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Supplementary Material

This Supplementary Material contains the proofs of the theorems and simulation results. In par-
ticular, Tables 1-4 summarize the simulation results for two samples, and Table 5 provides the
simulation results for two samples under the ultra high-dimensional setting. Figure 1 presents
the simulation results for three samples with Gaussian populations, and Figure 2 presents the
simulation results for three samples with Gamma populations. For ease of exposition, the proof
of Theorem 2 is given first and that of Theorem 1 is given later. We first provide two lemmas

which are essential to the proofs of Theorems 1 and 2.

S1 Lemmas

Lemma 1. Under Assumptions (A1)-(A2), we have

0 412{tr[(S1 — 82)°] — fior — par2} — N(0,1)
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where figy = Yo (n? — ng — D)nj (g — 1)72(t1S,)?,

bS]

2
ng + 1 n
pate = tr[(B1 — 3)7] + Z () + Y O S (o752

2
—1 (ng —1)? k=1 (ny —1)? =1

and

ooy = AnTr(B)]) + 4ny tr(23)]) + 8ny tng tr(3213)]°
p

+4207 (B + fing ' Y (ef Bier)’]

(=1

+4{2n; Hr[(B1 )% + Sing ! Z( I5)?%,5 %)%}

(=1

p
—8[2n7 1 tr(21%0) + Bini Y ef B/, 5 %esel Bley)
/=1

p
+ny [2tr(53) + B2 ) (€] Sher)’]
/=1

P
{207 00 [(3530)7] + Bang 'Y (ef 3505155 %er)?}
=1

p
—8[2n; r(Z330) + Bony Y ef By/751 35 Pece] Bey).
/=1

—-1/2

Proof. Define ry; = n, "“wy; and wi; = (wpii, - .., Wipi)? for i =

1,...,nr and k= 1,2. We have

nk
(nk—l)Qnﬁtr(Si) = tI‘[(Z 2116/21‘]”1‘]%2 /2 ) ]—i—nk(rk Ekrk) —27’Lk1‘k Zk ZrkzrklEkrk,
i=1

=1

where 15, = n;, !

e fork=1,... K.
First, we will consider the bounded spectral norm case, that is, the

maximum eigenvalue of ¥ is bounded for & = 1,2. When tr(X}) = O(p?)
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holds for ¢ = 1,2, 3,4 and at least one integer k in the index set {1,2}, we
only need to consider the CLT of n=2/3tr[(S; — S»)?], and its proof is almost
the same as the proof for the CLT of tr[(S; — S3)?] when X; and X, have
the bounded spectral norms.

Specifically, for the bounded spectral norm case, the proof can be com-
pleted through the following steps.

Step 1. We will prove n, s X1y, = n;ltrEk%—op(l). We have n;,tL 3, 1), =

-1 T —1\ e T -1 T _
2ny, ZK]‘ Ty STy 1y Dt T Sarki- As E(2ny Zi<j r;,; 3xrx;) = 0 and

E(2n;" ) rfiSiry)” < AE(rf Sirperf, i) = 4n, *te(37) — 0,

1<J

1

—1 T _ — ng T N\ —
we have 2n, " >, .1}, 3wy = 0,(1). Moreover, as E(n, " > % 1y, 3ry;) =

ny 'trEy and Var(ng'Ym* vl Sry) = n'E[(vh Sirn — ny 'trEg)?] =

ng 2[2tr(X2) + By "_1(ej3xe;)’] — 0 from (1.15) of Bai and Silverstein

(2004), we have n; ' S rE Sy — ng 'tr3g = 0,(1), and thus
nkf';‘:Ekfk = n;ltrEk + 0p<1)-
Step 2. We have

ng
=T Ty = -1 T T -1 T T
nkrkEkE Uil 25T, = 1y E rkiEkrkjrkjEkrkg—l—nk E rkiEkrkjrkjEkrki
i=1 i i

Nk
-1 T T -1 T T
+2n,, g T} 2T ki Ty 2T + 1y E T 205 il 20k L ki -
i#] i=1
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Step 2.1. We have

ng Nk
~1 T T o1 T ~1 2 —1 2
ny T Sk kil 2k = Ny E (12l — ny tr3g)° + (n, tr¥y)
i1 i=1

ng
+2n; ! Z(n;ltrzk)(rfizkrki —ny ).
i=1

As ' S Bl(eE Sy —ny trEs)?] = ng 22032 + 5, le(eJTEkej)Q] —
0,wehaven,;12?:’“l(rk22krm ng tr3;)? = 0,(1). Asn,! Sk E(rh g —

ny 'tr3;) = 0 and

Nk p
Var[n;! Z(r;‘;Ekrki —n )] = 0226080 + B Z(eJTEkej)ﬂ — 0,
i=1 j=1

we have n, ' Y% (vF 3y — ny 'trE,) = 0,(1), and thus

ng

ny, . L T ST = (nl;ltrﬂk)2 + 0,(1). (S1.1)

=1

Step 2.2. We have n~ Z#J# (rf;Xxrg;ri,;Xrke) = 0 and

E(n™* Z rfErjrfErg)Q
i

p
< 100 tr(EY) + (2070 + 240 ) [260(2Y) + B Y (€] D)) + (trE?)’]
j=1
+24n"~ 45kz (el 2%;)? —|—8n_4ﬁkzz (el'Se,)" — 0.

