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This document serves as a supplement to the main manuscript and is organized as follows. In

Section S1, we provide seven lemmas that are needed to derive the asymptotic results of the

proposed estimators. In Section S2, we provide two propositions that are used in Section 4.3 of

the manuscript. Technical proofs of all four theorems are presented in Section S3. In Section S4,

we present Figure 1, which plots the root mean integrated squared errors of different estimators

versus k0 for the simulation study.
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S1. Seven lemmas

For all 0 < s < 1 and m > 1, we define an = Kθ(µX)
√
nτn[F̄−1

u (τn) −

F̄−1
u (mτn)]−1 and an(s) = Kθ(µX)

√
nsτn[F̄−1

u (sτn) − F̄−1
u (smτn)]. Besides,

we also define a ∧ b = min{a, b} and a ∨ b = max{a, b} for any a, b ∈ R.

Note that the Weibull-type distributions have a common extreme value

index at zero. Thus in addition to (2.3), F̄u(·) also satisfies

lim
z→∞

F̄u (z + xa(z))

F̄u (z)
= e−x, (S1.1)

for all x ∈ R by (1.2.4) in de Haan and Ferreira (2006), where a(·) is

a suitable positive function. By Theorem 1.2.1 in de Haan and Ferreira

(2006), we can choose a(z) =
∫∞
z
F̄u(s)ds/F̄u(z) such that (S1.1) holds,

and then
∫∞
z
F̄u(s)ds <∞ for z <∞.

Lemma 1. For the function a(z) =
∫∞
z
F̄u(s)ds/F̄u(z) in (S1.1) with

∫∞
z
F̄u(s)ds

<∞ for all z ∈ R, we have

lim
z→∞

a(z)Hu(z)

z
= θ.

Proof. Note that

a(z)Hu(z)

z
=

∫∞
z
F̄u (s) ds

zF̄u (z) /Hu(z)
,

where
∫∞
z
F̄u(s)ds → 0 as z → ∞, and limz→∞ zF̄u(z)/Hu(z) = 0 by

limz→∞ zF̄u(z) = 0 in de Haan and Ferreira (2006) and Hu(z) → ∞ as
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z →∞. It follows by L’Hospital’s rule that

lim
z→∞

∫∞
z
F̄u (s) ds

zF̄u (z) /Hu(z)
= lim

z→∞
− F̄u(z)

Du(z)
,

where Du(z) := F̄ ′u(z)(1 +Hu(z))z/H2
u(z) + F̄u(z)/Hu(z). Hence,

−Du(z)

F̄u(z)
=
zH ′u(z)

Hu(z)

1 +Hu(z)

Hu(z)
− 1

Hu(z)
.

It is easy to find that limz→∞[1 +Hu(z)]/Hu(z) = 1 and limz→∞ 1/Hu(z) =

0.

The following task is to calculate limz→∞ zH
′
u(z)/Hu(z). Because Hu(z)

is differentiable and Hu(z) ∈ RV∞(1/θ), we can obtain that H ′u(z) ∈

RV∞(1/θ−1). Noting also that Hu(z) is strictly increasing and Hu(z)→∞

as z →∞, we can get by Theorem B.1.5 (Karamata’s theorem) in de Haan

and Ferreira (2006) that for some z0 > 0

lim
z→∞

zH ′u(z)∫ z
z0
H ′u(s)ds

= lim
z→∞

zH ′u(z)

Hu(z)−Hu(z0)
=

1

θ
.

Hence, it is readily seen that limz→∞ zH
′
u(z)/Hu(z) = 1/θ. This leads to

limz→∞[−F̄u(z)]/Du(z) = θ, and hence proves the lemma.

Lemma 2. Suppose condition (C5) holds. Let 0 < s < 1, and τn → 0 as

n→∞. Then,

ln qY (sτn|x)−ln qY (τn|x) =
ln(1/s)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+$

(
s, τ 1/K(x)

n

)
+Rn,

where Rn = O((ln(1/τn))−2 ∨$2(s, τ
1/K(x)
n )).
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Proof. It is easy to deduce that

ln qY (sτn|x)− ln qY (τn|x) = ln
[
qu

(
(sτn)1/K(x)

)(
1 +$

(
s, τ 1/K(x)

n

))
/qu
(
τ 1/K(x)
n

)]
= ln

qu

(
(sτn)1/K(x)

)
qu

(
τ

1/K(x)
n

) + ln
(
1 +$

(
s, τ 1/K(x)

n

))

= ln
qu

(
(sτn)1/K(x)

)
qu

(
τ

1/K(x)
n

) +$
(
s, τ 1/K(x)

n

)
+O

(
$2
(
s, τ 1/K(x)

n

))
= Tq +$

(
s, τ 1/K(x)

n

)
+O

(
$2
(
s, τ 1/K(x)

n

))
,

where Tq = ln[qu((sτn)1/K(x))/qu(τ
1/K(x)
n )]. Noting that ln−2(z) = ln[ln(1/z)],

we have

Tq = ln

[
lnθ (1/(sτn))

lnθ (1/(τn))

l (− ln (sτn) /K(x))

l (− ln τn/K(x))

]
= θ [ln−2(sτn)− ln−2(τn)] + ln

[
l (− ln (sτn) /K(x))

l (− ln τn/K(x))

]
= θ [ln−2(sτn)− ln−2(τn)] + b

(
− ln τn
K(x)

)∫ ln(sτn)/ ln τn

1

tρ−1dt (1 + o(1))

(S1.2)

= θ

[
ln(1/s)

ln(1/τn)
+O

(
(ln(1/τn))−2)]+ b

(
− ln τn
K(x)

)
Dρ

(
ln (sτn)

ln τn

)
(1 + o(1))

=
ln(1/s)

ln(1/τn)

[
θ + b

(
−K−1(x) ln τn

)
(1 + o(1))

]
+O

(
(ln(1/τn))−2) ,

where (S1.2) is by Dρ(ln(sτn)/ln τn) ∼ ln s/ln τn as τn → 0 with ρ ≤ 0 and

the second order condition in (C5). This proves the lemma.

Lemma 3. Suppose conditions (C1), (C2), and (C5) hold, and let τn → 0
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as n→∞. Then for any k ∈ (0, 1) ∪ (1,∞), and each x ∈ X ,

F̄−1
U (kτn|x)− F̄−1

U (τn|x) ∼ F̄−1
u

(
(kτn)1/K(x)

)
− F̄−1

u

(
τ 1/K(x)
n

)
.

Proof. Note that

F̄−1
U (kτn|x)− F̄−1

U (τn|x) = F̄−1
U (τn|x)

(
F̄−1
U (kτn|x)

F̄−1
U (τn|x)

− 1

)
and

F̄−1
u

(
(kτn)1/K(x)

)
−F̄−1

u

(
τ 1/K(x)
n

)
= F̄−1

u

(
τ 1/K(x)
n

) F̄−1
u

(
(kτn)1/K(x)

)
F̄−1
u

(
τ

1/K(x)
n

) − 1

 .

Let T = F̄−1
u ((kτn)1/K(x))/F̄−1

u (τ
1/K(x)
n )− 1, then

T =
H−1
u (− ln(kτn)/K(x))

H−1
u (− ln τn/K(x))

− 1

=

(
ln (kτn)

ln τn

)θ
l (− ln(kτn)/K(x))

l (− ln τn/K(x))
− 1

=

(
ln (kτn)

ln τn

)θ (
l (− ln(kτn)/K(x))

l (− ln τn/K(x))
− 1

)
+

(
ln (kτn)

ln τn

)θ
− 1

=

(
ln (kτn)

ln τn

)θ
IA + IB,

where IA = l(− ln(kτn)/K(x))/l(− ln τn/K(x))−1 and IB = (ln(kτn)/ln τn)θ

−1.

