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Denote qk(η̃i) by qk{η̃(Vi;α0, λ)}, k = 1, 2, i = 1, · · · , n. Let qk =

(qk(η̃1), · · · , qk(η̃n))T and Wq2 be a diagonal matrix with diagonal elements

q2{η̃}. Define

U = E[q2(η̃i)DiD
T
i ], Û =

1

n
DTWq2D,

U(Z) = E[q2(η̃i)Di(Z)Di(Z)
T ], Û(Z) =

1

n
D(Z)TWq2D(Z),

(S.1)

where Di = (Br(Ui)
T X̃i,l, l = 1, · · · , 2p)T , Di(Z) = (ZT

i , D
T
i )

T , D =
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(D1, · · · , Dn)
T which is an n×pJn matrix, andD(Z) = (D1(Z), · · · , Dn(Z))

T

which is an n× 2(q + pJn) matrix.

Lemma S.1 Let assumptions (A1) and (A4) be satisfied. For any vector

ζ = (ζT
1 , · · · , ζT

2p)
T with ζ l = (ζs,l : 1 ≤ s ≤ Jn)

T and ||ζ l|| = 1, l =

1, · · · , 2p, there exists constants 0 < cU < CU < ∞, such that for any

α ∈ Θ and for large enough n,

cUJ
−1
n ≤ ζTUζ ≤ CUJ

−1
n , and C−1

U Jn ≤ ζTU−1ζ ≤ c−1
U Jn, (S.2)

sup
1≤s,s′≤Jn,1≤l≤2p

∣∣∣∣∣n
−1

n∑

i=1

Di,slDi,s′l −E[Di,slDi,s′l]

∣∣∣∣∣ = O
(√

J−1
n n−1 logn

)
, a.s.,

(S.3)

sup
1≤s,s′≤Jn,l 6=l′

∣∣∣∣∣n
−1

n∑

i=1

Di,slDi,s′l′ − E[Di,slDi,s′l′]

∣∣∣∣∣ = O
(
J−1
n

√
n−1 logn

)
, a.s.,

(S.4)

and with probability approaching 1,

cUJ
−1
n ≤ ζT Ûζ ≤ CUJ

−1
n , and C−1

U Jn ≤ ζT Ûζ ≤ c−1
U Jn, (S.5)

where Di,sl = Bs,r(u)Xi,l, i = 1, · · · , n, s = 1, · · · , Jn, l = 1, · · · , 2p.

Proof of Lemma S.1: By Theorem 5.4.2 of DeVore and Lorentz

(1993) and assumption (A1), for any vector ζ l with ||ζl||2 = 1 and for
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large enough n, there exist constants 0 < cl ≤ Cl < ∞, l = 1, · · · , 2p, such

that

clJ
−1
n ≤ ζT

l E
[
Br(Ui)Br(Ui)

T
]
ζ l ≤ ClJ

−1
n .

Let πi,l =
∑Jn

s=1 ζs,lBs,q(Ui) and πi = (πi,1, · · · , πi,2p)
T . By assumptions

(A1) and (A4), for large enough n, we have

ζTE [U] ζ =E

[
q2(η̃i)

2p∑

l=1

πi,lX̃i,l

]2

≤C2
q2
CxE[πT

i πi]

=C2
q2Cx

2p∑

l=1

ζT
l E

[
Br(Ui)Br(Ui)

T
]
ζ l

≤2pC2
q2
Cxmin1≤l≤2pClJ

−1
n .

As the same way, we have ζTE [U] ζ ≥ 2pc2q2cxmax1≤l≤2pclJ
−1
n . The second

result in (S.2) can be shown directly from the first inequalities. Similarly it

is easy to prove that (S.5) holds. (S.3) and (S.4) can be shown by Bernstein’s

inequality as Bosq (1998). �

Lemma S.2 Let assumptions (A1) (A3) and (A4) be satisfied. For any

α ∈ Θα, ||n−1DTq1(η)||2 = Op(n
−1/2).

Proof of Lemma S.2: By the law of large numbers, with probability
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approaching 1, we have

||n−1DTq1(η)||22 =
∑

1≤s≤Jn,1≤l≤2p

[
n−1

n∑

i=1

Bs,q(Ui)X̃ilq1(ηi)

]2

=n−1
∑

1≤s≤Jn,1≤l≤2p

E
[
Bs,q(Ui)X̃ilq1(ηi)

]2
+ oa.s.(n

−1)

=Oa.s.(n
−1).

�

Lemma S.3 Let assumptions (A1) and (A4) be satisfied. There exists a

constant 0 ≤ cD ≤ ∞, such that for large enough n,

‖n−1Û(Z)−1D(Z)q2‖∞ ≤ CD.

