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We present the screening performance in the simulation and all technical proofs of theoretical

results in the paper in this supplement.

S1 Screening Performances in Example 1

In the two-stage LOFTS procedure, the first-stage screening performance
is crucial for the follow-up test according to Theorem 1. Thus, we first ex-
amine whether all the truly important covariates will be selected in S using
the MDC-based screening based on the first half of the observations D;. It
is obvious that the first four covariates (X1, X, X3, X4) are truly important
for Models (I) and (II) under both the null and alternative hypothesises.

To evaluate the performance of the screening approach, we adopt the mini-
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mum model size that includes all active predictors as a criterion and report
its 5%, 25%, 50%, 75%, and 95% quantiles of 1,000 replications in Table
[l We can clearly see that the MDC-based screening performs very well for
two models since almost all the 95% quantiles of the minimum model sizes
are equal to the true model size 4. In addition, we calculate the proportion
of all truly active predictors included in the selected model, denoted by P,,
when |S| = 8 and |S| = 16. All proportions are close to 1 under both the
null and alternative hypothesises for two models. Thus, the MDC-based
screening method is very effective to include the truly important covariates
into the selected models. More numerical justifications of the MDC-based

screening are referred to |Shao and Zhang | (2014]).

S2 Proof of Theorem 1

It is obvious that on one hand, if there exists some 3, € RHI*% such that
E(y | x) = E(y | B4xa), for an arbitrary index set S such that A C S, by

choosing B5 = (51, Odox(|3‘_|A|))T, we have
E(y | xs) = E{E(y | x) | xs} = E{E(y | B4xa) | xs} = E(y | Bsxs)-

On the other hand, when E(y | xs) = E(y | Bsxs) holds for some

Bs € RIS with the sparsity assumption E(y | x) = E(y | x.4), it is quite
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Table 1: The empirical performance of MDC-based screening.

Minimum Model Size P

Model | ¢ |5% 25% 50% 75% 95%||S| =8 |S|=16

01| 4 4 4 4 4 1.000 1.000

02| 4 4 4 4 4 1.000 1.000

04| 4 4 4 4 4 1.000 1.000

06| 4 4 4 4 4 1.000 1.000

081 4 4 4 4 4 0.999 0.999

1| 4 4 4 4 4 0.998 0.988

01| 4 4 4 4 4 1.000 1.000
02| 4 4 4 4 4 1.000 1.000
04| 4 4 4 4 4 1.000 1.000
(IT)
06| 4 4 4 4 4 0.999 1.000
0.8 4 4 4 4 4 1.000 1.000

1|4 4 4 4 4 0.991 0.997




Y. Zhang, W. Zhong, and L. Zhu

straightforward that E(y | xs) = E{E(y | x) | xs} = E(y | xa), which
implies E(y | x) = E(y | Bsxs), indicating span(8, 04,xp—|s)))" is a mean
dimension-reduction subspace immediately. In addition, note that E(y |
x) = E(y | x4), span(Z4}, 04)x (p—.4))" is also a mean dimension-reduction
subspace. When both Sg(yx) and Sg(y|xs) exist and are uniquely defined,
all coefficients of xgn 4 must be equal to zero because span(B, 04, x (p—|s)))"
M span(I 4, 04 x(p—1a)" C span(Ija), Op4x(p—j4))", indicating that B =
(B24: 0dyx(5)-14p)* and Bgxs = Bhxa. Consequently, E(y | xs) = E(y |

Bsxs) yields E(y | x) = E(y | Buxu4). 0

S3 Proof of Theorem 2

Define the empirical process

w

ni+ng

Cua(8) E 3260, (5) iy P N Brexplis™gs) £ ) Ii(s),

j=n1+1 k=1
where I1(s), I>(s) and I3(s) are the relative three summations with €; split
into m(Bsx;s) — m(Bsx;s) + m(B5x,s) —m(Bsx;s)+ €;. In the sequel,
we will study the asymptotic behaviors of each Ii(s).