Consider the case of k > 1 firstly. For IA now, when l(·) is a non-

constant slowly varying function, by (C5) it yields that

I := ln

[
l (− ln τn/K(x))

l (− ln(kτn)/K(x))

]
= b

(
− ln(kτn)

K(x)

)
Dρ

(
ln τn

ln(kτn)

)
(1 + o(1)) ,
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with Dρ(ln τn/ln(kτn)) =
∫ ln τn/ ln(kτn)

1
tρ−1dt ∼ ln k/ ln(1/τn) as τn → 0.

Hence, I → 0 as τn → 0 such that IA = exp(−I) − 1 satisfies IA ∼

b(−ln(kτn)/K(x)) ln k/ ln τn. When l(·) is a constant function, IA ≡ 0.

Similarly the term IB, we have IB ∼ θ ln k/ ln τn as τn → 0 after some

simple calculations.

Consequently, T ∼ θ ln k/ ln τn as τn → 0. Combining this relation,

(C2) and F̄−1
U (τn|x) ∼ F̄−1

u (τ
1/K(x)
n ) as τn → 0, we can get

F̄−1
U (kτn|x)− F̄−1

U (τn|x) ∼ F̄−1
u

(
(kτn)1/K(x)

)
− F̄−1

u

(
τ 1/K(x)
n

)
.

For the case of 0 < k < 1, the claim of this lemma can be proved in a

similar way.

Lemma 4. If K(x) ∈ (0,∞) for all x ∈ X , and k ∈ (0, 1) ∪ (1,∞), under

condition (C5), and τn → 0 as n→∞, we have

F̄−1
u (kτn)− F̄−1

u (τn) ∼ [K(x)]θ
[
F̄−1
u

(
(kτn)1/K(x)

)
− F̄−1

u

(
τ 1/K(x)
n

)]
.

(S1.3)

Proof. We first consider k > 1. Noting that

F̄−1
u (τn) = H−1

u (− ln τn) = (− ln τn)θ l (− ln τn) ,
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the left-hand side of (S1.3) is

F̄−1
u (kτn)− F̄−1

u (τn) = H−1
u (− ln(kτn))−H−1

u (− ln τn)

= [− ln(kτn)]θ l (− ln(kτn))− [− ln τn]θ l (− ln τn)

= [− ln τn]θ l (− ln τn)

[(
ln(kτn)

ln τn

)θ
l (− ln(kτn))

l (− ln τn)
− 1

]

=: ∆1.

If we further let ∆2 = [K(x)]θ[F̄−1
u ((kτn)1/K(x))−F̄−1

u (τ
1/K(x)
n )] be the right-

hand side of (S1.3), then

∆2 = [K(x)]θ
[
H−1
u

(
− ln(kτn)

K(x)

)
−H−1

u

(
− ln τn
K(x)

)]
= [− ln(kτn)]θ l

(
− ln(kτn)

K(x)

)
− [− ln τn]θ l

(
− ln τn
K(x)

)
= (− ln τn)θ l

(
− ln τn
K(x)

)[(
ln(kτn)

ln τn

)θ
l (− ln(kτn)/K(x))

l (− ln τn/K(x))
− 1

]
.

When l(·) is a non-constant slowly varying function, by (C5) it yields that

δ1 := ln

(
l (− ln τn)

l (− ln(kτn))

)
∼ b (− ln (kτn))

∫ ln τn/ ln(kτn)

1

tρ−1dt

∼ b (− ln (kτn)) ln k/ ln(1/τn)

→ 0 as τn → 0
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and

δ2 := ln

(
l (− ln τn/K(x))

l (− ln(kτn)/K(x))

)
∼ b

(
− ln τn
K(x)

)∫ ln τn/ ln(kτn)

1

tρ−1dt

∼ b

(
− ln τn
K(x)

)
ln k/ ln(1/τn)

→ 0 as τn → 0.

When l(·) is a constant function, δ1 = δ2 ≡ 0. Also, we have [ln(kτn)/ ln τn]θ

−1 ∼ θ ln k/ ln τn as τn → 0 by straightforward calculations. In addition,

exp(x) − 1 ∼ x as x → 0 and b(z) → 0 as z → ∞. Combining the above

results, we have

∆1 = (− ln τn)θ l (− ln τn)

[(
ln(kτn)

ln τn

)θ
(exp(−δ1)− 1) +

(
ln(kτn)

ln τn

)θ
− 1

]

∼ (− ln τn)θ l (− ln τn) θ ln k/ ln τn

and

∆2 = (− ln τn)θ l

(
− ln τn
K(x)

)[(
ln(kτn)

ln τn

)θ
(exp(−δ2)− 1) +

(
ln(kτn)

ln τn

)θ
− 1

]

∼ (− ln τn)θ l

(
− ln τn
K(x)

)
θ ln k/ ln τn.

Therefore, under limz→∞ l(ζz)/l(z) = 1 locally uniformly in ζ on (0,∞),

we have ∆1/∆2 → 1 as τn → 0.

For 0 < k < 1, we can prove the result accordingly so that Lemma 4

holds.
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Lemma 5. Let F̄−1
u (τ) = inf{z : F̄u(z) ≤ τ} for any τ ∈ (0, 1). By (S1.1),

for any x > 0, we have

lim
τ→0

F̄−1
u (xτ)− F̄−1

u (τ)

a
(
F̄−1
u (τ)

) = − lnx.

Proof. Let V (z) = inf{y : 1/F̄u(y) ≥ z}. By Theorem 1.1.6 in de Haan and

Ferreira (2006), (S1.1) is equivalent to

lim
t→∞

V (tx)− V (t)

b(t)
= lnx (S1.4)

for a positive function b(t) and x > 0, where a(t) = b(1/F̄u(t)). Noting

also that F̄u(z) is differentiable and strictly decreasing so that b(1/τ) =

a(F̄−1
u (τ)), (S1.4) can be rewritten as

lim
τ→0

V (x/τ)− V (1/τ)

b(1/τ)
= lim

τ→0

F̄−1
u (τ/x)− F̄−1

u (τ)

a(F̄−1
u (τ))

= lnx

for x > 0. Therefore, for any x > 0,

lim
τ→0

F̄−1
u (xτ)− F̄−1

u (τ)

a
(
F̄−1
u (τ)

) = − lnx.

For a given positive integer J and l > 0, let sj > 0, j = 1, . . . , J , be a se-

quence of real numbers, Ẑn = an(β̂(τn)−β(τn)) and Ẑn(s) = an(s)(β̂(sτn)−

β(sτn)).
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Lemma 6. Suppose conditions (C1)-(C5) hold, τn → 0, and nτn → ∞.

Then,

Ẑn
d−→ Z∞

d
= N(0,Ω0),(

Ẑn (s1)′ , . . . , Ẑn (sJ)′
)′ d−→

(
Z∞ (s1)′ , . . . , Z∞ (sJ)′

)′ d
= N(0,Ω),

EZ∞(sj)Z∞(sj′)
′ =

sj ∧ sj′√
sjsj′

Ω0,

for j, j′ = 1, . . . , J , where Ω0 = (lnm)−2Q−1
H QXQ−1

H , QX = E(XX′),

QH = E[(H(X))−1XX′] and H(X) = [K(µX)/K(X)]θ for θ > 0.

Proof. Step 1 outlines the overall proof by convexity lemma in Knight

(1989), while the principal Step 2 proves some preliminary results in Step

1. Step 3 shows joint convergence of several regression quantile statistics.

Hereinafter, we note τ for τn for simplicity.

Step 1. With reference to (2.2), and note that Ẑn = an(β̂(τ) − β(τ))

minimizes

Rn(z, τ) =
an√
τn

n∑
i=1

(ρτ (Yi −X′iβ(τ)−X′iz/an)− ρτ (Yi −X′iβ(τ)))

Making use of Knight’s identity,

ρτ (u− v)− ρτ (u) = −v (I(u > 0)− τ) +

∫ v

0

(I(u > 0)− I(u > t))dt
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then,

Rn(z, τ) = Wn(τ)′z +Gn(z, τ),

Wn(τ) =
−1√
τn

n∑
i=1

(I[Yi ≥ X′iβ(τ)]− τ)Xi, (S1.5)

Gn(z, τ) =
an√
τn

n∑
i=1

(∫ X′iz/an

0

[I(Yi −X′iβ(τ) > 0)− I(Yi −X′iβ(τ) > t)]dt

)
.

