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The Supplementary Material contains detailed proofs of Theorem 1, Theorem 2, and Theorem 3.

1. Two Lemmas

To establish the claimed theoretical results in Theorems 1, 2, and 3, we need the following two lemmas. We

provide proofs of the two lemmas in this section.

Lemma 1. For the n dimensional standard normal random vector Z = (Z1,...,Zn) € R™, and n x n di-
mensional symmetric matric M = (my;). If there exist some constants Civ > 0 and Cy > 0, such that
Amax(M) < C1, and n_ltr(Mz) > Co, as n — 00, where Amax(M) denotes the biggest eigenvalue of M, we

have {ZTMZ - tr(M)}/tr% 2M?) L N(0, 1).

Proof of Lemma 1. Denote the eigen values of M by A1, A2, -+, An. We find by a spectral decompo-
sition of M as M = QTdiag(Al,)\g,--- ,An)@ where the column vectors of @ are the eigenvectors of M,
and they are orthonormal. Further, if U = QZ, we know that U is a standard normal random vector,
and R = Z" M7 = A X\:U? is the sum of these independent variables. From easy calculations, we have
E(R) = 3" A = tr(M), and Var(R) = 237 | A\? = 2tr(M?) that is bounded below by 2nC>. Mean-

while, we have " E(\U? — Xi)* = E(UF — 1)*tr(M*) < E(Uf — 1)* - nCt. This leads to Y. E(\U;? —



X))/ [Var(R)]? < EUE —1)*-C1/(4nC3) — 0, as n — oo This verifies the Lyapunov condition, and the

Central Limit Theorem immediately leads to Lemma 1.

-
Lemma 2. (Asymptotic normality of the estimation equation) Denote d¢(0)/df = ((d((@)/dﬁ)T, de(e)/dp, dé(@)/dorQ) .
Assuming conditions (C1) and (C2), we have n”~*/? . d¢(6)/d6 N N(0,A), where A is defined in the following

proof of this lemma.

Proof of Lemma 2. From easy calculations of the first derivative of £(6), we obtain the estimation equation,

with its components specified as

o) 1
B ;XTQ(/))(YI - X18),
dil(pe) = %tr [Q(p)le(p)] - ﬁ(Y1 - X18) T Q(p) (Y1 - Xu8),
o) 1 n
o7 = (Y1 —Xi8) Q) (Y1 - XuB) — 5.

The components of the estimation equation are linear or quadratic functions of the multivariate standard
normal vector 21_1% (Y; — Xy5). Under conditions C1 and C2, we derive the asymptotic normal distri-
bution of n~"/ d0(h)/d# from the central limit theorem for linear-quadratic functions. We can see that
E[dé(&)/dﬂ] = 0. Denoting £1;% (Y1—X18) by Z = (Z1,- - , Zn) ", we have E[de(a)/dp] = tr [Q(p)*ls‘z(p)]/zf
E[ZTzéQ(p)zéz] /(20%) = 0 and E[de(e) /402] = —n/(20°)+E(Z" Z)/(20°) = 0. Thus, the estimation equa-

tion n~*/2d¢()/d6 is unbiased, and its covariance matrix is E[(dﬁ(@)/dﬁ) . (dZ(@)/dHT)] /m, which is equal to

dzz(e)]
dodeT |’

the (p+2) x (p + 2) symmetric information matrix A, = —n_lE[
To derive the asymptotic covariance matrix of n71/2d£(9)/d0, we first denote Hy; and Hs as H; =
[40(WA Waa+ W3l Waa) =2(W3+Wi2) | T3 (p) and Ha = T3 (p) |~ (W Waa) + 20 Wik Wiz + Wb Wa2) | 755 (p),

respectively. Then, we consider A, = [An11, An12, An13; An21, An22, An2s; Ansi, Anse, Anss], and calculate each



of its components, respectively

Anis —n_lE[;l;fl(Z_?_] (no?) I XTQ(P)Xs — Au,

Atz = —n—lE[‘géé?] = (no®) B[] Qo) (11 ~%15)] = o0,

Anis = —n IE[Z;@@] = (no")'E[X] (V1 - X18)] = 0,

Aoz = —n B[ D] = o) n[(@ (20?2 x93

+(2n0”) B[(V1 = X18) Qo) (V1 - XaB)| = @n) (@7 (0)00)°] = Az,

2
Anzs = _"_IE[ZUEQ((?;] = —(2n04)_1E[(Y1 —X18) " Q(p) (Y1 — Xlﬁ)] — Ass,
2
Aosa = =1 B[] = —(204) 7+ (n0*) B[V - KB) TS (V1 - X)) = (20%)
where Q(p) is defined as
Qp) = H [2P(W1T2W12 + Wi Wa2) Y25 (p) Tau(p) — (Wa + Waz) Yo (P)Tm(P)}

+ H [(WJ2  Wat) — p(Wih Wit + WahWar) — (Wi Wiy + WJQWQI)]
T T T T —1
+  2(Wi Wit + Wy War) — 2(Wyy Wi + Wy Waa) Yo, (p) T21(p)

— [PV Wi + WA W) — oW} + Wiz)| D(p).



