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Proof of Theorem 1

The following notations are used in the proof.

Let Ω be the true concentration matrix and suppose F υ
λ p.q is a convex penalty on a positive

definite and symmetric matrix G. Let

rΩ “ argminG

`

trpΣGq ´ log detpGq ` Fλ,υpGq
˘

pΩ “ argminG

`

trpSGq ´ log detpGq ` Fλ,υpGq
˘

pΩ˚ “ argminG

`

trpS˚Gq ´ log detpGq ` F υ
λ pGq

˘

.

LEMMA 1 Let Q be a real matrix and }.} be the operator norm of a matrix. Let A and B
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be positive definite and symmetric matrices. Then

ˇ

ˇ trpQAq
ˇ

ˇ ď }Q} trpAq; (1)

log detpABq ď trpABq ´ p; (2)

trpABq tr
“

pB´1 ´ A´1qpA ´ Bq
‰

ě }A ´ B}2F . (3)

Proof: First, A “
řp

j“1 γjϵjϵ
1
j. Then using the Cauchy-Schwarz Inequality,

ˇ

ˇ trpQAq
ˇ

ˇ ď

p
ÿ

j“1

γj
ˇ

ˇϵ1
jQϵj

ˇ

ˇ ď

p
ÿ

j“1

γj}Qϵj}2 ď }Q} trpAq.

Second,

log detpABq “ log detpB1{2AB1{2q ď trpB1{2AB1{2q ´ p “ trpABq ´ p.

Finally, trpB´1A`BA´1´2Iq “ trpB´1{2AB´1{2`B1{2A´1B1{2´2Iq. LetC “ B´1{2AB´1{2,

then C is positive definite and C´1 “ B1{2A´1B1{2. Since C ` C´1 ´ 2I is positive definite

[?], we conclude trpB´1A ` A´1B ´ 2Iq ě 0. According to Ex 12.14 [?] (page 329)

trpAq trpBq ě trpABq ě 0 and trpABq “ trpB1{2AB1{2q (4)

where B1{2AB1{2 is positive definite. Furthermore, according to the Cauchy-Schwarz In-
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equality (trace version) [?] (page 325)

trpABA´1Bq “ tr
“

pA1{2q1pA1{2qpA´1{2Bq1pA´1{2Bq
˘

ě tr
“

ppA1{2q1A´1{2Bq2
˘

“ trpB2q. (5)

Hence,

trpABq trpB´1A ` A´1B ´ 2Iq (Note:AB is not necessarily positive definite)

“ trpB1{2AB1{2q trpB´1{2AB´1{2 ` B1{2A´1B1{2 ´ 2Iq

ě trpB1{2AB1{2B´1{2AB´1{2 ` B1{2AB1{2B1{2A´1B1{2 ´ 2B1{2AB1{2q

“ trpB1{2A2B´1{2 ` B1{2ABA´1B1{2 ´ AB ´ BAq “ trpA2 ` ABA´1B ´ AB ´ BAq

ě tr
“

pA ´ Bq2
‰

“ }A ´ B}2F .

The proof is complete.

LEMMA 2 Let S1 and S2 be two positive semidefinite p ˆ p matrices, and

pΩ1 “ argminG

`

LpS1;Gq ` F υ
λ pGq

˘

; pΩ2 “ argminΩ

`

LpS2;Gq ` F υ
λ pGq

˘

.

