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In the following, some technical results for our proposed methods are pro-

vided which include the proofs of Theorem 1, Theorem 2, Proposition 1 and

Proposition 2.

Recall that Y � pY1, � � � , YnqT and pY � p∆1Y1{ pGpY1q, � � � ,∆nYn{ pGpYnqqT.

Replacing pG by G in pY , we define rY � p∆1Y1{GpY1q, � � � ,∆nYn{GpYnqqT.

Then, we can decompose the estimator pβ in (2.3) as

pβ � XTpXXTq�1 rY �XTpXXTq�1p pY � rY q
� XTpXXTq�1

�
∆iYi
GpYiq


n

i�1

�XTpXXTq�1

�
∆iYi
GpYiq

�
GpYiqpGpYiq � 1

��n

i�1

� pβp1q � pβp2q.
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We can further decompose pβp1q as

pβp1q � XTpXXTq�1Xβ� �XTpXXTq�1

��
∆i

GpYiq � 1

�
XT

i β�


n

i�1

�XTpXXTq�1

�
∆iεi
GpYiq


n

i�1

� pβp1,1q � pβp1,2q � pβp1,3q,
and decompose pβp2q as

pβp2q � XTpXXTq�1

�
∆iX

T
i β�

GpYiq

�
GpYiqpGpYiq � 1

��n

i�1

�XTpXXTq�1

�
∆iεi
GpYiq

�
GpYiqpGpYiq � 1

��n

i�1

� pβp2,1q � pβp2,2q.
A.1 Property of pβp1,1q
Consider the singular value decomposition of Z as Z � V DUT, where V P

Opnq, U P Vn,pn and D is an n�n diagonal matrix. Here Opnq is the set of

all n � n orthogonal matrices and Vn,pn � tU P Rpn�n : UTU � Inu. This

gives X � V DUTΣ1{2. Hence the projection matrix can be written as

XTpXXTq�1X � HHT,

where H � Σ1{2UpUTΣUq�1{2 satisfying HTH � In. Therefore, pβp1,1q �
HHTβ. Let ei � p0, � � � , 0, 1, 0, � � � , 0qT denote the ith natural base in the

pn dimension space. Following the proofs of Lemmas 4 and 5 in Wang and

Leng (2016) respectively, we derive the following two lemmas.

Lemma 1. Under Assumptions A1-A3, for any M 1 ¡ 0 and for any fixed

vector v with }v} � 1, there exist constants m1
1 and m1

2 with 0   m1
1   1  
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m1
2 such that

P
�
vTHHTv   m1

1n
1�τ{pn or vTHHTv ¡ m1

2n
1�τ{pn

�   4 expp�M 1nq.

In particular for v � β�, whose norm is not 1 though, a similar inequality

holds for one side with m1
2 ¡ 1 (same as previous m1

2; if not, the maximum

of the two is used in both inequalities) as

P
�
βT
�HH

Tβ� ¡ m1
2n

1�τ{pn
�   2 expp�M 1nq.

Lemma 2. Under Assumptions A1-A3, for any M 1 ¡ 0, there exist some

positive constants m1
3 and m1

4 such that for any i PM�,

P

�
|eTi HHTβ�|   m1

3

n1�τ�κ

pn



¤ O

"
exp

��M 1n1�5τ�2κ�ν

2 log n


*
,

and for any i RM�,

P

�
|eTi HHTβ�| ¡

m1
4?

log n

n1�τ�κ

pn



¤ O

"
exp

��M 1n1�5τ�2κ�ν

2 log n


*
.

Applying Lemma 1 and Lemma 2 to all i PM�, we have

P

�
min
iPM�

|pβp1,1qi |   m1
3

n1�τ�κ

pn



� O

"
sn exp

��M 1n1�5τ�2κ�ν

2 log n


*
. (A.1)
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A.2 Property of pβp1,2q
Let rε � �

∆i

GpYiq
� 1

	n
i�1

and W � diagtXT
1β, � � � ,XT

nβu. Then pβp1,2qi �

eTi
pβp1,2q � eTi XTpXXTq�1Wrε. If we define

a � eTi XTpXXTq�1W {}eTi XTpXXTq�1W }2,

then pβp1,2qi � }eTi XTpXXTq�1W }2 � aTrε.
First we investigate the bound of squared norm }eTi XTpXXTq�1W }2

2,

which equals eTi X
TpXXTq�1{2rpXXTq�1{2W 2pXXTq�1{2spXXTq�1{2Xei. Thus,

}eTi XTpXXTq�1W }2
2 ¤ λmaxtpXXTq�1{2W 2pXXTq�1{2u � eTi HHTei. (A.2)

Note that λmaxtpXXTq�1{2W 2pXXTq�1{2u ¤ λmaxpW 2qrλminpZΣZTqs�1. S-

ince the trace of Σ is pn, λmaxpΣq ¥ 1. By Assumption A3,

λminpΣq ¥ λminpΣq
λmaxpΣq ¡

1

m4nτ
.

