃
BBBkrb̃bb +

˙̃
BBBkḃbbr), (A.31)

for k, r = 1, . . . , d − 1, where W̃k = (W̃1k, . . . , W̃nk)T for k = 1, . . . , q, B̃BB = B̃BB(βββ−d),
˙̃
BBBr =

˙̃
BBBr(βββ−d) and b̃bb = b̃bb(ααα,βββ−d), with for simplicity of notation, ḃbbr = ḃbbr(ααα,βββ−d) =

∂b̃bb(ααα,βββ−d)

∂βr
and

¨̃
BBBkr =

¨̃
BBBkr(βββ−d) =

∂2B̃BB(βββ−d)

∂βk∂βr
. Since (B̃BB

T
B̃BB)−1B̃BB

T
B̃BB = I, we then have

∂(B̃BB
T
B̃BB)−1

∂βr
B̃BB

T
B̃BB + (B̃BB

T
B̃BB)−1

(∂B̃BB
T

∂βr
B̃BB + B̃BB

T ∂B̃BB

∂βr

)
= 0.

Hence,

∂(B̃BB
T
B̃BB)−1

∂βr
= −(B̃BB

T
B̃BB)−1(

˙̃
BBBT

r B̃BB + B̃BB
T ˙̃
BBBr)(B̃BB

T
B̃BB)−1.

Note that b̃bb = (B̃BB
T
B̃BB)−1B̃BB

T
(ỸYY − W̃WWααα). We further have

ḃbbr = −(B̃BB
T
B̃BB)−1[(

˙̃
BBBT

r B̃BB + B̃BB
T ˙̃
BBBr)(B̃BB

T
B̃BB)−1B̃BB

T
(ỸYY − W̃WWααα)− ˙̃

BBBT
r (ỸYY − W̃WWααα)]. (A.32)

Similar to the proof of Lemmas A.2 and A.3, we obtain that

1

n
(
˙̃
BBBT

r B̃BB + B̃BB
T ˙̃
BBBr) = HT

r (βββ,βββ) + Hr(βββ,βββ) + op(h3
0). (A.33)

Furthermore, under Assumption 5, Lemma A.3 yields that 1
n
B̃BB

T
B̃BB = Γ(βββ,βββ) + op(h4

0). Similar

to the proof of Lemma 1 of Tang (2013), we obtain that |(Kn
n

B̃BB
T
B̃BB)−1 − (KnΓ(βββ,βββ))−1|∞ =

op(h3
0). By Lemma 9 of Huang et al. (2004), we also have that ‖(Kn

n
B̃BB

T
B̃BB)−1‖∞ ≤ C and

‖(KnΓ(βββ,βββ))−1‖∞ ≤ C. Using (A.33), we have ‖HT
r (βββ,βββ) + Hr(βββ,βββ)‖∞ = O(1) and

‖ 1

n
(
˙̃
BBBT

r B̃BB + B̃BB
T ˙̃
BBBr)‖∞ = ‖HT

r (βββ,βββ) + Hr(βββ,βββ)‖∞ + op(h2
0) = Op(1). (A.34)

Similar to the proof of (A.20), we obtain 1
n
B̃BB

T
(ỸYY − W̃WWααα) = Π(ααα,βββ) + op(h3

0). Observe that

‖Π(ααα,βββ)‖∞ = O(1) and hence ‖ 1
n
B̃BB

T
(ỸYY − W̃WWααα)‖∞ = Op(1). Let ~BBBr = 1

n
(
˙̃
BBBT

r B̃BB + B̃BB
T ˙̃
BBBr),
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~Hr(βββ,βββ) = HT
r (βββ,βββ) + Hr(βββ,βββ) and ~YYY = 1

n
B̃BB

T
(ỸYY − W̃WWααα). Then

|(Kn
n

B̃BB
T
B̃BB)−1~BBBr(

Kn
n

B̃BB
T
B̃BB)−1~YYY − (KnΓ(βββ,βββ))−1~BBBr(

Kn
n

B̃BB
T
B̃BB)−1~YYY

≤ |(Kn
n

B̃BB
T
B̃BB)−1 − (KnΓ(βββ,βββ))−1|∞‖~BBBr‖∞‖(Kn

n
B̃BB

T
B̃BB)−1‖∞‖~YYY ‖∞

= op(h3
0)Op(1)Op(1)Op(1) = op(h3

0)

and

|(KnΓ(βββ,βββ))−1~BBBr(
Kn
n

B̃BB
T
B̃BB)−1~YYY − (KnΓ(βββ,βββ))−1 ~Hr(βββ,βββ)(Kn

n
B̃BB

T
B̃BB)−1~YYY |∞

≤ ‖(KnΓ(βββ,βββ))−1‖∞|~BBBr − ~Hr(βββ,βββ)|∞‖(Kn
n

B̃BB
T
B̃BB)−1‖∞‖~YYY ‖∞

= O(1)op(h3
0)Op(1)Op(1) = op(h3

0).