7j=1 ¢=1

This leads to ng ' Y2, (0 Zers,rf Zerre) = 0p(1).
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Step 2.3. We have n; ' Zi# Erﬂzkrkjrszkrki = (ni, — 1) tr(27) and

”EQE(Z Ty il Ty Sr)
i#]
p p p
< 6n.°(ng — 1)k Z(e;‘-FEiej)Q +2n; % (ny, — 1) 57 (e Srep)?
j=1 j=1 (=1

i (e = 1) (g = 2) (g = 3)[tr(B)]°
2,7, = 1)(2n = 1[24r(Z) + B Y_(e] Tey)” + (o))

As a result, we have Var(n; ' D ik T ST B r) — 0; that is,

n; ! r@Ekrkjrszkrki — (g — )n; 1 (27) = 0,(1).
i
Step 2.4. We have

712 T T
ny rkiEkrkirkiEkrkj
i#]
—1 T -1 T -2 T
= n, (T XpTr; — ny tr2p)ry, Xpry; + (ng, “tr3y) E D N
i#] i#]

and further,

~1 Z T ~1 T
nk | (r,ﬂ»Ekrki — nk trEk)rkiEkrm
i#]
~1 T ~1 2 ~1 T T
< 2n, (T T — ny tr3)° + 2n, g T kT kT Dk ki
i i#]
—1 T T _
Then, we have n, Zi# T Xkl kilh 2kl = 0p(1).

Thus, we have

2
U

ng
t(SP) = — (Y B rer 22—
=1

(n —1)2
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As trS;, = nk(nk — 1)_1<Z?:kl I'%;Ekrki — nkf';fEkfk), we have

ng
trSy = ng(ng — 1) Zr@Ekrki — (n), — )7y, + 0,(1).
i=1

As shown in Bai and Silverstein (2004, pp. 559-560),

Nk ng
o[> 2 P 21 — 0[O B AL 21 = 0,(1), ¢=1,2
=1 =1
- ~1/2. . - NT
where 1y,; = Ny "~ Wiy Wi = (wku’, e awkpi) )
Weei = [Var(Weeidjug i< mmmn, )] 210kt s < rinn, } =B Wkt 0w 1< rnn, 1))

[Wgei| < cx/TkMny,, By = 0, E(07,;) = 1 and E(w},;) <ocofor £ =1,...,p
and i =1,...,n; with n, {0, \/nn, — 0o and ¢ being a positive constant.
For simplicity, we rename the variable wyy; simply as wgy; and proceed by
assuming that |wge| < \/Mgnn,, Ewks = 0, E(wi,;) = 1 and E(wy,;) < oo
with 7,, | 0 and /gn,, — oo. Let By = S B/%rurl $1/2) then

trSy = ng(ng — 1) 1rBy, — (np — 1) HrE, + 0,(1) and

2
U

v = e

tr(B) —

nk+1 2 2 2
— = (tr3y)° — tr(X% 1).
(g, — 1)2( r¥) e — 1 r(X) + 0p(1)

(S1.2)

Step 3. In this step, we show that
tr[(S1 — S»)?] — Etr[(S1 — S2)?]
= ni(n — 1)7[tx(B}) — Etr(BY)] + n3(ny — 1)7[tr(B3) — Etr(B3)]

—2n1ng(ny — 1) Hng — 1) Htr(B1By) — Etr(X,3,)] + 0,(1)
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is asymptotically normal. When ¥; = ¥, = 3, we have

Etr(S3) + Etr(33) — 2Etr(S;Ss)

