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Supplementary Material

We include the theoretical results and derivations of the convergence rates in the sec-
tions S1 and S2. Section S3 contains some implementation techniques. We include
some pictorial details on the simulation study performed on unconditional density es-
timation( in §4 of the manuscript) in Section S4. Section S5 contains some additional
simulation study to study the properties of the density estimator. Section 6 discusses

some properties of the framework and the geometric approach.

S1 Theoretical Results

In this Section we present a detailed discussion on theoretical results and derive prop-
erties which lead to the asymptotic convergence rate of the proposed estimator as
presented in §3 of the manuscript. First, we introduce some notations and definitions.
Recall that .% is the space of all univariate pdfs strictly positive on [0, 1] and zero
elsewhere. We have represented an arbitrary pdf as a function of the coefficients w.r.t

a basis set of the tangent space. Since we are performing maximum likelihood es-
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timation over an approximating space .%,, for a sample of size n, our estimator is a
sieve MLE, discussed in Wong & Shen (1995) and defined in §3 of the manuscript.
To control the approximation error, Wong & Shen (1995) introduces a family of
discrepancies. They define 8, ( fo, -#,) = infrez, p(fo, f). called the p-approximation
error at fy. The control of the approximation error of .%,, at f; is necessary for obtain-
ing results on the convergence rate for sieve MLEs. We follow Wong & Shen (1995)
to introduce a family of indexes of discrepency in order to formulate the condition on

the approximation error of .%,,. Let

(1/a)[z* —1],-1<a<0or0<a<1
golz) =
log z, if « = 0+

For two strictly positive densities p and f, set = = p/f and define p,(p, f) =
E,90(X) = [ pga(p/f). We define 4,,(a) = inf re 7, pa(fo, f). Weuse a = 1 for our
results. Then 6,,(1) = infrcz, [ (fo — f)°/f, the Pearson’s y? number.

The d-cover of a set T wrt a metric p is a set {©!,...,©N} C T such that for
each © € T, there exists some ¢ € {1,..., N} with p(©,0;) < §. The covering
number N is the cardinality of the smallest delta cover. Then log(V) is the metric
entropy for 7.

Let ||-||, denote " norm between functions and ||z|| denotes fol x%(t)dt for
functions. For two densities f; and f,, we define the Hellinger metric between f; and

foas H(fi, fo) = |1 = f2ll, We call a finite set {(f]", f/),j = 1....,N} a
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Hellinger u-bracketing of .%,, if ||ij1/2 - fJU1/2H2 <wuforj=1,...,N,and for any
p € Fy. there is a j such that £ < p < fV. Let H(u,.#,) be the Hellinger metric
entropy of .%,,, defined as the cardinality of the u-bracketing of .%,, of the smallest
size. Throughout, c; and ¢, have been used to represent coefficient vectors in the
tangent space of the Hilbert sphere for some fixed basis set corresponding to warping
function that acts on f,. ¢y denotes a coefficient vector corresponding to the true
density denoted by fy € .Z. l1,1s,13 and [, are used to indicate specific constants.
Also, My, My, Ms, ..., have been used to represent generic constants whose value
can change from step to step but is independent of other terms in the expressions.
Let f; and fy be two pdfs on %, with corresponding cumulative distribution
functions F} and Fy. Let f, be the initial density estimate on .%, such that f,, is strictly
positive and Lipschitz continuous with cumulative distribution function £},. Let y; =
F, "oF and v, = F,”' o Fy. Let¢; = (c11,...,c1p,)" and ¢o = (cay, .. ., Con, )"
be coefficients associated with two elements of T3 (S.,) corresponding to the tangent
space representation of v, and ,, thatis, ¢; € C,, and c; € C,,. Here .%,, C, and
k,, are as introduced in §2 of the manuscript. Then the following Lemma bounds the

norm difference of f; and f, with the norm difference in the coefficients.
Proposition 1. |f; — fo| < M, Zfil |c1; — coi| where My > 0 is a constant.