By Lemma 7, Wn(τ)
d−→ W

d
= N(0,EXX′), and by Step 2,

Gn(z, τ)
p−→ lnm

2
z′QHz,m > 1,

where QH = E[(H(X))−1XX′], H(X) = [K(µX)/K(X)]θ for Weibull-type

tails. Thus, the weak marginal limit of Rn(z) is given by

R∞(z) = W ′z +
lnm

2
z′QHz.

We know that E(XX′) is positive definite by (C3) and 0 < H(X) < d <∞

for some constant d. Thus, QH is finite and QH is positive definite. In

fact, z′QHz = E[(X′z)2/H(X)] = 0 for some z 6= 0 if and only if X′z = 0

a.s.. Hence, the marginal limit R∞(z) is uniquely minimized at Z∞ =

−(lnm)−1Q−1
H W

d
= N(0, (lnm)−2Q−1

H E(XX′)Q−1
H ). According to the con-

vexity lemma in Knight (1989), we get Ẑn
d−→ Z∞.

Step 2. This step shows that as τ → 0, E{Gn(z, τ)} → 2−1 lnmz′QHz,

whereas Lemma 7 proves that Var(Gn(z, τ)) → 0. Define f̄U(z|Xi) =

∂F̄U(z|Xi)/∂z. In what follows, F̄i and f̄i denote F̄U(·|Xi) and f̄U(·|Xi),
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respectively, where U is the auxiliary quantity constructed in (C1). Since

Gn(z, τ) =
n∑
i=1

an

(∫ X′iz/an

0

[
I(Yi −X′iβ(τ) > 0)− I(Yi −X′iβ(τ) > t)√

τn

]
dt

)

=
n∑
i=1

(∫ X′iz

0

[
I (Yi −X′iβ(τ) > 0)− I (Yi −X′iβ(τ) > t/an)√

τn

]
dt

)
,

(S1.6)

we get

E {Gn(z, τ)} = n · E

(∫ X′iz

0

F̄i
(
F̄−1
i (τ)

)
− F̄i

(
F̄−1
i (τ) + t/an

)
√
τn

dt

)

= n · E

(∫ X′iz

0

f̄i
{
F̄−1
i (τ) + o

(
F̄−1
u (τ)− F̄−1

u (mτ)
)}

(−t)
an
√
τn

dt

)

(S1.7)

∼ −n · E

(∫ X′iz

0

f̄i
{
F̄−1
i (τ)

}
an
√
τn

tdt

)
(S1.8)

= −n · E

(
(X′iz)2

2

f̄i
{
F̄−1
i (τ)

}
an
√
τn

)

= E

(
(X′iz)2

2

K−θ (µX)
[
F̄−1
u (mτ)− F̄−1

u (τ)
]

τ
(
f̄i
{
F̄−1
i (τ)

})−1

)

∼ E

(
(X′iz)2

2

1

H(Xi)
lnm

)
(S1.9)

=
lnm

2
z′QHz.

(S1.7) is according to the definition of an and a first order Taylor expansion.
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In fact, owing to τn→∞ uniformly over t in any compact subset of R,

t

an
=
tK−θ (µX)√

τn

[
F̄−1
u (τ)− F̄−1

u (mτ)
]

= o
(
F̄−1
u (τ)− F̄−1

u (mτ)
)
.

To prove (S1.8), it suffices to show that, for any sequence vτ = o(F̄−1
u (τ)−

F̄−1
u (mτ)) with m > 1 as τ → 0,

f̄i
{
F̄−1
i (τ) + vτ

}
∼ f̄i

(
F̄−1
i (τ)

)
uniformly in i. (S1.10)

This will be shown by using the assumption made in (C4), which is that

uniformly in i, 1/f̄i(F̄
−1
i (τ)) ∼ ∂F̄−1

u (τK(Xi))/∂τ , where ∂F̄−1
u (exp(−z))/∂z

= ∂H−1
u (z)/∂z ∈ RV∞(θ − 1).

To be clear, we first show (S1.10) for the special case of f̄i = f̄u and

F̄−1
i (τ) = F̄−1

u (τ):

f̄u
(
F̄−1
u (τ) + vτ

)
∼ f̄u

(
F̄−1
u (τ)

)
, (S1.11)

as τ → 0. By the regular variation property of ∂F̄−1
u (τ)/∂τ = 1/f̄u(F̄

−1
u (τ)),

locally uniformly in l in any compact subset of (0,∞),

f̄u
(
F̄−1
u (lτ)

)
∼ lf̄u

(
F̄−1
u (τ)

)
. (S1.12)

Namely, locally uniformly in l,

f̄u
(
F̄−1
u (τ) +

[
F̄−1
u (lτ)− F̄−1

u (τ)
])
∼ lf̄u

(
F̄−1
u (τ)

)
.
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Hence, for any lτ → 1,

f̄u
(
F̄−1
u (τ) +

[
F̄−1
u (lττ)− F̄−1

u (τ)
])
∼ f̄u

(
F̄−1
u (τ)

)
.

Therefore, for any sequence vτ = o(F̄−1
u (mτ) − F̄−1

u (τ)) with m > 1 as

τ → 0,

f̄u
(
F̄−1
u (τ) + vτ

)
∼ f̄u

(
F̄−1
u (τ)

)
,

because for any {vτ}, in view of

F̄−1
u (lττ)− F̄−1

u (τ)

F̄−1
u (mτ)− F̄−1

u (τ)
∼ ln lτ

lnm
as τ → 0

by Lemma 5, and we can choose a sequence {lτ} such that {vτ} = {[F̄−1
u (lττ)

−F̄−1
u (τ)]} with lτ → 1 as τ → 0.

Now, to prove (S1.8), we generalize the (S1.11) to (S1.10). It is easy to

prove the following (a)-(d).

(a) 1/f̄i(F̄
−1
i (τ)) ∼ ∂F̄−1

u (τK(Xi))/∂τ = 1/{K(Xi)τ
1−1/K(Xi)f̄u(F̄

−1
u (τ 1/K(Xi)))}

uniformly in i by assumption (C4), and

(b) f̄u(F̄
−1
u (lτ)1/K) ∼ l1/K f̄u(F̄

−1
u (τ 1/K)), locally uniformly in l and

uniformly in K ∈ {K(x) : x ∈ X}. Thus, combining (a) and (b), we have

that locally uniformly in l and uniformly in i,

f̄i
(
F̄−1
i (lτ)

)
∼ lf̄i

(
F̄−1
i (τ)

)
.

(c) F̄−1
i (τ)− F̄−1

i (kτ) ∼ F̄−1
u (τ 1/K(Xi))− F̄−1

u ((kτ)1/K(Xi)) for any k ∈
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(0, 1)∪ (1,∞) and Xi ∈ X by Lemma 3 and F̄−1
u (τ)− F̄−1

u (kτ) ∼ [K(Xi)]
θ

×[F̄−1
u (τ 1/K(Xi))− F̄−1

u ((kτ)1/K(Xi))] by Lemma 4.

(d) f̄u(F̄
−1
u (τ l)) ∼ l1−θτ l−1f̄u(F̄

−1
u (τ)) locally uniformly in l.

As we have proved in (b) that locally uniformly in l

f̄i
(
F̄−1
i (τ) +

[
F̄−1
i (lτ)− F̄−1

i (τ)
])
∼ lf̄i

(
F̄−1
i (τ)

)
,

therefore, for any lτ → 1 as τ → 0,

f̄i
(
F̄−1
i (τ) +

[
F̄−1
i (lττ)− F̄−1

i (τ)
])
∼ f̄i

(
F̄−1
i (τ)

)
.

For any sequence vτ = o(F̄−1
u (mτ) − F̄−1

u (τ)) with m > 1 as τ → 0, and

noting that F̄−1
u (τ)− F̄−1

u (mτ) ∼ [K(Xi)]
θ[F̄−1

i (τ)− F̄−1
i (mτ)] by (c), then

we have vτ = o(F̄−1
i (mτ)− F̄−1

i (τ)).