We start with the first quantity I;, which is defined as follows,

n1+n2

Ii(s) = n;1/2 Z {m(ﬁ‘;xﬁg) - r?l(B‘TSxLS)} exp(is™x;s).

j=ni1+1

Since 8(B3%;s) — m'(B3%;5) = 0,(1), Bs — Bs = O,(1/ /i), with Tay-
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lor’s expansion, we have

ni+ng

L(s)=ny"? > {m(Bix;s) — M(Bix;s)} exp(is'x;s) + o,(1).

j=ni+1

Similar to the proof for Lemma A2 of Ma and Zhu | (2013), by invoking the
U-process theory (Nolan and Pollard | [1987) and [Zhu and Ng | (2003)), as

nh?* — 0o and nh? — 0 as n grows into infinity, we obtain that

n1+n2

L(s)=—ny"" > e;E {exp(isx;s) | Bix;s}+oy(1).

j=ni+1

From the definition of I3(s), we can easily combine I;(s) and I3(s) to
obtain that
I(s) + I5(s)

ni1+n2

n;m Z gj [exp(is"™x;s) — E {exp(is"x;s) | Bsxjs}] + 0, (1)
j=ni1+1

= I(s) +o,(1).
According to|[Zhu and Zhong | (2015)), Vecl(BS — Bs) can be represented

as

ni+n2

ny ' Z a(x;s; Bs)€j

j:n1+1

1
shere a(xss o) = (B m'(B5xs))” © %us] (i (Bm0) 057}
{m'(Bsx;,5)} ®X_gs], Xeas = X_gs — E(x_qs | Bsxs) and x_g5 =

(Xdgt1,.-.,Xs)". With Taylor’s expansion and we can show without much
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difficulty that

B ni+nz 8 T T .
h(s) = n/z{;’l“’ff;))} exp(isx; 5 veel(Bs — Bs) + o, (1

= —n,? "ié” E [{M}Texp(isTx )} a(x;s;8s)e; + 0, (1)
2 dvecl(B5s) s 781 B)E T A

j=ni1+1
Recall that ,,(s) = 3.7_, I1(s), when the null hypothesis holds, we can
easily obtain E {(,,(s)} = o(1) as ny goes to infinity. Also, it is apparent

that

Cna (8)Gr, (S0) = 1(8)I7(s0) + L2(8) 1[5 (s0) + 1(8) 5 (S0) + I2(s)I™(s0) + 0p(1).
The first term of the above display can be easily calculated as
E{[(s)m} = F (ele{ {exp(z’sTng) — E{exp(is"x1,s) | ﬁgxm}]
[exp(—isaxw) — E{exp(—ispx1s) | ﬁ§x173}1> )

Note that B is asymptotically normal, namely, né/ 2vecl(,@— B) converges
in distribution to normal distribution with mean zero and covariance matrix

3. It follows that

cuaorien - ¢ (B >

exp{i(s"x1,s — spx2.5)}| + o(1).

By invoking the representation of Vecl(,@ s—Bs) again in|Zhu and Zhong
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(2015), we can obtain that

om(Bsx s)

E{I(s)I3(s0)} = E(’s?{m

T
} a(xz,s;B8s) [ — exp(isTxe,s — iS)X1,5)

) oo

E{ly(s)I"(sg)} = E <€2 {w} a(x2.s; Bs) [ — exp(isxy,s — iS)Xa,s)

ovecl(Bg)
> + o(1).

Let ¢(s) denote a complex-valued Gaussian random process with mean

+E{exp(is"Xas —iSyX1s) | BsXa.s}

+E{exp(is"x1,s — is)Xas) | BsXas}

zero and covariance matrix function cov{((s),("(sg)} being of the form

e[ Gins ) 2 Fetns

+ K (elef {exp(iSTXLS) — E{exp(is"x1,s) | ﬁ§x175}1

} exp{i(s"x;s — ng?,s)}}

[exp(—z’saxw) — E {exp(—isyx1s) | IB‘TSX173}‘|>

om(Bsx1s) )" '
+ E(@{m} a(x2,s; Bs)

— exp(is'Xa.s — 184X1,5)

+E{exp(is"X2,.s — iSyX1s) | ﬁEXZS}])

+ K (62 {%‘EZ;‘;)} (X253 Bs) [ — exp(is'X1,s — iSpX2,s)

+E{exp(is"x1.s — iSyXa.s) | ﬁEXZS}] >, (S3.1)
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Particularly with s = sy, we have

EW%@M}:bfm“@f%”@+du

col[s| 1]

According to |Székely, Rizzo and Bakirov | (2007) and |Shao and Zhang
(2014), if we can construct a sequence of random variables @, (), which

satisfy
(1) Qn,(v) A Q(v) for each v > 0;

(i) limsup E‘Qn2

ng—0o0

(i) E|Q(v) - |

then for any bounded, uniformly continuous function 7, we have

lim ‘E{U(Q(V))} - E{n(lldli)}‘ < lim {]n(@(v)) = n(lI<l2)

}

v—0
= tim £ {[n(@W) = n(ICID| 1 QW) = ICIE| < 0}
+1im B { |5(Q() = n(1C12) | T(|Q0) = S| > o)}