Proof. ¢, and ¢, are the coefficients associated with two elements v; and v of T1 (S, ),

defined in §2 of the manuscript and let ¢; and ¢, represent the corresponding elements
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on the Hilbert sphere. Then there exists M; € R such that | B;| < M, , where B; is
the ith basis function, i = 1,2,--- , k,. Letv; = Zf;l c1iBi, vg = 2?21 co; B;. Then

v1,v2 € T1(Seo) With ||v1]| < 7 and ||vs|| < 7. Hence we have

kn kn
(v1 —v2)(t) = Z(Cu — i) Bi(t) < My Z |c1i — cai
i=1 =1
1 kn kn
||U1 — ?}2“ = / (Ul — UQ>T<Ul — Ug)dt < M3 Z (Cli — Cgi)z < M1 Z |Cli — C9;
0 i=1 i=1
Next since x +— ||z|| = 4/ fol x2(t)dt and x — cos(z) are Lipschitz continuous,
we have
kn
[cos ot || = cos[ual] < MallJuall = [[oall] < My Y Jers — cail (SL.D)
i=1

Next note that x — sin(x)/x is Lipschitz continuous. Hence we have

) ) k
sin [|vq]|  sin ||vg]] ’ i
- < Mall[vr]| = |lvol[| < My )y [e1i — cail (S1.2)
o] [ o] ZZI
Noting that
sin ||v sin ||v
0n(t) — ax(8)] < [cos lon]) — cos fual] + | Skl gy — S0 2”v2<t>\
o1l [[va|
we have, combining equations S1.1 and S1.2,
kn
lar — g2, < MIZ’CM'_C% (S1.3)
i=1

Now consider ) = ¢°. Observe that

(@ —Q)(1) = a’(t) — ") = () — () (@) + ¢(1))

sin |Ul|v1(t) + va()) (a1 (t) — g2(t)).

|v1]

sin |vg|

|Uz|

= (cos|v1| 4 cos|va| +
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SiIHlJ}'l”"l” vy (t) + 22l (1)) is a bounded function. Hence

Now (cos ||v1]| 4 cos ||va]| + [fval]

Q1 — Qa2ll, < M Zf;l |c1; — coi| using equation S1.3. Now we have ;(t) =

f(f Qi(u)du, t € [0,1],7 = 1,2. Then

A (@ut0) ~ Qa0 )

Since f, is Lipschitz continuous and strictly positive density on [0, 1], we have

71(t) = 72(t)] =

< / Q1 (1) — Qolw)ldu < 1|Q: — Qul]
0

1Fp() = Fo(r2)lly < Mallm =2l

Consider |f; — fo| = |fo(71). 71 — fo(72).72|- Keeping in mind that () = 7, we have

[f1(8) = (O] = [fp(n(1)-Qu(t) — f(72(1))-Qa(1))]
= 1Hp(n(8)-Qu(t) = fo(72()).Qu(t) + fo(12(1)).Q1(t) = f,(72(1))-Qa(1)]
< @Ml =72l + (2011 = Q2

o
< Ml = elly + Ml = ally < Mo Y lews — cail.

=1

Therefore we have | f; — fao| < M, Zf;l |c1; — co;| for some fixed My > 0. [

Remark 1. It follows that H(f1, f2) < Mi+\/||f1 — fall; < ]\/[1\/2?;1 |1 — coi] <

Iy \/maxlgigkn |c1; — co;| for some fixed Iy > 0 where H(f1, f2) is the Hellinger met-

ric between two densities f1 and f.
The following Lemma provides a bound for the Hellinger metric entropy for .%,,.

Lemma 1. [. There exists positive constants C3 and Cy and a positive € < 1 such
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that,

2€
» HY? (., Z)du < Can'/?e, (S1.4)
€2/2 3

2. There exists positive constants Cy and Cy such that for any € > 0,

P [[0)/ (%) = ewl- Cinc)) < 1 exp(~Cané)
{llpt/2

1/2
o/ l,>epeFnt i=1

Proof. We note that H(f1, fo) < 14 \/maxlgigkn |c1; — co;| for some 3 > 0 following
Remark 1. So finding a § covering for .%, is equivalent to finding an /;1/§ cover-
ing for the space of coefficients in the tangent space using L., norm. Let us have a
closer look at the space of coefficients. We have |[v|| < = for tangent space rep-
resentation of I', which is equivalent to |[c[|, < l3,say. Therefore %, = {c €
R : |lc|l, < I3} = C*rsay. Then C*» C {c¢ € RF» : ||¢|| < L4} = {c €
RFe = |e| < Vi = 1,...,k,} = %, say. Now % is a compact set with C*» as
a compact subset. Therefore the covering number N for C¥» would be less than the

covering number for €. Since €, = {[—l, 1™}, we have the covering number

for €, as (lffjg)k”. We obtain this by partitioning the interval [—l4, 4] into pieces
of length 1;+/§ for each coordinate so that the partition of %, is reached through
cross product. Then in each equivalent class of the partition of %, we will have

|er — |l < 11V/8 which is equivalent to H(f1, f,) < 6. So we have the metric

entropy for %, = H(.,.-%,) = H(u, %#,) < k,logl/u, where [ = 2l, and u = 1LV/5.