Besides, using (c) and Lemma 5, we obtain that

F̄−1
i (lττ)− F̄−1

i (τ)

F̄−1
i (mτ)− F̄−1

i (τ)
∼ − F̄

−1
u (lττ)− F̄−1

u (τ)

F̄−1
u (mτ)− F̄−1

u (τ)

∼ − ln lτ
lnm

,

where ln lτ/ lnm → 0 for any lτ → 1 as τ → 0. Hence, for the above

sequence {vτ}, it satisfies that {vτ} = {[F̄−1
u (lττ) − F̄−1

u (τ)]} by selecting

a sequence {lτ}, where lτ → 1 as τ → 0. Consequently, the required

conclusion (S1.10) holds.
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(S1.9) can be shown as follows. By (a), uniformly in i,

F̄−1
u (mτ)− F̄−1

u (τ)

τ
(
f̄i
(
F̄−1
i (τ)

))−1 ∼
F̄−1
u (mτ)− F̄−1

u (τ)

τ
[
K(Xi)τ 1−1/K(Xi)f̄u

(
F̄−1
u (τ 1/K(Xi))

)]−1 . (S1.13)

By (d), we have uniformly in i,

K(Xi)τ
1−1/K(Xi)f̄u

(
F̄−1
u

(
τ 1/K(Xi)

))
∼ K(Xi)

θf̄u
(
F̄−1
u (τ)

)
. (S1.14)

Joining (S1.13) together with (S1.14), we have uniformly in i,

K−θ (µX)
[
F̄−1
u (mτ)− F̄−1

u (τ)
]

τ
(
f̄i
(
F̄−1
i (τ)

))−1 ∼ K−θ (µX)

K(Xi)−θ
F̄−1
u (mτ)− F̄−1

u (τ)

τ
(
f̄u
(
F̄−1
u (τ)

))−1

=
1

H(Xi)

F̄−1
u (mτ)− F̄−1

u (τ)

τ
(
f̄u
(
F̄−1
u (τ)

))−1 , (S1.15)

where H(Xi) = [K(µX)/K(Xi)]
θ for θ > 0.

In addition, by ∂F̄−1
u (η)/∂η = 1/f̄u

(
F̄−1
u (η)

)
and (S1.12),

F̄−1
u (mτ)− F̄−1

u (τ)

τ
(
f̄u
(
F̄−1
u (τ)

))−1 =
f̄u
(
F̄−1
u (τ)

)
τ

∫ m

1

∂F̄−1
u (tτ)

∂t
dt

=
f̄u
(
F̄−1
u (τ)

)
τ

∫ m

1

τ

f̄u
(
F̄−1
u (tτ)

)dt
=

∫ m

1

f̄u
(
F̄−1
u (τ)

)
f̄u
(
F̄−1
u (tτ)

)dt
∼
∫ m

1

t−1dt

= lnm. (S1.16)

Combining (S1.15) and (S1.16) proves (S1.9).
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Step 3. By the definition of Ẑn(s), we note that

(Ẑn(sj), j = 1, . . . , J) = arg min
z∈Rd×J

[Rn(z1, s1τ) + · · ·+Rn(zJ , sJτ)]

= arg min
z∈Rd×J

J∑
j=1

[Wn(sjτ)′zj +Gn(zj, sjτ)] ,

where z = (z′1, . . . , z
′
J)′ and the functions Rn(·, ·), Wn(·) and Gn(·, ·) are

defined in (S1.5), respectively. As this objective function is a sum of

the objective functions in the preceding steps, it retains the properties

of the elements summed. Accordingly, the previous arguments can be

used to conclude that the marginal limit of this objective function is giv-

en by
∑J

j=1[W (sj)
′zj + G(zj, sj)], where (W (sj), 1 ≤ j ≤ J)

d
= N(0,Σ)

with G(zj, sj) = (lnm/2)z′QHz and E[W (sj)W (sj′)
′] = E(XX′)((sj ∧ sj′)/

√
sjsj′) for j, j′ = 1, . . . , n. This limit objective function is minimized at

(Z∞(sj), 1 ≤ j ≤ J) = (−(lnm)−1Q−1
H W (sj), 1 ≤ j ≤ J). Indeed,

Φ(z) :=
J∑
j=1

[W (sj)
′zj +G(zj, sj)] = W′z +

lnm

2
z′Qz,

where W = (W (s1)′, . . . ,W (sJ)′)′ and Q = diag(QH , . . . ,QH). Hence,

Φ(z) is uniquely minimized at z = −(lnm)−1Q−1W = (−(lnm)−1Q−1
H W (sj)

, 1 ≤ j ≤ J). Thus, (Ẑn(sj), 1 ≤ j ≤ J)
d−→ (Z∞(sj), 1 ≤ j ≤ J) by the

convexity lemma of Knight (1989).

Lemma 7. Let {Yi,Xi, i = 1, . . . , n} be an i.i.d. sequence. We have the

following statements for Wn(·) and Gn(·, ·) in (S1.5), as τ → 0 and τn →
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∞.

(a) For any constants sj > 0, j = 1, . . . , J ,

(Wn(s1τ)′, . . . ,Wn(sJτ)′)′
d−→ (W (s1)′, . . . ,W (sJ)′)′

d
= N(0,Σ),

with E[W (sj)W (sj′)
′] = ((sj ∧ sj′)/

√
sjsj′)E(XX′), for j, j′ = 1, . . . , J .

(b) Var(Gn(z, τ))→ 0.

Proof. The proof of this lemma follows arguments similar to those used in

the proof of Lemma A.5 in He et al. (2016).

(a) Let

W = (Wn(s1τ)′, . . . ,Wn(sJτ)′)′, B = (β′1, . . . , β
′
J)′,

where each βj ∈ Rd, j = 1, . . . , J . By the Cramér-Wold theorem, part

(1) can be proved by finding the limit distributions of the sequence of real

variables

B′W =
J∑
j=1

β′jWn(sjτ) =:
n∑
i=1

Zi,n,

where, for all i = 1, . . . , n, the random variables Zi,n are defined by

Zi,n = −
J∑
j=1

1
√
nsjτ

(I[Yi ≥ X′iβ(sjτ)]− sjτ) β′jXi.

Note that {Zi,n}ni=1 is a set of i.i.d. random variables, and their expectation

and variance are

E(Zi,n) = E[E(Zi,n|Xi)] = 0, Var(Zi,n) =
1

nτ
B′C(X)B,
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where C(X) is the covariance matrix with sub-matrix defined for (j, j′) ∈

{1, . . . , J}2 by

Cj,j′(X) =
Aj,j′(X)
√
sjsj′

,

Aj,j′(X) = Cov ((I[Y ≥ X′β(sjτ)]− sjτ)X, (I[Y ≥ X′β(sj′τ)]− sj′τ)X)

= E {(I[Y ≥ X′β(sjτ)]− sjτ) (I[Y ≥ X′β(sj′τ)]− sj′τ)XX′}

= E {E ((I[Y ≥ X′β(sjτ)]− sjτ) (I[Y ≥ X′β(sj′τ)]− sj′τ)XX′|X)}

=
[
(sj ∧ sj′)τ − sjsj′τ 2

]
E (XX′) .

Hence, Var(
∑n

i=1 Zi,n) = τ−1B′C(X)B → B′ΣB as τ → 0, where the sub-

matrix for (j, j′) ∈ {1, . . . , J}2 is Σj,j′ = ((sj ∧ sj′)/
√
sjsj′)E(XX′). In

addition, by the central limit theorem,

B′W√
Var

(
n∑
i=1

Zi,n

) =

n∑
i=1

Zi,n√
Var

(
n∑
i=1

Zi,n

) d−→ N(0, 1).

