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S1 Proofs

In this section, we provide proofs for the propositions stated throughout
the main manuscript. We also state and prove three lemmas that are used

in the proofs of the propositions.

Proof of Proposition [l From ({2.6), we have yp(-) = b(:)'n, where n ~
N(0,A71) and b(-) is a vector of deterministic functions (for given Cj, Q,
and 7). Hence, it is trivial to show that y(-) is a Gaussian process with
mean zero. The covariance function is derived by combining the expression

for yps(+) on the right-hand side of (2.4) with the equations in (2.5)). O

LeEMMA 1 (Exact predictive process). The predictive process is exact at any
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knot location; that is, if x™)(-) is the predictive process of z(-) ~ GP(0,C)

based on knots Q,, (see Definition[l), and s; € Q,, (or s2 € Q,,), then
cov(z™ (s1), 2" (s,)) = C(s1,82).
Proof of Lemmal[l, By the law of total covariance, we have
cov(x(s1), 2™ (s5)) = cov(E(a(s1)[x(Qm), B(x(52)[x(Qm))
= cov(w(s1), z(s2)) — E(cov(x(s1), 2(82)[x(Qm))) = C(s1,80),
because cou(z(s1), 2(82)|x(Qm)) = 0 if 81 € O (or 53 € Qo). 0

Proof of Proposition 3. The proof will be carried out by induction. For [ =

1, we have vy41(q,s) = (vm(q,s) — cov(7(q), 7(s))) Tins1(q, s) = 0, because

using Lemma , we can see that cov(7(q),7(s)) = cov (g(m)(q),g(m) (s)) =

cov(6(q),d(s)) = vm(q,s). For I > 1, assuming that vn,1—1(q,s) = 0, we

have

U 1(4;8) = (Vmy1-1(a,8) = b1 (@) ALY bryia(s)) - Tui(a,s) =0,
because by, 1;-1(q) = Vyyi—1(d, Qmri—1) = 0. O
LEMMA 2 (M-RA covariance at knot location s). Ifs; € Q, then

Chi(81,82) = Som 0 V(815 Q)0 (Qins Qo) " 0 (s S2)+0ar (81, 82), 82 € D.

Proof of Lemma[3 In the expression for Cj; in Proposition [T, we have

vpr(st, Q) (Qur, QM)AUM(QM,SQ) = vp(s1,82) for sy € Q. This fol-
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lows from Lemma (1] if s; € Qjs, and from Proposition [2| for s; € Q,, for

m < M (because then both sides of the equation are zero). O

LEMMA 3 (Sum of predictive processes). For the decomposition in (2.1)),
the sum of predictive processes up to resolution m is equal in distribution

to the predictive process based on the union of the knots up to resolution m,

for anym =0,1,...,M; that is, ", 7(-) 4 E(yo()|yo(U% Q1))

Proof of Lemma[3. For m = 1, 6;(s)llyo(Qp), for any s € D, because

E(81(5)90(Q0)) = B ( (s0(5)~ E(w(s) 50(20)))0(Q0) ) = E(10(Q0)) E(1(5)) =

0, and yo(Qo), 01(s) are jointly Gaussian. And we have F(yo(+)[01(Q1), 40(Q0)) =

E(yo(*)|yo(Q1), y0(Qp)), because for the o-algebras
7(61(21),%0(Q0)) = o (40(21)—E (y0(21)[10(20)) , #6(Q0)) = o (0(21), ¥0(0)),

since o (40(Q1)—E (%0(21)[40(20) ), %(Q0)) = 7 (40(21)—f (%6(Q0))), 0(Q0))

J(yO(Ql), yo(Qo)), and the opposite also holds. Therefore,

E(5:1(5)61(Q1)) = E(61(s)[01(Q1), y0( Qo))

E(yo(s)101(2Q1), 40(Q0)) — E(E (yo(s)]y0(Q0))161(21), 10(Q0))

E(?/O(S)‘yo(Qﬁ, yo(Qo)) - E(yo(s)’yo(Qo))7

And so,

70(8)+71(s) = E(y0(8)|y0(Q0))+E(61()[61(Q1)) = E(yo(s)]y0(21), 0(Q0))-
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Then, 65(s) = yo(s)—E (yo(s)|yo(QoUQ1)), which implies yo(QoUQ1)ILds(s).
Iteratively repeat this argument to obtain Y ;" 7(s) = E(yo(s)|yo(UoQ1))-