Proof of Lemma S.3: Let Sn = Û(Z) with

Sn =



S11 S12

S21 S22


 ,

where S11 = n−1ZTZ, S12 = ST
21 = n−1ZTD and S22 = Û. Denote S22.1 =

S22 − S21S
−1
11 S12. For any ζ as given in Lemma S.1, we have

ζTS22.1ζ =ζT Ûζ − n−2ζTDTZS−1
11 Z

TDζ

=ζT Ûζ − czζ
T Ûζ = (1− cz)ζ

T Ûζ,

which is also followed by ζTS−1
22.1ζ = csζ

T Û
−1
ζ, where cz and cs are con-
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stants. Thus, we have

‖n−1(0pJn×q, IpJn)Û(Z)−1D(Z)Tq2‖∞

=‖n−1

(
−S−1

22.1S21S
−1
11 S−1

22.1

)
D(Z)Tq2‖∞

=‖n−1(−S−1
22.1S21S

−1
11 Z

T + S−1
22.1D

T )q2‖∞

≤‖n−1S−1
22.1D

TZS−1
11 Z

Tq2‖∞ + ‖n−1S−1
22.1D

Tq2‖∞

≤c1‖n−1Û
−1
Dq2‖∞

≤c1‖Û
−1‖∞‖n−1Dq2‖∞,

where c1 is a constant. By Bernstein’s inequality in Bosq (1998), it can be

shown that ||n−1
∑n

i=1Diq2||∞ = Op(J
−1
n ). We have ‖n−1(02pJn×q, I2pJn)Û(Z)−1D(Z)Tq2‖∞ ≤

c2, where c2 is a constant. As the proof above, we have

‖n−1(Iq, 0q×2pJn)Û(Z)−1D(Z)Tq2‖∞

=‖n−1

(
S−1
11 + S−1

11 S12S
−1
22.1S21S

−1
11 −S−1

11 S12S
−1
22.1

)
D(Z)Tq2‖∞

=‖n−1
(
S−1
11 Z

T + S−1
11 S12S

−1
22.1S21S

−1
11 Z

T − S−1
11 S12S

−1
22.1D

T
)
q2‖∞

≤‖n−1S−1
11 Z

Tq2‖∞ + ‖n−3S−1
11 Z

TDS−1
22.1D

TZS−1
11 Z

Tq2‖∞

+ ‖n−2S−1
11 Z

TDS−1
22.1D

Tq2‖∞

≤c3‖n−1S−1
11 Z

Tq2‖∞

≤c4,

combining with above proof, which arrives at the second part of Lemma
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S.2, where c3 and c4 are constants.

�

The following Lemma states the convergence rate of the nonparametric

estimators m̃l(u), i = 1, · · · , p and their first derivatives m̃′
l(u).

Lemma S.4 Let assumptions (A1)-(A4) be satisfied. We have

(a) N → ∞ and nN−1 → ∞, as n → ∞,

|β̃l(u)− βl(u)| = Oa.s.(
√
N/n +N−r)

uniformly for any u ∈ [au, bu];

(b) under N → ∞ and nN−3 → ∞, as n → ∞,

|β̃ ′
l(u)− β ′

l(u)| = Oa.s.(
√

N3/n +N1−r)

uniformly for any u ∈ [au, bu].

Proof of Lemma S.4: According to the result of de Boor (2001), for βl(·)

satisfying assumption (A2), there is a function β̄l(u) = Br(u)
Tλl, such that

sup
u∈[au,bu]

|β̄l(u)− βl(u)| = O(J−r
n ). (S.6)

Let Br(u) = (Br(u)
T , · · · ,Br(u)

T )T , and λ = (λ1, · · · , λ2p)
T . The estimate

of λ solves equation

0 = n−1
n∑

i=1

q1{η̃(Vi;α, λ̂)}Di.
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Recalling Û = Oa.s.(J
−1
n ) and nN−2r−2 → 0, via Taylor series, we have

0 =
1

n

n∑

i=1

Diq1{η̃i)}

− 1

n

n∑

i=1

q2{η̃i}DiD
T
i {(λ̂− λ)}(1 + oa.s.(1))

=
1

n
DTq1{η̃} − Û(λ̂− λ)(1 + oa.s.(1)),

which results in

λ̂− λ =
1

n
Û

−1
DTq1{η̃}(1 + oa.s.(1)).

For each u ∈ [au, bu], by Lemma S.3 and (S.5) and assumption (A3), with

probability approaching 1, we have

E
[
Br(u)

T (λ̂− λ)
∣∣∣X,Z, U

]2

=E
[∣∣∣CDn

−1
Br(u)

T Û
−1
DTq1{η̃}

∣∣∣
∣∣∣X,Z, U

]2
(1 + op(1))

=n−2C2
DBr(u)

T Û
−1
DTE[q1{η̃}⊗2|X,Z, U ]DÛ

−1
Br(u)(1 + op(1))

=n−1C2
DCσBr(u)

T Û
−1
Br(u)(1 + oa.s.(1))

=Oa.s.(Jn/n),

(S.7)

which implies by the law of large numbers that for each u ∈ [au, bu],
∥∥∥Br(u)

T (λ̂− λ)
∥∥∥
2
= Oa.s.(

√
Jn/n). Thus, (S.7) combining (S.6) results

in Lemma S.4 (a). Noting that ‖W1‖∞ = O(Jn) where W1 is defined in

Section 2.2, one can show similarly that the second part of Lemma S.3

holds.
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�

Let Pn(Z̃i) = DT
i ζ̂

Z
, where ζ̂

Z
= (ζ̂

Z

1 , · · · , ζ̂
Z

2q) is a 2pJn × 2q matrix

and for k = 1, · · · , 2q,

ζ̂
Z

k = argmin
ζZ
k ∈R2pJn

n∑

i=1

q2{η̃(Vi; θ0, λ)}(Z̃ik −DT
i ζ

Z
k )

2.