2 nk—i-l 2 nz—nk—l 2 B P
r(X?) + kT (trX)? >
R SIS R DL e IS LI SR
k=1 k=1 k=1 =1
where
p~'Etr(S§)
nk(nk — 1) + 2 9 n,% — Ng — 1 ﬁwnk P T 9
= tr(3y) + —————— = (trdg) " + —m— e, e
pne =2 O G — 12 2 p(ny — 1) ;( e
B +1 n: —mng — 1 BNk P
= Lr(X2 —I—nk—tr22 +—Er (tr3) e — el et
P TR R ¥ g — 1 P 5, T (e e
Since Zk ((n2 —np — Dn. (g — 1)72(trX)? — oo, we need to establish
the CLT of

tr(S1 — S2)? — fla1,
where fig; = Zk L(n2—ny—1)n; ' (ng—1)72(trSy)2. Let E; be the condition-
al expectation given {xi1,...,Xx1,} and Eyg, be the conditional expectation
given {xy1,...,X17,S2}. Based on the martingale difference central limit
theory, it can be derived that conditional on S,,

o L2 [6r(S?) — Etr(S?) — 2tr(S1Ss) + 2tr(31S5)

st - (eE ) S N0, (LY

nl(nl — 1)

Where 0114 = 0110A+40220A—40120A+4nf2(tr21)2033014—4nf1(tr21)0130A+



8 SHURONG ZHENG, RUITAO LIN, JIANHUA GUO AND GUOSHENG YIN

8711_1 (tl"El )0230A; with

ni

01104 = Z[(EZ - Ez,l)tr(B%)P,
=1
n1
02204 = Z[(Ez,Bg — Ep_1m,)tr(B1By)?,
=1
n1
03304 = Z[(Ez,Bg — B 1m,)tr(By))?,
=1
ni
1204 = Y [(Be = Ee)te(BY)][(Eem, — Eeo18.)tr(BiBy)),
=1
ni
01304 = Z[(Ee — E1)tr(BY)][(Ees, — Eeo1,8,)trB1],
=1
ni
02304 = Z[(Ez,m — E¢1,) (trB1)][(ErB, — E¢—1,8,)tr(B1By)].
=1

Moreover, we have

o2 [67(S2) — Etr(S3) — 2[tr(21Ss2) — tr(T13,)]

——f@fﬂ;{@rsaz — (r8)%)] 5 N (0. 1), (S1.4)

where

0924 = OTagoat+40s504+415 2 (t130) 206604 — 404504 — 415 - (1122) 0ug04+815 L (120 05604,

with

n2

O4404 = Z[(Ee—EH)H(Bi)]Q,
=1
na

05504 = Z[(EE—E1371)’61“(B221)]2,
=1
na

06604 = Z[(Ee—Ezq)trBz]Q,
=1
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n2

ooa = Y [(Be— Eeo)te(B3)][(Ee — Ee)tr(BoX)),
/=1

oaoa = Y [(Be— Eer)tr(B)][(Er — Ep1)trBo],
/=1

05604 = Z[(Ee — Ep_1)tr(B2X4)|[(Ee — Eg—q)trBs].
=1

Step 4. Next, we show that

2 2
— 1
— Etr(S2) + Etr(S?) — 2tr(Z, 2 UL TS y
. = B(S) + Bu(S) - 2n(2,8) - 30 TE TG ()
ny + 1 2 %) —I— 1 2
= > —X ——tr(X ——tr(X
[( 1 2)]+(n1_1)2 1"( 1>+(n2_1)2 1"( 2)
Bimy = Bang =
n1_12z Elek n2_12z EQek
k=1 k=1
Moreover, we have
ni
01104 = Z[(EK—EK—I)U(B?)P
=1
P
= An7'[2tx(Z]) + B Y _(ef Te)?]
=1
P
+2(ny %) ny 2tr(5F) + B Y _(ef Siey)?]
[

p
+alny ()] + 8(ny ' )ng ! 2tr(BF) + B ) ef Tiece Tiey]
(=1
p

+2(ny )P ny [2t(5F) + B Y _(ef Sie)?],
/=1



10 SHURONG ZHENG, RUITAO LIN, JIANHUA GUO AND GUOSHENG YIN
02204 Z[(Ee,m — E¢_18,)tr(B1By))?

(=1

p
207 0 [(3iBo)?] + Bt D (o] 3P ByX Pey)?
(=1
L 1/2 1/2
v [tr(S150) ) + (207 r[(3130)2) + Bing 'Y (ef B2 8031 %e)?] + 0,(1),
/=1

ni
03304 Z[(EE,BQ — Er1B,)trBy]?