Furthermore, it holds that

|(Kn
n

B̃BB
T
B̃BB)−1~BBBr(

Kn
n

B̃BB
T
B̃BB)−1~YYY

−(KnΓ(βββ,βββ))−1 ~Hr(βββ,βββ)(KnΓ(βββ,βββ))−1Π(ααα,βββ)|∞ = op(h3
0)

(A.35)

Under Assumption 5, similar to the proof of (A.20), we deduce that

1

n
˙̃
BBBT

r (ỸYY − W̃WWααα) = Π̇r(ααα,βββ) + op(h2
0). (A.36)

Similar to the proof of (A.35), we further deduce that

|(Kn

n
B̃BB

T
B̃BB)−1(

1

n
˙̃
BBBT

r (ỸYY − W̃WWααα))− (KnΓ(βββ,βββ))−1Π̇r(ααα,βββ)|∞ = op(h2
0). (A.37)

Combining (A.32), (A.35) and (A.37), we then have

|ḃbbr − b̌bbr(ααα,βββ)|∞ = op(h0). (A.38)

By arguments similar to those used in the proof of (A.35), we further have that

1

n
ḃbb

T

r BBBT ˙̃
BBBkb̃bb = b̌bb

T
r (ααα,βββ)Hk(βββ,βββ)b̄bb(ααα,βββ) + op(1). (A.39)

Similar to the proof of (A.39), we obtain that

1

n
b̃bb

T ˙̃
BBBT

r
˙̃
BBBkb̃bb = b̄bb

T
(ααα,βββ)Rrk(βββ,βββ)b̄bb(ααα,βββ) + op(1), (A.40)
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1
n
(ỸYY − W̃WWααα− B̃BBb̃bb)T (

¨̃
BBBkrb̃bb +

˙̃
BBBkḃbbr) = [Π̈T

kr(ααα,βββ)− b̄bb
T
(ααα,βββ)Mkr(βββ,βββ)]b̄bb(ααα,βββ)

+[Π̇T
k (ααα,βββ)− b̄bb

T
(ααα,βββ)Hk(βββ,βββ)]b̌bbr(ααα,βββ) + op(1).

Now (A.28) follows from (A.31), (A.39), (A.40) and the preceding expression. Using the fact

that 1
n

∑n
i=1(Wik− 1

n

∑n
l=1 Wlk ξ̌il)(Wir− 1

n

∑n
l=1 Wlr ξ̌il) = E(V̆kV̆r)+op(1), (A.26) and (A.27)

can be proved in a similar fashion. This completes the proof of Lemma A.4.

Lemma A.5. Under Assumptions 1 to 3 and 5, it holds that

m∑
j=1

λj [aj − 1

λ̂j

(
1

n

n∑

l=1

ζlξ̂lj)]
2 = Op(n−1λ−1

m m),

where ζl =
∑∞

q=1 aqξlq.

Proof Set S1 =
∑m

j=1 λj [aj − 1
λj

( 1
n

∑n
l=1 ζlξlj)]

2, S2 =
∑m

j=1
1

λj
[ 1
n

∑n
l=1 ζl(ξ̂lj − ξlj)]

2

and S3 =
∑m

j=1 λj(
1

λ̂j
− 1

λj
)2( 1

n

∑n
l=1 ζlξ̂lj)

2. Note that

m∑
j=1

λj [aj − 1

λ̂j

(
1

n

n∑

l=1

ζlξ̂lj)]
2 ≤ 3(S1 + S2 + S3). (A.41)

Since E[aj − 1
λj

( 1
n

∑n
l=1 ζlξlj)] = 0, then from Assumptions 1to 3, we obtain

E(S1) =

m∑
j=1

1

λj
V ar(

1

n

n∑

l=1

ζlξlj) ≤
m∑

j=1

1

n2λj

n∑

l=1

E(ζ2
l ξ2

lj) ≤ Cm/n. (A.42)

Similar to the proof of (A.6), (A.7) and using Assumption 5, we deduce that

S2 = Op(n−2λ−2
m m3 log m + n−1λ−1

m m) = Op(n−1λ−1
m m) (A.43)

and

S3 ≤ C
∑m

j=1

(λ̂j−λj)2

λ3
j

(
ζ̄2

j + [ 1
n

∑n
l=1 ζl(ξ̂lj − ξlj)]

2
)
[1 + op(1)]

= Op(n−1λ−1
m + n−3λ−4

m m3 log m + n−2λ−3
m m) = Op(n−1λ−1

m ).

(A.44)

Now Lemma A.5 follows from combining (A.41) to (A.44).

Lemma A.6. Denote

ġ0r(Zi) =
∂g0(Z

T
i βββ)

∂βr
|βββ=βββ0 =

Kn∑

k=1

b0kB′
k(ZT

i βββ0)
(
Zir − β0rZid√

1− (β2
01 + . . . + β2

0(d−1))

)
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for r = 1, . . . , d − 1 and Ari = ġ0r(Zi) − 1
n

∑n
l=1 ġ0r(Zl)ξ̃il. Under Assumptions 1, 2, 4 and 5,

it holds that

m∑
j=1

λ−1
j (

n∑
i=1

ξijAri)
2 = Op(nm + λ−2

m m4 log m).

Proof Let A∗ri = ġ0r(Zi)−
∑m

j′=1
1

λj′
( 1

n

∑n
l=1 ġ0r(Zl)ξlj′)ξij′ . Observe that

(
∑n

i=1 ξijAri)
2 ≤ 4

( ∑n
i=1 ξijA

∗
ri

)2

+4
( ∑n

i=1 ξij

∑m
j′=1

1
λj′

[ 1
n

∑n
l=1 ġ0r(Zl)(ξ̂lj′ − ξlj′)]ξij′

)2

+4
( ∑n

i=1 ξij

∑m
j′=1(

1

λ̂j′
− 1

λj′
)[ 1

n

∑n
l=1 ġ0r(Zl)ξ̂lj′ ]ξij′

)2

+4
( ∑n

i=1 ξij

∑m
j′=1

1

λ̂j′
[ 1
n

∑n
l=1 ġ0r(Zl)ξ̂lj′ ](ξ̂ij′ − ξij′)

)2

=: 4(Tj1 + Tj2 + Tj3 + Tj4).