Lemma S.5 Let assumptions (A1)-(A5) be satisfied, and nN−4 → ∞ and

nN−2r−2 → 0, as n → ∞. We have

DT
i {λ̂− λ} =n−1DT

i Û
−1
DTq1{η̃} −P(Z̃i)

T (α̂−α)

+ op(‖α̂−α‖2) + op(
√

N/n+N−r),

(S.8)

where λ is defined in Lemma S.3.

Proof of Lemma S.5: The estimate of λ(θ) solves equation

0 = n−1

n∑

i=1

q1{η̃(Vi; α̂, λ̂)}Di.

Recalling Û = Op(J
−1
n ) and nN−2r−2 → 0, via Taylor series, we have

0 =n−1

n∑

i=1

Diq1{η̃i} − n−1

n∑

i=1

q2{η̃i}DiD
T
i {(λ̂− λ) + op(

√
N/n +N−r)}

− n−1
n∑

i=1

q2{η̃i}DiZ̃
T

i {(α̂−α) + op(‖α̂−α‖2)}

=n−1DTq1{η̃} − Û(λ̂− λ) + op(
√

N/n +N−r)

− n−1DTWq2Z̃{(α̂−α) + op(‖α̂−α‖2)},

where Wq2 is a diagonal matrix with diagonal elements q2{η̃}. Thus, we
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have

DT
i {λ̂− λ}

=n−1DT
i Û

−1
DTq1{η̃}

− n−1DT
i Û

−1
DTWq2Z̃{(α̂−α) + op(‖α̂−α‖2}+ op(

√
N/n +N−r).

(S.9)

Along the same arguments of Liu et. al. (2016), we have

n−1DT
i Û

−1
DTWq2Z̃ = Pn(Z̃i) +Op(J

1−r
n ).

As the same as Lemma S.3, we can show that ‖Pn(Z̃i) − P(Z̃i)‖∞ =

Op(
√
N/n+N−r). Therefore, with (S.9), this arrives at the result of Lemma

S.4. �

Proof of Theorem 1: The estimates of α solve

0 = n−1
n∑

i=1

q1{η̃(Vi; α̂, λ̂)}Z̃i.
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Then by Taylor expansion, we obtain

0 =n−1
n∑

i=1

q1{η̃i}Z̃i

− n−1ZTWq2Z{(α̂−α) + op(‖α̂−α‖2)}

− n−1

n∑

i=1

q2{η̃i}Z̃iD
T
i {λ̂− λ+ op(

√
N/n+N−r)}

=n−1ZTq1{η̃} − n−1ZTWq2Z{(α̂−α) + op(‖α̂−α‖2)}

− n−2

n∑

i=1

q2{η̃i}Z̃iD
T
i Û

−1
DTq1{η̃}+ op(

√
N/n+N−r)

+ n−1
n∑

i=1

q2{η̃i}Z̃iP(Z̃i)
T{(α̂−α) + op(‖α̂−α‖2)}

=− n−1
n∑

i=1

q2{η̃i}Z̃i

[
Z̃i −P(Z̃i)

]T
{(α̂−α) + op(‖α̂−α‖2)}

+ n−1ZTq1{η̃} − n−2

n∑

j=1

q1{η̃j}DjÛ
−1

n∑

i=1

q2{η̃i}DT
i Z̃i + op(n

−1/2),

=− n−1
n∑

i=1

q2{η̃i}Z̃i

[
Z̃i −P(Z̃i)

]T
{(α̂−α) + op(‖α̂−α‖2)}

+ n−1

n∑

i=1

[
Z̃i −P(Z̃i)

]
q1{η̃i}{1 +Op(J

1−r
n )}+ op(n

−1/2),

which arrives

n−1

n∑

i=1

q2{η̃i}Z̃i

[
Z̃i −P(Z̃i)

]T
{(α̂−α) + op(‖α̂−α‖2)}

= n−1
n∑

i=1

[
Z̃i −P(Z̃i)

]
q1{η̃i}{1 +Op(J

1−r
n )}+ op(n

−1/2),
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Thus, by the law of large numbers, we have

n−1
n∑

i=1

q2{η̃i}Z̃i

[
Z̃i −P(Z̃i)

]T
= Σ +Op(n

−2).

