SUPPLEMENTARY MATERIAL

Online Supplementary:
(doi: COMPLETED BY THE TYPESETTER; .pdf). The online supplementary ma-
terial contains the detailed proofs of Theorem 2.1 and some useful lemmas. The long

detailed steps are in section 6 and the lemmas are postponed to section 7.
6. Detailed Steps of the Proof of Theorem 2.1

6.1. Preparation stage: The preparation stage consists of truncation approxima-

tion, m-dependence approximation and blocking approximation.

6.1.1. Truncation approximation: Truncation approximation is necessary to allow

higher moments manipulations. For b > 0 and v = (v, ...,v4)" € RY, define
Ty(v) = (Ty(v1), . .., Ty(va))", where Ty(w) = min(max(w, —b), b). (6.1)

PROPOSITION 6.1.  Assume Condition (2.A). It is possible to choose a sequence

t, — 0 slow enough such that we have

I
max |S; — S®| = op(n'/?), where S = Z[Ttnnl/p(Xi) — ET, 1»(X;)].  (6.2)

1<i<n
i=1
PROOF. of Proposition 6.1. We introduce a very slowly converging sequence t,, — 0

based on the uniform integrability condition (2.A). For every t > 0, we have

| X

trn/p

1
sup t_pE(|Xi|p1\Xi\>tn1/P) = 0 and nsup £ min( ,1) > 0asn— o0, (6.3)
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where v > p. The second relation follows from Lemma 7.1. Clearly (6.3) implies that

| X|”

tin/p’

1
sup t_pE(lXi’pl\Xibtnnl/p) + nsup E min( 1) - 0 as n — oo, (6.4)
holds for a sequence ¢, — 0 very slowly. Without loss of generality we can let

tnloglogn — oo (6.5)

since otherwise we can replace t, by max(t,, (loglogn)~/?) (say). The truncation

operator T}, in (6.1) is Lipschitz continuous with Lipschitz constant 1. Let

l+c l+c
Rc,l = Z XlGB = Z [T;fnnl/P(Xi) - Ejjtnnl/P(Xl’)]' (66)
i=14c i=14c

By (6.4), we have P(max;<, |S; — 23:1 T, win(X;)] =0) = 1in view of
1
sup P (1X;| > t,n'/?) < sup ?E (1571 (1X5] > tnnl/p)) =o(1/n).
J i Nn
Also by (6.4), maxj<, |E(X; — T, ,1»(X;))| = o(n'/P~1). Hence (6.2) follows. O

6.1.2. m-dependence approximation: The m-dependence approximation is a very
important tool that is extensively used in literature; see for example the Gaussian
approximation in Liu and Lin (2009, [13]) and Berkes, Liu and Wu (2014, [2]). For
a suitably chosen sequence m, we look at the conditional mean E(Xj|e;, ... € _m).
This gives a very simple yet effective way to handle the original process in terms of

a collection of ¢;’s. Define the partial sum process

l4+c
R.y= Y Xj, where X; = E(T} ,un(X))l€), .. €jom) — E(T,, (X)), (6.7)
i=14c



Write Ry; = S;. From Lemma A1 in Liu and Lin (2009, [13]), we have

| fglag; |SlGa - Sl|||7" < Crnl/zgl-&-m,r' (6.8)

The proofs in [13] are for stationary processes. Since our ¢, in (2.1) is defined in an

uniform manner, the proof goes through for the non-stationary case as well. Assume
n'/?71rQ,, . — 0. (6.9)

By (6.8) and (6.9), we have n'/" convergence in the m-dependence approximation

step

max |S® — S;| = op(n'/"). (6.10)

1<i<n

6.1.3. Blocking approrimation: Towards the blocking approximation, we approx-

imate the partial sum process S; by sums of A; where, for j > 0,

(2koj+2ko)m
A= Y X, where kg = [67,/\] +2. (6.11)

i=2jkom—+1

To this end, we will need the following two conditions, for some v > p,

n'=/rm)/27 0, (6.12)

nt/e=t N g, (6.13)

j=m-+1



We now define functional dependence measure for the truncated process (7, ,,1/»(X;))i<n

as
5;9[ = Sup ”Ttnnl/p(Xi) — j—jtnnl/p<Xi’(i7j))Hl, Where l Z 2.