< 1€ + ¢ lljig(l]pqu(V) - ”C”i’ > €) = 0,

as ¢g — 0, where ¢; and ¢y are some positive constants. Following similar

arguments, we can show that lim Sup‘E{n Qn, (v ))}—E{n(HCMHi)}‘ — 0 as

ng—0o0

v — 0. Theorem 8.4.1 of Resnick | (1999) ensures that lim sup’E{n Qn, (V) }—

ng—00

E{n(Qv))}| — 0 as v — 0. Combining the above results and using the

triangle inequality, we obtain hmsup‘E{n 1Ga 12) Y — E{n(|I¢||2 }‘ — 0,

ng—r0o0
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indicating the weak convergence of ||, || to ||¢]|2 and therefore, we have
2T, = [1Gua (812 + 0,(1) = [IC(8)][2, s 12 — o0,

In the sequel, we construct a sequence of random variables and jus-
tify how it satisfies the above three requirements (i)-(iii). Following the

construction in |Shao and Zhang | (2014), we define

_ [[Gna ()12 B 1¢(s)]?
Fralv) = /D( ) CoHSH”'S‘dS and Qv) = /D( ) colls H”'S‘ds’

where D(v) is the region that D(v) = {s : v < ||s]| < 1/v}. Given € =
1/M, M € N, choose a partition { Dy }7_, of D(v) into N = N(¢) measurable

sets with diameter at most €. Then it is clear that

S

s (811 eI
Qna(v Z/ s d Q) Z/D olls o1

We define

N

N
v s (0K v I¢(sok)]?
) _Z/p collsfes 4 4@ “”‘g/pk collssT

where {sqg(k)}Y_, are a set of distinct points such that sy(k) € Dy. Follow-

ing similar arguments for proving Theorem 4 in [Shao and Zhang | (2014]),
we can show that QM (v) L5 QM(v), limsupE|QM(v) — Q(v)| = 0 and
M—o0

lim suplimsupE|Q} (v) — Qn,(v)| = 0, which implies (i) immediately.

M—oco ng—o0
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On the other hand,

[ Lo, ||<m<s>||2ds‘
D

(v) Colls[|*+1°] . colls[| 1S
el )y [ g IGO )
B ogsias o + Eq—2 2 —dsy. (S3.2
/|‘S<V {COHSH1+|S| lIs||>1/v COHSHI—F\Sl ( )

According to Lemma 1 of [Székely, Rizzo and Bakirov | (2007)), we have

1 — cos(s™xs)
—d —
/Rw e 08 = collxsll

E

for a |S|-dimensional vector z = (21, 22, . .., 2s)). Define the function
G(y)—/ 1—Cosz1dz
llzll<y [z ST
Clearly G(y) is bounded by ¢y and lir%G(y) = 0. Applying the Cauchy-
Yy—

Schwarz inequality, we can obtain that

ni-+nsg 9 ni+nz
1Cny ()17 < 4yt Z ’ exp(is"x;s) — Eexp(is'xs) Z E?.
j=ni1+1 J=ni+l

For a given x5, we define an orthonormal matrix Q with the first row being
x5/ ||xsl|- It is easy to check that with the variable changing u = ||xs/|Q s.

We have

1 — cos(s™x X 1 — cos(u
/ #dS:/ I )} gy - [xs [ G([[xs][v)-
lIsll<v lull<[lxslv

s +19 |11

Therefore, we have

exp(is™x;s) — E{exp(is'xs)}|?
[ et = PopU XM g < 25 s - xsIGUis = xsll) [ %55}
lIsll<v

Is*+19!
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Consequently, the first summand in (S3.2)) satisfies

1Gna (s )\!2}
/ns<uE{00H R

ni1+ne ni1+n2
< 8cg'ny ' E LZ E{llx;s = xsllG(lIx;s = xs]lv) [ %58} Y €
i=n1+1 Jj=n1+1
Without much difficulty, we can show that
ni+no ni1+n2
STE Y 2oy
Jj=n1+1 j=ni1+1
[[Gng (

Accordingly, lim lim |

lim lim J,o ., EWCZS — 0 for sufficiently small v.