Then

tr
“

pS2 ´ S1qp pΩ1 ´ pΩ2q
‰

ě tr
“`

pΩ´1
2 ´ pΩ´1

1

˘`

pΩ1 ´ pΩ2

˘‰

ě 0. (6)
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Proof: We establish

S1 ´ pΩ´1
1 ` pH1 “ 0; S2 ´ pΩ´1

2 ` pH2 “ 0 (7)

where pH1 and pH2 are p ˆ p matrices of sub-differentials. Thus

pH1 ´ pH2 “
“

S2 ´ S1

‰

`
“

pΩ´1
1 ´ pΩ´1

2

‰

. (8)

Moreover,

pΩ1ph ´ h2q “ pΩ1S2 ´ pΩ1p pΩ2q
´1 ´ pΩ1S1 ` pΩ1p pΩ1q

´1 (9)

p´ pΩ2qph ´ h2q “ p´ pΩ2qS2 ´ p´ pΩ2qp pΩ2q
´1 ´ p´ pΩ2qS1 ` p´ pΩ2qp pΩ1q

´1. (10)

Using the monotonicity property of convex functions, we establish tr
“

p pH1´ pH2qp pΩ1´ pΩ2q
‰

ě

0, which implies

tr
“

pS2 ´ S1qp pΩ1 ´ pΩ2q
‰

ě tr
“`

pΩ´1
2 ´ pΩ´1

1

˘`

pΩ1 ´ pΩ2

˘‰

ě 0. (11)

The proof is complete.

(Note: The inequality 0 ď tr
“

pΣ´Sqp pΩ´ rΩq
‰

is automatically implied by the above result.)
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LEMMA 3 Let rH be the matrix of subdifferentials of F υ
λ p.q evaluated at rΩ. Then

0 ď LpΣ; rΩq ´ LpΣ;Ωq ď Fλ,υpΩq ´ Fλ,υp rΩq (12)

For L1 penalty: F 1
λ p rΩq “ tr

“

rHrΩ
‰

“ λ} rΩ}1 ď p; tr
“

ΣrΩ
‰

` λ} rΩ}1 “ p. (13)

Proof: Obviously,

trpΣrΩq ´ log detp rΩq ` Fλ,υp rΩq ď trpΣΩq ´ log detpΩq ` Fλ,υpΩq.

Thus we conclude 0 ď LpΣ; rΩq ´ LpΣ;Ωq ď Fλ,υpΩq ´ Fλ,υp rΩq.

Furthermore, we establish

Σ ´ rΩ´1 ` rH “ 0; ΣrΩ ´ Ip ` rHrΩ “ 0; tr
“

ΣrΩ
‰

` tr
“

rHrΩ
‰

“ p (14)

where tr
“

rHrΩ
‰

“ λ} rΩ}1 for L1 penalty.

The proof is complete.

LEMMA 4 Let pH be the matrix of subdifferentials of F υ
λ p.q evaluated at pΩ. Then for L1

penalty:

trpSpΩq ` λ} pΩ}1 “ p; (15)

´F υ
λ p rΩq ď LpS; rΩq ´ LpS; pΩq ď p}Ω1{2SΩ1{2 ´ Ip} ` trpΣq ` λp ` p logp1{λq. (16)
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Proof: We establish

S ´ pΩ´1 ` pH “ 0; SpΩ ´ Ip ` pHpΩ “ 0; tr
“

SpΩ
‰

` tr
“

pHpΩ
‰

“ p (17)

where F 1
λ p pΩq “ λ} pΩ}1 “ tr

“

pHpΩ
‰

ď p for the Lasso penalty.

Since trpSrΩq ´ log detp rΩq ` F υ
λ p rΩq ě trpSpΩq ´ log detp pΩq ` F υ

λ p pΩq,

LpS; rΩq ´ LpS; pΩq ě F υ
λ p pΩq ´ F υ

λ p rΩq ě ´F υ
λ p rΩq. (18)

On the other hand, since the sample covariance matrix S may be singular,

LpS; rΩq ´ LpS; pΩq “ tr
“

Sp rΩ ´ pΩq
‰

´ log detp rΩq ` log detp pΩq

“ tr
“

pS ´ Σq rΩ
‰

` tr
“

ΣrΩ
‰

` log detp rΩ´1q ´ tr
“

SpΩ
‰

` log detppS ` λIpq´1q

` log detppS ` λIpq pΩq

ď }Ω1{2SΩ1{2 ´ Ip} trpΣrΩq ` trpΣrΩq ` trΣ ` λp ´ p ` p logp1{λq ` trpSpΩq ` λ} pΩ}1 ´ p

ď p}Ω1{2SΩ1{2 ´ Ip} ` trpΣq ` λp ` p logp1{λq.

