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A CLASSICAL INVARIANCE APPROACH TO

THE NORMAL MIXTURE PROBLEM
Monia Ranalli, Bruce G. Lindsay, and David R. Hunter
Pennsylvania State University

The Supplementary Material includes a proof of Lemma 1 in Section S1 and additional

results from simulation studies in Section S2.

S1 Proof of Lemma 1

We prove that maximizing L,(7) = [ fi(vi+1t) - fi(vy, +1) fo(wi +t) -+ fo(w,, +1)dt

as a function of § = p, — pq results in Equation (7). [In thepaperthis
equationis

indicatedas(3.3)
Proof. Since f, and f, are normal densities with parameters (g;, 3:) and (g, X3),

1 o
La(r) = e fo [‘5 Sotvitt—p) B vt )

=1

1 & _
-5 D (Wit t— ) By (Wit — ) | dt, (S1.1)
=1

with ¢ = (2d7rd det El)_l/Q and ¢y = (2d7rd det 22)_1/2. Since the argument of the
exponential function in Equation (S1.1) is quadratic in ¢, we may complete the square
and write
ni n 1 Ty —1
Ly(r) = ' y?Q [exp | =5 (t — p) BT (¢ — ) | dt

= K(det 31)""/%(det £,)7"2/2Q det(X)"/?, (S1.2)
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where K is a constant not depending on any parameters, 3 = (m PN angl)fl,

p=3X%7 Z — ) + %5 Z — ), (S1.3)

and

1 ~ 1« ~ 1 ~
Q = exp §NTE s Z(Vz‘ — ) SNV — ) — 2 Z(Wz’ — ) "5 (W — )
(S1.4)

Let us now focus on the expression g’ X'y contained inside expression (S1.4). Let
us define s, = > (v; — py) and C, = > (v; — py)(vi — py)". Similarly, s, =

S (wi — py) and Cyy = 310 (w; — py)(w; — py) T We may write

pw'E =821 E% s, + 25 2SS s, s B BN s,

=Tr (B7'2%1 s, ) 4+ 2Tr (27183 'sys, ) + Tr (3,835 ' sus,,)  (S1.5)
and therefore
1 } 1 -1 -1 1 -1 -1
Q) = exp §[Expre5310n (S1.5)] —ETr (='zx2"'c,) —§Tr (=7'2%,'Cy) ¢ (S1.6)

We may now simplify this expression for () using the identities

ni

mC, — 8,8, =n1 Yy _(v; —0)(v; =), (S1.7)
=1
n2Cly — 8,8, =1z ¥ _(w; —W)(w; — W), (S1.8)
j=1
nyCy +n1Cy — 28,8, ZZ v, —w; +6)(v; —w; +6)" (S1.9)

=1 j5=1
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and the fact that X' = (nlEfl + n22§1). We obtain

n2

Q:exp{—%{nli(vi—v) 20E (0 - 0) Y (wy - W) E, 'S8 (w; — )
i=1 Jj=1

ny n2

3N (- w; + 8) ST (v wj+5)]}. (S1.10)

=1 j=1

Since only the third term of @) contains d, we may use straightforward differentiation to

maximize the logarithm of Equation (S1.2) as a function of 4, for fixed ¥; and X, at

~

d = w — v. Substituting

(v —w; + 6)(vi —w; +8)" = (v; = V) (v; = ¥) " + (w; — W)*(w; —w)"

T

— (vi =) (w; )" — (w; — W)(v;: — D)

into expression (S1.10), and noting that summing the final two terms over i and j makes

them disappear, we obtain

ni

Q :exp{—% {Z(’UZ — E)Eflz(nlﬁfl + n2251)(vi — E)T

i=1

+Z W) (ne Xy + m I (w, —w)TH

_ exp{—% [i(vi S B S () )5 w, m)q } (SL.11)

i=1 j=1

Furthermore, we may verify that

(det 21)_711/2(de)G 22)_n2/2 det(2)1/2 - [(det 1) (det 3p)" 7 det(ng 3o + nng)} o
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Thus, the value of L,(7), maximized over §, may be written as

K [(det 2 (det Xp)" 7 det(ng 2y + ns31)] e

{3 [S 0 -9 -0+ §<wj ~ )% ;- w)" |}

i=1

which proves the lemma.

S2 Additional results from simulation studies

Figure 1: Box plots of 500 parameter estimates, each resulting from a sample of size n = 100 from
Model I. The competitors are our main proposal, labeled MC, using both B = 100 and B = 500; the
unconstrained EM algorithm initialized with estimates produced by MC, labeled MC and Full, again
using both B = 100 and B = 500; the constrained EM algorithm of Ingrassia and Rocci (2007), labeled
Constr Full; the doubly smoothed algorithm of Seo and Lindsay (2010), labeled DS, using both A = 0.01
and h = 0.1; and our alternative approach from Section 6, labeled DS-MLE.
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Figure 2: Box plots of 500 parameter estimates, each resulting from a sample of size n = 100 from Model

II. The algorithm labels are explained in Figure 1.
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