Then, by Assumption A1, we have P pλminpp�1
n ZZTq   1{m1q ¤ expp�M1nq.

By Assumption 5, for any ς P p0, 1{2 � 2τ � κq,

P p|βT
�X| ¡ nςq ¤ 2 expp�M2n

ςq. (A.3)

In addition, because λmaxpW 2q � max1¤i¤npXT
i β�q2 and by (A.3) , we have

P pλmaxpW 2q ¡ n2ςq ¤ 2n expp�M2n
ςq. Therefore,

P

�
λmaxtpXXTq�1{2W 2pXXTq�1{2u ¡ m1m4n

τ�2ς

pn



¤ expp�M1nq�2n expp�M2n

ςq.
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Combine this result and Lemma 1, we have

P

�
}eTi XTpXXTq�1W }2

2 ¡
m1m

1
2m4n

1�2τ�2ς

p2
n



¤ 3 expp�M1nq�2n expp�M2n

ςq.

Next we consider aTrε. Note that condition on X � x, |rεi| ¤ 1 � 1{δ1,

which is independent of x. By the General Hoeffding’s inequality, there

exists M3, which is independent of x, such that, for any t ¡ 0,

P
�|aTrε| ¡ t |X � x

� ¤ 2 exp
 �M3t

2{p1 � 1{δ1q
(
.

Therefore, taking expectation on X and taking t � ?
M 1n1{2�2τ�κ�ς{?log n

for some constant M 1 ¡ 0, we have

P

�
|aTrε| ¡ ?

M 1n1{2�2τ�κ�ς

?
log n



¤ 2 exp

"�M 1M3n
1�4τ�2κ�2ς

p1 � 1{δ1q log n

*
.

Combining the above two final results, taking the union bound, we have

P

�
|pβp1,2qi | ¡

a
M 1m1m1

2m4?
log n

n1�τ�κ

pn
,Ωx

�
  2 exp

"�M 1M3n
1�4τ�2κ�2ς

p1� 1{δ1q log n

*
�3 expp�M1nq,

where Ωx �
 
ω : max1¤i¤n |XT

i β| ¤ nς
(

with P pΩxq ¡ 1� 2n expp�M2n
ςq.

A.3 Property of pβp1,3q
Let ε �

�
∆iεi
GpYiq

	n
i�1

. Then pβp1,3qi � eTi pβp1,3q � eTi XTpXXTq�1ε. If we define

b � eTi XTpXXTq�1{}eTi XTpXXTq�1}2,

then we have pβp1,3qi � }eTi XTpXXTq�1}2 � bTε.
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First we investigate the bound of squared norm }eTi XTpXXTq�1}2
2,

which equals eTi X
TpXXTq�1{2pXXTq�1pXXTq�1{2Xei. Thus,

}eTi XTpXXTq�1W }2
2 ¤ λmaxtpXXTq�1u � eTi HHTei. (A.4)

Using the same arguments as those in Section A.2 (replacing W by In),

P

�
λmaxtpXXTq�1u ¡ m1m4n

τ

pn



¤ expp�M1nq.

Combine this result and Lemma 1, we have

P

�
}eTi XTpXXTq�1}2

2 ¡
m1m

1
2m4n

1�2τ

p2
n



  3 expp�M1nq.

Next we consider bTε. By Assumption A2, we have

P

�
|bTε{σ| ¡

?
M 1n1{2�2τ�κ

?
log n



¤ exp

"
1 � q

�?
M 1n1{2�2τ�κ

?
log n


*
.

Combining the above two final results, taking the union bound, we have

P

�
|pβp1,3qi | ¡

a
M 1m1m1

2m4?
log n

n1�τ�κ

pn
,Ωz

�
  exp

"
1 � q

�?
M 1n1{2�2τ�κ

?
log n


*
,

where Ωz �
 
ω : λminpp�1

n ZZTq ¥ 1{m1

(� 
βT
�HH

Tβ� ¤ m1
2n

1�τ{pn
(

with

P pΩzq ¡ 1 � 3 expp�M1nq.