Similarly, define the functional dependence measure for the m-dependent process

(X;) as
0ju = sup 1X; — Xi =l
For these dependence measures, the following inequality holds for all [ > 2:
0ju < 65, < b5, (6.14)

We now proceed to proving Proposition 6.2, the blocking approximation result. As
mentioned in the main text, we need to assume conditions (6.12) and (6.13) for
this step. The almost-polynomial rate of m sequence as mentioned in (6.15) is also
assumed.

Remark: We need another condition for the blocking approximation (see (7.2) in
the proof of Lemma 7.3). However, we skip it here and choose m and ~ such that
conditions (6.9), (6.12) and (6.13) are met. These will automatically imply this fourth
one in view of (2.3).

We assume an almost polynomial rate for m sequence: for some 0 < L < 1,

m=[n"t], 0<k<(y—p)/(/2-1). (6.15)



)

PROPOSITION 6.2.  Assume (6.12) and (6.13) for some vy > p. Moreover, assume
(6.15) for the m sequence and (2.3) for the decay rate of ©,;, with some A > ~/p.

Then

1<i<n

ai
max |S; — S?| = op(n'/"), where S¢ = ZAj’ ¢ = |i/(2kom)]. (6.16)
j=1

PROOF. of Proposition 6.2: Let S = {2ikom,0 < i < gu}, ¢p = (n'7/rm/2=1)1/(27),

Then
[/ (2kom) ] n
D _ . > 1/'!’ < », > 1/'!‘
Pl 2 Az o™ | gpmmaeP( g Reil 2 6an')
J:
E(maxi <j<okgm | Red|")
< == — =0(9)
- nr?EE}SX 2komein/ 092,
from the assumption (6.12) and Lemma 7.3. Since ¢, — 0, (6.16) follows. O

Summarizing (6.2), (6.10) and (6.16), we can work on Sf in view of

max |S; — S?| = op(n'/"). (6.17)

1<i<n

In the next two subsections we shall provide details of the arguments for steps
mentioned in sections 4.2 and 4.3. section 6.2 presents the conditional Gaussian
approximation, where we shall apply Proposition 6.3 stated in section 7. section 6.3

deals with unconditional Gaussian approximation and regrouping.



6.2. Conditional Gaussian approximation: The blocks A; created in (6.11) after
the blocking approximation are weakly independent; except they share some depen-
dence on the border. In this subsection, we look at the conditional process given the
¢; the blocks share in their borders. Demeaning the conditional process, we apply
the Proposition 6.3 for the Gaussian approximation. For 1 < i < n, let H; be a

measurable function such that
Xi = E[Z‘(Ei, . 7€i—m)~ (618)
Recall Proposition 6.2 for the definition of ¢;. Let ¢ = ¢,,. For j = 1,... ¢, define

A2koj = {0(2koj—1)m+1s - - - G2kojm | Nd a = {. .., o, Aoky, Qaky, - - - }-

Given a, define, for 2kojm + 1 < i < (2koj + 1)m,

Xi(onyj) = -Hi(eiu ey E9kgimets 2kgjms - - - » Biem)

