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6. Proofs

6.1 Proof of Theorem 1
We analyze each step of Algorithm 1 to prove Theorem 1. Throughout the

proof, some useful lemmas on tail probabilities will be stated without proof.

Analysis of V(g). We first study the property of the right singular vector
matrix V(© obtained in the column-thresholding step of Stage I. For 0 <

a_ <1< ay,define

Ty = {5 1X A7 2 Paza/mloglrvm) )



More specifically, let a_ = 0.1 and ay = 2 in the proof. Recall that o = /12

and o = 20.

Lemma 1. [Stage I column selection] With probabbility at least 1 — 4(p V

m)~2,
J C Jo C I
(0) (0) (0)

Proof of Lemma 1. Due to Gaussianity, ||Y;<(j0)||2 /o2 follows a non-central
x? distribution with n degrees of freedom and noncentrality parameter

| X A,;||*/o2. By Lemma 2,

PUG ¢ J0) < Y P{IYDI? <& (n+ay/nloglpVm)) }

7€)
< mP{Y|? < 30+ [ XAy - F2alay — 1)y/nlogp Vv m) ‘ 1T}
o*(ay — 1)*nlog(p vV m)
< e )
= TP At (ar ) (nlog(p v m)) U
< 20pvm)

Similarly, it is proved that Jgy C J(Jg) holds with probability at least 1 —
2(pVm)2.

]

Lemma 2. Let X follow a non-central chi-square distribution x2(\) with



n degrees of freedom and non-centrality parameter X. Then

P{X > (n+ ) +2(vn+ \/X)s} < (1 + é) exp(—s?), f0<s< %n9/16’

P{X <(n+A)—2H/n+ \/X)s} < 2exp(—s?), if0<s< %nl/Q.

Lemma 3. Let X be an n X m matriz with iid standard Gaussian entries.

Then for any t > 0,

PLIX| > Vi + Vin+t} < exp(—2/2).

Lemma 4. [Stage I subspace estimation] With probability at least 1 —3(pV

m)2,

-
IV VgVl < SV + Ve -+ 2y/loglo v m) +/ ky/nloglpvm) |

, , Cyo
IVV' = VigVio)lle < %{\/;(\/ﬁ—k\/E—I—Zs/log(p\/m))vL\/k\/nlog(p\/m)}.

Proof of Lemma 4. We study the upper bounds in the event where J(B) C
Joy C J(+0) holds. We may reorder the columns of matrices such that X A —

YO is of the following form

XA-Y© = <_Z*J(O) UDM;J(CO))



Lemma 3 provides an upper bound for || Z,;, || as follows

1 Zeso)ll < G(Vn+ /o) +2¢/log(p V m)) < &(v/n+ VEk +2y/log(p vV m))

with probability at least 1 — (p VvV m)?, since | Jp)| < \J(E)\ = k. Moreover, it

holds that, in the event of J(B) C Joy,

|| UA *,J(CO)

Y < AV, I < 2a_aky/nlog(p v m).

(0)

Thus, we have

IXA = VO <5(v/n+ VE+2y/logp v m) + 5y a_aky/nlogp v m)

and the desired results then follows from the sin # theorem. O

Analysis of Uy).

Lemma 5. [Stage I Regression] Under the condition of Theorem 1, there
exists a constant C' depending only on k4(S.),c. and co, such that with

probability at least 1 — (pV m)~1,

I[UnUhy = UU'||[e < Cy/sA/d.



Proof of Lemma 5. Let U, € R™" be the left singular vector matrix of
X AV(gy = UDV'V(g). Under condition (12), V'V(g) is an 7 x 7 matrix of full
rank, and so the column space of U* is the same as the column space of U;

ie, UU, =UU'. By Wedin’s sin Theorem (Wedin, 1972),

IXBpy — XAV l|r

r A — N —=UU | r <
10Uy = UVl = U U — UOLlr < o (XAVg)

where o, (X AV(g)) is the r™ singular value of X AV/q).

