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Supplementary Material

Proofs

As we mentioned in the text, the proof for the main result is based on
a connection to the FLR problem. Since we assumed the more general
conditions for the eigenvalues of T than |Cai and Yuan| (2012) (in condition
(A3)), we provide a proof of the convergence rates for the estimator of the
FLR problem for completeness. Our proof also differs from that used in
Cai and Yuan| (2012) and is slightly simpler. To ease notation, we do not
emphasize the uniformity of the upper bound over {5 € Hg : ||B|ls, = 1}
below, but it can be easily checked step by step that all the bounds we

obtain below are uniform over this set.

Proposition 1. For a FLR problem'Y = (§, X)+e€ with EXe = 0. Suppose

the model satisfies conditions (A1)-(A3) (except Y does not have to be dis-



crete here), and B € Hy. Given i.i.d. data (X;,Y;), the RKHS-based esti-
matorf of f = K=Y25 is as explained in Section 2. With A\ — 0,n\ — o0,

we have
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Proof of Proposition [I In the proofs we use C to denote a generic
positive constant. With 3 = KY2f and 8 = KY2f, using f = (T, +
A)7HYS, KY2X,Yi/n) and noting that T, = Y, (KY2X; ® K'2X;)/n, we

have
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Using the identity that for two operators A and B, A~ — B~ = B~1(B —

A)A~1 we have
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and thus we have
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For Ay, using that ||[TY2(T + A)~2||sp < 1, VAT + X)712||,, < 1, we
have [|A1]|* = O,(\).

For A,, we have
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where ||.||gs is the Hilbert-Schmidt norm, and we used the property that
the operator norm is upper bounded by the Hilbert-Schmidt norm. We

have
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Direct calculation reveals that
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Noting that E[&;;&kx] = s;6;k, the above is equal to Var()_, &;i&w/n) <
E(>",&5&k/n)?. Using assumption (A2), we have E((T — T,)v;, ¥x)? <

C's;jsg/n, which combined with (S0.1]) implies
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For As, we write A3 = TY2(T + )\I)_lw +TVA(T+ )T —
T)(To 4+ A1) 25250 Wiiting KU/2X, = 30 6,005, we have
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where 02 = E[¢?]. Since (T + X)™"p; = (s;+A) "1y and TV, = | /55105,
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Furthermore, using (S0.2), letting A := TY2(T + \I)"Y(T — T,,) and

AT the adjoint operator of A for simplicity of notation, we have
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Next we introduce the definition of the trace, which is given by tr(F) :=
>_j{Fej,e;) for any orthonormal basis {e;}. Using the properties (f, g) =
tr(f ® g) for any f,g € Ly[0,1], tr(FG) = tr(GF) and tr(FLF) = || Fll%s
(see section 18 of |(Conway| (2000) for these basic properties of trace and

Hilbert-Schmidt norm), we get
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Using | FG|lus < || Fllasl||Gllop and the bound for ||A|| s which was already



obtained in (S0.1J), the above is bounded by

1 _
0y (1T, 4 AD T2 LAl )
IR IR
- Op(a)op(gg(sj_i_)\)g)

1 55
= Op(ﬁ Zj: (SjJr—)\)g),

since nA — oo.

52
Thus we have [|A3]* = O,(; >, 59z)- The theorem is proved by
combining the bounds for ||A;[|?, || A2]|* and || As|*. O

The above proposition demonstrated the convergence rate based on the
prediction risk ||TV2(f — f)||. Since T2 has eigenvalues converging to
zero, this does not even imply the consistency of f itself. The following
proposition shows ||f — f| = O,(1), which suffices for our purpose later (in

particular, this is used in Step 5 in the proof of Theorem [1| below).

Proposition 2. Under the same setup for FLR as in Proposition |1, and

choose X to be the solution of , we have || f = f|| = O,(1). In particular,

11l = Ou(1).