and for (2koj + 2ko — 1)m + 1 < i < (2koj + 2ko)m,

Xi(d2koj+2ko) = Hi(aia oy A(2kgj+2kg—1)m+15 €(2kgj+2ko—1)ms + - + €i—m)-



Further, define the blocks as following,

(2koj+1)m

Fyj1(aoneg) = Z Xi(ky;), (6.19)
i=2kojm+1
(Qkoj-‘rk‘o)m (2koj+2ko—1)m

Fijio = E Xi, Fijpz= E X,
i=(2koj+1)m+1 i=(2koj+ko)m+1
(2k0j+2k0)m

Fyjya(Qongjron,) = ) Xi(Gangjtary)-
1=(2koj+2ko—1)m+1

Similarly, for j = 1,...,q, define
19%0]- = {€@koj—1)m+1,- - - » €2kgjm } and ¥ = {. .. 00, Vaky, Vags - - - }-
Recall A; from (6.11). We have
Ajir = Fui1(Dargs) + Fajoo + Fujus + Fajra(Dongjron)-
Define the mean functions
Ayjy1(@orys) = B (Faji(@args)) and Agjra(@orgjrory) = B (Fajra(@orgjvan));

where E* refers to the conditional moment given a. In the sequel, with slight abuse
of notation, we will simply use the usual F to denote moments of random variables

conditioned on a. Introduce the centered process

Yi(Qokj» Qokojrokg) = Fliajy1(@ory) — Aaj1(@orgs) + Fajpo (6.20)

+Fyjis + Fujra(@orgjrone) — Majra(@orgjtorg)-
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Following the definition of S, we let
g;i—1
Sifa) = Z Y (Gakgs, Gokgjt2ko)-
=0
The mean and variance function of S;(a) are respectively denoted by
qi—1
Mi(a) = Y [Aajir(@2roj) + Majral(zrgsian,));
§=0
q;i—1
Qi(a) = D Vi(@nkes, Gonojton),

Jj=0

where V(@agyj, Gokgj+2k) 18 the dispersion matrix of Yj(@og,;, Gakyj+2k,)- Define

Vio(azky;) = E(Fij—2Fy_ 4+ Fiy1F_y) + Var(Fyj_1 + Fij(aon;) — Maj(asn;))

+Var(Fui(Gore;) — Maji1(aongg) + Fajyo)- (6.21)

Note that, the following identity holds for all ¢:

t t—1
> Vil@okyg, Garjan) = L(@0) + > Vio(azkys) + Unl@anot 2k, ) (6.22)
=0 j=1

where L(ag) = Var(Fi(ag) + F») and
U1 (Gorgt) = B(FyyoF}, \+Fy 1 F} )+ Var(Fy 1+ Fy(Gogg) — M (Gorgr) ). (6.23)

Define
q—1

Lz = Z E(|Y}(Qokyj, Gokgj+2k)|7)-

J=0



9
In the sequel, we suppress Y;(Gokj, Q2kgj+2k0 ), }/j(&?koja §2k0j+2k0), Vi(@2kyj, Qokgi+2ko )
Vio(@2kj ), ‘/j(1§2k0j,7§2k0j+2]{;0> and ‘/}0(792]{;0]‘) as just Y}“,Yjﬁ, Ve Vi, Vf and V;% re-
spectively. We apply Proposition 6.3 to the independent mean zero random vectors
vy
Proposition 6.3 concerns Gaussian approximation for independent vectors. There
are several types of Gaussian approximations in literature for independent vectors.
We find the following result by Gétze and Zaitsev (2008, [10]) particularly useful

since it provides an explicit and good approximation bound for the partial sums.

This has been used several times in our proof.

PROPOSITION 6.3. Let &,...,&, be independent R%-valued mean zero random
vectors. Assume that there exist s € N and a strictly increasing sequence of non-
negative integers ng = 0 < m < ... < ns = n satisfying the following conditions.

Let

Ck :§Uk71+1+"'+£77k7 VC””(Ck) = Bk, k= 1,...,5

and L, = 2?21 E(&]7), v > 2, and assume that, for allk =1,... s,
C’le § p*(Bk) S p*(Bk) S CQ’LUZ, (624)

where w = (L,)Y/7/log* s, with some positive constants Cy and Cy. Suppose the
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quantities
s

My = Y EIGIY k=15,

J=nk—1+1

satisfy, for some 0 < e <1 and constant Cj,

Csd"?s5¢(log* 5)7F max A\, < L. (6.25)

1<k<s
Then one can construct on a probability space independent random vectors X1, ..., X,
and a corresponding set of independent Gaussian vectors Yy, ..., Y, so that (Xj);-‘zl 2

(&)=, E(Y;) =0, Var(Y;) = Var(X;),1 < j <n, and for any z > 0,

¢ t
_ ; —
P (r&agdZ;Xz ZY’| > z) < CuLyz77.

i=1

where C, is a constant that depends on d,~,Cq,Cy and Cj.