S1. THEORETICAL RESULTS

Now,

v vl z W) du < \/_/\/log lo/u)du < \/ky, log(M/e?)(v/2e — €2 /256)

62/28
where |, = I3l and M = 28],. For the existence of an ¢, that satisfies (S1.4) we need

an ¢, less than 1 that satisfies
ke log(M/€2)(V/2e — €2/256) < Cynl/?e (S1.5)

But this inequality holds at 1— and hence there exists a smallest €, < 1 that
satisfies S1.5. The Part 2 of the lemma follows directly from Theorem 1 in Wong &

Shen (1995). []

Lemma 2. Under the above notations and assumptions, there exists a positive con-

stant Cs such that 6,/(1) = Csn=28/(28+1),

Proof. 6,(1) = infsez, pi(fo, f) = infrez, [pogi(fo/f). = infrez, [ f) be
the Pearson’s x? number. Now, f; is assumed to belong a Holder space of order
B > 0 (Assumption 2). By Proposition 1, it is straightforward to show that if k,, =
Lt/ @5 then inf re 7, || fo— flloo < lon™?/ 23+ for some arbitrary constants /; and
Iy . This follows from standard approximation results in IL? basis (e.g. Fourier) of
Holder functions of order 3. For a detailed discussion please refer to Triebel (2006).
Also, fp is assumed to be strictly positive. That is, there exists a positive number

d such that i?f ]p(t) > 2d. Let f = argmf |fo = flleo- Then it follows that for
te0,1 feFn



Dasgupta S., Pati D. and Srivastava A.

a large enough n, iFf]f(t) > d. Then we have, 6,(1) = infscz, f@dt <
tel0,1

inf ez, || fo— fl%/d = C’5n2_ﬁiiﬁl for some C5 > 0. O

S1.1 Proof of Theorem 1

We have from equation S1.5 /%, log(M/e2)(v/2¢ — €2/256) < +/k, log(M/€2)\/2e.
So for an upper bound of the smallest root we can solve the equation \/W V2e =
Cyn*/?€®. Let €, be of the form v/Mn~7(logn)’,v > 0, and, let k,, = n®, A < 1
Then log (M /e,?) = 2ylogn — 2tloglogn < 2vylogn.
So for an upper bound of the smallest root we can solve the equation
Vhkn27logny/2e = Cyn'/?,
Therefore equating, n/2,/2v+/log nv/Mn = (log n)" with C4 Mn'/?n=2'(log n)*,

—(1=4)

we get v = 3(1 — A), and ¢ = 1/2. Thus we have e, = vV Mn~— 2z +/logn. We take

A to be ﬁ to use the theoretical properties of Holder space of order 3 > 0. There-
fore e, = v M nﬁ v/1og n is an upper bound for the smallest value that satisfies the

condition for Lemma 1. Therefore, using the definition given in Theorem 4 in Wong

& Shen (1995), we get
Mn=P/28+1) flogn, if 6,(1) < %C’lMQn*%’/(%H) log n,
(46,(1)/C1)"?, otherwise.

But 0,(1) = Csn=2#/F+) < 10 M2n=28/CF ) Jog p for n > exp(4Cs/M3Ch).

Thus for large enough n, €& = Mn=?/25+1) /logn and following Theorem 4 of
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Wong & Shen (1995) we get

1
P(llg"* = I, = ) < Sexp( — Canle;)?) + exp( — 1Ci(€)%). (S16)

S2 Theoretical Results for Conditional Densities

Here we prove the asymptotic consistency properties of the conditional density esti-
mate. First, we introduce some new notations and borrow some notations from previ-
ous discussions and redefine some in the context of conditional density estimation.
Let f¥ denote the marginal density of X. Let f.(y) = f.(y|X = z) be the true
conditional density estimator of y given X = . Let f,(y|X = x) be any conditional
density estimate of f,(y|X = z). Let X denote the compact support of the predictor
variable X and let )) denote the support of the response variable Y. For simplicity, we
assume ) = [0, 1]. Let &, be the number of basis elements used for the tangent space
representation of the warping functions v € I' for sample size n. Let f,(y|X = x)
be the initial guess of the conditional density of y given x, as discussed in Section
5 of the paper. Define .%, as the set { f,(7(y)|x)¥(y),y € I'}. Define the approxi-
mating space of densities %, ,, as Z,,, = {f,(7(v)|z)¥(y) fx(z)|y € [*}, where
['* is defined in Section 2.1 of the paper. Let w;,, ., refer to the weights centered at
xg € X associated with the likelihood function, defined in §5 of the main paper, after
normalization. W;,, ., refers to the weights before normalization. For instance, the