(=1

ni p

Z E(r!ir))? = 2n 't (X3) + Bing? Z(eETZIng7

/=1 /=1

ni
01204 > (B — Be)tr(BY)][(Ers, — Ero18,)tr(B1By))]

(=1

p
207 2tr(21By) + A1 Y ef B/ By3 ese] Bley)]
/=1
p
+2(ny ey )ny ! {2tr(EfB2) +BY el e xy 2322}/%4
/=1
p
21207 r(E73,) + Bingt Z el 313,31 e el 26/
/=1
p
+2(n7 ey )ng ! {m(z‘fzg +B) el e xy 2222}%4 +0,(1),
/=1

ni
01304 > (B = Ee1)tr(BY)][(Eep, — Ee1 8,)tr(trBy)]

/=1

ni

> (B — B tr(BY)][(E, — By )trBy]

/=1

p
2(2n; r(2}) + Bing Z e, Xieel Xley)
=1

P
+2(ny r3y)[2n (2T 4 Bingt Z(eleem,
=1
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02304

0440A

O550A

0660A

0450A

ni

> (B, — Er18,) (trBy)][(Ee s, — Ero1 5,)tr(B1By)]

(=1
ni

> [(Br — Ery)rBy][(Er, — Erm1p,)tr(B1By)]
/=1

Z E/ 1B, (rf vy — nfltrEl)[rgEiﬂBgE}/QrE —ntr(2By)]
=1

p
207 tr(E15s) + Bing 'Y _(e] Tiey)(e] X151 %ey)],
(=1
> (B — By )tr(B3))
/=1
p p
Any ' [2t0(33) + B2 Y (ef Then)?] + 2(ng 'tr5n)?n; [260(33) + B2 Y (ef Toey)?]
(=1 V4

p
+4[ny tr(23)]12 + 8(ny HtrXy)ny H2tr(X3) + B, Z e} Yiese; Soey)

=1
+2(ny 'trE,) ny ' [2tr(23) + Bo Ep:(egzﬁzf],
=1

i[(Ez — Ep1)tr(BoX))
=1
20y 'tr[(22301)°] + Bany ! Xp:(egzéﬂzlzéﬂee) ],

=1
i[(Ee — B 1)trBa)? = [2n5 'tr(33) 4 fang Xp:(eg’ oer)Y,
=1 =1
S (s — B (B, — By ),
=1

p
207 [260(3330) + B2 Y ef By/751 5 %ee] B2ey]
(=1

+2(n5 Htr3g)ny {2tr 22%0) + Bo Z sy 2283e52;/2212;/2€z
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n2

os0a = Y [(Be— Epa)tr(B3)][(E — Eroy)trBy]

=1
= 2[2n;'tr(X3) + Bong Z e} Xoese; Yaey]
=1
p
+2(ny Htr3s) [2n2_1tr(23) + Bany ! Z(eZTEgegf] :
=1

n2

05604 = Z[(Ee — Ee1)trBo X |[(E — Ego1)trBy]

=1
p
= [2n7'tr[(Z132)] + Bang ' D (e Saey) (e Ty P81 55 %ey)].
=1
Thus, we have
o114 = 01104 + 402204 + 402 (t121) 03304 — 401204 + Any H(trE1)(— 01304 + 202304)
p
8
= 420, 'tr(Z]) + Bing 'Y (ef Tiey)?] + 4[ny ' tr(B)]* + o2 (513, 3,)?
ny
=1

p
20T [(D10)2) + Bing DY (ef 3123, 31 e )?]
/=1

p
—8[2n; Htr(X3%,) + Bing Z el 2173, 31 el ey,

—1
and
Oopa = Oagon + 405504 + 40y 2 (tr32)? 06604 — 404504 + 40y (1120) (— 04604 + 205604)

p
= Ay '[260(33) + B2 > _(ef Bier)’] + 4lny tx(23)]
=1
p
4207 0[(D230)2) + Bang 'Y (ef 3573135 %))
—1

p
—8(2n7 "tr(Z30) + Byt Y ef 3525, 35 Peve] Sdey)].
=1
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Step 5. According to (S1.3) and (S1.4), we have
0221{131"[(81 —S9)?] — fig1 — paz} — N(0,1),

where

Oj9 = 0114 1T 0224

= Ay 'tr(BD)]? + 4[ny 'tr(23)]7 + 8ny 'ng Htr (2, 3s))?
p

2n; 'tr(Z) + Bing > (ef Tiey)’
(=1

+4

p
A2 (2207 + Bunt Y (] 212,81 )}
(=1

p
—8[2n; Htr(Z3%,) + Bing Z e{E}/zEgE}/Qegez S2e)
=1
P
2r(Sh) + B (el She)?