]

Proof of Proposition[3 Using T,,(s,s) = 1 and independence of 7y, . . ., Tas,
we have Cy(s,s) = var(XN_ 7n(s)) = var(3M_ 7,.(s)). Hence, using
Lemma , we have Cy(s,s) = var (E(yo(s)|yo(UX_,Qm))) = var(yo(s)) =

Co(s,s), because s € Q@ = UM_ Q,,. O

Proof of Proposition [ First, note that yo(-) is p times (mean-square) dif-
ferentiable at s if and only if Cjs(h) := Co(s,s+h) is 2p times differentiable
at the origin (2pDO).

By Lemma , we have Cyq(h) := Chy(s,s +h) = S M0 f,.(s,s + h) +
vp(s,s + h), where f,,(s1,82) := Z;Zl A (81) U (Qimj, S2), and @, j(s) is
the j-th element of the vector a,,(s) = v (Qm, Om)  vm(Qm,s). We now

show by induction for m =0,..., M — 1 that

Um.qs(h) == vy(q,s+h) (for any q € Q) and f,,,s(h) := f.(s,s+
h) are at least 2pDO, and v,, s s(h) is exactly 2pDO. (1
For m = 0, vgqs(h) = Co(q,s + h) - To(q,s + h) is at least 2pDO by
assumption and hence so is fos(h) = > 72, ag;(s)vo(do,s + h). Further,
voss(h) is exactly 2pDO. Now assume that holds for m. Then, using
Equation , Umtt,as(h) = (Umgs(h) = fn(q,s+h)) - Tpy1(q,s+h), which
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is at least 2pDO, and s0 is f,115(h) = Z;Zf Um+1,5(8)Vm+1,qm s (). Also,
Umi1ss(h) is exactly 2pDO. This proves form=1,..., M.

In summary, we have Cjs(h) = Z%:—Ol Jms(h)+(vpr—1ss(h)—far—1s(h))-
Ty(s,s+h), where Ty s(h) = Ty(s,s+h) and f,,,s(h), m=0,..., M —1,
are all at least 2pDO, and vy ss(h) is exactly 2pDO.

Thus, Cys(h) = Cp(s,s + h) is 2pDO, and so the corresponding M-

RA process yp(-) ~ GP(0,C)y) is p times (mean-square) differentiable at

S. O

Proof of Proposition[J First, note that realizations are (mean-square) con-
tinuous at s € D, if limp_,0 Cp(s,s + h) = Cy(s,s). Further, we have
pn(s) = Eyu(s)|z) = 2z'cov(z) 1Oy (S,s). From the proof of Propo-
sition , we have that Cy(sg,s +h) = 37 D5 @m,j(80) Vi (Qim, g, S +
h). It is straightforward to show using a proof by induction very simi-
lar to that for Proposition , that limy_0 V(A8 + h) = vy (Qm . s) if
limp—0 T (Am,j, 8 + ) = T5,(dy ;,8) for all m. In contrast, if s is on a
region boundary, at least one T,(qym, j,s + h) will be discontinuous as a
function of h, and so will Cs(sg,s +h) (unless v,,(s,s +h) = w;,(s,s +h)

and hence the M-RA-block is exact — see Proposition @ O

LEMMA 4 (Block-independence for exponential covariance). Assume yo(-) ~

GP(0,Cy), where Cy is an exponential covariance function on the real line,
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D =R, and consider a domain partitioning as in (2.7) with rp, = (J—1)J™
knots for m = 0,..., M — 1, which are placed such that at each resolution
m a knot s located on each boundary between two subregions at resolution

m+ 1. Then, for anym =1,..., M, if s; € D, and s; € Dy, ., we

----- im

have wy,(s;,s;) = 0 (defined in (2.2)) if (i1, im) # (1, Jm)-
Proof of Lemmal[j]. For any m = 1,..., M, using Lemma [3, we have

win(8i,8;) = Co(si,85) — Co(si, Q") Co(QM ™, Q™) Co(Q™ 7 sy),
where Q™1 := U",'Q;. By the law of total covariance,