weights were chosen to be Gaussian kernels in the simulated examples. c refers to a
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generic positive constant that changes value from step to step but do not affect other
terms. [(7y]y;, z;) = log f,(v(v:)|z:)¥(y;) refers to the log likelihood of  under the
assumption y; ~ f,,. On the other hand, I(V|y;, x0) = log f,(7(vi)|xo)¥(y;) refers
to the log likelihood of ~ given that y; ~ f,,. Fora given v € I' and 2y € X, let
Lay(y) = 320 10g (7)) 5 (Yi) Wi We drop the g suffix henceforth for
easier notation. Let 4, ,, = argmax L, ,,(7), and fogm = L)X = 2)3, €
F4,.n be the sieve maximum likelihood density estimate. Let F, and F,(-|X = z) be
the cumulative distribution functions corresponding to f, and f,(-|X = z), respec-
tively. Then ~, = Fp_l(Fm) is the true warping function. For any ~, let v, represent
the tangent space representation of . Also, let v.,, = 0 be the tangent space repre-
sentation corresponding to 7;4(f) = ¢, the identity warping function.

Now, we list some assumptions under which we can prove the consistency of the
conditional density estimator and derive an upper bound of the convergence rate:
Al. The marginal density of X, denoted by f¥ is Lipschitz continuous, and is
bounded away from zero on its support.
A2. The support ) of the response variable Y is [0, 1].
A3. The true conditional density f,, : [0, 1] — R is continuous and strictly positive.
A4. The initial shape f, : [0,1] — R™ is bounded away from zero, and is Lipschitz
continuous.

AS. For any target location zy € X, the weights w; ,, satisfy the following properties:
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a. There exists a positive sequence h,, — 0 with nh,, — oo such that for all xy,z €
X,y € Y,and n > 1, we have sup,crin z— i<, |[L(V[Y; 20) — U(V]y, 2)]| < chi.

b. w;, <n to(1) forall {z; : |z; — xo| > h,}.

¢. The number of observations in the h,,-neighborhood of g is of the order of nh,,,
for all o € X, where the h,-neighborhood is [xg — h,,, zo + hy].

d. 1 < {max;: |z, —uo|<hn {Win MmN, — g0 <hp {Win } 1 < Coy, where C,, is a bounded
positive sequence with Cy,, — 1 as n — oo.

A6. The true conditional density f,,(-|X = z,) either belongs to Holder or Sobolev

space of order /3.

Assumptions Al and AS.c make sure that for any x(y € X', the number of obser-
vations in the neighborhood h,, of zy grows at the same rate (upto constants) as the
sample size increases. The Assumption A2 is for simplicity of analysis. Assumption
A4 ensures that the initial guess is in the correct space of densities. Some simple ex-
amples of initial guesses can be truncated gaussian densities, any standard conditional
density estimate, and so on. Assumption AS.a is a very important assumption which
states that the true conditional density of the observations in a neighborhood around
the target location is “not too far away” from that of the target location. Further, this
discrepancy of the observations in the neighborhood decreases to zero as the sample

size increases. Without this assumption, it is not possible to derive a good estimate
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of the true density. Assumption AS.b and AS.d ensures that the weights associated
with the observations in the neighborhood of the target location are asymptotically
same, whereas the weights outside the neighborhood collapse to zero at a faster rate.
This ensures that the weighted likelihood function asymptotically behaves like an un-

weighted likelihood function of observations in a neighborhood around z.

Theorem 1. Under assumptions AI1-AS, for any fixed e > 0 and xy € X, P(Hf%2 — A;({zHQ >

€) = 0.

Proof. Note that we have Y., w;, = 1. Let s,,(h,) ~ nh,, denote the number of
observations which lie in the h,, neighborhood of x(. Let w,,;, = i:‘xigior?dn{wi’n}.
Then we have, (1 — 0(1))/ConSzo (hn) < Wiin < (1 —0(1))/84,(hy). Thus, we have
by sandwich theorem, w; ,, — 1/5,,(hy,) as n — oo for {i : |z; — zo| < h,}.