We need to find a suitable sequence 7, that allows us to get constants C,C5 in
(6.24) and C3 in (6.25). There are roughly g = n/(2kgm) many Y;* random variables.

Define

= [¢*"/log?q]. (6.26)

To apply Proposition 6.3, we choose the sequence n, = kl and s =< ¢/l. This choice

is justified by proving the following series of propositions.



11

PROPOSITION 6.4. Recall A\, and A; from (2.B) and (6.11) respectively. There

exists a constant o > 0 such that
2\ + O)kom < p.(Var(Ay) < p*(Var(A;)) < [|A;|2 < 2kgmZ,.
PROPOSITION 6.5.  We can get positive constants ¢; and co such that for all j,
aim < p(Var(Y))) < p*(Var(Y)) < E(]Y]]?) < eam, (6.27)
PROPOSITION 6.6.  For [ in (6.26), there exists constant cs such that,
t—1 t—1

P | max |Var Z Y| - E|Var Z Y | > cslm | — 0.

t=t=af J=(y J=

PROPOSITION 6.7.  We can get constants ¢4 and c5 such that

P(c4q2/7m < (Li)Q/V < c5q2/7m) — 1.

PROPOSITION 6.8.  Choose ny, = kl with | being defined in (6.26). Then we can
get Cy and Cy such that (6.24) is satisfied. Moreover, with | in (6.26), we can get Cs

such that (6.25) holds.

Thus, we use Proposition 6.3 to construct d-variate mean zero normal random vectors

N]‘»l and random vectors Ej“ such that

a D ~yra ay __ a .
Ef =Y and Var(N}) = Var(Y}), 0<j<q-1,



12

q;i—1 q;i—1

Lo
a a i a __ a a __ a
P, (lrgag};mz - Df| > COZ) < Cz_v’ where I = EO EY, Df = EO Ni (6.28)
J= J=

and C'is a constant depending on v,cy,...,c; and C5. These constants are free of
a. We can create a set A with P(A) — 1 so that a € A implies the statements
in Proposition 6.7 and Proposition 6.6 hold. Putting z = n'/" above in (6.28), by

Lemma 7.3 and the restriction (4.6), we have, as n — oo,

E(Ln ™) < —Le max B(| Roggm[") = O/ m?27) 0, (6.29)
ny/m c ’

using
E(|Y;(Daro, Dakojrawo) ") < ¢ max B(| Regigm|") = O(m/?).
Hence, conditioning on whether « lies in A4 or not, from (6.29) we obtain,

max [ITY — DY| = op(n'/"). (6.30)

1<n

6.3. Unconditional Gaussian approrimation and Regrouping: Here we shall work

with the processes ITY, ¥ and DY. Note that, Vjo(dax,;) defined in (6.21) is a function

(3

of ¥ and might not be positive definite in an uniform fashion. For a constant 0 <
0s < Ay, let

Vio(@zke;) if pu(Vig) 2 dum,
Vir(aany;) = (6.31)

(0.m)Iy  otherwise,
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which is a positive-definitized version of Vjo(@ggk,;). The following proposition shows

that partial sums of Vjo(aak,;) and Vji(aak,;) are close to each other.

PROPOSITION 6.9. For some ¢ > 0, we have

max(l,q;—1)
max B > (Violazkes) — Vit (aaky)| | = op(n®"™).
< =

Henceforth in the sequel we will slightly abuse max(1, ¢ —1) = max(1, [i/(2kom) | —

1) and simply use ¢; — 1 = |i/(2kom)| — 1 for presentational clarity.