(A.45)

By direct computations and using Assumption 1, we obtain

E(ξ2
ijA

∗
ri

2) ≤ 2E(ξ2
ij ġ

2
0r(Zi)) + 2E[ξ2

ij(
∑m

j′=1
1

λj′
( 1

n

∑n
l=1 ġ0r(Zl)ξlj′)ξij′)

2]

≤ C(λj + mλj/n2 + (n− 1)mλj/n2 + m2λj/n2) ≤ Cλj

and

|
∑

i1 6=i2

E(ξi1jξi2jA
∗
ri1A∗ri2)| ≤ C[(n− 1)(n + 2)λj/n + (n− 1)mλj/n] ≤ Cnλj .

Hence, it follows that

E(Tj1) =

n∑
i=1

E(ξ2
ijA

∗
ri

2
) +

∑

i1 6=i2

E(ξi1jξi2jA
∗
ri1A∗ri2) ≤ Cnλj . (A.46)

Similar to the proof of (A.6) and using Assumption 1, we have

m∑

j′=1

1

λj′
[
1

n

n∑

l=1

ġ0r(Zl)(ξ̂lj′ − ξlj′)]
2 = Op(n−2λ−2

m m3 log m).
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Since
∑m

j′=1
1

λj′
E(

∑n
i=1 ξijξij′)

2 ≤ Cn2λj , then

∑m
j=1 λ−1

j Tj2 ≤
( ∑m

j′=1
1

λj′
[ 1
n

∑n
l=1 ġ0r(Zl)(ξ̂lj′ − ξlj′)]

2
)

×
( ∑m

j=1 λ−1
j

∑m
j′=1

1
λj′

(
∑n

i=1 ξijξij′)
2
)

= Op(n−2λ−2
m m3 log m)Op(n2m) = Op(λ−2

m m4 log m).

(A.47)

Similar to the proof (A.7) and using Assumption 5, we deduce that

∑m
j=1 λ−1

j Tj3 ≤
( ∑m

j′=1 λj′(
1

λ̂j′
− 1

λj′
)2[ 1

n

∑n
l=1 ġ0r(Zl)ξ̂lj′ ]

2
)

×
( ∑m

j=1 λ−1
j

∑m
j′=1

1
λj′

(
∑n

i=1 ξijξij′)
2
)

= Op(λ−2
m m2 + n−1λ−4

m m4 log m) = Op(λ−2
m m2 log m).

(A.48)

and

∑m
j=1 λ−1

j Tj4 ≤
( ∑m

j′=1
1

λ2
j′

[ 1
n

∑n
l=1 ġ0r(Zl)ξ̂lj′ ]

2
)
[1 + op(1)]

×
( ∑m

j=1
1

λj

∑n
i=1 ξ2

ij

)( ∑m
j′=1

∑n
i=1(ξ̂ij′ − ξij′)

2
)

= Op(n−1λ−1
m m5 log m + n−2λ−3

m m7(log m)2) = op(λ−2
m m4 log m).

(A.49)

Now Lemma A.6 follows from combining (A.45)-(A.49) and Assumption 5.

Lemma A.7. Under the Assumptions 1-3 and 5, it holds that

n−1/2|
m∑

j=1

1

λ̂j

(
1

n

n∑

l=1

ζlξ̂lj)

n∑
i=1

(ξ̂ij − ξij)Ari| = op(1).

Proof Let ζ̌j = 1
n

∑n
l=1 ζlξ̂lj . Applying the Cauchy-Schwarz inequality, we obtain

( m∑
j=1

1

λ̂j

ζ̌j

n∑
i=1

(ξ̂ij − ξij)Ari

)2

≤
( m∑

j=1

1

λ̂2
j

ζ̌2
j

)( m∑
j=1

(

n∑
i=1

(ξ̂ij − ξij)Ari)
2
)
.

Using (A.4), (A.5), Assumption 5, Parseval’s identity and some arguments similar to those used
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to prove Lemma A.6, we deduce that

∑m
j=1(

∑n
i=1(ξ̂ij − ξij)Ari)

2

≤ 2
∑m

j=1[(
∑

k 6=j(λ̂j − λk)−1
∫

∆φ̂jφk

∑n
i=1 ξikAri)

2 + (
∑n

i=1 ξijAri)
2(

∫
(φ̂j − φj)φj)

2]

≤ C|‖∆‖|2 ∑m
j=1[

∑
k 6=j(λ̂j − λk)−2(

∑n
i=1 ξikAri)

2 + λ−2
j j2(

∑n
i=1 ξijAri)

2]

= Op(λ−1
m m3 log m + n−1λ−3

m m6 log m) = op(n).

Similar to the proof of (A.7) and using Assumption 5 , we obtain that

m∑
j=1

1

λ̂2
j

ζ̌2
j = Op(n−1λ−1

m m + 1 + n−2λ−3
m m3 log m + n−1λ−2

m m) = op(1).

This completes the proof of Lemma A.7.

Lemma A.8. Set ζ̃i = ζi − 1
n

∑n
l=1 ζlξ̃il. Under Assumptions 1-4 and 5, it holds that

n−1/2|
n∑

i=1

ζ̃iAri| = op(1).