The proof is complete.

LEMMA 5 Let pH˚ be the matrix of subdifferentials of F υ
λ p.q evaluated at pΩ˚. Then for L1
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penalty:

trp pΩ˚
pH˚q ` λ} pΩ˚}1 “ p; (19)

´F υ
λ p rΩq ď LpS˚; rΩq ´ LpS˚; pΩ˚q ď p}Ω1{2S˚Ω1{2 ´ Ip} ` trpΣq ` pλ ` p logp1{λq.(20)

Proof: We establish

S˚ ´ p pΩ˚q´1 ` pH˚ “ 0; S˚
pΩ˚ ´ Ip ` pH˚

pΩ˚ “ 0; tr
“

S˚
pΩ˚

‰

` tr
“

pH˚
pΩ

‰

“ p (21)

where F 1
λ p pΩ˚q “ λ} pΩ˚}1 “ tr

“

pH˚
pΩ˚

‰

ď p for the Lasso penalty.

Since trpS˚
rΩq ´ log detp rΩq ` F υ

λ p rΩq ě trpS˚
pΩ˚q ´ log detp pΩ˚q ` F υ

λ p pΩ˚q,

LpS˚; rΩq ´ LpS˚; pΩ˚q ě F υ
λ p pΩ˚q ´ F υ

λ p rΩq ě ´F υ
λ p rΩq. (22)

On the other hand, since the sample covariance matrix S˚ may be singular,

tr
“

S˚p rΩ ´ pΩ˚q
‰

´ log detp rΩq ` log detp pΩ˚q

“ tr
“

pS˚ ´ Σq rΩ
‰

` trpΣrΩq ` log detp rΩ´1q ´ tr
“

S˚
pΩ˚

‰

` log detppS˚ ` λIpq´1q

` log detppS˚ ` λIpq pΩ˚q

ď tr
“

pS˚ ´ Σq rΩ
‰

` trpΣrΩq ` trpΣq ` pλ ´ p ` p logp1{λq ` trpS˚
pΩ˚q ` λ} pΩ˚}1 ´ p

ď tr
“

pS˚ ´ Σq rΩ
‰

` trpΣq ` pλ ` p logp1{λq

ď p}Ω1{2S˚Ω1{2 ´ Ω1{2SΩ1{2} ` p}Ω1{2SΩ1{2 ´ Ip} ` trpΣq ` pλ ` p logp1{λq.

7



The proof is complete.

Proof of Theorem 1: The operator norm }Ω1{2SΩ1{2 ´ Ip} is bounded by

E}Ω1{2SΩ1{2 ´ Ip} ď CK2
´

c

p

n
`

p

n

¯

}Ω1{2SΩ1{2 ´ Ip} ď CK2
´

c

p ` u

n
`

p ` u

n

¯

with probability at least 1 ´ 2 exppuq

using a result of [?] (page 99-100), and the constants K and C are defined as there.

According to [?] (page 129-130),

E
´

}Ω1{2S˚Ω1{2 ´ Ω1{2SΩ1{2}

ˇ

ˇ

ˇ
Y

¯

ď C
´

d

pK2p log p

n
`

pK2p log p

n

¯

;

}Ω1{2S˚Ω1{2 ´ Ω1{2SΩ1{2} ď C
´

d

pK2pplog p ` uq

n
`

pK2pplog p ` uq

n

¯

with probability at least 1 ´ 2 exppuq, where C is a absolute constant and

pK “
max1ďiďnt}Z1}

2
2, ¨ ¨ ¨ , }Zn}22u

p1{nq
řn

i“1 }Zi}
2
2

. (23)