Proof of Proposition [2] The proof follows similar lines of Proposition [I}



We now have

~
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Since [|AM(T + A)7op < 1, obviously ||By|| = O,(1).
For By, we have || B> < |(T — T,)(T + M) 7'||%5. Unlike (S0.2) here

T'/? does not appear. However, we can follow the same lines to get
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For Bs we similarly have || Bs3||? = O, <% > m)

Thus we only need to show
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Demonstration of (S0.3|) is similar to the discussions following the statement
of Theorem [} Let J = [¢~!(\)]. By splitting the sum over j into j < .J

and j > J, we have
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and

ZjZJ+1 Sj < (J+2)SJ+1 < i <1,
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where we used that 3. ;. s; < (J +2)ss41 obtained from Lemma 1 of

Cardot et al.| (2007). This established (S0.3) and thus ||f — f|| = O,(1). O

Proof of Theorem [1] For clarity, the proof is splitted into several step-
s. For simplicity of notation, we only consider the convergence rate of
the first eigenfunction associated with eigenvalue . That is we focus on
ITY2(3, — )|l = |TY2(f1 — f1)]], and we omit the subscript 1 in the fol-
lowing. Convergence rates for other eigenfunctions can be proved in exactly
the same way.
STEP 1. There exists H numbers ay, . ..,ay such that f = Zthl apyT'KY2X,

and a = (ai1,...,ag)" satisfies the eigenvalue equation PCa = aa, where
Xy = EX|Y =y, P =diag(pi,...,pu) and C is an H x H matriz with

entries given by Cpp = (T KY2 X, KY2X,,).

Proof. Here we use the fact that Var(E[KY2X|Y]) =3, pn KY?X), ®
K'2X), is of finite-rank. T~'Var(E[K'2X|Y])f = af can be equivalently
written as

> on(KV2X, HT'K'P X, = af. (S0.4)
h



Since we assumed a > 0, f is a linear combination of T-'K'2X, h =
1,...,H. Wewrite f =), anT~'K'Y2X,. Note that in general K'/2X), h =
1,...,H are not linearly independent (for example we know ), pp X}, =
EX =0). We will pick a particular a; soon.

Plugging this expression of f into (S0.4)), we get
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where Cppy = (T K2 X, K'/2X},). Using the notations introduced above,
this is same as

(PCa — aa)T (TT'KY?X1.y) = 0, (S0.6)
where @ = (ay,...,ay)" and T K2 Xy = (T KY2 X, TUKY2X )T
is a vector of elements in L[0,1]. Let b = PCa — aa and says
VI'T-'K'2X,.; =0, and thus Cb = 0 by the definition of C. Using Cb =0
and b = PCa—aa, we have PC(a+b/a) = a(a+b/a), and thus a := a+b/«

satisfies the statement at the beginning of the step.

STEP 2. There exists H numbers aq, . ..,ay such thatf = Zthl ap(Th+
M)TVKY2X, and a = (ay, ..., an)7 satisfies the eigenvalue equation PCa =
Ga, where P = diag(p1,...,pu) and C is an H x H matriz with entries giv-

en by CA;W = (T, + AI)’1K1/2Xh, Kl/QXh/).



Proof. Given that @(E[K1/2X|Y]) =, K2 X, ® KY/2X), and f
satisfies (T, + )\I)_lﬁ“(E[KI/QXW])f = &f, the proof is the same as for

Step 1.

STEP 3. Let ZM = I{Y = y,} — p, where I{.} is the indicator func-
tion. Then ZM can be expressed as ZM = (B, X) + € for some € with

E[Xe] =0, and some B € Hy.

Proof. We use the arguments put forward in Section 2 of (Cardot
et al.| (2003) (see page 575 in that paper). More specifically, consider the
minimization problem f*) = argmin; E[(Z") — (f, K*/2X))?]. For this
minimization problem, the covariance operator is T' with eigenvalues and
eigenfunctions {s;,%;}. We have E[ZWKY2X] = E[I{Y = y,} K'/?X] =

P E[KY2X|Y =y, € TS5 x. Thus E[ZWK1/2X] is a linear combination

of f1,..., fyr which spans S{,‘X. Since
T fm, ¥5)? ms ;) ms 3595)
Z( fs2'l/)> :Z<f 82¢> :Z<.f 52¢> :Z<fm77~/}]>2:||fm||2

we also have

(E[Z"M K2 X, 4;)?
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which verifies condition 1 of Cardot et al.| (2003) and thus f*) exists and is

< 00,

unique. We can thus write Z(" = (f(" K1/2X) + € with E[X¢] = 0. Now

< 00,



we only need to let ") = K1/2X.