Proof Observe that

∑n
i=1 ζ̃iAri =

∑m
j=1[aj − 1

λ̂j
( 1

n

∑n
l=1 ζlξ̂lj)]

∑n
i=1 ξijAri

−∑m
j=1

1

λ̂j
( 1

n

∑n
l=1 ζlξ̂lj)

∑n
i=1(ξ̂ij − ξij)Ari +

∑∞
j=m+1 aj

∑n
i=1 ξijAri.

(A.50)

Lemmas A.5, A.6 and Assumption 5 imply that

n−
1
2 |∑m

j=1[aj − 1

λ̂j
( 1

n

∑n
l=1 ζlξ̂lj)]

∑n
i=1 ξijAri|

≤ n−
1
2

( ∑m
j=1 λj [aj − 1

λ̂j
( 1

n

∑n
l=1 ζlξ̂lj)]

2
) 1

2
( ∑m

j=1 λ−1
j (

∑n
i=1 ξijAri)

2
) 1

2

= Op(n−1/2λ
−1/2
m m + n−1λ

−3/2
m m5/2(log m)1/2) = op(1).

(A.51)

By arguments similar to those used in the proof of Lemma A.6 and using Lemma 6.1 of Cardot
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et al. (2007), we obtain that

(
∑∞

j=m+1 aj

∑n
i=1 ξijAri)

2 ≤ (
∑∞

j=m+1 a2
j )(

∑∞
j=m+1(

∑n
i=1 ξijAri)

2)

= Op(nm−2γ+1 + λ−2
m m−2γ+4 log m)

∑∞
j=m+1 λj = op(n).

(A.52)

Now Lemma A.8 follows from combining (A.50)-(A.52) and Lemma A.7.

Lemma A.9. Suppose that Assumptions 1-5 hold. Then

n−1/2(ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)
T ˙̃
BBBr(βββ0)bbb0 = n−1/2

n∑
i=1

ġ0r(Zi)εi + op(1).

Proof Using arguments similar to those used to prove Lemmas A.6 and A.7, we deduce that

∑n
i=1 A2

ri = Op(n), n−1/2 ∑n
i=1 εi(

1
n

∑n
l=1 ġ0r(Zl)ξ̃il) = op(1) and

n−1/2
n∑

i=1

(
1

n

n∑

l=1

εlξ̃il)Ari = op(1), n−1/2
n∑

i=1

(
1

n

n∑

l=1

R(ZT
l βββ0)ξ̃il)Ari = op(1).

Hence

n−1/2ε̃εεT ˙̃
BBBr(βββ0)bbb0 = n−1/2

n∑
i=1

ġ0r(Zi)εi + op(1). (A.53)

Using (3.1) and the assumption that nh2p → 0, it follows that (
∑n

i=1 R(ZT
i βββ0)Ari)

2 ≤ (
∑n

i=1 R2(ZT
i βββ0))(

∑n
i=1 A2

ri) =

op(n). Consequently, we have

n−1/2R̃RR
T ˙̃
BBBr(βββ0)bbb0 = op(1), (A.54)

where R̃RR = (R̃(ZT
1 βββ0), . . . , R̃(ZT

n βββ0))
T and R̃(ZT

i βββ0) = R(ZT
i βββ0) − 1

n

∑n
l=1 R(ZT

l βββ0)ξ̃il. Now

Lemma A.9 follows from Lemma A.8, (A.53) and (A.54).

Lemma A.10. Under the assumptions of Theorem 2, it holds that

n−
1
2 (b̃bb(ααα0,βββ0)− bbb0)

T B̃BB
T
(βββ0)

˙̃
BBBr(βββ0)bbb0 = n−

1
2εεεTBBB(βββ0)Γ

−1(βββ0,βββ0)Hr(βββ0,βββ0)bbb0 + op(1),

where BBB(βββ0) = (BBB(ZT
1 βββ0), . . . ,BBB(ZT

n βββ0))
T .
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Proof Note that b̃bb(ααα0,βββ0) − bbb0 = (B̃BB
T
(βββ0)B̃BB(βββ0))

−1B̃BB
T
(βββ0)(ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0). By

(A.33), we obtain

| 1
n
B̃BB

T
(βββ0)

˙̃
BBBr(βββ0)bbb0|∞ = |Hr(βββ0,βββ0)bbb0|∞ + op(h2

0)

≤ max1≤k≤Kn E[Bk(ZTβββ0)|ġ0r(Z)|] + op(h2
0) = Op(h0)

Similar to the proof of Lemma A.9, we have ‖n− 1
2 (ỸYY − W̃WWααα0 − εεε− B̃BB(βββ0)bbb0)

T B̃BB(βββ0)‖∞ = op(1)

and ‖n− 1
2εεεT B̃BB(βββ0)‖∞ = Op(K

1/2
n ). Hence

n−
1
2 |(ỸYY − W̃WWααα0 − εεε− B̃BB(βββ0)bbb0)

T B̃BB(βββ0)(B̃BB
T
(βββ0)B̃BB(βββ0))

−1B̃BB
T
(βββ0)

˙̃
BBBr(βββ0)bbb0|

≤ Kn‖n− 1
2 |(ỸYY − W̃WWααα0 − εεε− B̃BB(βββ0)bbb0)

T B̃BB(βββ0)‖∞‖(Kn
n

B̃BB
T
(βββ0)B̃BB(βββ0))

−1‖∞

×| 1
n
B̃BB

T
(βββ0)

˙̃
BBBr(βββ0)bbb0|∞ = Knop(1)Op(1)Op(h0) = op(1).

Using arguments similar to those used in the proof of (A.35), we can deduce that

|(B̃BBT
(βββ0)B̃BB(βββ0))

−1B̃BB
T
(βββ0)

˙̃
BBBr(βββ0)bbb0 − Γ−1(βββ0,βββ0)Hr(βββ0,βββ0)bbb0|∞ = op(h0).