PROOF. of Proposition 6.9. Recall (6.19) for the definition of Fy;i1(.), Fy;t2 etc.

Define

Define the projection operator P; by
PY =E(Y|F)—-EY|F_1), Y €L

For 1 <j<m, |[PiFu| <3 di0- Since || E(Fy, [ Fo)[I> = 370, 1P Fa[?, we

have
|E(Fi(ao)Fy)| = |E(Fy(a0)Fy,)| = |E(Fi(ao) E(F3, | Fn))|

< IR@)IQ_C Yo )Y (6.32)

j=1 i=m+1—j

Under the decay condition on ©;, in (2.3), we have

E(|B(Fi(ao)F3)[") = O(mmex0/207x0),
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We expand the last term of Vj(aax,;) (see (6.21)). Also note that,
|E(F4j—2F:1I;‘_1) + E(F4j_1FL-_2>| <m and p*(VCLT’(F4j+Q)) Z (k‘o — 1)/\*m

Then Proposition 6.9 follows from the fact that our solution of v from (4.5), (4.6),

and (4.7) satisfy v > max(2,4x) for x < xo and

nmax P (p, (V) < 6am) < 2nmax P(B(Fyo1 (k) Flyo)| = ~0m/2)

max(y/2,7-X7)
m rT—L
= O(”)T = o(n*""),

for some ¢ > 0 since we can choose d, such that 0 = (kg — 1)\, — . > 0. O

Recall (6.23) for the definition of U;. By Lemma 7.3 and Jensen’s inequality, we

obtain max; ||U; (Vakyjt2k)|l4/2 = O(m/?). By (4.6), ¢, := ¢/"m!/?n~1/" — 0. Then

P( max |U;(Dakyjske)| > ¢nn2/r) < P (|U;(Dargji2r,)| = ¢nn®T)

0<j<q-1 X
J

= O(¢,"*n'rm?/271) = O(¢7/%) — 0.

Q
—

I
o

Similarly, |L(0)| = op(n?™). Thus, by (6.22) and Proposition 6.9, since Var(Y}) =

Var(N§), one can construct i.i.d. N(0, I;) normal vectors Zf',1 € Z, such that

q7._1
max |DY — (0| = op(n*'™), where ¢;(a) = Z Vjol(dgkoj)lﬁZ;.
< i

By (6.30), we have

max |I] — ()| = op(n'/").

i<n
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Let Z/,l € Z, independent of (¢;);ez, be i.i.d. N(0, 1;) and define

q;i—1
U= Vi(Jay)'* Z;.
j=1
From the distributional equality,
(I + Mi(9)1<izn 2 (S5)1<i<n, (6.33)

we need to prove Gaussian approximation for the process W; + M;(1). Define

Bj = Viji(Oar0j) " * Z; 4 Naj(Dargs) + Majrr (Dany;),

which are independent random vectors for j = 1,...,q and let
gi—1
Sf =" Bjand Wf = W; + M;(9) — SF.
j=1
Note that,
max [WF| = max | A, (Vayg,) + Aa(Uo)| = op(n'/"). (6.34)

Conditions (6.24) and (6.25) can be verified easily with this unconditional process

(S )ti to use the Proposition 6.3. Thus, there exists B} and Gaussian random variable

i

BI*, such that (B}*");<q-1 2 (Bj)j<q—1 and corresponding B ~ N (0, Var(B;)),

such that

li/2kom]—1 li/2kom]—1

max | Z B — Z B = op(n'/"). (6.35)
=1 =1

i<n
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By (6.16

~—

, (6.33), (6.34) and (6.35), we can construct a process S§ and Bf such that

(S)izn 2 (Si)izn and (Bf)j<q-1 2 (B{*)j<q-1 and
Li/(2kom)]—1
max|Sf— ) B = op(n'"). (6.36)
i<n s

Relabel this final Gaussian process as

|2/2kom|—1
Gi= ) (Var(By)"?Y],
j=1
where Y are i.i.d. N(0, I;). This concludes the proof of Theorem 2.1. O