Since for any unit vector x,

IV'Vzl? = 2V VV' Vi
= 1- 2V, (VV' = Vio)Vip))Vioy @

> 1= [[VV' = VgVl

Thus, we have o2(V'V(g)) = minjy =1 [|[V'Vigyz||*> > 1 — [|[VV' — VioVill-
When ¢y is small enough, [[VV'—V{q)Vj || is sufficiently small by Lemma 4.
So there exists a constant ¢’ such that o,.(V'V(g)) > ¢/. Note that X AV(p) =

XAVV'V{g), and so

0(XAVy)) > 0,(XAV )0, (V'V(g)) > 0,¢,

where the last inequality holds under condition (12) since o,.(XAV) =



0.(XA) = §,. Further note that
X By — XAV(o)|lr < £+(29)[[Bay — AVo)llr < £4(s:)[| By — AVjo)ll

and that 0, > k_(s)o.(A) > k_(s.)d, the desired result then follows from

Part (ii) of Theorem 3 with n = 1/(p V m). O

Analysis of V{;). Recall

Ty = Joy U {i : 10V 2 = 852 + 20/3rTog(p v m) + Glog(p v m)) }.

For b_ < by, define

JE = {j X Ay |2 = 72b=(r + 2¢/3r log(p V m) + 6log(p V m>>}.

More specifically, let b, = 4.5 and b_ = 0.002 in the proof. Recall that
g =1.1.
Lemma 6. Let X follow a chi-square distribution x> with n degrees of

freedom. Then for any t >0

P(X > n+2vnt +2t%) < exp(—t?)



Lemma 7. [Stage II column selection] Assume ||Un)U(,) — UU'|| < ¢ for
some small positive constant ¢ < 0.05. With probabbility at least 1 — 2(p V

m)2,
Proof of Lemma 7. For j € J \ Jo0);

2 2
1ULY N = UL (UDVL + 28|

2
> UL UDVL| — U422

J

The first term 1is

IUUDVLIE = IXAGIPQ = 1UwUfy = UU'I) 2 [ X Agl* (1 = ¢)

72(1 = c)by(r+2+/3rlog(p vV m) + 6log(p V m))

IV

Since U’ Z® ~ N(0,521,), it follows from Lemma 6 that
(1)

||U('1)Z$)||2 < 7%(r +2y/3rlog(p VvV m) + 6log(p V m)),



with probability at least 1 — (p V' m)~3. Thus, in the same event, we have

_ 1/2
L Y2) > (\/(1—c)b+—1)a{r+2\/3rlog(p\/m)+610g(p\/m)}
> BY25(r + 24/3rlog(p vV m) + 6log(p VvV m))"/?,

due to (1/(1 —c)by —1)* > (v/0.95 x 4.5 — 1) > 1.1 = 3. Hence, we have
j € Juy. So it holds that J;;, C Ji) with probability at least 1 — (pVm)=2

Similarly, we have J) C J(J{) with probability at least 1 — (p V m)~2, due

to (v/(1+c)b-+1)*<1.1=0. O

Lemma 8. [Stage II subspace estimation] Suppose [UnU(y) —UU'||p < ¢
for a sufficiently small positive constant ¢. Then there exists a constant
C' depending only on rk+(s.),y and ¢ such that with probability at least

1—(pvm)t,

ViV = VV'llr < Cov/(k +s)(r +log(p V m))/d

Proof of Lemma 8.

10w UG Y = Uy Uy X Alle

O'T,(U(l)U(Il)XA)

ViV = VV' ||k <




We first upper bound the numerator

1U0ULYY = Uy Uy X Allr

IN

(1
UG (Y5 = XA )+ U Ul X Avge

|F

*Ja) &
< U5 = XAl + 1 U0 Uy = VU)X A, llp + IV XA, el
< o(Vrk++/log(p VvV m)) + A|(UyUpyy = UU'|| + 5\/E\/b+(r + 2+/3rlog(p vV m) + 6log(p Vv m))
< Cov/(k+ s)(r +1log(pVm)) (15)

To lower bound the denominator, we apply Weyl’s theorem to obtain

O‘T(U(l)U(,l)XA) Z UT(UU/XA) — ||U(1)U(/1)XA — UU,XAHOP

>0, — ||U(1)U(/1) - UU/”Op”XAHop'