Hence

|n− 1
2εεεT B̃BB(βββ0)[(B̃BB

T
(βββ0)B̃BB(βββ0))

−1B̃BB
T
(βββ0)

˙̃
BBBr(βββ0)bbb0 − Γ−1(βββ0,βββ0)Hr(βββ0,βββ0)bbb0]|

≤ ‖n− 1
2εεεT B̃BB(βββ0)‖∞|(B̃BBT

(βββ0)B̃BB(βββ0))
−1B̃BB

T
(βββ0)

˙̃
BBBr(βββ0)bbb0 − Γ−1(βββ0,βββ0)Hr(βββ0,βββ0)bbb0|∞

= Op(K
1/2
n )op(h0) = op(1).

Using arguments similar to those used to prove Lemmas A.6 and A.7, we deduce that

‖n− 1
2εεεT (B̃BB(βββ0)−BBB(βββ0))‖∞ = n−

1
2

Kn∑

k=1

|
n∑

i=1

εi[
1

n

n∑

l=1

Bk(ZT
l βββ0)ξ̃il]| = op(1).

Therefore,

|n− 1
2εεεT (B̃BB(βββ0)−BBB(βββ0))Γ

−1(βββ0,βββ0)Hr(βββ0,βββ0)bbb0]|

≤ Kn‖n− 1
2εεεT (B̃BB(βββ0)−BBB(βββ0))‖∞‖(KnΓ(βββ0,βββ0))

−1‖∞|Hr(βββ0,βββ0)bbb0|∞

= Knop(1)Op(1)Op(h0) = op(1).
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This completes the proof of Lemma A.10.

Proof of Theorem 3.2. From Lemma A.4 and Assumption 7, we have

G̈n(βββ∗−d, b̃bb(βββ∗−d)) = 2Ω(βββ∗−d) + op(1) = 2Ω(βββ0,−d) + op(1) = 2Ω0 + op(1). (A.55)

Note that (ỸYY − W̃WWααα0 − B̃BB(βββ0)b̃bb(ααα0,βββ0))
T ˙̃
BBBr(βββ0)b̃bb(ααα0,βββ0) can be written as

(ỸYY − W̃WWααα0 − B̃BB(βββ0)b̃bb(ααα0,βββ0))
T ˙̃
BBBr(βββ0)b̃bb(ααα0,βββ0)

= (ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)
T ˙̃
BBBr(βββ0)bbb0 − (b̃bb(ααα0,βββ0)− bbb0)

T B̃BB
T
(βββ0)

˙̃
BBBr(βββ0)bbb0

+(ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)
T ˙̃
BBBr(βββ0)(b̃bb(ααα0,βββ0)− bbb0)

−(b̃bb(ααα0,βββ0)− bbb0)
T B̃BB

T
(βββ0)

˙̃
BBBr(βββ0)(b̃bb(ααα0,βββ0)− bbb0).

(A.56)

Similar to the proof of Lemma A.9, we have ‖n− 1
2 (ỸYY −W̃WWααα0−B̃BB(βββ0)bbb0)

T ˙̃
BBBr(βββ0)‖∞ = Op(K

3/2
n )

and |n− 1
2 (ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)

T B̃BB(βββ0)|∞ = Op(h
1/2
0 ). Hence

|b̃bb(ααα0,βββ0)− bbb0|∞ ≤ Kn
n
‖(Kn

n
B̃BB

T
(βββ0)B̃BB(βββ0))

−1‖∞|B̃BBT
(βββ0)(ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)|∞

= Op(n−
1
2 h
− 1

2
0 ).

Further, we deduce that

n−
1
2 |(ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)

T ˙̃
BBBr(βββ0)(b̃bb(ααα0,βββ0)− bbb0)|

≤ ‖n− 1
2 (ỸYY − W̃WWααα0 − B̃BB(βββ0)bbb0)

T ˙̃
BBBr(βββ0)‖∞|b̃bb(ααα0,βββ0)− bbb0|∞

= Op(n−1/2h−2
0 ) = op(1).

(A.57)

Applying (A.34), we have

n−
1
2 |(b̃bb(ααα0,βββ0)− bbb0)

T B̃BB
T
(βββ0)

˙̃
BBBr(βββ0)(b̃bb(ααα0,βββ0)− bbb0)|

≤ n
1
2 Kn‖ 1

n
B̃BB

T
(βββ0)

˙̃
BBBr(βββ0)‖∞|b̃bb(ααα0,βββ0)− bbb0|2∞ = Op(n−1/2h−2

0 ) = op(1).

(A.58)

Now (ỸYY − W̃WWα̂αα− B̃BB(β̂ββ−d)b̂bb)TW̃WW k can be written as

(ỸYY − W̃WWα̂αα− B̃BB(β̂ββ−d)b̂bb)TW̃WW k = (ỸYY − W̃WWα̂αα− B̃BB(βββ0)bbb0)
TW̃WW k − (b̃bb(ααα0,βββ0)− bbb0)

T B̃BB
T
(βββ0)W̃WW k
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for k = 1, . . . , q. Similar to the proof of Lemma A.9, we deduce that

n−
1
2 (ỸYY − W̃WWα̂αα− B̃BB(βββ0)bbb0)

TW̃WW k = n−
1
2εεεTW̃WW k + op(1).