PROOF. of Proposition 6.4. Without loss of generality, we prove it for 7 = 1. Note

that

2kom
2komAs < pu(Var(Sagem)) < p*(Var(Sagem)) < || Z Xi|” < 2kom®3,.  (6.37)

i=1
Recall X® and X; from (6.6) and (6.7). The same upper bound works for S and

S;. Note that, 1S5%m — S2kem || = o(m) and from [14], we have
HAl — Séigm” = O(\/ Qkom@mg) = 0(\/ 2]60771)
This concludes the proof using the Cauchy-Schwartz inequality. [

PROOF. of Proposition 6.5. As A; is the block sum of the m-dependent processes

with length 2kqm, we have, using (6.37), for all j,

2]6’07%()\* + 5) S E(|AJ|2) S 2](307’11@372,
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for some small § > 0. We conclude the proof by using
IE(|Y1?) = E(|Aj]?)] = |Agjer (Foroi) |” + [Aajra(Dongsaan, )|* < 2mO7
and ko > ©5 /), 4 1. Using similar arguments, (6.27) follows. O

PROOF. of Proposition 6.6. Note that, without loss of generality, we can assume
V" to be independent for different j since otherwise we can always break the proba-
bility statement in even and odd blocks and prove the statement separately. We use
Corollary 1.6 and Corollary 1.7 from Nagaev (1979, [18]) respectively for the case

v <4and vy >4on |V~ E(V?)| to deduce that it suffices to show the following

¢ max max  P(|V/" = E(V}")| > Im) — 0. (6.38)

1<t<q/Lt(1—1)+1<j<t]

We expand and write V" as follows:

Vi = Var(Fy (k) — Aajr1(Gargs)) + Var(Fyjpeo + Fijgs) (6.39)
+ B((Fiju1(aoke) — M (Gare)) Fijro) + E(Fajua(Faji (o) — Maji (angs))T)
+  E(Fijis(Fjia(Gongjrane) — Mjra(@orgjron,))")
+  E((Fijsa(Gongjrone) — Mjra(@ongjrane)) Fijys)
+ Var(Fyjra(Qorgjron) — Majra(@okgjs2n,))-

Using derivation similar to (6.32), it suffices to show (6.38) for only the first and

last term in (6.39). Moreover, we assume d = 1 and j = 1 to simplify notations.
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The proofs and the theorems used can be easily extended to vector-valued processes.
Denote by S'm,{j} for the sum S, with ¢; replaced by an i.i.d. copy €;. For the first

term, by Burkholder’s inequality,
E(|Var(Fy(ao)) — E(Var(Fi(ao)))|"*) = E(|E(Spla1-m, .-, a0) = E(S},)["?)

0
= || Y P82 < e Z 125212 5)77

j=-m j=-m

For —m < j <0, [|P;S3 |2 < (157, = 52, 3 llavz < 18w — SIS0 + Sl
Note that [|Sn|, = O(m"?) and ||Spm — Smiylly < S, 8,4 By Lemma 7.2,

Oy < 2n1/p_1/7t71fp/75£g. Then since 3 > 2(y + 1)p/v for x < xo, we have

Z IPSalEe = O0m) D Y (6sn)? (6.40)

j=—m j=—m r=1

= O(m)n*/P=2g2=2wl Z Z(gpf 2
n T jp

=0 r=1
= O(m)nz/p*/”ti*2p/7m3*2(><+1)1’/7(logm)’QAp/V,

by (2.3) and the Holder inequality. Then, since A > 2v/p and logm =< log ¢ < logn,

E(|Var(Fy(ag)) — E(Var(Fy(ag)))|"’?) (6.41)

< qmvf(x+1)p/2n*x/2pf1/2t71/27p/2(1Og n)pr/2 _ O((lm)“//Q)’

Y

using (6.5), (4.7) and the choice of [ in (6.26). For the last term in (6.39), we view