Because the observations V1, · · · ,Vn are independent, by Lindeberg-

Feller central limit theorem, it is easy to prove that

n−1/2

n∑

i=1

[
Z̃i −P(Z̃i)

]
q1{η̃i} L→ N(0,Σ).

Then the proof of Theorem 1 can be completed by Slusky’s theorem.

�

Lemma S.6 Let assumptions (A1)-(A6) be satisfied, and nN−4 → ∞ and

nN−2r−2 → 0, as n → ∞. We have

sup
u∈[au,bu]

∣∣∣β̂O
l (u)− βl(u)

∣∣∣ = Op(n
−2/5

√
log(n)),

and for any u ∈ [au, bu],

√
nhl

{
β̂O
l (u)− βl(u)− bl(u)h

2
l

}
L→ N(0, vl(u)),

where

bl(u) =µ2β
′′
l (u)/2,

vl(u) =‖K‖22{E[ρ(V)X̃2
l |U = u]f(u)}−1.

Proof of Lemma S.6: To facilitate expression, we prove only

sup
u∈[au,bu]

∣∣∣β̂O
1 (u)− β1(u)

∣∣∣ = Op(n
−2/5

√
log(n)).
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Let

X̃ ≡ X̃(u) =




X̃1,1 · · · X̃n,1

(u1 − u)X̃1,1/h1 · · · (un − u)X̃n,1/h1




T

,

W̃
O

qj
(α) ≡ W̃

O

qj
(u,α) = diag

{
qj{ηO−1,1}Kh1

(u1 − u), · · · , qj{ηO−1,n}Kh1
(un − u)

}
,

where qj{ηO−1,i} = qj{ηO−1(Vi; a, b,α)} with ηO−1(Vi; a, b,α) = αT Z̃i+
∑p

l=2 βl(ui)
T X̃i,l+

aX̃i,1+b(ui−u)X̃i,1 and j = 1, 2, i = 1, · · · , n. The estimate (âO, b̂O) solves

equation

0 = n−1

n∑

i=1

q1{η̂O−1(Vi; â
O, b̂O, α̂)}




X̃i,1

(ui − u)X̃i,1/h1


Kh1

(ui − u).

Thus, we have

β̂O
1 (u, α̂) = (1, 0){X̃T

W̃
O

q2
(α̂)X̃}−1X̃

T
W̃

O

q1
(α̂)(1 + op(1)).

Noting that ‖α̂ − α‖ = Op(n
−1/2) by Property 1, it is not hard to see

that, for any u ∈ [au, bu], W̃
O

qj
(α̂) = W̃

O

qj
(α) + Op(n

−1/2), which implies

that

sup
u∈[au,bu]

∣∣∣β̂O
1 (u, α̂)− β̂O

1 (u,α)
∣∣∣ = Op(n

−1/2). (S.10)

Along the lines of Theorem 2.5 and 2.6 in Li and Racine (2007), we have,

under Assumption A.?

sup
u∈[au,bu]

∣∣∣β̂O
1 (u,α)− βl(u)

∣∣∣ = Op(n
−2/5

√
log(n)),
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which implies that

sup
u∈[au,bu]

∣∣∣β̂O
1 (u, α̂)− β1(u)

∣∣∣ ≤ sup
u∈[au,bu]

∣∣∣β̂O
1 (u, α̂)− β̂O

1 (u,α)
∣∣∣ + sup

u∈[au,bu]

∣∣∣β̂O
1 (u,α)− β1(u)

∣∣∣

=Op(n
−1/2) +Op(n

−2/5
√

log(n))

=Op(n
−2/5

√
log(n)),

Therefore, this arrives the first part of Lemma S.6, and

√
nhl

{
β̂O
1 (u,α)− β1(u)− b1(u)h

2
1

}
L→ N(0, v1(u)).

The second part can be show by combining (S.16) and the asymptotic nor-

mality of β̂O
1 (u,α).

�

Lemma S.7 Suppose that assumptions (A.1)-(A.6) in the Appendix hold,

and nN−4 → ∞ and nN−δ → 0 with δ = min(2r + 2, 5r/2), then we have

sup
u∈[au,bu]

|ℓ̂′(âO, b̂O)| = Oa.s.(n
−1/2 logn).

Proof of Lemma S.7: We only prove the case of l = 1, that is, consider
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âO = β̂1(u) and b̂O = β̂ ′
1(u) in oracle case. Recall ℓ̃′(âO, b̂O) = 0. We have

ℓ̂′(âO, b̂O) =ℓ̂′(âO, b̂O)− ℓ̃′(âO, b̂O)

=
1

n

n∑

i=1

[
q1{η̂−1(Vi; â

O, b̂O, α̂)} − q1{η̂O−1(Vi; â
O, b̂O, α̂)}

]
X̃i,1Kh1

(ui − u)

=
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}

[
β̃−1(ui)− β−1(ui)

]T
X̃i,−1X̃i,1Kh1

(ui − u)

+Oa.s.(
1

n

n∑

i=1

p∑

l=2

(β̃1(ui)− β1(ui))
2)

By Lemma S.4, we have 1
n

∑n
i=1

∑p
l=2(β̃l(ui)−βl(ui))

2 = Oa.s.(N/n+N−2r).