We decompose εεεTW̃WW k into three terms as

εεεTW̃WW k =
∑n

i=1 εi

(
Wik −

∑m
j=1

E(Wlkξj)

λj
ξij

)
−∑n

i=1 εi

∑m
j=1

ξij

λj

(
1
n

∑n
l=1 Wlkξlj − E(Wlkξj)

)

−∑n
i=1 εi

1
n

∑n
l=1 Wlk(ξ̃il − ξ̌il).

Similar to the proof of Lemma A.8, we have
∑n

i=1 εi
1
n

∑n
l=1 Wlk(ξ̃il − ξ̌il) = op(n). Since

n∑
i=1

εi

(
Wik −

m∑
j=1

E(Wlkξj)

λj
ξij

)
=

n∑
i=1

εiV̆ik +

n∑
i=1

εi

∞∑
j=m+1

v∗kjξij ,

∑n
i=1 εi

∑m
j=1

ξij

λj

(
1
n

∑n
l=1 Wlkξlj − E(Wlkξj)

)
= op(n) and

∑n
i=1 εi

∑∞
j=m+1 v∗kjξij = op(n), it

follows that n−
1
2εεεTW̃WW k = n−

1
2εεεT V̆̆V̆V k + op(1), where V̆̆V̆V k = (V̆1k, . . . , V̆nk)T . Similar to the proof

of Lemma A.10, we have

n−
1
2 (b̃bb(ααα0,βββ0)− bbb0)

T B̃BB
T
(βββ0)W̃WW k = n−

1
2εεεTBBB(βββ0)Γ

−1(βββ0,βββ0)E(BBB(ZTβββ0)Wk) + op(1).

Hence

n−
1
2 (ỸYY − W̃WWα̂αα− B̃BB(β̂ββ−d)b̂bb)TW̃WW k = n−

1
2εεεT (V̆̆V̆V k −BBB(βββ0)Γ

−1(βββ0,βββ0)E(BBB(ZTβββ0)Wk)) + op(1).

(A.59)

Now (3.10) follows from (A.55)-(A.59), Lemmas A.9 and A.10, and the Central Limit Theorem.

This completes the proof of Theorem 3.2.

Lemma A.11. Under the assumptions of Theorem 3.3, it holds that

‖b̃bb(α̂αα, β̂ββ)− bbb0‖2 = Op(n−1K2
n).

Proof. From Assumption 6 and Lemma A.3, all the eigenvalues of (Kn
n

B̃BB
T
(β̂ββ)B̃BB(β̂ββ))−1

are bounded away from zero and infinity, except possibly on an event whose probability tends
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to zero. We then have

‖b̃bb(α̂αα, β̂ββ)− bbb0‖2 ≤ CK2
n‖B̃BB

T
(β̂ββ)(ỸYY − W̃WWα̂αα− B̃BB(β̂ββ)bbb0)‖2/n2, (A.60)

where ‖a‖ = (a2
1 + . . . + a2

k)1/2 for a vector a = (a1, . . . , ak)T . Let FFF (ααα,βββ−d) = B̃BB
T
(βββ−d)(ỸYY −

W̃WWααα− B̃BB(βββ−d)bbb0). By a Taylor expansion, we have that

FFF (α̂αα, β̂ββ−d) = FFF (ααα0,βββ0,−d)− B̃BB
T
(βββ?
−d)W̃WW (α̂αα−ααα0) +

∂FFF

∂βββ−d

∣∣∣
βββ−d=βββ?

−d

(β̂ββ−d − βββ0,−d), (A.61)

where (ααα?T ,βββ?
−d

T )T is between (α̂ααT , β̂ββ
T

−d)T and (αααT
0 ,βββT

0,−d)T , and

∂FFF

∂βr

∣∣∣
βββ−d=βββ?

−d

=
˙̃
BBBT

r (βββ?
−d)(ỸYY − W̃WWααα? − B̃BB(βββ?

−d)bbb0)− B̃BB
T
(βββ?
−d)

˙̃
BBBr(βββ

?
−d)bbb0.

Similar to the proof of (A.33) and (A.36), we obtain that

‖ 1

n
˙̃
BBBT

r (βββ?
−d)(ỸYY − W̃WWααα? − B̃BB(βββ?

−d)bbb0)‖2 = ‖E[ḂBBr(Z
Tβββ?

−d)V̆ T ](ααα? −ααα0)‖2 + op(1) = op(1)

and ‖ 1
n
B̃BB

T
(βββ?)

˙̃
BBBr(βββ

?)bbb0‖2 = Op(1). From Theorem 3.2, it holds that ‖β̂ββ−d−βββ0,−d‖2 = Op(n−1).

Hence

∥∥∥ ∂FFF

∂βββ−d

∣∣∣
βββ−d=βββ?

−d

(β̂ββ−d − βββ0,d)
∥∥∥

2

≤
d−1∑
r=1

∥∥∥ ∂FFF

∂βr

∣∣∣
βββ−d=βββ?

−d

∥∥∥
2

‖β̂ββ − βββ0‖2 = op(n). (A.62)

It is easy to prove that ‖B̃BBT
(βββ?
−d)W̃WW (α̂αα−ααα0)‖2 = op(n). By arguments similar to those used to

prove Lemma A.9, we can prove that ‖FFF (ααα0,βββ0,−d)‖2 = Op(n). Now Lemma A.11 follows from

(A.60)-(A.62). This completes the proof of Lemma A.11.