Further, by Slutsky’s theorem, we have

B′W√
B′ΣB

d−→ N(0, 1),

or equivalently, B′W
d−→ N(0,B′ΣB). Thereby, by the Cramér-Wold the-

orem, we get W
d−→ N(0,Σ) with E[W (sj)W (sj′)

′] = ((sj ∧ sj′)/
√
sjsj′) ×

E(XX′).
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(b) By (S1.6), we have

Gn(z, τ) =
n∑
i=1

(∫ X′iz

0

[
I (Yi −X′iβ(τ) > 0)− I (Yi −X′iβ(τ) > t/an)√

τn

]
dt

)
.

Consequently, Var(Gn(z, τ)) = Var(λ1)/τ for

λi =

∫ X′iz

0

[I (Yi −X′iβ(τ) > 0)− I (Yi −X′iβ(τ) > t/an)] dt.

By (C3), |λi| ≤ K1(z)|µi| for µi = I(Yi − X′iβ(τ) > 0) − I(Yi − X′iβ(τ) >

X′iz/an) and some K1(z) ∈ (0,∞). Therefore,

Var(λ1) = O
(
E
(
λ1

2
))

= O
(
E
(
µ2

1

))
(S1.17)

= O (E (|µ1|)) , (S1.18)

where (S1.17) is by |λ1| ≤ K1(z)|µ1| and (S1.18) is by |µ1| ∈ {0, 1}. For

E(|µ1|), we have E(|µ1|) = E[E(|µ1||X1)], where

E (|µ1||X1) = P (|µ1| = 1|X1)

≤ P (µ1 = −1|X1) + P (µ1 = 1|X1)

≤ |I1|+ |I2|,

where

I1 = P (X′iβ(τ) + X′iz/an ≤ Yi ≤ X′iβ(τ)|Xi)

≤
∣∣F̄i (F̄−1

i (τ) + X′iz/an
)
− F̄i

(
F̄−1
i (τ)

)∣∣
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and

I2 = P (X′iβ(τ) ≤ Yi ≤ X′iβ(τ) + X′iz/an|Xi)

≤
∣∣F̄i (F̄−1

i (τ)
)
− F̄i

(
F̄−1
i (τ) + X′iz/an

)∣∣ .
Accordingly, E(|µ1||X1) ≤ 2|F̄i(F̄−1

i (τ) +X′iz/an)− F̄i(F̄−1
i (τ))|. Addition-

ally, F̄i(F̄
−1
i (τ) + X′iz/an) − F̄i(F̄−1

i (τ)) ∼ [f̄i(F̄
−1
i (τ))(X′iz)]/an by (S1.7)

and (S1.8). Then,

E (|µ1||X1) = O
(∣∣F̄i (F̄−1

i (τ) + X′iz/an
)
− F̄i

(
F̄−1
i (τ)

)∣∣)
= O

(∣∣f̄i (F̄−1
i (τ)

)
(X′iz)

∣∣ /an) .
By (S1.13) and (S1.14), as τ → 0,

f̄i
(
F̄−1
i (τ)

)
∼ Kθ (Xi) f̄u

(
F̄−1
u (τ)

)
. (S1.19)

This leads to E(|µ1|) = E[E(|µ1||X1)] = O(|f̄u(F̄−1
u (τ))|/an). Moreover, by

(S1.15) and (S1.16) and the fact that −
√
nτ/an = K−θ(µX)[F̄−1

u (mτ) −

F̄−1
u (τ)],

−
√
n

τ

f̄i
(
F̄−1
i (τ)

)
an

∼ 1

H(Xi)
lnm. (S1.20)

Combining (S1.19) with (S1.20), we have

−Kθ (µX)

√
n

τ

f̄u
(
F̄−1
u (τ)

)
an

∼ lnm,

which implies that |f̄u(F̄−1
u (τ))|/an = O(

√
τ/n). Hence, Var(Gn(z, τ)) =
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O(1/
√
nτ) by noting that E(|µ1|) = O(

√
τ/n), and then Var(Gn(z, τ)) =

o(1) as nτ →∞.

S2. Two propositions

Proposition 1. Suppose condition (C5) holds. Let τn → 0 as n→∞ such

that κn = lnψn/ ln τn → κ ∈ (1,∞). Under the location shift model in

(M1), we have the following results.

Case (i): If 0 < s < 1, ε(z) = c ln z/z with c ∈ (−∞, 0) ∪ (0,∞), and

l(z)→ c0 > 0 as z →∞, then for each x ∈ X ,

$
(
s, τ 1/K(x)

n

)
= O

(
(ln(1/τn))−1−θ

)
,

$
(
ψn/τn, τ

1/K(x)
n

)
= O

(
(ln(1/τn))−θ

)
.

Case (ii): If 0 < s < 1, ε(z) = 0 for any z > 0, and l(z) = λ > 0, then

for each x ∈ X ,

$
(
s, τ 1/K(x)

n

)
= O

(
(ln(1/τn))−1−θ

)
,

$
(
ψn/τn, τ

1/K(x)
n

)
= O

(
(ln(1/τn))−θ

)
.

Case (iii): If 0 < s < 1, ε(z) = 1/ ln z, and l(z) = α ln z with α > 0,
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then for each x ∈ X ,

$
(
s, τ 1/K(x)

n

)
= O

(
(ln(1/τn))−1−θ (ln ln(1/τn))−1

)
,

$
(
ψn/τn, τ

1/K(x)
n

)
= O

(
(ln(1/τn))−θ (ln ln(1/τn))−1

)
.

Proof. The proof of this proposition is a simplified version of proof of propo-

sition 2, and is therefore omitted here.

Proposition 2. Suppose condition (C5) holds. Let τn → 0 as n→∞ such

that κn = lnψn/ ln τn → κ ∈ (1,∞). Under the heteroscedastic model in

(M2), we have the following results.

Case (i): If 0 < s < 1, ε(z) = c ln z/z with c ∈ (−∞, 0) ∪ (0,∞), and

l(z)→ c0 > 0 as z →∞, then for each x ∈ X ,

$
(
s, τ 1/K(x)

n

)
= O

(
(ln ln(1/τn))(ln(1/τn))−2 ∨ (ln(1/τn))−1−θ

)
,

$
(
ψn/τn, τ

1/K(x)
n

)
= O

(
(ln ln(1/τn))(ln(1/τn))−1 ∨ (ln(1/τn))−θ

)
.

Case (ii): If 0 < s < 1, ε(z) = 0 for any z > 0, and l(z) = λ > 0, then

for each x ∈ X ,

$
(
s, τ 1/K(x)

n

)
= O

(
(ln(1/τn))−1−θ

)
,

$
(
ψn/τn, τ

1/K(x)
n

)
= O

(
(ln(1/τn))−θ

)
.

Case (iii): If 0 < s < 1, ε(z) = 1/ ln z, and l(z) = α ln z with α > 0,
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then for each x ∈ X ,

$
(
s, τ 1/K(x)

n

)
= O

(
(ln(1/τn))−1 (ln ln(1/τn))−2) ,

$
(
ψn/τn, τ

1/K(x)
n

)
= O

(
(ln ln(1/τn))−2) .

Proof. Because qU(τ) = qu(τ
1/K(x))(1 + α(τ)) for any τ ∈ (0, 1), we have

qY (sτ |x)

qY (τ |x)
=
qu
(
(sτ)1/K(x)

)
qu (τ 1/K(x))

1 + α(sτ) + x′βr/qu
(
(sτ)1/K(x)

)
1 + α(τ) + x′βr/qu (τ 1/K(x))

.

It is easy to obtain that

$
(
s, τ 1/K(x)

n

)
=
α(sτn)− α(τn) + x′βr

[
1/qu

(
(sτn)1/K(x)

)
− 1/qu

(
τn

1/K(x)
)]

1 + α(τn) + x′βr/qu (τn1/K(x))

=
I1 + x′βrI2

1 + α(τn) + x′βr/qu (τn1/K(x))
,

where I1 = α(sτn) − α(τn) and I2 = 1/qu((sτn)1/K(x)) − 1/qu(τn
1/K(x)).