E(F4(d2k0)2) as

E(Fy(a2,)?) = E((Sorgm — S(zko—1ym)*|@(2ko—1)met 15 - - - Q2kgm)
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and show that it is close to (ggkom — S(Qko_l)m)z. Let FJ* = (€j,. .., €n). Note that,

0
152 = B(Splam:;a)lls S (D0 IE(SLIF) = BShIF)IE)"" (6.42)

/2~
j=—m—1

< cmv—(x+1)p/2nv/2p—1/215%/2—1)/2(10gm)—AP/Q
= o(g~'(Im)""?),
similar to the derivation in (6.40). By (6.41) and (6.42), it suffices to show that
%p<|§m| > Vm) — 0. (6.43)

Using the Nagaev-type inequality from Wu and Wu (2016, [28]) we obtain

mmax{lp(1/2=x)}

(Im)p/2

P(|Sn| > Vim) < ¢ + Cy exp(—Csl), (6.44)

where C, Cy and C3 depend on x and p. The second term in (6.44) is o(m/n) since
el — 0 very fast. For the first term in (6.44), if x < 1/2 — 1/p, then

n mpP(1/2=x)
i — Py 1=p/v+L(p/v—px—1)4k(p/v—px—1) _

m ) (logn)Pn ty = o(1),
as from (4.7) we have 1 — p/y + L(p/y —px — 1) = L(p/y = )(xp +p+ 1) < 0.
If 1/2—-1/p < x < xo and consequently r < p, then we have, for the first term in

(6.44),

n m

i = (log n)pnp(l/p—1/7+L(1/7—1/2))tk(p/v—p/2) = o(1), (6.45)
m (Im)r/2 "

using (6.5), 7 < p and the fact that r satisfy 1/r — 1/v+ L(1/y —1/2) = 0. O
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PROOF. of Proposition 6.7. By Lemma 7.3, E(L?) = gm/?. Then it suffices to

prove
P(|L% — E(L%)] = cqm™?/logq) — 0, (6.46)

holds for some constant ¢ > 0. Note that E(|Y}?|”) are even indices j (also for odd
indices 7). Thus we can prove the statement separately by breaking Lf in sum of even
and odd E(|Y}|7). Without loss of generality, we assume all E(|Y}*|7) are independent
and proceed. Define J; = (2kom)~""?E(|Sorgm; — ggkom(j_1)|7|dgko(j_1), Qok,;) and 0 =
1"? = q/(log q)”. Recall the truncation operator T from (6.1). Noting E(J;) = O(1)

from Lemma 7.3, we have
P Tolg5) = BTy()| 2 6) < 5 max B(Ty(J;?) = 0(684/6%) = o(1),
j=1
where ¢ = ¢/logq, and

max P(J; >20) < max P(E(|S2k9mj — Sarom(i—1)* 182k (—1) B2is) = 2kolm) = o(q™"),

from (6.41), (6.42) and (6.43). Thus P(| > 5_, J; —>_7_, E(J;)| > ¢) — 0 which is a

restatement of (6.46). O
PROOF. of Proposition 6.8. We showed in Proposition 6.7 that

P(egm™? < L, < Cqm?) — 1,
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for some constants ¢ and C. Let | be as given in (6.26). Let S = {0,1,2[,---}.

Proposition 6.5 and Proposition 6.6 show that, for some constants ¢ and C,

i+l—1 i+1—1
P(clkom < riréigp* <Va7’ (Z Yf)) < %%Xp* (Var (Z Y;a>> < Clkgm) — 1.
j=i

j=i

We choose 1 = kl and s < ¢/l. Starting with the conditional block sum process Y}*
for 0 < j < g — 1, this choice of 7 satisfies (6.24) for a given a with probability
going to 1. The other condition, (6.25) can be easily verified for such a choice of
n-sequence using ideas similar to the proof of Proposition 6.7. We skip the details of

that derivation. ]
7. Some Useful Results
LEMMA 7.1. Letp < ~y. Assume (2.A). Then sup; E min{|X;|"n=7/? 1} = o(n™1).