Win(si,85) = Co(si,85) — Cov (B (yo(si)lyo(Q™™H)), E(yo(s)]ye(Q™71)))
= E(Cov(yo(si), yo(s;)[yo(Q"1)))-
Because (i1,i2,.--,%m-1) # (J1,J2,---,Jm_1), there is a q € Q™! that

lies between s; and s;. As yo(-) is a Markov process (e.g., Rasmussen and

Williams, 2006, Ch. 6), E(C’ov(yo(sl-), yo(sj)|y0(Qm_1))) = E(C’ov(yo(si), yo(sj)\yo(q))) =

wm(si,sj) = 0 D

Proof of Proposition[f. Comparing the expression for C in Lemma 2] to

the expression for Cy in (2.3)), it is clear that Cy/(s1,s2) = Co(sy, sg) if
U (Si,8j) = wp(si,s5), form=0,...,M and any s;,s; € D. (S1.2)

We now prove (S1.2) by induction. For m = 0, we have vy(s;,s;) =
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Co(si,s5)To(siysj) = Co(si,s;), because Tp(s;,s;) = 1 for the M-RA-block.

For m > 0, assume that v,,_1(s;,s;) = Wyp—1(s;,s;). Then, we can write
U (Si,85) = Wi (Si,85)Tn(ss, 85). (S1.3)

Assume that s; € D, and s; € Dy, ;.. Then, if (iy,...,i,) =

----- Tm REE)

(41, -+, Jm), (S1.3) holds because T, (s;,s;) = 1. If (i1, ..., im) # (1, -+, Jm),

we have T),(s;,s;) = 0 but also wy,(s;,s;) = 0 by Lemma {4l This proves

(S1.3]), which proves (S1.2)), which in turns proves Proposition @ H

Proof of Proposition[7. From (3.10), we have Wﬁjll = (Wi, — Xk ))o
Ty41(Qm, i), where XE | := WE A 'WF, /. The (i, j)th element of this

matrix is

(Xp )ig = 2t V(Qmis Qi) Vi, i) (A Daps (S1.4)

where U (Qm,is Aka) = 0 if ||dmi — el > di, and v(qrj, qrp) = 0 if
llai; — Qrpl| > di. Further, we only need the (7, j)th element of an*ll (and
thus of X’;”) if (4,j) € Z,, because (Wﬁnl)” =0 if ||qm; — || > di.
Hence, we only need (A;l)a,b if ||dmi — diill < di, |dm,i — Arall < di, and
lai; — dipl| < di, for some m,l € {k+1,...,M}. As dpy1 = di/J >
dryo > ... > dy, this means that do not need to calculate (A,;l)a,b if
ldk.a — Qs > 2di + 2dgs1 = (2 + 2/J)dy, and so we can replace A; ' in

Xk by S = A; ' o Gy,
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Further, for each (i,j) € Z,,,, the time to compute is O(rd),
because for any s € D, the size of the set {q € Ok : vk(s,q) # 0} is O(ro).
As 7, is a set of size O(ry,rp), the cost of computing an’l for each m, [, k is
O(rp,ry). Thus, the total computation time for k =0,...,l—1,1=10,...,m,
and m = 0,...,M is OM_ S S ) = O SSM ram?) =
Ot M Jmm?) = O@r¢M2JM) = O(nM?r3), because n = O(roJM)

and M m2Jm < 2M2JM = O(MJM). O

Proof of Proposition[§. We have (jNXml)” = 0if As € Dsuch that T,,,(qp,s) #
0 and Ti(qij,s) # 0, or equivalently, if |qm; — qi;ll > dm + d;. As
d; = d,, JV"™/4 the ith row (Kml>1 has O(reJ!~™+) nonzero elements,
where ()4 = 101 The entire row of the matrix A corresponding to
Qi thus has O(rg S22 JE™+) = O(ro(m + JM~™)) nonzero elements.
As there are O(r¢J™) rows corresponding to resolution m, the total number
of nonzero elements in A is O(fo:o rod™ - ro(m+JMm)) = O(r2(MJM +
M mJ™)) = O(nMry), because SN mJ™ < 2MJM = O(MJM) and

n = O(roJM). O

S2 Additional simulation plots

We provide here additional settings for the simulation study described in

Section 4 of the main document. We consider various settings for the
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Figure 1: Comparison of approximation accuracy for different sample sizes in one-dimensional space

Matérn covariance function with smoothness parameter v, range param-

eter k, and noise or nugget variance 72.
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Figure 2: Comparison of approximation accuracy for different sample sizes in two-dimensional space
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