Thus, L(7) = 325595 w; ol (], 20)— 10, where 1, = 325595 w; o1 (v |y, )
gzl + 3wl (s, @) <= Cou 235" (1/ 5y (ha) e +0(1) <=

i:lxi—zo|>hn

chn, + o(1) — 0. This follows from the fact that |I(7)|y:, )| < |1(v]yi, i) —

L(Yialyis ©:) |+ 1 (Yialyi, i) < ¢l|vy—v4,, ]|+ fp(vi]x;)| following the steps of Proposi-

tion 1 in Section S1. Thus |I(y|y:, z;)| is uniformly bounded and lim argmaxL,, ., () =
n—oo 'yeF’“"

lim argmax 37375 1/ (s, (h) (1], 70) - Thus, we obtain P(|lf24" = f24]l, >
n— 00 ~ETkn

€) — 0 using the standard consistency properties of sieve MLEs that follows from the

analysis in Wong & Shen (1995). Ol

Corollary 1. Let € = csyy(hn) 7™ log sy, (hy). Under assumptions Al-A6,
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there exists constants Cy and Cy such that if n, < cet?/2,

P(|[fad? = Jei’ll; = €) < 5exp(—Casay (hn)ei?) + exp(—su, (hn) Crei?).

This result follows directly using the theory for unconditional density estimation
using s,, (h,) observations. Note that the rate of convergence is slower than minimax
rate. It depends on the number of significant observations s, (h,,) in the neighborhood

of ¢, and the dicrepancy of observations 7,, with respect to the target location.

Corollary 2. Suppose 7o ., € ['* where kg is a known finite number. Let the normal-

ized weights satisfy that w; , = 0 for all {x; : |x; — xo| > h,}, and uniform in the h,,

neighborhood. Then, if €, = cn~? for some constant c, P(||fg§({2 - }({QHQ > €,) <

5exp(—ne?).

Proof. Note that 7,, = Zfiol(h") Wi n[L(Y|Yiy i) — L(y|ys, x0)| ~ hpn. Using sz (hy)

observations for Theorem 2 in Wong & Shen (1995), we get €, = su,(h,)~? as

—-1/2

the convergence rate. This is the fairly standard n convergence rate for MLEs in

finite dimensions. Choosing h, = n~'/3, we get €, = cn~'/3. The statement then
follows from directly applying Theorem 2 in Wong & Shen (1995). Interestingly, this

1/

convergence rate agrees with Hu (1997) who obtained (D wfn) ? as the convergence

rate for relevance weighted MLEs. L
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S3 Estimation Algorithm

In this section we outline the estimation procedure and discuss some of the imple-
mentation issues. We discretize density functions using a dense uniform partition,
T = 100 equidistant points over the interval [0, 1]. For approximating derivatives of
a function, for example 7 for a warping function v, we use the first-order differences.
The integrals are approximated using the trapezoidal method.

For optimizing log-likelihood function according to Equation 2.5 of the manuscript,
we use the function fminsearch in MATLAR for our experiments. The fminsearch
function uses a very efficient grid search technique to find the optimal values of coef-
ficients {c; }, corresponding to the chosen basis elements, to approximate the optimal
warping function . However, fininsearch function can get stuck in locally-optimal
solutions in some situations. To alleviate this problem we use an iterative, multi-
resolution approach as follows. We start the optimization using a small number of
basis elements J with ¢ = 0, the point that maps to ;4 € I' under . This implies a
low-resolution search and low-dimensional search space R”. Then, at each successive
iteration we increase the resolution by increasing J and use the previous solution as
the initial condition (with the additional components set to zero) for the next stage.
This slow increase in J, while continually improving the optimal point ¢, performs
much better in practice than using a large value of J directly in fminsearch.

Another important numerical issue is the final choice of J. For a fixed sample of
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size n, a large value of J may lead to overfitting and f being a rough function. Also, a
large value of J makes it harder for the search procedure to converge to an optimal so-
lution. Efromovich (2010) and the references there in discusses different data-driven
methods to choose the number of basis elements, by considering the number of basis
elements itself as a parameter. We take a different data-driven approach for selecting
the desired number of basis elements. Using a predetermined maximum number of
basis points, we navigate through increasing number of basis elements and at each
step, we compute the value of the Akaike’s Information Criterion (AIC) and choose
the number of basis elements that results in the best value of the AIC, penalizing the

number of basis functions used. We summarize the full procedure in Algorithm 1.

Algorithm 1 Improving solutions using fiminsearch by tweaking the starting points

i. Start with a low number of basis elements, say J

ii. Use 0 vector as the starting point and find the solution d using fminsearch.

iii. Increase the number of basis elements, say J; more basis elements.

iv. Use [0,0] and [d,0] as two starting points. Compare the AIC for the two cases and choose the
solution with better AIC value. Call the solution d the optimal solution.

v. If the number of basis elements exceeds a predetermined large number, stop. Else go to step iii.