The quantity D(p) in (p) is specified as

D(p) = —2pY25 (p) (W12 Wia + Wab, Wa1) Y23’ () [Zp(WFQWn + W Wai) — (Wia + Wm)]
+ 20755 (0) (WiaWaa + Waa War) HaY21(p) — Y35 () (Wah + Waz) Ha Y1 (p)
= Y23 (p) (Wil - W) Y (0) | 20(Wi2 Wi+ WahWar) = (Wi + W)
+ H, [2,)(14/1T2W12 + Wy Waz) — (Wap + Waz) Yy (p)Tzl(p)]

+ Ha [(W)h + War) — 2p(WiWan + Wik Wan) .

Moreover, note that Ans1 = An1s and Aps2 = Anas. This leads to the specified asymptotic variance matrix of

n'2d0(0)/do as

A1 0 0
A= nlglolo An = 0 Az Ags
0 A2z Ass

This completes the proof of Lemma 1.

2. Proof of Theorem 1

Our proof of Theorem 1 includes two steps. We show the /n— consistency of 6 in step 1 and then prove the
limiting normal distribution of the estimator in step 2.

Step 1. To show the v/n—consistency of 6, we first show that there exists some constant C' > 0, such that

sup (0 4+n"Y?t) < €(0), (1)
lltl=c

with a probability tending to one, as n — oo, and t € RP*2. We obtain (m) by Taylor’s expansion 0f€(0+n71/2t),



which leads to

—12,7d0(0) 1,7 d%0(0)
n” V% L 4 (2n) T a0

Rn(0) = £(0+n""?t) —4(0) = 70

t+ op(1). (2)

From Lemma 1, we know that n~/2d¢(0)/d0 = O,(1). On the other hand, by the law of large numbers,

. d20(0)

we obtain n 20407

= —A, + 0p(1) = —A, which is a negative definite matrix. Thus, the second term of
(E), which is quadratic and negative, would dominate the first term, which is linear, for a sufficiently large
C. We have (m) with a probability tending to one, as n — oco. From the convexity of £(), this leads to
sup ¢ £(0 + n~Y/2t) < €(0) with a probability tending to one, as n — oo. Note that £(f) is maximized at 0,
implying that 0 lies in the ball {§ + n~ /2t :|| u ||< C}; that is, || 0 [|= Op(n~/?).

Step 2. We next prove Theorem 1 through a routine Taylor expansion of the estimation equation

d0(9)/d = 0 at the true value of 6, which easily leads to

. [_ 1d2£(5)]1\1fd€%9)
n df ’

V(0 -0) = n dOdoT

with 6 lying between 6 and 6. To derive Theorem 1, we have only to show that

1 d2¢(6) 1 d%¢(0)
wdédoT — nagaer oD (3)

Finally, we consider each block of the two related matrices, respectively. First, we show that

1 d*0(6) 1 d*0(0)




Denote d*Q(p)/dp® by €. By the mean value theorem, we have

O(p) = p) + () (5 — p) (5)
QPO = 27 ) + 07 D) [1- P PR (5 - ), (6)
[ p)0m)] = [ e + 2{9-1@) [1- a0 ()] Q(ﬁ)}(ﬁ ), (7)

with p lying between g and p. Then, we obtain

. d2e0 _,d2e0 _
Lo = nt dp(Q)_n ! dp(2) = (2n) !

w{o (p)0m)} - tr{ﬂ—%mmmf]

—(2n)7" [tr{ﬂ‘l(ﬁ)ﬁ(ﬁ)} — {27 (0)SX(p)}

+(2n) (677 =0 TH)(Ya = XaB) TQ(p) (Y1 — Xu )

+(2n0®) (Y1 = XaB) TQ(B) (Y1 — XiB) — (Y1 — X B) TQ(p) (Y1 — X4 8)

= Ln11 + Lni2 + Ln1z + Laia.

Because n~! [Qfl(ﬁ)fl(ﬁ) — Qfl(ﬁ)Q(ﬁ)Qfl(ﬁ)Q] = Oyp(1), we know from (H) that L,11 = 0p(1). Similarly, we

have Lp12 = 0p(1) from (E)



For L,i13, we have

Luis = (20) '3 = 07 ?)(Y1 = XuB) T p) (Y1 — Xu)
+2n) (e =0T (B - p) (Y1 = XuB) TG (p) (Y1 — X )
— @) 62 = 0B - B)TXT U p) (Y1 — Xu)
(572 =0 (- p)(F — ) XTG(R)(YV: — Xaf)
— @) E = 0T = X)) (Y1 — Xa )
— @) TN E = 07— (Y1 = XaB) TG (R) (Y1 — Xa )

+(2n) N6 = A)(B - B) X Qp)X1(B - B)

+2n) (3 =0 ) (B - p)(B - B) X[ (P)Xa(B - B).