(=1

+4ny !

p
{205 tr(2030)?) + Bang ' D (ef B35 5y %e)?}
=1

p
—8[2n; ' tr(Z5%0) + Beny 'Y €] 27855 Peve] Bley)].
/=1

As a result, the proof of Lemma 1 is completed.
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Lemma 2. Under Assumptions (A1)-(A2), we have

~1/2
Odkiks O Akukakaks tr(Sky — Sky)? = flkaks — HAkiko L N L),
O Ak kakaks O_zlkgkgj tr(SkQ - Sk3)2 - :&kas — HAkaks
where 0y = (0,0)T and Iy is the 2 x 2 identity matriz with
fug = Y (nk == Dt (g — 1)~ (trSy)%,
k=i,
ng + 1 Bini
paig = tr[(% Z —7) tr(Z5) + D g D (el Ter)’,
k= (72 k=i, (nx —1) =1
i =i,j =
Uiij = 4[n;1tr(23)] + 4[n n; 1tr(2?)} + 8ni_lnj_1[tr(2i2j)}2
p
b (S + At S (e e
=1
P
+4{2n; e[ (B%))°] + Bing Y (ef 2755 e))?}
=1

p
—8[2n; 1tr(X2%;) + Bin; Z egTE:ﬂEjEil/?egeg DN
=1
p

20 (B + By Y (ef Bey)?]

(=1

p
{207 (3,307 + Bt Y (el 21288 %ey)?)
/=1

—8(2n; 'tr(X%;) + Bin; Z € E;/QZiE;/QegeZTE§eZ)],
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O Ak kokoks

P
= g ()P + 420 () + By S (el 52,00)°)
/=1

p
—4[2n,;21tr(2222k3) + Bkzn,;; Z efE,lcéQEksE,lfegezTEiQeg]
=1

P
—4[2n,;21tr(2222k1) + ﬁ;@n,;zl Z eQZFEiéQZklE}fegefﬁlizeg]
=1

p
(20 00 (S, B, B, D) + Braniy Y eF 5,75, B eve] 575, 5 %ey).
=1

Proof. Similar to Lemma 1, we first consider 3 with the bounded
spectral norm for all k = ky, ko, k3. When tr(X7) = O(p?) for ¢ = 1,2,3,4
and at least one k in the index set {kq, ks, k3}, the proof mimics that in the
bounded spectral norm case. Similar to the proof of Lemma 1, it can be
shown that tr(Sg, — Sk, )% — fiky ks — MAkiky A0 tT(Sky — Sps)? — ks — HAkoks
are asymptotically distributed as a bivariate normal distribution with the
asymptotic variances 0-124]{?1’@’ UikaS and asymptotic covariance o g, kokyks -
For simplicity of presentation, we consider the computation of o 41203, which

is given by

. - - - 2 9 1
OA1223 = 01104 — 201304 — 201204 + 402304 + 405~ (trX0) 06604 — 2(ny tr292)04604

+4(n§1tr22)0560A — 2(n;1tr22)a460,4 + 4(n;1tr22)0760,4,
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where

J760A

5-110A

5-12014

01304

02304

Then, we have

07604 —

&IIOA =

_ :21 (B — By )te(ByBy)][(Br — Ery)ir(By)],
- (B~ B (B
- : [(E¢ — Be_1)tr(B3)][(Ee — Ep_1)tr(B2By)],
- : [(E¢ — Be_1)tr(B3)][(Ee — Ep_1)tr(B2B3)],
— : [(E¢ — E_1)tr(BoBy)][(Er s, — Er1B,)tr(BaB3)).
i@ — By 1)tr(BaBy)][(Ex — Ep1)tr(Ba)]
20 (2432 + g eil«ezz?ee)<ezz;/2zgz;/2ee>l7
i@ B )u(B)P
dny ' [2tr(S4) + B il(e{zgeg)?] +4(ny tr3)%ny ' [26r(35) + B Ki@? ¥zer)’]

P
+4[ny tr(23)]2 + 8(ny HtrEy)ny 2tr(23) + Be Z e} X2ese] Doey),
=1
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5-12014

01304

02304

n2

> [(Be — B )tr(B3)][(Ee — Eo_y )tr(ByBy)]

(=1

p
2n, H[2tr(Z5B1) + s Z el $1/°B, %) el 2e/)
=1

P
+2(n2_1tr22)n2_1 [QtI(EgBI) + By Z e?EQeee?E;/QBlzé/gee]
/=1

p
207 [260(Z33) + B2 Y ef 5755 %ee] B2ey]
=1

p
+2(ny "r3)ng ! 2tr(B33) + By Y €] Toere] By 815, %] + 0,(1),
/=1

n2

> [(Be — Beo)tr(B3)][(Ee — Eo_y )tr(ByBs3))]

p
20y [2tr(33Bs) + B2 Y €] By By %y %ece] Bley)
=1

p
+2<n51tr22)n;1 [2tr(E§B3) + By Z 652266652;/2]332;/26[]
(=1

p
2ny ! [2tr(2533) + By Z el 2’55, ere] Sie/]
—1

P
+2(n5 HtrSs)n, 2tr(X323) + B Z egTEQegezE;ﬂEgE;/Qeg] + 0,(1),

> [(Br = Beo1)tr(BoBy)][(Ers, — Eeo1 5,)tr(B2Bs)]