Experimental results show that Bayesian Information Criterion (BIC) overpenal-
izes the number of basis elements used and, therefore, some sharper features of the
true density are lost in the estimate. So the experiments presented in the following

sections use only the AIC penalty.
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S4 Simulation Studies I

Next, we elaborate on the results from experiments on univariate unconditional den-
sity estimation procedure involving two simulated datasets, from Section 5 in the
manuscript. The computations described here are performed on an Intel(R) Core(TM)
17-3610QM CPU processor laptop, and the computational times are reported for each
experiment. We compare the proposed solution with two standard techniques: (1) ker-
nel density estimates with bandwidth selected by unbiased cross validation method,
henceforth referred to as kernel(ucv), (2) a standard Bayesian technique using the
function DPdensity in the R package DPPackage. The Bayesian approach naturally
has a longer run-time. For both the simulated examples, we use 2000 MCMC runs
with 500 iterations as burn in period for the Bayesian technique. We compare the
methods both in terms of numerical performance and computational cost. Here we il-
lustrate the performance of the various methods using a representative simulation. We
highlight the performance improvement over an (misspecified) initial parametric and
nonparametric density estimate brought about by warping. For the initial parametric
estimate we have chosen a normal density truncated to [0, 1] with mean and standard
deviation estimated from the sample. For the initial nonparametric estimate, we used

inbuilt MATLAB function ksdensity.
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S4.1 Example 1

We borrow the first example from Tokdar (2007) and Lenk (1991), where f,
0.75exp(rate = 3) + 0.25(0.75,2%), a mixture of exponential and normal density
truncated to the interval [0, 1]: We generate n = 100 observations to study estima-
tion performance. Here we use Meyer wavelets as the basis set for the tangent space
representation of ys. We use Algorithm 1 to adaptively choose the number of basis
elements. For this example, we start with 8 basis elements and introduce 7 basis el-
ements at each step upto a maximum of 29 basis elements, akin to multiresolution

analysis. Also, we use an unpenalized log likelihood for optimization.

3 ; : : ‘ 25 : : ‘ .
n P s kernel{ucy) y P [ kernel(ucv)
2.5 ‘\‘ : ===warp H 5l 1 ; ===warp |
% ‘parametric ; ==-DPdensity
20\ | =——true I —true
155 v :
g E Y
1.5 B =Y
& 1l
1
05 0.5¢
0 ‘ 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 1: The left panel compares the warped estimate f with other estimates when f, is parametric.
The middle panel shows the corresponding evolution of the negative of log-likelihood function during

optimization. The right figure compares the warped estimate with others when f, is ksdensity.

Figure 1 (left panel) shows a substantial improvement in the final warped estimate

over the initial parametric estimate. Incidentally, it also does a better job in capturing
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the left peak as compared to the kernel(ucv) method. Standard kernel methods need
additional boundary correction techniques to be able to capture the density at the
boundaries, as studied in Karunamuni & Zhang (2008) and the references therein.
However the warped density seems to perform better estimation near the boundaries
compared to the other techniques. The right panel displays the warped result when
using ksdensity output as the initial estimate. It also provides solutions obtained using
kernel(ucv) and DPdensity. Once again, this warped estimate provides a substantial

improvement over the initial solution.

S4.2 Example 2

For the second example we take Example 10 from Marron & Wand (1992), which

uses a claw density: fo = N(0,1) + S, =N -1, (0.1)*). We estimate the

07

r T : :
== lesdensity == P density

Sl | kernel{ucv) | ! ) i G| kerneliucy) | £.|

0gf ==-warped ... o SN, - Ny 7| ==—warped
—TrlE %1 = True

g 3 1 05¢
07 IE':‘ %

04t

03F

02

0 feswas Sy .......

Figure 2: The left panel shows the improvement over initial ksdensity estimate. Both kernel(ucv) and
warped estimate have a good performance here. The right panel shows that all the methods fail to

capture all the peaks. Kernel(ucv) performance is very similar to the warped estimate.
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domain boundaries and unlike the previous example, instead of fixing the number of
tangent basis elements, we employ Algorithm 1 described in Section S3 to find the
optimal number of basis elements based on the AIC, with a maximum allowed value
of 40 basis elements. We start with 5 basis elements, and add 5 more basis elements
at each step. Consequently, the computation cost increases compared to the previous
example because we consider more models with different number of parameters. The
choice of the initial number of basis elements and number of basis elements to add
(step size) is left for the user to decide. Using finer step size tends to improve the

practical performance at the cost of higher computational cost.

S5 Simulation Studies I

In this section we perform some additional experiments and comparisons illustrating

the properties of the proposed estimator.

S5.1 Effect of the initial shape

In Section 3 of the paper we have presented the asymptotic convergence rate of the
estimator to the true density via the convergence of the warping function estimate
to the “true” warping function. Naturally, the notion of a “true” warping function
requires a fixed initial shape (denoted by f,,), and we have shown that the convergence

rate of the warping function estimate to the true warping function is independent of
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the choice of f, up to constants.

