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Abstract

This document includes two sections. Section S1 is about the robustness
check and the corresponding simulation results are presented in Tables S1 — S4.

Sections S2 provides some useful lemmas and the theoretical proofs.

Section S1: Robustness Check

It is clear that technical condition (C3) requires that p — 0 as the network size
n — 0o. We thus perform a robustness check for this condition. More specifically, we
are interested in examining the finite sample performance of the proposed estimator
(NLSE), when condition (C3) is violated (e.g., a fixed p). To that end, we conduct
a number of robustness studies. We replicate all of the 4 simulation examples in
the main article, the only difference being that we fix p = 0.5 instead of allowing
p = 1/log(n) — 0. The detailed results are given in Tables S1-S4 in this supplement
material. We are glad to report that the empirical results are qualitatively similar
to those of the previous simulation studies. The performance of the proposed NLSE
remains fairly outstanding.

Take Table S1 for illustration purpose. As we can see from this table, for the
NLSE, the RMSE (%), SE (%), and SE (%) values all drop towards 0, as the network
size n increases. Besides, the BIAS (%) values are much smaller than the RMSE (%)

values and thus, can be ignorable. Moreover, the estimated SE (%) (i.e., SE (%))
approximates the true SE (%) quite well. As a consequence, the reported coverage
probabilities are fairly close to their nominal level 95%. These results corroborate
the asymptotic theory given in Theorem 1 quite well and suggest that the proposed
NLSE is indeed consistent.



Comparatively speaking, as the network size increases, the coverage probability
of our estimator (NLSE) is stable at the nominal level 95%. However, it becomes
much harder for the MLE to get reliable p. Especially, when n = 5,000, the reported
coverage probability for the MLE equals to 46.20%, which is far from its nominal level
95%. Moreover, the NLSE is computationally much more efficient than the MLE. The
CPU time consumed by the MLE is substantially larger than that of the NLSE; see
the last two columns in Table S1. For regression coefficients, the NLSE and MLE
have better performance than OLSE, and therefore omitted the description for it
here. Qualitatively similar patterns can be observed for Tables S2-S4 and therefore
omitted here.

Section S2: Proof of Theorem 1

To prove Theorem 1, we first need to establish the following conclusions for Apax(-),
which are to be used extensively in the proof. Let A and B be two arbitrary matrices
with compatible dimensions, we should have

/\maX(A+B) S /\max(A)+)\max(B)a (Al)
Amax(ATB) < Amax(A) Amax(B), (A2
Amax(A") < NEL(A)., (A.3)

for any positive integer k > 0.

Proof of (A.1): Let u be a vector with unit length and a compatible dimension.
Then, by definition, we should have A%, (A + B) = supy, =, u' (A+ B)" (A + B)u,
which can be further bounded by

< sup u' ATAu+ sup v B'Bu+2 sup u' A" Bu

[lull=1 [lull=1 flul|=1
= AMax(A) + X (B) +2 sup u' A Bu,
[lull=1
< /\ilaX(A) + )\fnaX(B) + 2{ sup uTATAu}1/2{ sup uTBTBu}l/2
flull=1 flull=1
2
= {)\max(A) + /\max(B)} )

where the first and the last equality is implied by the definition of Apax(+) and the
last inequality is implied by Cauchy’s inequality. Thus, (A.1) holds.



Proof of (A.2): Similarly with the proof of (A.1), we have

M (ATB) = sup u' BTAA"Bu < Apax(ATA) sup u' B' Bu

e lul|=1 lull=1
S >\maX<ATA))‘maX(BTB) - )\r2nax(A>/\i1ax(B)7

which completes the proof of (A.2).
Proof of (A.3): Note that

Amax(A*) = { sup uT(A’”“)T(Ak)u}1/2 = { sup uT(Akl)TATA(Akl)u}l/2

[[ul|=1 fJuf| =1

M (A sup 0T (AT (A} = (A (457,

fJull=1

IN

If k> 2, we can further obtain that Apax (A1) < Apax(A) Amax(A¥72). Finally, we
have Apax(A*) < A (A), which completes the proof of (A.3).

max

Proof of Theorem 1: Since Y can be expressed as Y = (I, — pW) 1 (X8 + &). We
then have 0 = (p, B‘r ). Specifically, § can be expressed as

G ( YWTWY/n YTWTX/n )‘1 ( Y'WTY/n )

X"WY /n XX /n XY /n
C(YTWTWY YTWIX N\ oY WWY + Y W XB+YTWTE
“ X'wy  X'X pXTWY + X X5+ XTE
(A.4)

Let i = (ill,ilg;igl,igg), where 211 = YTWTWY/TL, 222 = XTX/TL, 3\]12 =
Y 'WTX/n, and ¥ = XJ,. Then (A.4) can be further expressed as

oo (1) () oo ()

Then, /n(f — ) can be further expressed as S (Y WTE/\/n,E7X//n)T. To

establish the conclusion of Theorem 1, we consider the following three steps. In



the first step, we demonstrate that £ = (Y W 'E//n, "X /y/n)" is asymptotically
normal. In the second step, we are going to show that > — 3, where X is a positive
definite matrix. Once Step 2 is established, we are then ready to prove the asymptotic

normality of 5, which is given in the third step.