p
/=1

p
[2n5 'tr (2,3, 353,) + Bong ' Z e 3525155 ece] £y° 5355 %] + 0,(1).
=1
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Thus, we obtain

p
Caas = Al (ZHP + 40z 260(S8) + B Y (ef T3er)?
/=1
p

(g 'trEs) ny  [260(23) + B2 Y (e Taey)’]
l

p
+8(ny HtrSs)n, H2tr(X3) + s Z e/ X2ese] Doey)
=1

P
—4[2n5 M (X533) + Bony Z el 3,33 31 el ey
=1

—4(ny tr3y)[2n; Htr(B323) + Bong Zeg 3oee 21/22321/2 n
=1

p
—42ny 1tr(Z52) + Bong ! Z e52§/2212;/ ee] Xie]
=1

p
—4(ny 't13) 20, ' tr(255) + Bony ! Z el Soeel 2172 30 e

p
207 (D DB E0) + Bons 'Y € 508 8 Pere] 2575333, %
/=1
p
+4(ng trEs)? 20, tr(23) + Bang ' > (ef Toey)?]
/=1

p
—4(ny 'trSs)[2ng 'tr(25) + Bang ' Y ef Theve] S3ey]
(=1
p

—4(ny 'tr3) (ny ' trSs) 205 tr(E3) + Bany 'Y (e] Toey)’]

/=1

p
+4(ny ') [2n7 tr(B133) + Bang (e Daeg) (] By P %155 %))
/=1

—4(ny ttry)[2n, (B3 + Bany Z e} Xoee; Yoe
=1
p

—4(ny 'tr3) (ny ' trSs) 205 'tr(E3) + Bany 'Y (] Toey)’]
/=1
p
+4(ny ) [2n7 tr(Bs33) + Bang D (€] Daer)(ef Xy P X535 %ey)]
/=1
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p
= Ay (S + 420, " 0x(23) + Bony Y (ef Ther)’]
(=1

p
—4[2n; Hr(X523) + Bony * Z el 33/° 3335 *eel ey
=1

p
—4[2n5 (X532 + Bony Z e{2§/2212§/2e4ee 32e/]
=1
P
4207 (215085 50) + Bong ' Y ef 50555 Pere] By° 555, %),
=1
Generally, 0 A, kokoks 18 Obtained by replacing n;, ¥; and 3; by ny,, 3, and
ﬁki in 0 A1223- That iS,
p
O dkkokaks = A tr(SE,)) + 4120 tr(S4,) + Brong, Y (e] }e0)’]
(=1

—4[2n; (2, B,) + Brony, Z el 305, 5 Pere] 37 e
(=1

—4[2n; (22 B5,) + Brng) ZeeTEl/QEkIZ,ICMegeZ 32 e/
/=1

p
+4[2n/;21tr(2k12k22k32k2) + /Bk2n,:21 Z egzllgfzkl Ei/gegeg 21/2Ek32,1€/2e4]

/=1

The proof of Lemma 2 is completed.

S2 Proofs of Theorem 2 and Theorem 1

By Lemma 2 and the delta method, under the conditions of Lemma 2, we

have

_ ~ d
O-Ajl((TKl — UK1 — :uAK) — N(07 1)7
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where

fr1 = Z Wiy by [k ey = Z Wklkg[ Z (ni—nk—1)”?(”1@—1)_2(“802],

1<k <ko<K 1<k1<ko<K k=Fk1,k2

and pax = El§i<j§]( wijftai; and

2 2 2
OAk = Z Wi;0 445 + 2 Z Wi jWik0 Aijjk

1<i<j<K i<j<k

+2 E WijWik0 Aijjk + 2 E WijW;ik0 Aijjk,

i<k<j j<i<k
with the weights {w;;,1 < 4,5 < K} and w;; = w;;. By (32) and (33) in

Cai, Liu and Xia (2013), we have

max (Skkgg — S(Ng,, N
1<ty <lr<p 1R2€1€2 ( 1) 27]))

8
)

. R )2
> 0.5 max = (911 Uf””) — 8(ngy, Ny, p) — 4logp + 0.5loglog p
VSISISP Opyi 1oy + Okai Tk

2
0.5 max (k13 2ij)
1<i<j<p eklij/nkl + szij/n;@

Q
w

IV

- S(nk’nnkmp) - 410gp + 0510g logp

Then, there exists a pair of 1 < ky, ky < K satisfying

2
05 maX ( 1] 21])
1<i<j<p ek”‘j/nkl + ekﬂ'j/nk?