As a result, the computationally cheapest choice of the initial shape is the uni-
form density shape. However, the proposed method can also be used to improve the
performance of misspecified parametric or nonparametric density estimates. In this
section, we consider three different choices of the initial shape f,,, and evaluate the
improvement over the initial shape, and compare the performances of the final density
estimates given these different initial choices. The three choices of f,, considered are
(1) Gaussian, with parameters estimated from the data, (2) Uniform on th unit inter-
val, and (3) a kernel density estimate with bandwidth chosen by Silverman’s thumb
rule.

To illustrate the improvement over the initial shapes and compare the final per-
formances, we consider the same two examples as discussed in Section 4 of the main
paper. For this study we consider sample size 100 throughout and use Algorithm 1
discussed in the Supplementary Section to obtain the number of basis elements for
tangent space representation of the warping functions. We start with 5 basis elements
and introduce 5 basis elements at each step up to a maximum of 40 basis elements,
and choose the model with the best AIC. Table 1 summarizes the performances of the
three different choices of starting points for the mixture of exponential and normal
example. Table 2 summarizes the same for the claw example. They indicate that even

though the performance of the initial estimates are quite poor (albeit computationally
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very cheap), the warped estimate provides a very significant improvement via the loss
functions considered. Note that, even though the loss functions for the initial shapes
are quite different, the loss functions of the final estimate are very similar across dif-
ferent initial shapes. Also, for all the chosen initial shapes, the computational costs
for obtaining the final estimate are very similar. In general, it is desirable to have the
initial shape f, as close to the true shape as possible so that the “true” warping func-
tion is close to the identity function. Since the identity function is the starting point in
our search algorithm, the estimation is easier if the true value is close to the searching
point. Hence we advocate using the kernel density with a plug-in bandwidth as a good
choice of f,. This is because the estimate is nonparametric and thus robust to different

shapes of the true density and is also computationally cheap.

S5.2 Comparison of boundary performance versus kernel densities

Kernel density estimates have very good performance in the interior of the support of
the density. However, for densities with compact support, kernel densities tend to have
a lot of bias at the boundaries, and typically need boundary correction techniques to
have better performance. In this section we compare the performance of the proposed
warped estimate with the traditional kernel method focusing on the edges of a compact
support. For this purpose, we use a different loss function IL?, defined as follows. Let

the support of the density be [0, 1]. Let f, be the true density and f be the density
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Table 1: A comparison of the performances for mixture of exponential and normal example.

Method: Initial Shape Warped Estimate

Choice of f, Norm Mean std.dev Time Mean std.dev Time

L' 5037 211 2093  5.59

Gaussian L2 6.36 023 <1lsec 294 0.67 5 sec

Lee 1.75 0.08 1.13 0.28

L' 3481 0 19.33 5.39
Uniform L2  4.64 0 <lsec 264 0.72 5sec

Lo 1.33 0 0.95 0.36

LY 27.74 3.59 19.70 5.49

Kernel L2 3.87 0.52 <1sec 277 0.70 5 sec

L 140 0.13 1.05 0.32

estimate. Then LE(f) = (fo(0) — f(0))2 + (fo(1) — f(1))2. For illustration, we use
the first example again, (1) f, = [0.75exp(rate = 3) + 0.25N(0.75,0.25)]/[,1}, and
(2)fo(t) o t/5 + (0.5 —t)*,t € [0,1], a density with peaks at both the boundaries.
Table 3 summarizes the results and shows that the warped estimate has significantly

better boundary bias properties than a standard kernel method in all the cases.

S5.3 Choice of basis elements

We have performed the experiments with Fourier basis elements, wavelets and cosine

basis elements. The overall performance of the proposed estimator was very similar
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Table 2: A comparison of the performances for claw density example.

Method: Initial Shape Warped Estimate

Choice of f, Norm Mean std.dev Time Mean std.dev Time

L' 1344 216 8.57 2.64

Gaussian L2 1.80 020 <1lsec 121 0.36 22 sec

Le 045 0.02 0.38 0.13

L' 19.95 ~0 897 252
Uniform L2 2.29 ~0 <lsec 1.25 0.33 22sec

L 044 ~0 0.38 0.11

LY 1345 2.05 8.55 2.72

Kernel L2 1.69 0.14 <1lsec 1.22 0.35 22 sec

L~ 039 0.03 039 0.13

Table 3: A comparison of the LB loss function for the warped estimate and the standard kernel method.