Similarly, we can get

$
(
ψn/τn, τn

1/K(x)
)

=
Ĩ1 + x′βrĨ2

1 + α(τn) + x′βr/qu (τn1/K(x))
,

where Ĩ1 = α(ψn) − α(τn) and Ĩ2 = 1/qu(ψn
1/K(x)) − 1/qu(τn

1/K(x)). Also,

for the heteroscedastic model in (M2), we can find that

α(τ) = (x′ξ)
qu(τ)

qu(τ 1/K(x))
− 1.

Furthermore, we have

α(sτn)− α(τn) = (x′ξ)

[
qu (sτn)

qu ((sτn)1/K(x))
− qu (τn)

qu (τn1/K(x))

]
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and

α (ψn)− α (τn) = (x′ξ)

 qu (ψn)

qu

(
ψn

1/K(x)
) − qu (τn)

qu (τn1/K(x))

 .
First we study the convergence rate of $(s, τn

1/K(x)) → 0 as n → ∞ for

0 < s < 1. For I1, by using qu(τ) = H−1
u (− ln τ) = (− ln τ)θl(− ln τ) for all

τ ∈ (0, 1) and x′ξ = K−θ(x), we obtain

I1 =
l (− ln (sτn))

l (− ln (sτn) /K(x))
− l (− ln τn)

l (− ln τn/K(x))
.

Noting that l(z) = c exp{
∫ z

1
ε(t)/tdt} in (C5)(ii), we have

ln

[
l (− ln (sτn))

l (− ln (sτn) /K(x))

]
=

∫ − ln(sτn)

1

ε(u)

u
du−

∫ − ln(sτn)/K(x)

1

ε(u)

u
du

=: I1,1 → 0 as τn → 0

and

ln

[
l (− ln τn)

l (− ln τn/K(x))

]
=

∫ − ln(τn)

1

ε(u)

u
du−

∫ − ln(τn)/K(x)

1

ε(u)

u
du

=: I1,2 → 0 as τn → 0.

Hence, if I1,1− I1,2 6= 0, I1 = eI1,2(eI1,1−I1,2−1) ∼ I1,1− I1,2 as τn → 0. Note

that

I1,1 − I1,2 =

∫ − ln(sτn)

− ln(τn)

ε(u)

u
du−

∫ − ln(sτn)/K(x)

− ln(τn)/K(x)

ε(u)

u
du

=: J1,1 − J1,2. (S2.1)
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Case (i): ε(z) = c ln z/z with c ∈ (−∞, 0) ∪ (0,∞) and l(z) → c0 > 0 as

z →∞.

By some calculations, we can derive that

J1,1 = c

[
1 + ln[ln(1/τn)]

ln(1/τn)
− 1 + ln[ln(1/(sτn))]

ln (1/(sτn))

]
and

J1,2 = cK(x)

[
1 + ln ln(1/τn)− lnK(x)

ln(1/τn)
− 1 + ln ln (1/(sτn))− lnK(x)

ln (1/(sτn))

]
.

Letting τ̃n = ln(1/τn), A = 1−K(x) and B = K(x) lnK(x), we have

I1 ∼ I1,1 − I1,2 = J1,1 − J1,2

= c
(A+B) ln(1/s) + A ln(1/s) ln τ̃n − Aτ̃n ln (1 + ln(1/s)/τ̃n)

τ̃n (ln(1/s) + τ̃n)

∼ cA ln(1/s) ln τ̃n
τ̃ 2
n

=
c ln(1/s) (1−K(x)) ln ln(1/τn)

(ln(1/τn))2 .

Case (ii): ε(z) = 0 for any z > 0 and l(z) = λ > 0.

In this case, it is clear that I1 = 0.

Case (iii): ε(z) = 1/ ln z and l(z) = α ln z with α > 0.

For convenience, we let τ̈n = ln ln(1/τn) and τ̇s,n = ln(1 + ln s/ ln τn).

By some calculations, we get J1,2 = ln{1 + [τ̇s,n/(τ̈n− lnK(x))]} and J1,1 =

ln{1 + (τ̇s,n/τ̈n)}.

Hence, by I1 ∼ I1,1−I1,2 and (S2.1), we have I1 ∼ ln s lnK(x)/[ln(1/τn)
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ln ln(1/τn)]2, where

J1,1 − J1,2 = ln

(
1− τ̇s,n lnK(x)

τ̈n (τ̈n − lnK(x) + τ̇s,n)

)
∼ − τ̇s,n lnK(x)

(τ̈n)2

∼ ln s lnK(x)

ln(1/τn) [ln ln(1/τn)]2
.

For I2, we have

I2 =
1

qu (τn1/K(x))

[
qu
(
τn

1/K(x)
)

qu ((sτn)1/K(x))
− 1

]

=
1

qu (τn1/K(x))

[
H−1
u (− ln τn/K (x))

H−1
u (− ln(sτn)/K (x))

− 1

]
=

1

qu (τn1/K(x))

[(
ln τn

ln(sτn)

)θ
l (− ln τn/K (x))

l (− ln(sτn)/K (x))
− 1

]

=
1

qu (τn1/K(x))

[(
ln τn

ln(sτn)

)θ
I2,1 + I2,2

]
,

with I2,1 = l(− ln τn/K(x))/l(− ln(sτn)/K(x))−1 and I2,2 = (ln τn/ln(sτn))θ

−1 ∼ θ ln s/ ln(1/τn) as τn → 0. For I2,1, under Case (i) and Case (iii), from

the second order condition in (C5), we obtain

∆ := ln
l (− ln(sτn)/K (x))

l (− ln τn/K (x))
= b

(
− ln τn
K(x)

)∫ ln(sτn)/ ln τn

1

tρ−1dt (1 + o(1))

∼ b

(
− ln τn
K(x)

)
ln s

ln τn

∼ [K(x)]−ρ b (− ln τn)
ln s

ln τn
.

Hence, I2,1 = e−∆ − 1 ∼ ln s[K(x)]−ρb(− ln τn)/ln(1/τn). Under Case (ii),
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I2,1 = 0. Also, by qu(τn
1/K(x)) = [− ln τn/K(x)]θ l(− ln τn/K(x)), we get

I2 ∼
1

qu (τn1/K(x))

θ ln s

ln (1/τn)

=
[K (x)]θ θ ln s

[− ln τn]1+θ l (− ln τn/K (x))
.

Combining the results for I1 and I2, we can obtain the results of Proposition

2 for $(s, τn
1/K(x)).

For the convergence rate of $(ψn/τn, τn
1/K(x)), with a similar argument

as those for I1 and I2, we have the following results.

Case (i): ε(z) = c ln z/z with c ∈ (−∞, 0) ∪ (0,∞), and l(z) → c0 > 0

as z →∞.

Ĩ1 ∼ c (1−K(x))
(
1− κ−1

) ln ln (1/τn)

ln (1/τn)
,

Ĩ2 =
[K (x)]θ

[
κ−θ (1 + o(1))− 1

]
(ln(1/τn))θ l (ln (1/τn) /K (x))

= O
(

(ln(1/τn))−θ
)
.

Case (ii): ε(z) = 0 for any z > 0, and l(z) = λ > 0.

Ĩ1 = 0 and Ĩ2 = O
(

(ln(1/τn))−θ
)
.

Case (iii): ε(z) = 1/ ln z, and l(z) = α ln z with α > 0.

Ĩ1 ∼
lnK(x) ln(1/κ)

(ln ln (1/τn))2 ,
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Ĩ2 =
[K (x)]θ

[
κ−θ (1 + o(1))− 1

]
(ln(1/τn))θ l (ln (1/τn) /K (x))

= O
(

(ln(1/τn))−θ (ln ln (1/τn))−1
)
.

Combining the results for Ĩ1 and Ĩ2, we hence establish the results of

$(ψn/τn, τ
1/K(x)
n ) in Proposition 2.

For the five important examples of Weibull-type distributions in (E1)-

(E5), the Gaussian, Gamma and extended Weibull distributions belong

to Case (i) of the above two propositions, and the Weibull and modified

Weibull distributions belong to Cases (ii) and (iii), respectively. By Propo-

sitions B.1 and B.2, we are able to give the desired rates of τn, respectively.