> s(ny,ng2,p) + 4logp.
Then we have

a.s.
max_ 0 — 5(ny, Ny, p) > 0.510glo
1§€1§€}§§p k1kol1l2 ( k1> kz,p) = glogp

and

a.s.
max §kk”—snk Nk > 0
1<ty <by<p Frk2brle ( 19 2,]9)
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Therefore, we have
max {I{ max &jee > s(ni,n;,p)t} = 1.

1<i<<K © “1<b<fr<p

That is, Tks = K,. Then, we have

Tak(Tie — Ko — fu1 — prax) < N(0,1).

We first focus on the proof of the case with K = 2, and that of K > 3

can be shown in a similar way. When K = 2, the power function is

92(217 22) = PHA2 (T2 — flo1 > flo + Zl—aa'2>

Ty — [1o] — Iy — + 21_o0
_ PHA2<2 Ha1 MA2>,U2 HA2 1a2)

0 A2 0 A2
T — ﬂ21 — HA2 21-a02
> PHA2 > = .
0 A2 OA2

Step 1. When p~'trA2, — 0 and trA2%, > ¢, for some positive constant
Co, O0a2/02 — 1. That is, (21-002)/0a2 — 21—a = 0,(1). Then, when ny,ny
are large enough, we have go(X1, ¥3) > a.
Step 2. We have ¢2(21,32) > Py, (To1 — fior — pa2)ony > (fia —
~ —1 2 ~ 1 .
fa2 + 21-002)0 45 ). When tr(A7,) — oo, we have (fig — pa2)o 4y — —00 in

probability. Then, the power function satisfies g(3q,3s) — 1.
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Step 3. We have

G2(X1,3) = Pp,(To — fiz1 > flg + 21-a02)

_ P <T2 — flo1 — fa2 - fl2 — paz + Z1—a52>

0 A2 042
T5 — fio1 — a2 21-a02
> Py, ( >
042 042
Tor — flor — fhaz e 21—a02
> PHA2 ( + > 2 .
0 A2 0 A2 0 A2

Because TQJ’%& is asymptotically normal under H; and Tko = Ky, if

2
05 maX ( 1] 27/])
1<i<5<p Opyi /My + kg Mok

2 S(nla n27p) + 410gp7

then the power function g5(3;, 35) tends to one.
The proof of Theorem 2 is completed. Moreover, Theorem 1 is a special

case of Theorem 2.
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Table 1: Comparison of empirical sizes and power (in percentage) of the proposed two-

sample test Ty with four existing methods under Scenario 1.

Gaussian Gamma
» m ny T, CLX LC SC YP 1T, CLX LC YP
Size (%)
60 60 61 53 49 52 71 58 33 63 214
100 200 58 55 42 50 — 54 36 66 —
100 900 200 63 49 38 55 50 57 34 42 135
300 300 59 46 54 54 60 59 38 52 119
60 60 59 60 42 49 105 50 34 46 225
100 200 52 45 78 52 — 49 32 52
300 900 200 56 44 42 52 41 54 28 6.0 139
300 300 56 42 56 54 67 54 32 40 134
Power (%)
60 60 638 6.9 622 662 946 633 47 628 956
100 200 687 87 688 702 — 671 62 664 —
100 900 200 321 62 308 320 368 319 44 298 44.0
300 300 261 5.6 272 261 242 261 47 268 36.0
60 60 99.9 7.5 1000 100.0 99.8  99.9 4.9 100.0 97.5
100 200 1000 9.9 100.0 100.0 —  100.0 7.4 100.0 —
300 900 200 964 56 958 96.6 100.0 958 3.5 96.0 100.0
300 300 874 58 88.6 87.7 99.9 87.6 38 86.8 100.0

Note: Four existing tests include Yang and Pan (2017) (YP), Li and Chen (2012) (LC), Cai, Liu and

Xia (2013) (CLX) and Schott (2007) (SC), and “—” denotes “not applicable”.
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Table 2: Comparison of empirical sizes and power (in percentage) of the proposed two-

sample test Towith four existing methods under Scenario 2.

Gaussian Gamma
»p m ns T, CLX LC SC YP T» CLX LC YP
Size (%)
60 60 66 57 50 57 1000 60 38 6.1 100.0
100 200 55 59 48 44 58 44 56 —
100 900 200 63 49 40 57 998 61 37 6.6 97.7
300 300 56 47 2.6 53 706 54 33 54 963
60 60 58 54 56 49 1000 51 34 49 100.0
100 200 58 49 56 51 65 38 44 —
300 900 200 61 43 44 60 1000 58 32 48 100.0
300 300 54 46 68 51 535 50 3.7 44  99.9
Power (%)
60 60 379 84 385 389 1000 380 6.5 404 100.0
100 200  90.0 563 89.8 8.7 888 535 862
100 900 200 99.3 537 99.6 99.3 1000 99.1 42.8 99.2 99.9
300 300 100.0 91.8 100.0 100.0 99.8  100.0 81.0 100.0 95.3
60 60 362 64 37.8 39.0 100.0 368 4.8 384 100.0
g 100 200 015 SBT 850 05— 9L4 419 894

200 200 99.7 44.0 99.8 99.7 100.0 99.7 31.4 99.2 100.0
300 300 100.0 90.3 100.0 100.0 100.0 100.0 75.7 100.0 99.7
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Table 3: Comparison of empirical sizes and power (in percentage) of the proposed two-

sample test To with four existing methods under Scenario 3.