Setup: Kernel Estimate Warped Estimate
Example n  Mean std.dev Mean std.dev
25 2.11 0.96 1.60 1.35
fo < 0.75exp(3) + 0.25NM(0.75,0.25) 100  2.03 0.61 1.17 0.73
1000 2.32 029 0.82 0.36
25 2.89 098 2.39 3.53
fo(t) o< t/5 + (0.5 — t)° 100 190 081 0.61 0.91
1000 0.96 044 027 0.26
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for different choices of basis elements. However, since the support of the warping
functions is compact, we recommend using trigonometric (Fourier and cosine) basis
for representation. Please refer to Efromovich (2010) and the references therein for a
more detailed discussion on this topic. When the sample size is small, Fourier basis
can result in spurious bumps near the boundaries, which is why wavelets can be a

good alternative.

S6 Some Properties of the Geometric Framework

S6.1 Advantages Over Direct Approximations

In the previous section, we have used the geometry of I' to develop a natural, lo-
cal flattening of I'. Other, seemingly simpler, choices are also possible but at some
loss in estimation performance. For instance, since any 7 can also be viewed as a
nonnegative function in IL? with appropriate constraints, it may be tempting to use
Y(t) = 2272, ¢jb;(t), for some orthogonal basis B = {b;,j = 1,2,...} of L?[0, 1]
as in Hothorn, Most & Biihlmann (2015). This seems easier than our approach as it
avoids going through a nonlinear transformations. However, the fundamental issue
with such an approach is that I' is a nonlinear manifold and one cannot technically
express and estimate elements of I' directly using linear representations, not even in

a small neighborhood. Hothorn, Mést & Biihlmann (2015) uses Bernstein polynomi-
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als, with monotonically increasing coefficients, to represent elements of I'. However,
one does not reach the entire set I' using such a representation. To be specific, it is
easy to find a significant subset of [' whose elements cannot be represented in this
system. As a simple example, consider a v = Z?:o ¢iBia with g = 0, ¢ = 0.4,
ca = 0.3,c3 = 0.5, ¢4 = 1 (not satisfying the monotonicity constraint). Here, B, 4
refer to the Bernstein basis elements of order 4. Even though this v is a proper diffeo-
morphism, it cannot be represented in the system used by Hothorn, Most & Biihimann
(2015).

Another issue in directly approximating element of I' that both v and + are present
in the final estimate and one needs a good approximation of both of these functions.
However, a good approximation of v does not automatically imply a good approxi-

mation of 7. In contrast, the reverse holds true as shown next.

Proposition 2. For any v € T', let Yy, be an approximation of , and let ap,, be the

integral of Yapp. For all x € (0, 1] consider intervals I, of the form [0, xo|. Then, on

all intervals L, || — YVapplloo < |7 — Yapp | o-

Proof: For any ¢ € I, the quantity |y(t) — Yapp(t)| = | fy (5)ds — [ Fapp(s)ds| <
Jo T1(8) = Aapp (8)1ds < 14 = Happll ot < I1F = Fappllog- @0 < 14 = Happlo O

This proposition states that a good approximation of + ensures a good approxima-
tion of 7, and supports our approach of approximating ~ via the inverse exponential

transformation of its SRSF to the tangent space 77 (S ). On the other hand, a direct
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approximation of v will need many more basis elements to ensure a good approxima-

tion of +.

S6.2 Estimation of Densities with Unknown Support

So far we have restricted to the interval [0, 1] for representing a pdf. However, the
framework extends naturally to pdfs with unknown support. For that, we simply scale
the observations to [0, 1] and carry out the original procedure. Let X1, Xo, ..., X, ~
fo, where X;s are n independent observations from a density f, with an unknown

support. We transform the data as Z; = );i__f, where A and B are the estimated

boundaries of the density. Following Turnbull & Ghosh (2014), we take A = X ;) —
sx/v/n, and A = X,y + sx/y/n, where X(1) and X, are the first and last order
statistics of X, and sx is the sample standard deviation of the observed samples. Using
the scaled data, we can find the estimated pdf f,, on [0, 1] and then undo the scaling
to reach the final solution. Turnbull & Ghosh (2014) provide a justification for the
choice of A and B as the estimates for the bounds of the density. They also discuss
an alternate way of estimating the boundaries using ideas presented in De Carvalho
(2011), and suggest that the Carvalho method produces wider and more conservative
boundary estimates.

Finally, using the fact that any piecewise continuous density function, with sup-

port R and range R , can be approximated to any desired degree by a strictly positive
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density function on some bounded interval [A, B] (under IL? norm, for example) , we

can extend our method to this larger class of functions.
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