Ln1s is 0p(1) because (Y1 — X18) " Q(p) (Y1 — Xi8) = Op(1), ™' (Y1 — Xu8)TQ(p) (Y1 — X1 8) = Op(1),

n~IX{ Q(p)X1 = 0,(1), and n'X{ ((5)X1 = Op(1). A similar calculation implies that L,i1a = 0,(1). Then,

2904 2
Ln1 = 0p(1) and other blocks of n™" 392(90_2 —n! 592596'2 are also op(1). Thus, (E) holds, and this with Lemma
2 leads to Theorem 1.
3. Proof of Theorem 2.
We first denote the Ith row of Y5, (p) by T;;,l(p), forl =1,--- ,N —n. By a routine calculation, we divide

the difference Yn_,.l — Y, 4 as follows:



Yn+l - Yn+l
= Xnu(B=B) = Y321 (A) Y21 (p) (Y1 — X1 8) + Yoz, () Y21 (5)X1 (B — B) — Ve
= B(VaralV1) = Vars + [ X0t + Ty () T ()% | (B - B)

+ [ T2 T21(5) = T (0) o () | K1 (B = B) = [T (9) T (5) — Yy () Y1 ()| Vi

= BVt V1) = Vst + [ Xt 4+ T34 (0) T (0): | (B = )
+ [dT21(5) fdp - Ta1 () + Y21 (5)d Y21 (p) /o | X (B = B) (5 — )
= (a1 () /dp - To1(p) + Y ()T 1 (p) /dp| Vi (5 — p)

= E(Va41|V1) = Vagi + Lno21 + Lnoa + Lyos.

From Theorem 1, we have

and

p—p=0,(n"%). (9)

Moreover, note that their corresponding coefficients in Ln21, Ln22 , and Lyas are all Op(1), we have Lo =
Op(1),7 = 1,2,3. This leads to Yn_H —Yat —a E(Vosi|V1) — Vigy. Additionally, Vi and V,,4; are nor-
mally distributed, and hence E(V,4:|V1) — V,q; is normally distributed. Theorem 2 follows by stating

2
D = E[E(Vn+l|V1) - Vn+l] . This completes the proof.



4. Proof of Theorem 3

By a routine calculation, we have

VN(in — ) =N F1R(XB— p) + N Z1IEV + N 2 1%, X5 (3 — B)
~NTF1L_, [Tz?zl(ﬁ)Tm(ﬁ) - Ty (P)Tm(P)]Vl
N7 Y5 ()Y () Vi~ NTE 1L, Ve
+NTEIL, [T;;(ﬁ)Tzl(ﬁ) ~Ta (p)Tzl(p)]Xl(B —h)

+ NN, Y5 () T (0)Xa (B — B)

= NTRRXB - )+ N AR [Xe + 1o (0) Tar ()% | (B - B)
+ N3 [11 - 1E7nT521(p)T21(P)]V1
— N 7B 405 () dp - Y1 (9) + T2 (9)d Y21 () ] Vi (5 — p) (10)

+ N 7B [d05) () /dp - To1(5) + T ()T (p) /dp| X0(B = B) (5 — )

5
= E L3n;.
i=1

. -1
Moreover, from Theorem 1, we have f — 8 = [XIQ(p)Xl] X{ Q(p)V1 + 0p(1), and jp — p is independent of

_1
31,2 V1. Thus, we obtain

Loy = U [ Ko + T2 ()T 0% [T 02015 KT 200V + 05 (1), )



10

With (E) and (E), we have

Lsni = o0p(1),

for ¢ =4 and 5. Combining (@),(@), and (@), we get

TR — ) + = [L] — LR Y5 () o) 1

VN(iin — p)

VN VN

+ﬁ1;—n [x2 + Ty (p)Tm(p)Xl] [Xfﬂ(p)xl} 71X1TQ(p)V1 +0,(1)
- 7}1%&5 )+ ﬁﬁ (17 = 120 T2 () T (o) Vs

VIR [ T ) (0] (KT 2005 0 +0,(1)
= %1}@5 — )+ %\/’7‘[12 — 1N Yo (0) Y21 (p) + B] Vi + 0(1)
4 N(0,9).

Thus, Theorem 3 follows from (@) This completes the proof.

(12)

(13)



	Two Lemmas
	Proof of Theorem 1
	Proof of Theorem 2.
	Proof of Theorem 3