Gaussian Gamma,
p n1 N2 7>, CLX LC SC YP 7>, CLX LC YP
Size (%)
60 60 6.3 5.2 5.6 5.2 100.0 5.5 3.3 4.5 100.0
100 200 5.9 45 50 53 — 5.7 35 70 —

100 9550 200 58 46 68 56 500 58 31 54 995

300 300 5.6 44 54 51 94 5.5 4.0 3.6 30.8

60 60 5.4 54 51 4.8 99.7 4.6 3.1 5.2 100.0
100 200 5.6 54 62 50 — 5.0 35 58 —
200 200 5.5 44 44 49 773 5.2 26 64 9.5
300 300 5.2 4.7 56 50 239 5.5 3.5 4.6 80.6

300

Power (%)
60 60 43.5 53.8 7.9 11.5 100.0 372 429 16.0 100.0
100 200 99.0 99.6 134 245 — 96.1 98.3 29.8 —
200 200 100.0 100.0 43.2 41.2 100.0 99.8 999 36.6 100.0
300 300 100.0 100.0 85.4 66.2 100.0 100.0 100.0 88.6 100.0

100

60 60 242 333 59 6.5 100.0 20.0 25.7 6.6 100.0
100 200 95.8 98,5 13.6 89 — 89.9 954 116 —

200 200 99.9 100.0 6.8 12.0 99.9 99.1 99.7 11.0 100.0
300 300 100.0 100.0 27.0 18.2 100.0 100.0 100.0 12.6 100.0

300
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Table 4: Comparison of empirical sizes and power (in percentage) of the proposed two-

sample test To with four existing methods under Scenario 4.

Gaussian Gamma

»p m ns T» CLX LC SC YP T, CLX LC YP
Size (%)

60 60 60 54 45 53 80 50 38 55 178

100 200 55 45 50 52 — 62 39 60

100 900 200 58 42 72 52 65 61 33 60 116

300 300 51 47 44 48 55 55 38 50 128

60 60 60 54 47 49 77 49 30 66 201

100 200 52 55 44 46 — 53 35 46

300 900 200 48 51 48 46 58 54 27 52 113

300 300 53 44 54 50 57 54 33 48 137
Power (%)

60 60 362 17.6 31.0 338 86.7 329 87 344 849

100 200 961 981 47.2 487 —  TL7 694 483

100 900 200 99.2 998 67.2 70.3 99.7 855 79.6 65.2 97.5

300 300 100.0 100.0 87.2 89.5 99.9 98.1 97.3 83.0 99.2

60 60 651 161 62.0 67.2 967 650 7.7 654 79.3

4 100 200 993 997 570 555 — 819 765 803 —

200 200 99.8 99.9 68.0 68.0 100.0 89.2 83.8 67.2 99.8
300 300 100.0 100.0 78.5 79.7 100.0 98.6 98.1 75.6 100.0
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Table 5: Empirical sizes and empirical power (in percentage) of the proposed two-sample

test Ty for ultra high-dimensional cases under Scenarios 1-4.

Size (%) Power (%)

p m ome 1 2 3 4 1 2 3 4
60 60 55 58 59 55 100.0 355 188 847
100 200 5.0 52 55 56 1000 91.8 93.7 99.7

500 900 200 4.9 55 54 50 100.0 99.8 99.8 99.9
300 300 55 52 54 51 100.0 100.0 100.0 100.0
60 60 48 52 53 45 100.0 345 141 98.1
100 200 5.1 53 4.9 53 1000 924 90.0 100.0

1000 900 200 57 54 43 47 1000 99.5 994 100.0
300 300 4.9 52 54 49 100.0 100.0 100.0 100.0
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Figure 1: Simulation results for testing the equality of three covariance matrices with
Gaussian populations under Scenarios 1-4 in comparison with two existing tests of Schott

(2007) (SC) and Srivastava and Yanagihara (2010) (SY).
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Figure 2: Simulation results for testing the equality of three covariance matrices with
Gamma populations under Scenarios 1-4 in comparison with two existing tests of Schott

(2007) (SC) and Srivastava and Yanagihara (2010) (SY).