Now we consider the second summand in (S3.2), with the triangle in-

equity, we have | exp(is™x;s) — F exp(is™xs)||* < 4, hence

s (8) 17 / 1 &
Bl Lds < 16 — sk ;
/HM/V {couswﬂs' S AT 2
1 n1+ﬂ2/\

< 160(1)/” —d(HsH)E{ > 53}.

sl|>1/v col[s||? j=ni1+1

The second inequality holds due to the Jacobian of the |S|-dimensional
spherical transformation is ||s||¥1=*sin/¥I=2(6,) - - -sin(6, 5). Then, for suf-

ficiently small v,

lim lim 2 { 161 )12 550, for oy s
lIsl|>1/v C()HSHI‘*‘|S| ] .

v—0 no—o0
Thus, we complete the proof for (ii). A similar argument also applies to
Q(v), so (iii) holds. Therefore, ||, (s)[|2 == [|C(8)||2 as ny — oo. Conse-

quently, we have completed the proof.
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S4 Proof of Theorem 3

In the new model y = rﬁ(,@;xS) +€, we can easily have F(€ | xs) = 0 since
0 is independent of xs and the null hypothesis is automatically satisfied.
Similar to the proof of Theorem 2, we define the process Em (s) =
\/n_an2 (s). We also decompose ,,, (s) into I1(s)+ I5(s)+ I5(s), and from the
results in the proof of Theorem 2, we have I (s)+15(s) = ny/> > i1 € lexp(is™xs)—

E {exp(isij,g) | ,@;Xj,g}] + 0,(1/4/n2). By denoting the dominant term

of I(s) + fg(s) as 1(s), we can write EnQ(S>E,TLQ(SO) as

Gz (8)G, (s0) = 1(8)T7(s0) + Ta(s)5 (s0) + I(s)I3 (s0) + To(s)I7(s0) + 0 (1).

As the weights 0;s are drawn identically and independently from {1, —1}

at random, i =n; + 1,...,n and 0 is independent of x5 and €. Also, since

Bs —Bs is of order O,(1/,/n2), € —e = m(Bsxs) —m(,@;x‘g) +m(,@;X3) —
IYI(B;XS), and by similar arguments in Lemma A1 of Ma and Zhu | (2013),

we have

ni1+n2

Y {m(ﬂ;xj,w—rﬁ(ﬁng,s)}aj[exp(z’s%ﬂ

j=ni1+1

B {explis™;) | ﬁéxj,s}] — o,(1).

thus we can easily obtain that

n1+n2

I(s) =ny'"* )" &0 lexplis™;) — E{exp(is™;) | Bixjs}] + 0p(1),

Jj=n1+1
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which will yield

E{I(s)I"(s0)} = E{I(s)I"(s0)} + o(1).
Similar to the proof of Theorem 2, we have

ni+nsg T T

¥ - om(Bsx;s) - 2 2

L(s) = n,"? {—AJ exp(is™x;s)vecl(Bs — Bs) + 0, (1)

i j%zﬂ Ovecl(Bs) ! ° ° ’

ni+nsa T

_ om(B5x;s) ,

— 1/2 S ) T .

= w3 { TEEII xplis'xs)atxsifs)esd; + 0, (1)

j=ni+1

then it is clear that

E{Iy(s)I3(s0)} = E{Is(s)I3(s0)} + o(1).

With similar arguments, it can be shown that E{I(s)IZ(so)} = E{I(s)I3(so)}+

o(1) and E{I5(s)I*(so)} = E{I>(s)I"(so)} + o(1) and accordingly we have,

E{Gu()3,(50) b = B {Gu(0)C,(50) | +0(1).

Using almost the same arguments in the proof of Theorem [2 we have

nzfm = ||En2||3, + 0,(1) N 1¢(s)]|?, which completed the proof.

S5 Proof of Theorem 4

Under global alternative, in the case of E(y | xs) # E(y | Bsxs) for any

Bs with rank dp, Bs converges to some Bg such that y = m(85xs) + €,
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where m(8sxs) = E(y | Bsxs). It is straightforward that E(e | xs) # 0
and E(e | Bsxs) = 0. In this case, by decomposing the empirical process

in a similar way, we still have

ni+nsg
L(s) = —ny'"? Y e;E{explis™x;s) | Bixs} + 0,(1),
j=ni+1
B am(BEXS) T /2 ni+nz .
n) = 5 [{ RIS x| n; 2 abwsisle o)

However, under the alternative hypothesis, E(e | xs) # 0. Consequently,

ni+nz

I3(s) = _1/ Z g;exp(is'x;s) = O(né/z).

Jj=ni+1

Then it is clear that (,,(s) — n;mE{s exp(is"xgs)} is of order O, (1) and

1Gas ()17 = mo| e exp(is™xs)|”

+ ny? {Cn2( ) —ny?Ee exp(z’sTxS)} E{eexp(—is'xs)}
1/2 1/2 o o
+ n, {CM(—S) — ny “Eeexp(—is XS)} Eeexp(is'™xs) + 0, (1) .