Note that 6, > k_(s.)d, | XAllop < k4(s:)vd and that [|UqyUf) —UU'||op <

[UaU(yy = UU'|[r < ¢;. Thus, for sufficiently small value of ¢}, we obtain

o, (U Uiy X A) > C~1d, (16)

where C' > 0 is a constant depending only on k4(s,),v and ¢;. Combining

(14) - (16), we complete the proof. O

Proof of Theorem 1.
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Proof. By the definition of ﬁ, we have

[A=Allr = BV —AVV[|r
< BV — AV Viy e + 1AV Vi) — AVV'|ls

< Vi llopll By = AViyllr + [ Allop Vi Viyy = VV'llp-
Assembling the bounds in all lemmas,
IA= A% S o*(k+5)(r+log(pVm)) (17)

The desired upper bound on other Schatten norm losses is a consequence
of (17) and the inequality [|A — A||2 < (2r)%41| A — A3 for all ¢ € [1,2].

[]

6.2 Proof of Theorem 2

For any probability distributions P and @, let D(P||Q) denote the Kullback—
Leibler divergence of () from P. For any subset K of R”™*" the volume
of K is vol(K) = [ x dp where dp is the usual Lebesgue measure on R™*"
by taking the product measure of the Lebesgue measures of individual en-
tries. With these definitions, we state the following variant of Fano’s lemma

sion has been established as Proposition 1 in Ma and Wu (2015). It will be
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used repeatedly in the proof of the lower bounds. Throughout the proof,

we denote r(2s) by K.

Proposition 1. Let (O, p) be a metric space and {Py : 6 € O} a collection of
probability measures. For any totally bounded T C ©, denote by M(T, p, €)
the e-packing number of T with respect to p, i.e., the mazximal number of
points in T whose pairwise minimum distance in p is at least €. Define the

Kullback-Leibler diameter of T' by

dxr(T) = sup D(Py|| Py). (18)
0,0'€T
Then
inf sup Eq[p*(0(X), 0)] > ¢ (1 dKL(T)“OgQ) (19)
inf su ,0)] > supsup— (1 — )
0 GEg olp TCE) €>€ 4 10gM<T7 P 6)
In particular, if © C R? and ||-|| is some norm on RY, then
. A 2 62 dKL (T) + log 2
inf sup Eg[||6(X) — 6]|°] > supsup — | 1 — vol(T) (20)
0 6€O TCO 0

08 YoI(B) (&)

We first prove an oracle version of the lower bound. One can think of
it as an lower bound for the minimax risk when we know that the nonzero
entries of the coefficient matrix A € RP*™ are restricted to the top—left s xr

block (or the top left r x k block).



12

Lemma 9. Let Oy(s,r,r,d,vy) C O(s,k,r,d,v) be the sub-collection of all
matrices whose nonzero entries are in the top left s x r block. Suppose
o = 1. There exists a positive constant c¢ that depends only on Kk, and 7,
such that for any q € [1,2], the minimazx risk for estimating A over ©q

satisfies

inf supEL, (A, /Al) >c [(TQ/q_ldQ) A (7‘2/‘13)] .
A e

Similarly, let ©4(r, k,r,d,v) C O(s, k,r,d,v) be the sub-collection of all
matrices whose nonzero entries are in the top left r x k block. Under the

same conditions, we have

inf supEL, (A, /Al) >c [(TQ/q_ldQ) A (7‘2/‘11{;)] .
A
Proof. In what follows, we focus on proving the first claim and the second
claim follows from essentially the same argument.
By a simple sufficiency argument, we can reduce to model (1) with
p = s and m = r, which we assume in the rest of this proof without loss of
generality.
Let Ay = diag(1,...,1) € R**". Moreover, for any § and any ¢ € [1,2],

let B, (6) = {A € R : ||A|ls, < 0} denote the Schatten-g ball with radius
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0 in R**". For some constant a > 0 to be specified later, define
vd vd
For any Ay, Ay € T'(a), we have