STEP 1. We are going to show that £ = (Y'WTE/y/n, ETX/\/n)" is asymptot-
ically distributed as normal distribution. Firstly, we start with YW & /y/n, which
is the first component of £. Note that

LYTWTf; =

v [Tu W) (Xﬁ+5)] ar (A.5)

which can be further expressed as

(L= W)~ L](XB+E)} WTE+ %(Xﬁ LETWTE. (A6)

Since G = (I, — pW)™1, the first part of equation (A.6) can be further expressed as
(G —L,)(XB+ E)]"WTE/\/n. By Cauchy’s inequality, it can be bounded by

(X846 {(@ - 1)(G - 1)}xB+ )] " T

< Ml (GT = 1)(G = L)YIXB + EN|WTE]/Vn
<Ml (GT = L)(G = LN W TW)IXE + €€

max

Note that G — I,, = >, p"W*. By the definition of Ayax(+), we further have

)\max{ i (W T i pkzwkz} _ max{ Z phrthe( Wk1>TWk2}

k1=1 ko=1 k1,k2=1

i pk1+k2)\max{(Wk1)TWk2}, (A.7)

k1,k2=1

where the last inequality is due to (A.1). Next, by (A.2), we have A\pa, { (W) TWk2} <
Mmax(WF) Amax (W*2). Then, by (A.3), the right hand side of (A.7) can be further



bounded by Y7 | ) pF AR (W)AR2 (W). We finally have

max max

AIIlaX{(G - '[n)T(G - ]Tl)} S Z pk1+k2 )\fr}ax Afr?ax Z pk1+k2 I'l']fal,)—(‘rk2 /2
kl ko=1 k1,ko=1
p Cmax
- S
— PCmax

where the last inequality is implied by condition (C2) and the last equality is implied

by condition (C3). On the other hand, implied by condition (C2), we have [(X/S +
EYTWTE| < MEZWTW)||XB + E||I€] and (X8 +E)TWTE| > A2 WTW)||X8 +

ENE]l. Thus, (XB+ E)TWTE and || XS + &]|||€]| are of the same order. The above
conclusions together with (A.7), we further have (A.6) can be approximated by

1

X8+ 5)TWT5{1 + op(1)} -~

T(ﬁTxTWTs + 5WVT5){1 + op(1)}. (A.8)
Here, ETWTE = [ET(WT + W)E|/2 = £ TApE*/2, where W' + W = PTAgP
and £ = PTE —4 N(0,0%1,). Thus, £ "AgE*/(2y/n) can be further expressed as

S Ner?/(24/n), where Ag = (Ay, -+, \,) " with its i-th component represents the
i-th largest eigenvalue of W and £* = (&f,--- , &%) € R™L

Moreover, 3TXTWTE/\/n = BTXTWTPE*/\/n. Let « = PTWXS and a =
(o, )" € R Then, STXTWTE/\/n = Y0 asel//n. Thus, (A.8) can
be further expressed as ZZ L(\ier?/2 + aier)/+/n. On the other hand, £'X/y/n =
S v er/v/n, where v; is a p x 1 vector, Wthh represents the i-th column of XTP.
Thus, £ = (BTXTWT8+€TWT5,STX)T/\/_{1+0p( )} = {1+ 0,(1)}, say. Here,
€ = S0 (Ni/2, i ko, 1i)EE N/, B = (e8%,er)T and Ky € RPX! with each element
equals to 0. By the Lindeberg-Feller central limit theorem, we have 3 |X is asymptotic
normal. Firstly, by simple calculation, we can obtain that E(£) = 0. Secondly, since

ml

vec (W + W )vec(EET — o21,) BIXTWT <
\/— 0 + XT )

by Theorem 1 of Kelejian and Prucha (2001), the asymptotic covariance matrix of 13



is the limitation of

11, /e fw+ w2 o TXTWT (BTXTWT\ |«
[ (e () (R e

where 3 = (31, 2{2; ﬁ;l, i;Q) with
~ 1 1
S = 2—a4tr {W+WT)?} + =a?8TX"TWTWX3,
n n

~ 1 ~ = < 1
S, = EU%TXTWTX, Y5 =35, and ¥, = EJ2XTX.