Lemma A.12. Define ǎj = 1

λ̂j
E[(Y −W Tααα0 − g(ZTβββ0))ξj ]. Under the assumptions of

Theorem 3.3, it holds that

m̃∑
j=1

(âj − ǎj)
2 = Op(n−1m̃λ−1

m̃ + n−2m̃λ−2
m̃

m̃∑
j=1

a2
jλ
−2
j j3).

Proof. Note that E[(Y −W Tααα0−g(ZTβββ0))ξj ] = ajλj . Define I1 = 1
n

∑n
i=1[Yi−W T

i ααα0−

g(ZT
i βββ0)]ξij − ajλj , I2 = 1

n

∑n
i=1[Yi −W T

i ααα0 − g(ZT
i βββ0)](ξ̂ij − ξij) and I3 = 1

n

∑n
i=1[W

T
i (α̂αα −
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ααα0) + (ĝ(ZT
i β̂ββ)− g(ZT

i βββ0))]ξ̂ij . Then we have

m̃∑
j=1

(âj − ǎj)
2 ≤ 3

m̃∑
j=1

λ−2
j (I2

1 + I2
2 + I2

3 )[1 + op(1)], (A.63)

where op(1) holds uniformly for j = 1, . . . , m̃. Since E(I1) = 0 and E(I2
1 ) ≤ 1

n
[
∑∞

k=1 a2
kE(ξ2

kξ2
j )+

σ2λj ] ≤ Cλj/n, we obtain that

m̃∑
j=1

λ−2
j I2

1 = Op(n−1
m̃∑

j=1

λ−1
j ) = Op(n−1m̃λ−1

m̃ ). (A.64)

Let M(t) = E[(Yi −W T
i ααα0 − g(ZT

i βββ0))Xi(t)] =
∑∞

k=1 akλkφk(t). Then

I2
2 ≤ 2

∫
T

(
1
n

∑n
i=1[Yi −W T

i ααα0 − g(ZT
i βββ0)]Xi(t)−M(t)

)2

dt‖φ̂j − φj‖2

+2
( ∫

T M(t)(φ̂j(t)− φj(t))dt
)2

.

Applying Assumption 1, it holds that

E
( ∫

T

(
1
n

∑n
i=1[Yi −W T

i ααα0 − g(ZT
i βββ0)]Xi(t)−M(t)

)2

dt
)

≤ 1
n

∫
T E([Yi −W T

i ααα0 − g(ZT
i βββ0)]

2X2
i (t))dt = O(n−1).

From (A.8), we obtain
∑m̃

j=1 λ−2
j ‖φ̂j − φj‖2 = Op(n−1m̃3λ−2

m̃ log m̃). By arguments similar to

those used in the proof of (5.15) of Hall and Horowitz (2007), it follows that

m̃∑
j=1

λ−2
j

( ∫

T
M(t)(φ̂j(t)− φj(t))dt

)2

= Op(
m̃

nλm̃
+

m̃

n2λ2
m̃

m̃∑
j=1

a2
jλ
−2
j j3 +

m̃3 log m̃

n2λ2
m̃

).

Hence, using the assumption that n−1m̃2λ−1
m̃ log m̃ → 0, we obtain

m̃∑
j=1

λ−2
j I2

2 = Op(n−1m̃λ−1
m̃ + n−2m̃λ−2

m̃

m̃∑
j=1

a2
jλ
−2
j j3). (A.65)

Define I31 = 1
n

∑n
i=1[ĝ(ZT

i β̂ββ)−g0(Z
T
i β̂ββ)]ξ̂ij , I32 = 1

n

∑n
i=1[W

T
i (α̂αα−ααα0)+(g0(Z

T
i β̂ββ)−g(ZT

i βββ0))]ξ̂ij

and Lj = (ljkk′)Kn×Kn with ljkk′ = ( 1
n

∑n
i=1 Bk(ZT

i β̂ββ)ξ̂ij)(
1
n

∑n
i=1 Bk′(Z

T
i β̂ββ)ξ̂ij). We write

1
n

∑n
i=1 Bk(ZT

i β̂ββ)ξ̂ij = 1
n

∑n
i=1[Bk(ZT

i βββ0)ξij +(Bk(ZT
i β̂ββ)−Bk(ZT

i βββ0))ξij +Bk(ZT
i β̂ββ)(ξ̂ij−ξij)].

Then we have

|Lj |∞ = max
k,k′

|ljkk′ | ≤
Kn∑

k=1

( 1

n

n∑
i=1

Bk(ZT
i βββ0)ξij

)2

+
C

n

n∑
i=1

[h−2
0 ‖β̂ββ − βββ0‖2ξ2

ij + (ξ̂ij − ξij)
2].
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Simple calculations yield
∑Kn

k=1 E
(

1
n

∑n
i=1 Bk(ZT

i βββ0)ξij

)2

≤ Cn−1λj . Applying Lemma A.11,

we obtain that ‖b̃bb(α̂αα, β̂ββ)− bbb0‖2∞ ≤ Kn‖b̃bb(α̂αα, β̂ββ)− bbb0‖2 = Op(n−1K3
n). Hence, under the assump-

tions of Theorem 3.3, it holds that

∑m̃
j=1 λ−2

j I2
31 ≤ ∑m̃

j=1 λ−2
j ‖b̃bb(α̂αα, β̂ββ)− bbb0‖2∞ · |Lj |∞

= Op(n−2m̃λ−1
m̃ h−3

0 + n−2m̃λ−1
m̃ h−5

0 + n−2m̃3λ−2
m̃ h−3

0 log m̃)

= Op(n−1m̃λ−1
m̃ ).