PROOF. Choose k, = |2(logn)/((p+7)log2)|. Then n = o(27*") and 2P*» = o(n).

Let Z = | X;|n"'/?. The lemma follows from

kn
Emin{Z",1}) < P(Z>1)+) 2P '"F <z <27+ 270D

k=0
kn
< E(Z°1z:1) + Z 2PN B(ZP1 gngree) + 27750 — (071,
k=0
in view of the uniform integrability condition (2.A) and n'/2/2% — oco. O

LEMMA 7.2.  The functional dependence measures defined on the truncated pro-

cess (XP) and the m-dependent process (X;), satisfy 8, < oy, < in/p’lht}fp/vc?%j.
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PROOF. Since the truncation operator 7" is Lipschitz continuous,

(05,)7 = sup E(|T} 10 (Xi) = Ty (Xi i )[7)

Xi — Xia—p N\ e
%)) <,

— /Py i
= nPt) sng (‘mln (2, -

The first inequality §;, < 5;'?7 follows from (6.14). O

LEMMA 7.3. Rosenthal Type Moment Bound Recall (6.4) and (6.5) for t,. As-

sume (6.9), (6.12), (6.13) along with (2.6) on A related to the restriction on ©;,
as mentioned in (2.3). Moreover, assume m = |n*t¥| with k satisfying k < (/2 —

1)~y —p). Then, we have

max E(max |Ry,|") = O(m"/?). (7.1)

1<I<m

PRroOOF. Since the functional dependence measure is defined in an uniform manner,
we can ignore the max; in (7.1) and use the Rosenthal-type inequality for stationary
processes in Liu, Xiao and Wu (2013, [15]). By [15], there is a constant ¢, depending

only on ~, such that

| max Redlly < em[30 050 37 i 50 T, s (X ]
S j=1 j=14+m ‘
tem 7Yy 564 4 sup 1Ty (X))
=1 '

< I+ IT+IIT+1V),



where

o= w2y b+ m|X |2,

j—l
M= Y G HI=mi Y
j=m+1 7j=1

IV = m"7 sup || T, 1w (X0
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For the first term I, since Z;’il dj2 + sup; || Xi|l2 < 2002 and 5j72 < 02, we have

I = O(m!/?). Starting with 11, we apply Lemma 7.2 to obtain

IT = ml/? Z 5 <m1/2n1/p 1/7t1 /vy Z 513/7‘

j=m+1 j=m+1

The rest follows from the derivation in (4.4) and (4.7). For the third term, we have

m

111 < ml/'ynl/pfl/vt;fp/w Zjl/%l/v(;%j (7.2)

=1
[logo m|+1 2l—1
< mMpt/e- 1/7751 —-p/v Z Z jl/2 1/7517/7

=1 j= —92l—1
[logy m]+1
< mt/ptrvgloe/y Z lB3/2=1 v =p/M (2~ IxP/v]=Ap/7)

=1

Recall the definition of xq from (2.5). If x < xo, then our solution for v satisfies

3/2—1/y—(x+1)p/y >0,

with equality holding only for y = xo. Hence, if x < xo, we have

m Y2 = ml—(x+1)p/7n1/p—1/7t711—p/v(k)g n)—AP/’YO(l) = o(1),
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from (4.7), (6.15) and (6.5). If x = xo, since A > ~/p from (2.6) [The lower bound

for A there is just 2y/p as mentioned in (4.5)], we have
mYVAITT = mM 12l e= =0 (1) = o(1), (7.3)

since (4.6) is true. Also for the case of y > xo in the proof of Theorem 2.2, the way we
define our three conditions in (5.1) the new solution also satisfy 7' = 2(1+p+px)/3

and thus (7.3) holds. For the fourth term IV, we use (6.4) to derive

m PRIV = m! T sup ([T (X (74)

v ’
i tnn’Y/p

X7
< m17/2txn7/psupE(min{| | 1})

= mlf'Y/QtZLnV/p’lo(l) =o(1),

in the light of (4.6). O