Moreover, n~ Y (WXB)T(WXpB) = n*I(Xﬂ)TW(Xﬁ) =n! D=1 wi; (X, B) (X[ B).
By condition (C1), we know that X; and X; are independent with i # j and E(X;) =
E(X;) = 0. We then have

n

n_l Z @Z]E(XZTB)(XJT/B) = n_l zn:wzzE(XlTﬂ)2 = n_ltr(W)BTEXB. (Ag)
i=1

,5=1

By condition (C2), we know that (A.9) tends to C18"Xx /3, as n — oo. Next, we
want to compute var{n~1(WX3)"(WX}3)}. To this end, we start with

n

B WXB)TWXA)P =n B> @i (X1 B) (XA (XLB)(XL0) ).

i1,J1,82,J2=1

Then, according to the index relationship between (iy, j;) and (is, j2), we can decom-
pose the above quantity into the following three parts: A;, A,, and A3 respectively.



Specifically,

Al = n_QEZwilhwiziQ(XiT )2<X’L—|2— )2

i1#i02

Ay = m7E Y @}, (X B)H(X] B)
1175J1

A; = QEZ (X, B)L

We then evaluate the the above three parts separately. Firstly,

A = n~? Z wumwzgz?{ XT ) } =dn~ Z 7:Eilililjiziz (BTEXﬁ>2

i1#49 11712
= n (BT et (W z_jwz}
R Pl SR i

=1

Because, n=2 3" @2 < n~2tr(W?) < n_2)\max(W)tr(W) < 0 2emaxtr (W) = 0,(1).
Thus, we have A; = (37Sx3)2{n"1tr(W)}? + 0,(1). In addition,

Ay = 2 2(BTSxB)’ Y @2, = 20 (5T Exp) {trW2 zn:w}

1171 i=1

= 2 2(BTExB)2tr(W?) + 0,(1).

We next examine Az. Note that A3 =n=2>"" w2 FE(X,"3)*. By condition (C1), we
know that E(X,;"3)* exists. Combine with the above results, we immediately have
Az = o(1). Thus, Aj is ignorable. Combining A; + Ay + Aj together, we have

E{n~ (WXB)T(WXA)} = (8T5x B2 {n~2tr(W) + 2n~2r(W?) } + o(1).



Implied by (A.9), we have E*{n""(WXp)T(WXB)} = n~*(8TExB)*tr*(W W). Thus,
var{n {(WXB)T(WXB)} = 2(8TSxB)2n"2tr(W2) + o(1) = o(1), where the last e-
quality is implied by condition (C2). Therefore, n 1a?(WXS)T(WXS) —, C1o?8 L x 3.
Then, implied by condition (C2), we have f]fl —, C102BTEx B + Cao? /2.

On the other hand, 333, = 020 !X X —, 025x. Note that 3}, = n~ 10287 37

xw;; X; . By similar technique, we can obtain that E(ZB) =0 and var(ElQ) o(1).

Thus, $* —, X%, where 3* = (C10%8TXx 8 + C20/2,0;0,0°Yx). Therefore, & —4
N(0,¥*), which completes the proof of Step 1.

Xi

2,7=1

STEP 2. Note that f]ll =Y "WTWY /n, which can be expressed into (S} + Sy +
S3)/n. Here,

S = XB+EUG-D'WIW(G-D)(XB+E),
Sy = XB+EWW(GE-DH(XB+E)+XB+E(GC—-D)TWTW(XB+E),
Ss = (XB+EWIW(XBH+E).

We can verify that S; = o(S3) and Sy = 0(S3). We start with Sy first and S; is a
smaller order of S5. By Cauchy’s inequality, we have

S, 2V (XB+ETWTW(XB+EWXB+ET(G-DTWTW(G - 1) (XB+E)

<
< 2 WIWINLA(G = DTG = D}IXE + €]

Since Apax{(G—1)T(G—1I)} = o(1), we further have Sy = 0, (|| X3+&||?). Similarly, we
can obtain that S; = 0,(||X8+ &]|?). On the hand, we have S3 < Apax(WTW)|| X3 +
E|)? and Sz > A\uin(WTW) || X3 + £||?. Then, by condition (C2), we can find that Sy
has the same order with ||X3 + &J|?. Therefore S1 = 0p(S3) and Sy = 0,(53), which
implies that ¥y, = 53{1 + 0,(1)}/n. Similar technique with Step 1, we have S —p
Cl(ﬁTZXﬁ +0o ) 222 _>p ZX, 221 _>p 0, and 212 _>p 0. Let X = (2117 212; 221, 222).
Spemﬁcally, 211 = Ol(BTE)(ﬁ + 0'2), 212 = 0, 221 = 07 and 222 = Ex. We then have
5 —p 2, which completes the proof of Step 2.

STEP 3. Since \/_(9 ) = _15 by the results of Steps 1 and 2, we know that
V(B — 6) =4 N(0,S71). Specifically, ;7' = £!15*%! and
x—1 XX En 0 _. .
21 EZ E ( O 2222;2,1222 = (O'H, O7 O, 0'22), say,



where 01, = C?(B"Sx B + 02)?/{c*(C18"Xx B + C202/2)} and 099 = 02X x. This
completes the proof of Step 3 and thus the whole proof is completed.
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