A.4 Properties of pβp2,1q and pβp2,2q
Lemma 3. (Bitouze 1999; Theorem 1) Let tTiuni�1 and tCiuni�1 be indepen-

dent sequences of independently identically distributed nonnegative random
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variables with distribution functions F1 and F2, respectively. Let pF1 be the

Kaplan-Meier estimator of the distribution function F1. There exists a pos-

itive constant, D, such that for any positive constant λ,

P
�
n1{2}p1 � F2qp pF1 � F1q}8 ¡ λ

	
¤ 2.5 expp�2λ2 �Dλq.

Using Lemma 3 and following the proof of Lemma A3 in Song et al.

(2014), we derive the following lemma.

Lemma 4. Let D be the constant in Lemma 3. For any λ ¡ 0, when

n1{2 ¡ Dλ�1p1 � δ2q�1{δ1, we have

P

�
max
1¤i¤n

�����GpViqpGpViq � 1

����� ¥ λ

�
¤ 2.5 exp

��np1 � δ2q2{δ2
1λ

2
�
,

where Vi � Yi ^ logpCiq and δ1 and δ2 are defined in Assumption A4.

Let θ � 0.25 � pς � 2τ � κq{2 and consider λ � n�θ in Lemma 4. Let

ζ �
�

∆iX
T

iβ�

GpYiq

�
GpYiq
pGpYiq

� 1
�
n

i�1

. Then pβp2,1qi � eTi
pβp2,1q � eTi X

TpXXTq�1ζ.

Using b defined in Section A.3, we have pβp2,1qi � }eTi XTpXXTq�1}2 � bTζ.

We have investigated the bound of squared norm }eTi XTpXXTq�1}2
2 in

Section A.3. Now we consider bTζ. Let Ωg �
!
ω : max1¤i¤n

���GpViq
pGpViq

� 1
��� ¤ λ

)
.

By Lemma 4, P pΩgq ¡ 1 � 2.5 exp p�np1� δ2q2{δ2
1λ

2q. That is, P pΩgq ¡

1 � 2.5 exp
 �p1� δ2q2{δ2

1n
1{2�2τ�κ�ς

(
. On Ωg X Ωx, by Cauchy-Schwartz
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inequality, we have

|bTζ| ¤ max
1¤i¤n

�����GpViqpGpViq � 1

�����
d

ņ

i�1

pXT
i β�q2{p1 � δq2 ¤ n1{2�ς�θ.

By the definition of θ, we can verify that 1{2� ς � θ   1{2� 2τ � κ. Thus,

on Ωg X Ωx, |bTζ|  
?
M 1n1{2�2τ�κ{?log n. Using the bound on the norm

of b in Section A.3, we have, on Ωz X Ωg X Ωx,

|pβp2,1qi |  
a
M 1m1m1

2m4?
log n

n1�τ�κ

pn
.

Finally, we consider pβp2,2q. On Ωg, max1¤i¤n

���GpViq
pGpViq

� 1
��� ¤ n�θ. Com-

paring pβp2,2q with pβp1,3q, we see that for any i, pβp2,2qi � pβp1,3qi Opn�θq on Ωg.

In other words, pβp2,2q is dominated by pβp1,3q on Ωg. Therefore,

P

�
|pβp2,2qi | ¡

a
M 1m1m1

2m4?
log n

n1�τ�κ

pn
,Ωz X Ωg

�
  exp

"
1 � q

�?
M 1n1{2�2τ�κ

?
log n


*
.

A.5 Proof of Theorem 1

Proof. Let ξ � pβp1,1q and η � pβp1,2q� pβp1,3q� pβp2,1q� pβp2,2q. Using the final

result obtained in Section A.1, for any i PM�, we have

P

�
min
iPM�

|ξi|   m1
3

n1�τ�κ

pn



� O

"
sn exp

��M 1n1�5τ�2κ�ν

2 log n


*
.
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Combining the final results obtained in Sections A.2 - A.4,

P

�
max
iPM�

|ηi| ¡
4
a
M 1m1m1

2m4?
log n

n1�τ�κ

pn

�

  P

�
max
iPM�

|pβp1,2qi |,max
iPM�

|pβp1,3qi |,max
iPM�

|pβp2,1qi | or max
iPM�

|pβp2,2qi | ¡
a
M 1m1m1

2m4?
log n

n1�τ�κ

pn

�

  2sn exp

"
1� q

�?
M 1n1{2�2τ�κ

?
log n


*
� 2sn exp

"
�M 1M3

n1�4τ�2κ�2ς

log n

*
�sn exp

 
1 � p1 � δ2q2{δ1n

1{2�2τ�κ�ς
(� 3sn expp�M1nq � 2n expp�M2n

ςq.