Let β̄−1(u) = (β̄2(u), · · · , β̄p(u))
T with β̄2(u) being defined in Lemma S.4.

Thus, we can rewrite

ℓ̂′(âO, b̂O) = An +Bn +Oa.s.(N/n+N−2r),

where

An =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}

[
β̃−1(ui)− β̄−1(ui)

]T
X̃i,−1X̃i,1Kh1

(ui − u),

Bn =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}

[
β̄−1(ui)− β−1(ui)

]T
X̃i,−1X̃i,1Kh1

(ui − u).

Noting that q2(·) is bounded, by Lemma S.4, we have

Bn ≤C

p∑

l=2

|β̄−1(ui)− β−1(ui)|‖
1

n

n∑

i=1

X̃i,−1X̃i,1Kh1
(ui − u)‖

=Oa.s.(
√
N/n +N−r).

DefineΦb = (φT
b,1, · · · , φT

b,2p)
T ,Φv = (φT

v,1, · · · , φT
v,2p)

T andΦr = (φT
r,1, · · · , φT

r,2p)
T ,
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where

Φb =U−1 1

n

n∑

i=1

[q1{η̃(Vi; α̂, λ)} − q1{η(Vi, α)}]Di,

Φv =U−1 1

n

n∑

i=1

q1{η(Vi, α)}Di,

Φr =λ̂− λ−Φb −Φv.

Along the line of proof in Liu et al. (2013), and by Lemma S.1 and Lemma

S.2, we can prove that ‖Φb‖2 = Oa.s.(N
−r) and ‖Φr‖2 = Oa.s.(N

3/2n−1).

We can decompose An = A1n + A2n + A2n, where

A1n =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}(φT

b,lBr(ui), l = 2, · · · , 2p)T X̃i,−1X̃i,1Kh1
(ui − u)

A2n =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}(φT

v,lBr(ui), l = 2, · · · , 2p)T X̃i,−1X̃i,1Kh1
(ui − u)

A3n =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}(φT

r,lBr(ui), l = 2, · · · , 2p)T X̃i,−1X̃i,1Kh1
(ui − u).

Applying Cauchy-Schwarz inequality, we have

sup
u∈[au,bu]

|A1n| ≤C sup
u∈[au,bu]

1

n

n∑

i=1

|(φT
b,lBr(ui), l = 2, · · · , 2p)T X̃i,−1X̃i,1Kh1

(ui − u)|

≤C sup
u∈[au,bu]

‖Φb‖2
[

∑

2≤l≤p,1≤s≤Jn

[
1

n

n∑

i=1

|Bs,r(ui)X̃i,lX̃i,1|Kh1
(ui − u)]2

]1/2

=C sup
u∈[au,bu]

‖Φb‖2JnOa.s.(J
−1
n )

=Oa.s.(N
−r),

and similarly, supu∈[au,bu] |A3n| = Oa.s.(N
3/2n−1). Let ζ l,1(u) = (ζ1,l,1, · · · , ζJn,l,1)

T
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with

ζs,l,1(u) = n−1

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}X̃i,1Kh1

(ui − u)Bs,r(ui)
T X̃i,l, l = 2, · · · , p.

By Lemma A.2 in Xia and Li (1999), we have

sup
u∈[au,bu]

|ζs,l,1(u)− E{ζs,l,1(u)}| = Oa.s.(
√
log n/(nh)).

By de Boor (2001), we have, for any u ∈ [au, bu],

|E{ζs,l,1(u)}| =|E{Kh1
(ui − u)E[q2{η̂O−1(Vi; â

O, b̂O, α̂)}X̃i,1Bs,r(ui)
T X̃i,l|ui]}|

≤µ0f(u)|E{Xi,1Xi,2|ui = u}||E[Bs,r(ui)]|+O(h2
2)O(|E[Br(ui)]|)

=O(J−1
n ),

which implies that |ζs,l,1(u)| = O(J−1
n ). It is easy can be shown further

that supu∈[au,bu]max1≤s≤Jn,1≤l≤2p |ζs,l,1(u)| = Oa.s.(J
−1/2
n ). Define Φv,−1 =

(φT
v,2, · · · , φT

v,2p)
T . By the definition of A2n, we have A2n = ζ1(u)

TΦv,−1,
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which implies that

sup
u∈[au,bu]

E (A2n|V)2

= sup
u∈[au,bu]

E
(
ζ1(u)

TΦv,−1Φ
T
v,−1ζ1(u)|V

)

= sup
u∈[au,bu]

ζ1(u)
TE

(
Φv,−1Φ

T
v,−1|V

)
ζ1(u)

≤ sup
u∈[au,bu]

‖ζ1(u)‖22‖E
(
ΦvΦ

T
v |V

)
‖∞)

= sup
u∈[au,bu]

n−2‖ζ1(u)‖22‖Û
−1
DTE

(
q2{η̂O−1(Vi; â

O, b̂O, α̂)}⊗2|V
)
DÛ

−1‖2

≤Cq2 sup
u∈[au,bu]

n−1‖ζ1(u)‖22‖Û
−1‖2

=Oa.s.(n
−1).