(E1) Let u follow N(µ, σ2) with σ > 0, θ = 1/2 and b(ln(1/τn)) = ln ln(1/τn)

/(4 ln(1/τn)).

Under both (M1) and (M2), $(s, τ
1/K(x)
n ) = O((ln(1/τn))−3/2) with

0 < s < 1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln(1/τn))−1/2). Hence, if τn =

k0(ln lnn)/n with k0 > 0, then all the conditions of theoretical results

are fulfilled.

(E2) Let u follow Γ(β, α) with θ = 1 and b(ln(1/τn)) = (1 − α) ln ln(1/τn)

/ ln(1/τn).

Under (M1), $(s, τ
1/K(x)
n ) = O((ln(1/τn))−2) with 0 < s < 1 and
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$(ψn/τn, τ
1/K(x)
n ) = O((ln(1/τn))−1). Hence, if τn = k0(ln lnn)/n or

k0 lnn/n with k0 > 0, then all the conditions of theoretical results are

fulfilled.

Under (M2),$(s, τ
1/K(x)
n ) = O((ln ln(1/τn))(ln(1/τn))−2) with 0 < s <

1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln ln(1/τn))(ln(1/τn))−1). Hence, if

τn = k0(ln lnn)/n or k0 lnn/n with k0 > 0, then all the conditions

of theoretical results are fulfilled.

(E3) Let u follow W(α, λ) with α, λ > 0, θ = 1/α and b(ln(1/τn)) ≡ 0.

Under both (M1) and (M2), $(s, τ
1/K(x)
n ) = O((ln(1/τn))−(α+1)/α) with

0 < s < 1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln(1/τn))−1/α). Hence, if 0 <

α < 2, let τn = k0(ln lnn)/n or k0 lnn/n with k0 > 0; if α ≥ 2, let

τn = k0(ln lnn)/n with k0 > 0, then all the conditions of theoretical

results are fulfilled.

(E4) Let u follow EW(α, β) with θ = 1/α and b(− ln τn) = −β ln ln(1/τn)

/(α2 ln τn)2.

Under (M1), we can obtain $(s, τ
1/K(x)
n ) = O((ln(1/τn))−(α+1)/α) with

0 < s < 1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln(1/τn))−1/α). Hence, if 0 <

α < 2, let τn = k0(ln lnn)/n or k0 lnn/n with k0 > 0; if α ≥ 2, let

τn = k0(ln lnn)/n with k0 > 0, then all the conditions of theoretical
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results are fulfilled.

Under (M2), if 0 < α ≤ 1, $(s, τ
1/K(x)
n ) = O((ln ln(1/τn))(ln(1/τn))−2)

with 0 < s < 1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln ln(1/τn))(ln(1/τn)−1);

if α > 1, $(s, τ
1/K(x)
n ) = O((ln(1/τn))−(α+1)/α) with 0 < s < 1 and

$(ψn/τn, τ
1/K(x)
n ) = O((ln(1/τn))−1/α). Therefore, if 0 < α < 2,

let τn = k0(ln lnn)/n or k0 lnn/n with k0 > 0; if α ≥ 2, let τn =

k0(ln lnn)/n with k0 > 0, then all the conditions of theoretical results

are fulfilled.

(E5) Let u follow MW(α) with θ = 1/α, b(ln(1/τn)) = 1/ ln ln(1/τn) and

α > 0.

Under (M1), $(s, τ
1/K(x)
n ) = O((ln(1/τn))−(1+α)/α(ln ln(1/τn))−1) with

0 < s < 1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln(1/τn))−1/α(ln ln(1/τn))−1).

Hence, if τn = k0(ln lnn)/n with k0 > 0, then all the conditions of

theoretical results are fulfilled.

Under (M2), $(s, τ
1/K(x)
n ) = O((ln(1/τn))−1(ln ln(1/τn))−2) with 0 <

s < 1 and $(ψn/τn, τ
1/K(x)
n ) = O((ln ln(1/τn))−2). Hence, if τn =

k0(ln lnn)/n with k0 > 0, then all the conditions of theoretical results

are fulfilled.
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S3. Proofs of the theorems

Proof of Theorem 1

By Lemma 1, we have

lim
z→∞

a(z)Hu(z)

z
= θ.

Furthermore, if we let z = F̄−1
u (τn)→∞ under τn → 0 as n→∞, then

lim
z→∞

a
(
F̄−1
u (τn)

)
ln (1/τn)

F̄−1
u (τn)

= θ.

Under (C1), (2.5), and Remark 1, we have F̄−1
Y (sτn|x) ∼ K−θ(x)F̄−1

u (τn)

as τn → 0 holds. For any s > 0 and x ∈ X , we have

q̃n (s|x) =
√
nτn ln (1/τn)

(
q̂n(sτn|x)

qY (sτn|x)
− 1

)

=
√
nτn ln (1/τn)

x′
(
β̂ (sτn)− β (sτn)

)
x′β (sτn)

=

√
nτn

an(s)

F̄−1
u (τn)

x′β (sτn) a
(
F̄−1
u (τn)

) a (F̄−1
u (τn)

)
ln(1/τn)

F̄−1
u (τn)

x′an(s)

×
(
β̂ (sτn)− β (sτn)

)
=

√
nτn

an(s)

Kθ(x) (1 + o(1))

a
(
F̄−1
u (τn)

) a
(
F̄−1
u (τn)

)
ln(1/τn)

F̄−1
u (τn)

x′Ẑn(s)

=
(1 + o(1))√

s

F̄−1
u (sτn)− F̄−1

u (smτn)

a
(
F̄−1
u (τn)

)
H(x)

a
(
F̄−1
u (τn)

)
ln(1/τn)

F̄−1
u (τn)

x′Ẑn(s)

=
lnm (1 + o(1))√

sH(x)

a
(
F̄−1
u (τn)

)
ln(1/τn)

F̄−1
u (τn)

x′Ẑn(s)

=
θ lnm (1 + o(1))√

sH(x)
x′Ẑn(s),



S3. PROOFS OF THE THEOREMS33

according to an(s) =
√
nsτn/[K

−θ(µX)(F̄−1
u (sτn) − F̄−1

u (smτn))], H(x) =

[K(µX)/K(x)]θ and Lemma 5. Hence,

q̃n (s1|x)

q̃n (s2|x)

...

q̃n (sJ |x)


=
θ lnm

H(x)



s
− 1

2
1 x′ 0 · · · 0

0 s
− 1

2
2 x′ · · · 0

...
...

. . .
...

0 0 · · · s
− 1

2
J x′





Ẑn(s1)

Ẑn(s2)

...

Ẑn(sJ)


+



oP (1)

oP (1)

...

oP (1)


.

Using Lemma 6, we get(
Ẑn(s1)′, . . . , Ẑn(sJ)′

)′ d−→
(
Z∞ (s1)′ , . . . , Z∞(sJ)′

)′ d
= N(0,Ω),

EZ∞(sj)Z∞(sj′)
′ =

min(sj, sj′)√
sjsj′

Ω0,

where j, j′ = 1, . . . , J , and Ω0 = Q−1
H QXQ−1

H ln−2m. Consequently,

(q̃n (s1|x) , . . . , q̃n (sJ |x))′
d−→ (q∞ (s1) , . . . , q∞ (sJ))′

d
= N(0, Σq(x)),

where (Σq(x))j,j′ = θ2(x′Ω1x)H−2(x)(max(sj, sj′))
−1 for j, j′ = 1, . . . , J ,

Ω1 = Q−1
H QXQ−1

H , QH ≡ E[(H(X))−1XX′], H(x) = [K(µX)/K(x)]θ and

QX = E(XX′).