Noting that ς defined in (A.3) is any constant in p0, 1{2� 2τ � κq, we take

ς � 1{4�τ�κ{2, leading to 1{2�2τ�κ�ς � ς. In addition, by Assumption

A3, sn � m3n
ν with v   1. Therefore, we have

P

�
max
iPM�

|ηi| ¡
4
a
M 1m1m1

2m4?
log n

n1�τ�κ

pn

�

  2sn exp

"
1� q

�?
Mn1{2�2τ�κ

?
log n


*
�O

 
exp

��Mn1{4�τ�κ{2
�(
,

for some constant M .

Moreover, again because sn � m3n
ν , if M large enough, we have

P

�
min
iPM�

|ξi|   m1
4

n1�τ�κ

pn



� O

"
exp

��Mn1�5τ�2κ�ν

log n


*
.

Therefore, if we choose γn such that

pnγn
n1�τ�κ

Ñ 0, and
pnγn

?
log n

n1�τ�κ
Ñ 8,
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then we have

P

�
min
iPM�

|pβi|   γn



� P

�
min
iPM�

|ξi � ηi|   γn



¤ P

�
min
iPM�

|ξi|   m1
3

n1�τ�κ

pn



� P

�
max
iPM�

|ηi| ¡
4
a
M 1m1m1

2m4?
log n

n1�τ�κ

pn

�

� O

"
exp

��Mn1�5τ�2κ�ν

log n


*
�$pnq.

This completes the proof of Theorem 1. l

A.6 Proof of Theorem 2

Proof. Following Lemma 2, for any i �M� and any M 1 ¡ 0, there exists a

m1
4 such that

P

�
|eTi HHTβ| ¡ m1

4?
log n

n1�τ�κ

pn



¤ O

"
exp

��M 1n1�5τ�2κ�ν

2 log n


*
.

With Bonferroni’s inequality, we have

P

�
min
iRM�

|ξi| ¡ m1
4?

log n

n1�τ�κ

pn



  O

"
pn exp

��M 1n1�5τ�2κ�ν

2 log n


*
.

Also with Bonferroni’s inequality, we have

P

�
max
i
|ηi| ¡

a
M 1m1m1

2m4?
log n

n1�τ�κ

pn

�
  pn$pnq.

Now if pn satisfies

log pn � o

�
min

"
n1�2κ�5τ�ν

log n
, n1{4�τ�κ{2, q

�?
Mn1{2�2τ�κ

?
log n


*

,
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we have

P

�
min
iRM�

|ξi| ¡ m1
4?

log n

n1�τ�κ

pn



  O

"
exp

��Mn1�5τ�2κ�ν

log n


*
,

P

�
max
i
|ηi| ¡

4
a
M 1m1m1

2m4?
log n

n1�τ�κ

pn

�
  $pnq.

Now if γn is chosen as the same as in Theorem 1, we have

P

�
max
iRM�

|pβi| ¡ γn



  O

"
exp

��Mn1�5τ�2κ�ν

log n



�$pnq

*
.

Together with Theorem 1 and the fact that sn   pn, we have

P

�
max
iPM�

|pβi| ¡ γn ¡ max
iRM�

|pβi|
 � 1�O

"
exp

��Mn1�5τ�2κ�ν

log n



�$pnq

*
.

Furthermore, if we choose a submodel with size dn, we have

P pM� �Mdq � 1�O

"
exp

��Mn1�5τ�2κ�ν

log n



�$pnq

*
.

This completes the proof of Theorem 2. l

A.7 Proof of Propositions 1 and 2

Proof of Proposition 1. Note that P pM� �Mdq � P
��B

b�1tM� �Mpbq
d u

	
and P

��B
b�1tM� �Mpbq

d uc
	
  °B

b�1 P
�
tM� �Mpbq

d uc
	

. By definition,

πpnq � 1� P pM� �Mpbq
d q. Then P pM� �Mdq ¡ 1 �Bπpnq. l

Proof of Proposition 2. Note that P pM� � Md|Dq  
°
jRM�

P pj P Md|Dq

and that for j R M�, P pj P Md|Dq �
±B

b�1 P pj P Mpbq|Dq   p d
pn�sn

qB.

Then P pM� �Md|Dq   ppn � snqp d
pn�sn

qB. l
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