1 2 1 2
D(Payl[Pa) = 5 |1 X A1 = XAs 5, < SIXIS, (A1 = Aslls, < 2670
Here, the last inequality holds since ||.X||op < k4 under the assumption that

X e R**" and ||A; — A2||§2 < 4a by definition (21). So
dx(T(a)) < 2k%a. (22)

By the inverse Santalo’s inequality (see, e.g., Lemma 3 of Ma and Wu

(2015)), for some universal constants ¢,

vol(T(a))7 = vol(Bs,(v/a))* = v/a - vol(Bs, (1))

Co
> Va - ——— (23)
E|Z]|s,

/
Co

zﬁ-ﬁ-

(24)

In (23), Z is a s x r matrix with i.i.d. N(0,1) entries. The inequality in

(24) holds since by Jensen’s inequality, E || Z][g, < {/E ||Z||§2 = \/sr.
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On the other hand, by Urysohn’s inequality (see, e.g., Eq.(19) of Ma

and Wu (2015)), for any € > 0 and ¢ € [1,2],

1

vol(Bg,(€))s <

Q=

€E”ZHSQ, ET%E”ZHOP < 9erb-
€r? .
\/ 8T - \/ 8T -

Here, i + % =1 and Z is a s X r matrix with i.i.d. N(0,1) entries. The

last inequality is due to Gordon’s inequality (see, e.g., Davidson and Szarck

(2001)): E[|Z]|op < Vs 4+ /T < 24/s.

Now let

A2 —1)7 ) c 11
a=|—F— (sr Ad?), and €= Vara 2, (25)

Then for any A € T(a) and any i € [r], |0:(A) — 2d| < Va < 22714, and
so 0;(A) € [d,vd] and T'(a) C O¢(s,r,d,7). Applying Proposition 1 with
T(a) and € in (21) and (25), we obtain a lower bound on the order of €.

This completes the proof. n

Lemma 10. Let s > r be positive integers. There exist a matric W € R**"
and two absolute constants ¢y € (3,1) and ¢; > 0 such that |[W|p < 1

and for any subset B C [s] such that |B| > cps, ||[Wgi||s, > cira 3 for any

q€[1,2].

Proof. We divide the proof into two cases, namely when s > 25 and when
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5 < 25.
1° When s > 25, let Z € R**" have i.i.d. N(0,1) entries. Then || Z||% ~

X2, and Laurent and Massart (2000, Eq.(4.3)) implies that
P{||Z||} > sr+2syr+2s} <e "

1
Moreover, for any ¢y > 3,

11»{33 C [s], 4. |B| = cos and 0,(Zp.) < /o5 — /7 — %\/co_s}
< ¥ P{MZB*) < Vas =T - %\/_}

BC][s],|Bl=cos

S
< —cos/4
= ((1 - >>

< exp {—s [% + (1 — ) log(1 — co)} } :

Here, the first inequality is due to the union bound, the second inequality
is due to the Davidson-Szarek bound, and the last inequality holds since
for any o € (3,1), () = ((1_‘9a)s) < (32)0795 If we set ¢g > 0.96, then
the multiplier £ 4 (1 — ¢)log(1 —¢p) > 0.1.

So when ¢y = 0.96 and s > 25, the sum of the right hand sides of the

last two displays is less than 1. Thus, there exists a deterministic matrix Z

on which both events happen. Now define W = Z; /|| Zy||g. Then |[W|r =1
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by definition, and for any B C [s] with |B| = cgs,

HWB* qu 2 Tl/qar(WB*)

= rY%,((Zo) 5)/ | Zol |
> pl/a %ﬁ VT
T st 2syr+2r

> 017’1/‘1_1/2.

Note that the last inequality holds with an absolute constant ¢; when r <

1
8

cos. When r > %cos, we can always let 7 = %cor <

1

sCos and repeat

the above arguments on the s x 7 submatrix of Z consisting of its first 7
columns, and the conclusion continues to hold with a modified absolute
constant ¢;. This completes the proof for all subsets B with |B| = ¢ps. The
claim continues to hold for all |B| > c¢ys since the Schatten-g norm of a
submatrix is always no smaller than the the whole matrix.