(A.66)

Using a Taylor expansion, Theorem 3.2, and the assumption that nh2p
0 → 0, we deduce that

∑m̃
j=1 λ−2

j I2
32 ≤

( ∑m̃
j=1

1
nλ2

j

∑n
i=1 ξ̂2

ij

)(
1
n

∑n
i=1[W

T
i (α̂αα−ααα0) + (g0(Z

T
i β̂ββ)− g(ZT

i βββ0))]
2
)

= Op(m̃λ−1
m̃ + n−1m̃3λ−2

m̃ log m̃)Op(n−1 + h2p
0 ) = Op(n−1m̃λ−1

m̃ ).

(A.67)

Now Lemma A.12 follows from combining (A.63)-(A.67).

Proof of Theorem 3.3. Note that

∫

T
[â(t)−a(t)]2dt ≤ C

( m̃∑
j=1

(âj − ǎj)
2 +

m̃∑
j=1

(ǎj −aj)
2 + m̃

m̃∑
j=1

a2
j‖φ̂j −φj‖2 +

∞∑
j=m̃+1

a2
j

)
(A.68)

and

∑m̃
j=1(ǎj − aj)

2 =
∑m̃

j=1

(λ̂j−λj)2

λ2
j

a2
j [1 + op(1)] = Op(n−1λ−1

m̃

∑m̃
j=1 a2

jλ
−1
j ). (A.69)

Assumption 3 implies that m̃
∑m̃

j=1 a2
j‖φ̂j − φj‖2 = Op(m̃n−1 ∑m̃

j=1 a2
jj

2 log j) = op(m̃/n) and

∑∞
j=m̃+1 a2

j = O(m̃−2γ+1). Now (3.11) follows from Lemma A.12, (A.68) and (A.69). This

completes the proof of Theorem 3.3.

Proof of Theorem 3.4. From Assumption 6 and Lemma A.3, all the eigenvalues of

(
K∗n
n

BBB∗T (β̂ββ)BBB∗(β̂ββ))−1 are bounded away from zero and infinity, except possibly on an event

whose probability tends to zero. Similar to (3.1), there exists a spline function g∗(u) =

∑K∗n
k=1 b∗0kB∗

k(u) such that

sup
u∈[Uβββ0

,Uβββ0 ]

|g(u)− g∗(u)| ≤ Chp. (A.70)
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Let bbb∗0 = (b∗01, . . . , b
∗
0K∗n)T . Using the properties of B-splines (de Boor 1978), we obtain

∫ Uβββ0

Uβββ0
(ĝ(u)− g(u))2du ≤ C(‖bbb∗(α̂αα, β̂ββ)− bbb∗0‖2/K∗

n + h2p).
(A.71)

Using arguments similar to those used to prove Lemma A.11 and using the fact that

K∗n∑

k=1

(

n∑
i=1

B∗
k(Ziβββ0)R

∗(Ziβββ0))
2 = Op(n2h2p+1),

where R∗(u) = g(u)−∑K∗n
k=1 b∗0kB∗

k(u), one can prove that

‖bbb∗(α̂αα, β̂ββ)− bbb∗0‖2 = Op(n−1K∗
n

2
) + Op(h2p−1). (A.72)

Now (3.13) follows from (A.71) and the fact that h = O(K∗
n
−1). This completes the proof of

Theorem 3.4.

Proof of Theorem 3.5. Observe that

MSPE ≤ 3{‖â− a‖2K + (α̂αα−ααα0)
T E(WW T )(α̂αα−ααα0) + E([ĝ(ZT

n+1β̂ββ)− g(ZT
n+1βββ0)]

2|S)},

(A.73)

where ‖â−a‖2K =
∫
T

∫
T K(s, t)[â(s)−a(s)][â(t)−a(t)]dsdt. Under the assumptions of Theorem

3.5, using arguments similar to those used in the proof of Theorem 2 of Tang (2015), we deduce

that

‖â− a‖2K = Op(n−(δ+2γ−1)/(δ+2γ)). (A.74)

Write

ĝ(ZT
n+1β̂ββ)− g(ZT

n+1βββ0) = ĝ(ZT
n+1β̂ββ)− g∗(ZT

n+1β̂ββ) + g∗(ZT
n+1β̂ββ)− g(ZT

n+1βββ0).

Using a Taylor expansion, Theorems 3.2 and 3.4, (A.71), and the property of B-spline function,
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we obtain

E([ĝ(ZT
n+1β̂ββ)− g∗(ZT

n+1β̂ββ)]2|S) ≤ 2E([ĝ(ZT
n+1βββ0)− g∗(ZT

n+1βββ0)]
2|S)

+Ch−2(
∑K∗n

k=1 |b̂k − b∗0k|)2(β̂ββ − βββ0)
T E(ZZT )(β̂ββ − βββ0)

= Op(n
− 2p

2p+1 ) + Op(n−2h−5 + n−1h2p−4) = Op(n
− 2p

2p+1 ).

Using a Taylor expansion, Theorem 3.2 and (A.70), we also obtain

E([g∗(ZT
n+1β̂ββ)− g(ZT

n+1βββ0]
2|S) ≤ 2E([g∗(ZT

n+1βββ0)− g(ZT
n+1βββ0)]

2|S)

+C(β̂ββ − βββ0)
T E(ZZT )(β̂ββ − βββ0) = Op(h2p).

Hence, E([ĝ(ZT
n+1β̂ββ) − g(ZT

n+1βββ0)]
2|S) = Op(n−2p/(2p+1)). Now (3.15) follows from (A.73),

(A.74) and Theorem 3.2. This completes the proof of Theorem 3.5.