Therefore, by the law of large numbers, we have supu∈[au,bu] |A2n| = Oa.s.(n
−1/2 logn).

�

Lemma S.8 Suppose that assumptions (A.1)-(A.6) in the Appendix hold,

and nN4 → ∞ and nN−δ → 0 with δ = min(2r + 2, 5r/2),

sup
u∈[au,bu]

‖ℓ̂′′(a, b)‖2 = Oa.s.(1),

for any (a, b) ∈ A.

Proof of Lemma S.8: Let X̌i1(u) = (Xi,1, (Ui − u)Xi,1/h1)
T . According
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to the boundedness of q2(·) and the law of large numbers, we have

ℓ̂′′(a, b) =
1

n

n∑

i=1

q2{η̂−1(Vi; a, b, α̂)}X̌i1(u)
⊗2Kh1

(ui − u)

=E
[
q2{η̂−1(Vi; a, b, α̂)}X̌i1(u)

⊗2Kh1
(ui − u)

]
+Oa.s.(1)

=Oa.s.(1).

�

Lemma S.9 Suppose that assumptions (A.1)-(A.6) in the Appendix hold,

and nN4 → ∞ and nN−δ → 0 with δ = min(2r + 2, 5r/2), then we have,

for l = 1, · · · , p,

sup
u∈[au,bu]

|β̂l(u, α̂)− β̂O
l (u, α̂)| = Oa.s.(n

−1/2 log n),

where β̂l(u, α̂) and β̂O
l (u, α̂) denotes β̂l(u) and β̂O

l (u), respectively.

Proof of Lemma S.9: Noting that ℓ̂′(â, b̂) = 0, by the mean value theo-

rem, there exists a (ā, b̄) ∈ A between (â, b̂) and (âO, b̂O) such that

−ℓ̂′(âO, b̂O) = ℓ̂′(â, b̂)− ℓ̂′(âO, b̂O) = ℓ̂′′(ā, b̄)
[
(â, b̂)T − (âO, b̂O)T

]
,

which follows by

(â, b̂)T − (âO, b̂O)T = −ℓ̂′′(ā, b̄)−1ℓ̂′(âO, b̂O).
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Combining Lemma S.7 and Lemma S.8, we have (â, b̂)T − (âO, b̂O)T =

Oa.s.(n
−1 logn), which proves Lemma S.9 by noting β̂l(u, α̂)− β̂O

l (u, α̂) =

(1, 0)
[
(â, b̂)T − (âO, b̂O)T

]
.

�

Proof of Theorem 2: Due to nh5 = O(1), we have
√
nhln

−1/2 log n =

op(1). By Lemma S.9, we have

√
nhl

{
β̂l(u, α̂)− βl(u)− bl(u)h

2
l

}
=

√
nhl

{
β̂O
l (u, α̂)− βl(u)− bl(u)h

2
l

}
+ op(1).

Lemma S.6 has proved that

√
nhl

{
β̂O
l (u, α̂)− βl(u)− bl(u)h

2
l

}
L→ N(0, vl(u)),

where bl(u) = µ2β
′′
l (u)/2, and vl(u) = ‖K‖22{E[ρ(V)X̃2

l |U = u]f(u)}−1.

Thus Theorem ?? can be shown straightforwardly by Lemma S.6 and

Lemma S.9 in the Supplementary Materials.

�

ℓn(H0) =
∑n

i=1Q(g−1{η̂H0
(Vi; α̂, θ̂)}, Yi) and ℓn(H1) =

∑n
i=1Q(g−1{η̂H1

(Vi; α̂, θ̂)}, Yi),

where η̂H0
(Vi; α̂, θ̂) = ZT

i α̂0,H0
+XT

i θ̂0,H0
(u)+ZT

i α̂1,H0
Gi and η̂H1

(Vi; α̂, θ̂) =

ZT
i α̂0,H1

+XT
i θ̂0,H1

(u)+{ZT
i α̂1,H1

+XT
i θ̂1,H1

(u)}Gi. We define the following

GLR test statistic,

TNP = 2(ℓn(H1)− ℓn(H0)). (S.11)
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To prove Theorem 3, we need following Lemma. Similarly to Liu et. al.