2° When s < 25, we have r < 25 since r < s always holds. Let
W = L/Lgls 0} € R**" i.e., the first column of W consists of s entries
all equal to 1/y/s and the rest are all zeros. So W is rank one. It is

straightforward to verify the desired conclusion holds since for any B C [s],

Walls, = [Wa«llr = +/|B|/s. This completes the proof. O

Lemma 11. Let a = d* A slog L. There exist three positive constants

c1,Ca, c3 that depend only on v and Ky, and a subset ©1 C O(s,k,r,d,),
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such that cs < c3/3, dgi(01) < csa and that for any q € [1,2],
1/q=1/2 ep
log M(O1,]| - |ls,s c1v/ar ) > caslog =

where dgy, 1s the Kullback—Leibler diameter and M is the packing number
defined in Proposition 1.
Similarly, forb = d*Aklog S, there is another subset ©' C ©(s, k,r,d,~)

such that dxi,(0)) < esb and that for any q € [1,2],
log M(E], |- [l eVBrY/7172) = ek log .

Proof. Let us focus on the first claim and we shall remark on how to estab-
lish the second claim at the end of this proof.

Let W € RGX" satisfy the conclusion of Lemma 10 and define sy =
(1—co)(s—r). Let B={DBy,..., By} be a maximal set consisting of subsets
of [p]\[r] with cardinality s — r and for any B; # B;, |B; N B;| < so. By
Lemma A.3 of Rigollet and Tsybakov (2011) and Lemma 2.9 of Tsybakov
(2009), there exists an absolute positive constant ¢, such that

e(p—r)

log N > cy(s — 7)1
0g N 2 c(s — ) log ——

Now for each B; € B, define W® € R™*" by setting the submatrix ng)[r] =
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W and filling the remaining entries with zeros. Then for any i # j, |B; N
B;| < 59, and so there exists a set B;; C [s] with |B;;| > s—r—s¢ = co(s—7),
such that

W = WD, > [W,,lls, > cirt/7V2,

Sq

where ¢} is an absolute constant due to Lemma 10.

I. 0
Define M, = ' € RP*™ and for some positive constant ¢ <

0 0

/
RZAY il YN 2 et
2 6r4 7

) d )
@1:{A(Z):%Mo+c’l’\/EW(”:z’:l,...,N}.

Note that each A®) has s nonzero rows and 7 nonzero columns. Moreover,

for i € [N], and j € [r]

<’y/\2—1
- 2

; d . d , .
03(A) = 0,(T5-Ma) | < | A9 — “FMollop = GVl WOl < a0 d
Here, the second last inequality holds since |[W®||,, < [W@|r < 1, and
the last inequality holds since ¢f < 22=1 and \/a < d. Since aj(%d]\/[o) = %d
for all j € [r], and so 0;(A®) € [d,~d] for all j € [r] and i € [N]. Thus,

©, C O(s,1,d,7).
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For any i # 7, D(Pyw

Py») = 3| XAD — XAV|% < (¢]k.)%a, and
HA(@') _ A(j)HSq > 0/1/6/1 o rt/a1/2
Hence, for ¢; = d|d}, co = ¢4/2 and ¢3 = (¢]r4)?, dxL(Fo) < cza and

log M(O1, || - qu,cl\/arl/q’lm) > cy(s —r)log M > ¢yslog e_p.
r s

Here, the second inequality holds since s > 27 and 2= > 2. Moreover, by
our choice of ¢3, it is guaranteed that c3 < ¢o/3. This completes the proof
of the first claim.

To establish the second claim, we note that Lemma 10 continues to hold
if we replace s with & and W with W’. Thus, we could essentially repeat
the foregoing arguments to obtain the second claim. This completes the

proof. O

Proof of Theorem 2. Throughout the proof, let ¢ > 0 denote a generic con-
stant that depends only on v and k., though its actual value might vary
at different occurrences. Note that we only need to prove the lower bounds
for ¢ = 1, and the case of 0 # 1 follows directly from standard scaling
argument.

