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The Supplementary Material includes a proof of Lemma 1 in Section S1 and additional

results from simulation studies in Section S2.

S1 Proof of Lemma 1

We prove that maximizing Lz(τ ) =
∫
f1(v1 + t) · · · f1(vn1 + t)f2(w1 + t) · · · f2(wn2 + t) dt

as a function of δ = µ2 − µ1 results in Equation (7).

Proof. Since f1 and f2 are normal densities with parameters (µ1,Σ
2
1) and (µ2,Σ

2
2),

Lz(τ ) = cn1
1 c

n2
2

∫
exp

[
−1

2

n1∑
i=1

(vi + t − µ1)
>Σ−11 (vi + t − µ1)

− 1

2

n2∑
i=1

(wi + t − µ2)
>Σ−12 (wi + t − µ2)

]
dt, (S1.1)

with c1 =
(
2dπd det Σ1

)−1/2
and c2 =

(
2dπd det Σ2

)−1/2
. Since the argument of the

exponential function in Equation (S1.1) is quadratic in t, we may complete the square

and write

Lz(τ ) = cn1
1 c

n2
2 Q

∫
exp

[
−1

2
(t− µ)>Σ−1(t− µ)

]
dt

= K(det Σ1)
−n1/2(det Σ2)

−n2/2Q det(Σ)1/2, (S1.2)
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where K is a constant not depending on any parameters, Σ =
(
n1Σ

−1
1 + n2Σ

−1
2

)−1
,

µ = ΣΣ−11

n1∑
i=1

(vi − µ1) + ΣΣ−12

n2∑
i=1

(wi − µ2), (S1.3)

and

Q = exp

[
1

2
µ>Σ−1µ− 1

2

n1∑
i=1

(vi − µ1)
>Σ−11 (vi − µ1) −

1

2

n2∑
i=1

(wi − µ2)
>Σ−12 (wi − µ2)

]
.

(S1.4)

Let us now focus on the expression µ>Σ−1µ contained inside expression (S1.4). Let

us define sv =
∑n1

i=1(vi − µ1) and Cv =
∑n1

i=1(vi − µ1)(vi − µ1)
>. Similarly, sw =∑n1

i=1(wi − µ2) and Cw =
∑n1

i=1(wi − µ2)(wi − µ2)
>. We may write

µ>Σ−1µ = s>v Σ−11 ΣΣ−11 sv + 2s>v Σ−11 ΣΣ−12 sw + s>wΣ−12 ΣΣ−12 sw

= Tr
(
Σ−11 ΣΣ−11 svs

>
v

)
+ 2Tr

(
Σ−11 ΣΣ−12 sws

>
v

)
+ Tr

(
Σ−12 ΣΣ−12 sws

>
w

)
(S1.5)

and therefore

Q = exp

{
1

2
[Expression (S1.5)] − 1

2
Tr
(
Σ−11 ΣΣ−1Cv

)
− 1

2
Tr
(
Σ−1ΣΣ−12 Cw

)}
. (S1.6)

We may now simplify this expression for Q using the identities

n1Cv − svs>v = n1

n1∑
i=1

(vi − v)(vi − v)>, (S1.7)

n2Cw − sws>w = n2

n2∑
j=1

(wi −w)(wi −w)>, (S1.8)

n2Cv + n1Cw − 2svs
>
w =

n1∑
i=1

n2∑
j=1

(vi −wj + δ)(vi −wj + δ)> (S1.9)
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and the fact that Σ−1 =
(
n1Σ

−1
1 + n2Σ

−1
2

)
. We obtain

Q = exp

{
−1

2

[
n1

n1∑
i=1

(vi − v)>Σ−11 ΣΣ−11 (vi − v) + n2

n2∑
j=1

(wj −w)>Σ−12 ΣΣ−12 (wj −w)

+

n1∑
i=1

n2∑
j=1

(vi −wj + δ)>Σ−11 ΣΣ−12 (vi −wj + δ)

]}
. (S1.10)

Since only the third term of Q contains δ, we may use straightforward differentiation to

maximize the logarithm of Equation (S1.2) as a function of δ, for fixed Σ1 and Σ2, at

δ̂ = w − v. Substituting

(vi −wj + δ̂)(vi −wj + δ̂)> = (vi − v)(vi − v)> + (wj −w)2(wj −w)>

− (vi − v)(wj −w)> − (wj −w)(vi − v)>

into expression (S1.10), and noting that summing the final two terms over i and j makes

them disappear, we obtain

Q̂ = exp

{
−1

2

[ n1∑
i=1

(vi − v)Σ−11 Σ(n1Σ
−1
1 + n2Σ

−1
2 )(vi − v)>

+

n2∑
j=1

(wj −w)(n2Σ
−1
2 + n1Σ

−1
1 )ΣΣ−12 (wj −w)>

]}

= exp

{
−1

2

[ n1∑
i=1

(vi − v)Σ−11 (vi − v)> +

n2∑
j=1

(wj −w)Σ−12 (wj −w)>
]}

. (S1.11)

Furthermore, we may verify that

(det Σ1)
−n1/2(det Σ2)

−n2/2 det(Σ)1/2 =
[
(det Σ1)

n1−1(det Σ2)
n2−1 det(n1Σ2 + n2Σ1)

]−1/2
.
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Thus, the value of Lz(τ ), maximized over δ, may be written as

K
[
(det Σ1)

n1−1(det Σ2)
n2−1 det(n1Σ2 + n2Σ1)

]−1/2
exp

{
−1

2

[ n1∑
i=1

(vi − v)Σ−11 (vi − v)> +

n2∑
j=1

(wj −w)Σ−12 (wj −w)>
]}

,

which proves the lemma.

S2 Additional results from simulation studies

Figure 1: Box plots of 500 parameter estimates, each resulting from a sample of size n = 100 from
Model I. The competitors are our main proposal, labeled MC, using both B = 100 and B = 500; the
unconstrained EM algorithm initialized with estimates produced by MC, labeled MC and Full, again
using both B = 100 and B = 500; the constrained EM algorithm of Ingrassia and Rocci (2007), labeled
Constr Full; the doubly smoothed algorithm of Seo and Lindsay (2010), labeled DS, using both h = 0.01
and h = 0.1; and our alternative approach from Section 6, labeled DS-MLE.
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Figure 2: Box plots of 500 parameter estimates, each resulting from a sample of size n = 100 from Model
II. The algorithm labels are explained in Figure 1.
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S2. ADDITIONAL RESULTS FROM SIMULATION STUDIES
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