STEP 4. For1 < h < H, ||paT"*(Tp4+M) ' K2 X),—p, T 2K'2 X, |2 =
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Proof. Note that p, K'/2X,, = EKY2XZ® and p, K2 X, = 3, KY2X,2™ /n

(note we assumed ), X;/n = 0 to make arguments simpler), where Zi(h)

I{Y; = yn} — pn. By the representation of Z® presented in Step 3,
| TV(T,+ ALY, Kl/QXiZi(h)/n—phT*1/2K1/2Xh||2 is exactly the risk for

the FLR problem Z(® = (3" X} +¢ and thus is order Op()\+7lz Zj (sij)Q)'

STEP 5. For1 < h, W < H, (PC)pw—(PC)pw)? = Op(A+1 Y, ),

(s55+A)?

where (PC)p s is the (h, h')-entry of PC, for example.

Proof. We have

[(PC)ppr — (PC)pp]?
= [(pu(T, + MN)T'KY2 X, KYV2 X)) — (0 T KV X, K2 X))
< 2pn(T + M) KYV2X), — p TTUKY2 X, K12 X),0)?

+2(pn(Ty, + M) 'KV X, K2 X, — KV2X)2. (S0.7)



Noting K'/2X} = T for some 3 € Sy|x, we have (py,(T;, + MN)TIKY2X, —

phT_lKl/QXh, K1/2Xh/>2 — <ﬁhT1/2(Tn+)\[)—IKI/QXh_phT—l/QKl/QX]“ T1/25>2.

Using Step 4, the first term in (S0.7) is thus O,(A+ £ >~ —<o). Further-

J (s +/\)2

more, for the second term in (S0.7)), we have

(T + M) K2 X, = (T, + M)~ Z K'Y x,72" n.

By Proposition [2] noting the right hand side above is the estimator of
f™ for the FLR problem Z® = (f" K2X) 4 ¢ we see it is of order
Op(1).

Finally, it is easy to show that || K'/2X, — K1/2Xh/ > = 0,(n~"). Thus

the second term of (S0.7) is also O, (A + = Z = +>\ )

STEP 6. Finally we can combine the claims above to prove the theo-
rem. Based on Steps 1,2,5 and the perturbation theory for matrices, one
can get [la—a]2 = O,(A+ 1 Y, e and [la—al| = O,(A+ 1Y, )
(when the sign of the eigenvector is appropriately chosen). Using T1/2f =
SO @ TVA(T, + M) TP KY2 X, and TV2f = SO0 ap T-V2KY2 X, com-

bined with Step 4, we have | TV2(f — f)||> = Op(A + 1 > (S]i—i)z) O



Proof of Theorem [2. Consider the model

/5 s)ds + i

with || 8|3, < 1. We need a modification of the proof of Theorem 1 in |Cai
and Yuan (2012) due to the more general assumption on the eigenvalues of
T. Let n; = \/WJS]) for some 0 < ¢ < 1 to be determined later. We
apply Theorem 2.5 of Tsybakov| (2009) using the following collection of 27

functions
J
= Z O K 24y,
=1
where 0 = (0y,...,0;) € {0,1}’.

First, using that || K2, KY2| |3, = (05, 01) = 0,

d A1 _erd
1 foll7,c = Zeknk < 2771% = 725_ < T <c<l,
k=1 p= =1
since s; > X by s; = ¢(J) and the definition J = [¢~1(N)].

By the Varshamov-Gilbert bound (Lemma 2.9 in Tsybakov| (2009)),
there is a subset © = {0° ... 6N} C {0,1}7 such that 8° = (0,...,0),
N > 278 and S27_ (6x — 6,)% > J/8 whenever 6 # 6’ € ©.

We have

J
, cAJ
ITY2(fo = fo)lIP = Dm0k — 6,)s, > Tg = A3

k=1

verifying condition (7) in Theorem 2.5 of Tsybakov| (2009)). Furthermore, the

Kullback-Leibler distance between Py and Py (Fy is the joint distribution



of training data when 8 = fj) can be found to be

J
_ n 2 /\2 nc)\
K(P|Py) = 272;%(% — )75k < 552
and thus
1 & nea cgb_l()\) <
NZ (Py|Py) < 592 — 92 = 202(J+1) alogN,

for some 0 < a < 1/8 if ¢ is chosen small enough, verifying condition (ii) in
Theorem 2.5 of [T'sybakov| (2009). The lower bound is proved by applying

Theorem 2.5 of [T'sybakov| (2009)). O
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