First, by restricting the nonzero entries of any matrix in (s, k,r,d, )
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to the top left s x r (or r X k) corner, we obtain a minimax lower bound by

applying Lemma 9, i.e., for © = O(s,r,d,v) and any ¢ € [1, 2],
inf sup ElA - Al2, > c(r¥7'd?) A (r¥(s + k). (26)
Here, we have used the fact that for any a,b,c > 0,
(anb)V(aANc)=aN(bVe)=<aA(b+c). (27)
Next, by Proposition 1, Lemma 11 and (27), we obtain

inf sup E||11— Al2 > c(Vart/ TV = o(r¥71g2) A <r2/‘1—1 <3 log P + klog @>> .
i e ! 5 k

(28)

Thus, the minimax risk is lower bounded by the maximum of the lower

bounds in (26) and (28). Applying (27) again, we complete the proof. [J

6.3 A Theorem on Group Lasso

Theorem 3. Consider the linear model W = X B+ 7, where W is ann xr
response matriz, X is ann X p design matriz, B is a p X r coefficient matriz

with s-sparse row support for some s > 1, and Z is an n X r error matriz.
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Let

B = argmin |W — XB|%/2 + A|B||.1,
BERpxr

with a given penalty level X\. Let Condition 1 hold with an absolute constant
K > 1 and positive constants s, c, satisfying (11).

(i) If 2| X;(W — XB)||p < X for all j, then it holds that

3(1+ (4e)7")

B—B|r<
H “F— 52_(8*)

VA, (29)

(ii) Assume the error matriz Z has iid N(0,0°) entries. For any given

n € (0,1), if we set

A > 20 mjax |1 X | (V/r + v/21og(p/n)),

then (29) holds with probability at least 1 — 1.

Proof of Theorem 3. We may rewrite the minimization problem in a vec-

torized version as follows

Brr]%in [vec(W) — (I, @ X)vec(B)||3/2 + A||B|2.1,
cRpXT

where vec is usual vectorization operator and ® is the Kronecker product
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as defined in (Muirhead, 1982, Section 2.2). In this case, the rows of B
form natural groups which are all of size r and vec(B) satisfies the (s,rs)
strong group-sparsity as defined in Huang and Zhang (2010).

We are to prove the desired result by invoking Lemma D.4 of Huang
and Zhang (2010). To this end, we first verify that the two conditions of
the lemma is satisfied. Note that the penalty level in Huang and Zhang
(2010) corresponds to 2A/(nr) in our notion, X¢, corresponds to X,;, and

the sparse eigenvalues p;(G;) and py(rs) are identified as

p+(Gy) = IXg1*/ (nr),  pa(rs) = Ki(s)/(nr).

Let { =s,—s—1and A2 = min{k\?: kr > lr+ 1,k € ZT} = ({ + 1))\
The conditions of Huang and Zhang (2010, Lemma D.4) can be rewritten

In our notation as

R2 (84, 84 — 5) C+1
< /——,  (30)

21X (W — XB)||r <
” *](W )”F—)\ and K (S*) s

where &2 (s, 8. —8) = /(K2 (s:) — k2 (25, — 5)) (K2 (82 — 5) — K2 (28, — 5)).
Since by Definition 1, k2 (s) < k2(t) < K2 (t) < K2 (s), VE < s, we

obtain

R8sy 80 — 8) < KL(84) — K% (254).
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Thus, the conditions in (30) are satisfied under the assumption of Theorem

3. Then the conclusion of Huang and Zhang (2010, Lemma D.4) leads to

(4 15570 D)yen < Ut Be) ) oy

B—B|r<
| |r < (5

K2 (84)

This completes the proof of part (i).

Turning to part (ii), we need to upper bound 2|| X ;(W — X B)||r. Since
X,;(W — XB) is a vector of length r with iid N(0,0%(|X,;||*) entries, it
follows from Laurent and Massart (2000, Eq.(4.3)) that with probability

1—n/p,

IXL,(W = XB)|[7 < 0| Xyll(r +2v/rlog(p/n) + 21og(p/n))
o?|| X, |12 (VT + +/21og(p/n))>.

IN

With probability at least 1 —n, we have 2| X (W — XB)||p < A for all j

and thus (29) holds. O
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