Substituting ,,(s) = I1(s)+1z2(s)+I3(s) into the above equation and simple

algebra yields that

1+|S|
COHSH S~

where 7, j,7 =ny +1,...,n1 + ny are ny independent copies of

Z1 = E{€1€2E(||XLS — X27$|| | ,6§X173) | X1,3,€1} (851)
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Similarly, we can have

1/2] B ot 2 ni+nsg
/||n2 2(s) Be exp(—is'xs)|* - _ S 7o to (@/2)7

1+]S]
ol
where Z3 j,7 =n1 4+ 1,...,n1 + ng are ny independent copies of
om(Bgxis) |
Ze = B\ vy [ € - :Bs)er (S5.2
? |:{ Ovecl(Byg) o|lx1,5 — Xa.5/l| a(x1,5:8s)e1 ( )

In addition,

2

/né/2 H {[3(8) - n%ﬂEa exp(isTXS)} Eeexp(—is™xg)

d
colls[[F1e °
ni+na2
- Z ZSvj + 017 (TL;/2> )
j=ni+1
Zsj,j =mni+1,...,n1 4+ ny are ny independent copies of
Zg = —€1E {€2||X17,5 — X273|| | les} - T (853)

Combining the above results together allows us to write

ni1+nz
Tn2 - T = 2n2_1 Z (Zlyj + ZQJ‘ + ZgJ) + Op (n;l/Q) .

j=n1+1
The asymptotic expansions in are averages of no independent
and identically distributed variables. The first part of the proof is completed
with the central limit theorem.

Under local alternative, y = m(8sxs) + C,,8(B%xs) + €, according to

the Proof for Theorem 1 of Zhu and Zhong | (2015) and similar to the proof
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for Lemma 3 of (Guo, Wang and Zhu (2016), we have

ni1+na

1/2,°5 —1/2
ny*(Bs —Bs) = n'" D alxjsiBs)e;

j:n1+1
+C,ny *Ea(xs; Bs)g(Bixs) + op(1).

With similar decomposition, we can easily obtain that

n1+n2

Li(s) = —ny? > {Ch8(Bix;s) + &5} E {exp(is'x;s) | Bsxjs} + 0p(1)

Jj=ni+1

— —ny°C,, E [g(BExs)E {exp(is™xs) | Bixs}]

ni+n2

—ny Y e B {explisgs) | Bxss} + 0p(1):
j=TL1+1
Similarly, we have
om(Bsxs) )" - .
L(s) = —C’mn;/zE |:{8VG(T53;))} exp(is XS)} E{a(xs; Bs)g(Bsxs)}
Om(Bsxs) }T . ] —-1/2 "R
—F | ——=2"2 1 exp(is™xs)| n a(xjs;Bs)e; + op(1),
|:{ 8vecl(ﬁ5) ( ) 2 j;_l ( J S)=7 p
ni+na
Is(s) = ny/*Co, B {g(Bixs) explis™xs)} + 150 Y &5 explis™;s).
Jj=ni+1
Particularly when C,, = ny Y2 if we denote Co(s) as a complex-valued

Gaussian random process with mean function

om(B5xs)
ovecl(Bg)

}T exp(isTxS)} E{a(xs; Bs)g(Bsxs) HS5.4)

E¢(s) = E{g(Bsxs)exp(is'xs)} — F [{

}T GXP(Z'STXS)}

and covariance matrix function cov{(y(s), (j(so)} being of the form (S3.1)),
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with almost the same arguments, ||¢,,(s)||? N 1Co(s)]|? as ny — oo, and

the proof of the second part is completed.

S6 Proof of Theorem 5

Similar to Meinshausen, Meier and Bithlmann (2009), we omit the limes
superior and the function min. Define 7(u) = B™! Zf;l I(p; < u). Re-
call that Q(v) = ¢, {pi/v;t=1,..., B}) which indicates {Q(y) < a} is

equivalent to {m(ay) > ~}. Then we have

P{Q(v) < a} = P{r(ay) > v} <y 'Ex(ay).

By the definition of (),
B
Yy Er(ay) = (yB)" Y P(pi < a),
i=1
Note that P(A C S;) — 1 and B is fixed, thus P(p; < ay | AC S;) = ay
and the first assertion hold.
Since p; is a random variable which follows the uniform distribution on
0, 1] conditioning on A C &;, then

QYmin «
E{ sup I (pi < ON)} = / Vrmind + / ar”'dr = a(l - log Yuin),
vE 0 @

('Yminal)

Ymin
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subsequently we have

E[ sup I{m(ay) > 7}} < a(1 — 10g Ymin),
YE(Ymin,1)

implying that

P[ [nf Q(7)(1 — 10g Ymin) < a} <a,
~E

'Ymin’l)

which completes the proof.
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