As for the Mallow’s metric d1pD
˚
t , Dtq,

1

p2
d1

`

LpS˚; pΩ˚q,LpS; pΩq
˘

ď An ` Bn ` Cn (24)
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where

An “
1

p2
d1

`

LpS˚; pΩ˚q,LpS˚; rΩq
˘

; (25)

Bn “
1

p2
d1

`

LpS˚; rΩq,LpS; rΩq
˘

; (26)

Cn “
1

p2
d1

`

LpS; rΩq,LpS; pΩq
˘

. (27)

Considering the independence of Y˚
i

rΩY˚
i (i “ 1, ¨ ¨ ¨ , n) and the independence of Y1

i
rΩYi

(i “ 1, ¨ ¨ ¨ , n), we establish

Bn ď
1

p2
d1

`

trpS˚
rΩq, trpSrΩq

˘

ď
1

np2
d1

`

n
ÿ

i“1

pY˚
i q1

rΩY˚
i ,

n
ÿ

i“1

Y1
i
rΩYi

˘

ď
1

p2
d1

`

pY˚
1 q1

rΩY˚
1 ,Y

1
1

rΩY1

˘

.

Let Y „ MVNp0,Σq and Z “ Ω1{2Y „ MVNp0, Ipq. Then V arpY1GYq “ 2 trpGΣGΣq

where

trpGΣGΣq “ trpG1{2ΣG1{2G1{2ΣG1{2q ď
`

trpG1{2ΣG1{2q
˘2

“
`

trpGΣq
˘2
.

Let S0 “ Ω1{2SΩ1{2. Then EpZ˚pZ˚q1|Y q “ S0.

Consider

V arppY˚q1GY˚|Y q “ E
`

tr2
“

Ω1{2Y˚pY˚q1Ω1{2 ´ S0qpΣ1{2GΣ1{2q
‰

|Y
˘

ď tr2pΣ1{2GΣ1{2qE
`

}Ω1{2Y˚pY˚q1Ω1{2 ´ S0q}2|Y
˘

ď tr2pGΣqE
`

}Z˚pZ˚q1 ´ S0q}2|Y
˘

.
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Obviously, tZ˚pZ˚q1 ´ S0qu2 is a symmetric and positive definite matrix and

}Z˚pZ˚q1 ´ S0q}2 ď }tZ˚pZ˚q1 ´ S0u
2} ď tr

“

tZ˚pZ˚q1 ´ S0u
2
‰

“ tr
“

tZ˚pZ˚q1u2
‰

` tr
“

tS0u
2
‰

´ 2 tr
“

Z˚pZ˚q1S0

‰

.

Therefore,

E
`

}Z˚pZ˚q1 ´ S0q}2|Y
˘

“ E
`

tr
“

tZ˚pZ˚q1u2
‰

|Y
˘

´ tr
“

S2
0

‰

“ E
`

}Z˚}42|Y
˘

´ tr
“

S2
0

‰

“ V ar
`

}Z˚}22|Y
˘

ď p
ÿ

V ar
`

pZrisq
2|Y

˘

.

Therefore,

V arpY1
rΩYq ď 2 trp rΩΣrΩΣq ď 2

`

trp rΩΣq
˘2

ď 2p2;

V arppY˚q1GY˚|Y q ď p3
ÿ

V ar
`

pZrisq
2|Y

˘

.

Furthermore, since Y˚1

i
rΩY˚

i (i “ 1, ¨ ¨ ¨ , n) are a bootstrapping sample from Y1
i
rΩYi

(i “ 1, ¨ ¨ ¨ , n),

Bn ď
1

p2
d1

`

Y˚1

1
rΩY˚

1 ,Y
1
1

rΩY1

˘

Ñ 0 almost surely as n Ñ 8.

Both An and Cn converge to 0 almost surely by Lemmas 4 and 5.

The proof is complete.
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