(2016), assuming that nonparametric functions β(u) are known, we can

construct a GLR statistic based on the “Oracle” estimator β̂
O
(u). Consider

hypothesis test (3.14). Let β̂O
l,H0

(u) and β̂O
l,H1

(u) be the “Oracle” estimates

under H0 and H1 as the same as Section 2.1, respectively. The resulting

likelihoods under H0 and H1 in hypothesis test (3.14) are

ℓOn (H0) =
n∑

i=1

Q(g−1{η̂OH0
(Vi; α̂, θ̂)}, Yi),

ℓOn (H1) =

n∑

i=1

Q(g−1{η̂OH1
(Vi; α̂, θ̂)}, Yi),

where η̂OH0
(Vi; α̂, θ̂) = ZT

i α̂0,H0
+XT

i θ̂
O

0,H0
(Ui)+ZT

i α̂1,H0
Gi and η̂OH1

(Vi; α̂, θ̂) =

ZT
i α̂0,H1

+XT
i θ̂

O

0,H1
(Ui) + {ZT

i α̂1,H1
+XT

i θ̂
O

1,H1
(Ui)}Gi. We define the follo-

wing Oracle-version GLR test statistic,

TO
NP = 2(ℓOn (H1)− ℓOn (H0)). (S.12)

Let aK = {K(0) − 1/2
∫
K2(u)du}[

∫
{K(u) − 1/2K ∗ K(u)}du]−1, where

K ∗K(u) denotes the convolution of K.

The following Lemma states the asymptotic distribution of TO
NP under

HNP
0 .

Lemma S.10 Suppose that assumptions (A.1)-(A.6) in the Appendix hold,

and nN4 → ∞ and nN−2r−2 → 0, then under HNP
0 in (3.8), when nh9/2 →
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0,

σ−1
n (TO

NP − µn)
L→ N(0, 1),

where σ2
n = 2h−1|Ω|

∫
{K(u)− 1/2K ∗K(u)}2 du and µn = h−1|Ω|

{
K(0)− 1/2

∫
K2(u)du

}
.

Proof of Lemma S.10: Define

ℓ∗n(H0) =
n∑

i=1

Q(g−1{η∗H0
(Vi;α, θ̂

O
)}, Yi),

ℓ∗n(H1) =
n∑

i=1

Q(g−1{η̂∗H1
(Vi;α, , θ̂

O
)}, Yi),

T ∗
NP =2(ℓ∗n(H1)− ℓ∗n(H0)),

where η∗H0
(Vi;α, θ̂

O
) = ZT

i α
0
0+XT

i θ̂
O

0,H0
(Ui) +ZT

i α
0
1 and η̂∗H1

(Vi,α, θ̂
O
) =

ZT
i α

0
0 +XT

i θ̂
O

0,H1
(Ui) + {ZT

i α
0
1 +XT

i θ̂
O

1,H1
(Ui)}Gi. It is easy to see that

ℓOn (H0)− ℓ∗n(H0) =Op(1),

ℓOn (H1)− ℓ∗n(H1) =Op(1),

which implies that TO
NP = T ∗

NP +Op(1). It remains to show that

σ−1
n (T ∗

NP − µn)
L→ N(0, 1).

Denote η∗H0
(Vi;α, θ̂

O
) by η∗i,H0

and q1{η∗i,H0
} by εi. Let X̌i = XiGi.

By the mean value theory, there exists a η̄∗(Vi;α, θ̂
O
) between η∗i,H0

and

η̂∗H1
(Vi;α, θ̂

O
) such that

T ∗
NP =2

n∑

i=1

εiX̌
T

i θ̂
O

1,H1
(Ui) +

n∑

i=1

q̄i,2θ̂
O

1,H1
(Ui)

T X̌iX̌
T

i θ̂
O

H1
(Ui),
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where q̄i,2 denotes q2{η̄∗(Vi;α)}. Invoking Lemma S.6 and βl0(u) = 0, we

have

θ̂
O

H1
(u) = {an(u) +Rn(u)}(1 + op(1)),

where

an(u) =
1

nh
Γ(u)

n∑

i=1

εiX̌iK((Ui − u)/h),

Rn(u) =
1

nh
Γ(u)

n∑

i=1

{θ(Ui)
T X̌i − τ(u)T X̃i}XiK((Ui − u)/h),

and Γ(u) = {E[ρ(V)X̌X̌
T |U = u]f(u)}−1, τ(u) = (θ(u)T , hθ′(u)T )T and

X̃i = X̃i(u) = (XT
i Gi,X

T
i Gi(Ui − u)/h)T . Define

R(1)
n =2

n∑

i=1

εiRn(Ui)
T X̌i,

R(2)
n =2

n∑

i=1

q̄i,2an(Ui)
T X̌iX̌

T

i Rn(Ui),

R(3)
n =

n∑

i=1

q̄i,2Rn(Ui)
T X̌iX̌

T

i Rn(Ui).