Proof of Theorem 2

Define Ij+1 = ln q̂n(sj+1τn|x) − ln qY (τn|x) and Ij = ln q̂n(sjτn|x) −

ln qY (τn|x). By Ij = ln(qY (sjτn|x)/qY (τn|x)) + ln(q̂n(sjτn|x)/qY (sjτn|x)),

we have by Lemma 2 that

ln

(
qY (sjτn|x)

qY (τn|x)

)
=

ln(1/sj)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+$

(
sj, τn

1/K(x)
)

+Rn,j,
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where Rn,j = O((ln(1/τn))−2∨ $2(sj, τn
1/K(x))). In addition, let q̂n(sjτn|x)

/qY (sjτn|x) = 1 + σnξn,j, where σ−1
n =

√
nτn ln (1/τn). It follows that

(ξn,1, . . . , ξn,J)′
d−→ N(0,Σq(x)) by Theorem 1. We then yield

Ij =σnξn,j +OP

(
σ2
n

)
+

ln(1/sj)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+$

(
sj, τn

1/K(x)
)

+Rn,j.

In a similar way, we can also get

Ij+1 =σnξn,j+1 +OP

(
σ2
n

)
+

ln(1/sj+1)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+$

(
sj+1, τn

1/K(x)
)

+Rn,j+1.

Hence,

Ij+1 − Ij =σn (ξn,j+1 − ξn,j) +
ln(1/r)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+O

(
(ln(1/τn))−2 ∨

(
∨Jj=1

∣∣$ (sj, τ 1/K(x)
n

)∣∣))+OP

(
σ2
n

)
.

Then,

√
nτn

(
θ̂n,P(x)− θ

)
=

1

ln(1/r)

J∑
j=1

(wj−1 − wj) ξn,j +
√
nτnb

(
− ln τn
K(x)

)
(1 + o(1))

+O

( √
nτn

ln(1/τn)
∨
(√

nτn ln(1/τn) ∨Jj=1

∣∣$ (sj, τn1/K(x)
)∣∣))

+OP

(
(
√
nτn ln(1/τn))−1

)
=

1

ln(1/r)

J∑
j=1

(wj−1 − wj) ξn,j + oP (1), (S3.1)
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where (S3.1) holds by conditions
√
nτn max

(
1/ ln(1/τn), |b(ln(1/τn))|

)
→ 0

and
√
nτn ln(1/τn) maxj=1,...,J |$(sj, τn

1/K(x))| → 0 of this theorem.

Therefore,
√
nτn(θ̂n,P(x) − θ)

d−→ N(0, (ln r)−2W ′Σq(x)W ), where W =

(w0 − w1, . . . , wj−1 − wj, . . . , wJ−1 − wJ)′ with w0 = wJ = 0.

Proof of Theorem 3

Let Tj = ln q̂n(sjτn|x) − ln qY (τn|x) and T0 = ln[q̂n(τn|x)/qY (τn|x)].

Noting that Tj = ln(qY (sjτn|x)/qY (τn|x)) + ln(q̂n(sjτn|x)/qY (sjτn|x)), we

have by Lemma 2 that

Tj =
ln(1/sj)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+$

(
sj, τn

1/K(x)
)

+Rn,j,

where Rn,j = O((ln(1/τn))−2 ∨$2(sj, τn
1/K(x))) for j = 1, 2, . . . , J .

In addition, it follows from Theorem 1 that

q̂n (sjτn|x)

qY (sjτn|x)
= 1 + σnξn,j,

where (ξn,1, . . . , ξn,J)′
d−→ N(0,Σq(x)) and σ−1

n =
√
nτn ln (1/τn). Hence,

Tj =σnξn,j +OP

(
σ2
n

)
+

ln(1/sj)

ln(1/τn)

[
θ + b

(
− ln τn
K(x)

)
(1 + o(1))

]
+$

(
sj, τn

1/K(x)
)

+Rn,j,

for j = 1, 2, . . . , J , and T0 = σnξn,1+OP (σ2
n). Then, we can get the following

expansion
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√
nτn

(
θ̂n,H(x)− θ

)
=
√
nτn

ln(1/τn)

(
J∑
j=1

ln(1/sj)

)−1 J∑
j=1

(Tj − T0)− θ



=

J∑
j=2

ξn,j − (J − 1)ξn,1

J∑
j=1

ln(1/sj)

+
√
nτnb

(
− ln τn
K(x)

)
(1 + o(1))

+O

( √
nτn

ln(1/τn)
∨
(√

nτn ln(1/τn)
(
∨Jj=1

∣∣$ (sj, τn1/K(x)
)∣∣)))

+OP

(
(
√
nτn ln(1/τn))−1

)
=

(
J∑
j=1

ln(1/sj)

)−1 [ J∑
j=2

ξn,j − (J − 1)ξn,1

]
+ oP (1),

(S3.2)

where (S3.2) holds by conditions
√
nτn max

(
1/ ln(1/τn), |b(ln(1/τn))|

)
→ 0

and
√
nτn ln(1/τn) maxj=1,...,J |$(sj, τn

1/K(x))| → 0 of this theorem. Let

J0 = (1−J, 1, . . . , 1), then J0Σq(x)J
′
0 = θ2(x′Ω1x)H−2(x)(

∑J
j=1((2(J− j)+

1)/sj)− J2). Hence,

√
nτn(θ̂n,H(x)− θ) d−→ N(0,ΛJH

−2(x)θ2(x′Ω1x)),

where

ΛJ =

(
J∑
j=1

((2(J − j) + 1)/sj)− J2

)(
J∑
j=1

log (1/sj)

)−2

.

The proof of this theorem is completed.
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Proof of Theorem 4

The following expansion can be obtained easily,

√
nτn

lnκn
ln
q̂n,E (ψn|x)

qY (ψn|x)
=

√
nτn

lnκn

[
ln q̂n (τn|x) + θ̂n lnκn − ln qY (ψn|x)

]
=
√
nτn

(
θ̂n − θ

)
+

√
nτn

lnκn
ln
q̂n (τn|x)

qY (τn|x)

+

√
nτn

lnκn
(ln qY (τn|x)− ln qY (ψn|x) + θ lnκn)

= : I1 + I2 + I3.

Under the assumptions of the theorem,

I1 =
√
nτn

(
θ̂n − θ

)
d−→ N(0, σ2

θ).

By Theorem 1, we have

I2 =
ln(1/τn)

√
nτn

ln(1/τn) lnκn
ln
q̂n (τn|x)

qY (τn|x)
= OP

(
1

ln(1/τn)

)
= o(1).

Finally, according to the second order condition in (C5) and limz→∞ b(ζz)/b(z) =

ζρ for any ζ > 0, the term I3 can be written as

I3 = −
√
nτn

lnκn

ln
qu

(
ψn

1/K(x)
)

qu (τn1/K(x))
+ ln

(
1 +$

(
ψn/τn, τn

1/K(x)
))
− θ lnκn


= −
√
nτn

lnκn

(
ln
l (− lnψn/K(x))

l (− ln τn/K(x))
+$

(
ψn/τn, τ

1/K(x)
n

)
(1 + o(1))

)
= −
√
nτn

lnκn

(
b

(
− ln τn
K(x)

)∫ κn

1

tρ−1dt (1 + o(1)) +$
(
ψn/τn, τn

1/K(x)
)

(1 + o(1))

)
= −
√
nτn

lnκn

(
b (− ln τn)Kρ(x)

∫ κn

1

tρ−1dt (1 + o(1)) +$
(
ψn/τn, τn

1/K(x)
)

(1 + o(1))

)
= o(1), (S3.3)
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where we use the condition
√
nτn max{|b(ln(1/τn))|, |$(ψn/τn, τn

1/K(x))|}

→ 0 to get (S3.3). The proof of this theorem is completed.
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Figure 1: The root mean integrated squared error of different estimators versus k0,

where the dashed dotted horizontal line denotes the RMISE of the conventional quantile

regression estimator q̂n of qY (ψn|x) with ψn = 1/n1.01. Here, k0 is the constant involved

in τn = k0(ln lnn)/n, q̂P,cn,E, q̂P,ln,E, and q̂Hn,E are the proposed extrapolation estimators

based on the Pickand-type tail-coefficient estimators with constant and linear weights,

and the Hill-type tail-coefficient estimator, respectively.
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