Thus, we have

T ∗
NP =

2

n

n∑

i=1

εi

{
n∑

k=1

εkX̌
T

k Γ(Ui)X̌iKh(Uk − Ui)

}

+
1

n2

n∑

k=1

n∑

i=1

n∑

j=1

q̄k,2εiεjX̌
T

i Γ(Uk)X̌kX̌
T

k Γ(Uk)X̌jKh(Ui − Uk)Kh(Uj − Uk)

+R(1)
n +R(2)

n +R(3)
n +Op(n

−1h−2)

≡T̄n + S̄n +R(1)
n +R(2)

n +R(3)
n +Op(n

−1h−2).
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By the condition nh9/2 → 0 and some direct but tedious calculations, it can

be shown

R̄n ≡ R(1)
n +R(2)

n +R(3)
n = Op(nh

4 + n1/2h2) = op(h
−1/2). (S.13)

It is easy to prove that

T̄n = 2h−1K(0)|Ω|+ 2

n

n∑

i 6=k

εiεkX̌
T

k Γ(Ui)X̌iKh(Uk − Ui) + op(h
−1/2).

(S.14)

Let S̄n = Sn1 + Sn2, where

Sn1 =
1

n2

n∑

i=1

ε2i

n∑

k=1

q̄k,2

{
X̌

T

k Γ(Uk)X̌iKh(Uk − Ui)
}2

,

Sn2 =
1

n2

n∑

i 6=j

εiεj

n∑

k=1

q̄k,2X̌
T

i Γ(Uk)X̌kX̌
T

k Γ(Uk)X̌jKh(Ui − Uk)Kh(Uj − Uk).

It is easy to see that

Sn1 = ̺n(1 + o(1)) +Op(n
−3/2h−2) +Op((nh

2)−1) + op(h
−1/2),

where

̺n =
1

n(n− 1)

n∑

i 6=k

q̄k,2ε
2
i

{
X̌

T

k Γ(Uk)X̌iKh(Uk − Ui)
}2

.

According to Hoeffiding’s decomposition (Serfling 1980) for the variance of

U-statistics, by tedious calculations we can show that the variance of ̺n is

̺n = Op(n
−1h−2).
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It is straightforward to calculate the expectation of ̺n

E̺n = −h−1|Ω|
∫

K2(t)dt + op(h
−1),

which implies that

Sn1 = −h−1|Ω|
∫

K2(t)dt+ op(h
−1/2). (S.15)

Sn2 can be further decomposed as Sn2 = Sn21 + Sn22, where

Sn21 =
1

n2

n∑

i 6=j

εiεj

n∑

k 6=i,j

q̄k,2X̌
T

i Γ(Uk)X̌kX̌
T

k Γ(Uk)X̌jKh(Ui − Uk)Kh(Uj − Uk),

Sn22 =
K(0)

n2h

n∑

i 6=j

εiεj

[
q̄i,2X̌

T

i Γ(Ui)X̌iX̌
T

i Γ(Ui)X̌j + q̄j,2X̌
T

i Γ(Uj)X̌jX̌
T

j Γ(Uj)X̌j

]
Kh(Ui − Uj).

It can be show by tedious calculation that

var(Sn22) = O(n−2h−3),

which implies that

Sn22 = o(h−1/2). (S.16)

Let

Qijk = q̄k,2Γ(Uk)X̌kX̌
T

k Γ(Uk)Kh(Ui − Uk)Kh(Uj − Uk).

We can prove that

E

{
n−1

n∑

k 6=i,j

Qijk −E [Qijk|(Ui, Uj)]

}2

≤ n−2
n∑

k 6=i,j

EQ2
ijk = O((nh2)−1),
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which implies that

Sn21 =
n− 2

n2

n∑

i 6=j

εiεjX̌
T

i E [Qijk|(Ui, Uj)] X̌j + op(h
−1/2)

=− 1

nh

n∑

i 6=j

εiεjX̌
T

i Γ(Ui)X̌jK̃((Ui − Uj)/h) + op(h
−1/2),

(S.17)

where K̃(t) denotes the convolution of K(·). By (S.13)-(S.17), we have

T ∗
NP = µn +Υ(n)h−1/2 + op(h

−1/2),

where

µn =h−1|Ω|
{
2K(0)−

∫
K2(t)dt

}
,

Υ(n) =
1

n
h−1/2

n∑

i 6=j

εiεjX̌
T

i Γ(Ui)X̌j{2K((Ui − Uj)/h)− K̃((Ui − Uj)/h)}.

It remains to prove that

Υ(n)
L→ N(0, v2)

with v2 = 2|Ω|
∫
{K(t)− 1/2K̃(t)}2dt. Define

Φij = h−1/2εiεjX̌
T

i Γ(Ui)X̌j{2K((Ui − Uj)/h)− K̃((Ui − Uj)/h)}

and

Υ(n) =
∑

i<j

Υij.

where Υij =
1
n
(Φij+Φji). Define v2n = Var(Υ(n)). According to Proposition

3.2 in de Jong (1987), it suffices to check following conditions:



26 Xu Liu1 Ping-Shou Zhong 2 AND Yuehua Cui3

(a) Υ(n) is clean [see de Jong (1987) for the definition],

(b) v2n → v2,

(c) ζ1 is of lower order than v4n,

(d) ζ2 is of lower order than v4n,

(e) ζ3 is of lower order than v4n,

where

ζ1 =E
∑

1≤i<j≤n

Υ4
ij,

ζ2 =E
∑

1≤i<j<k≤n

{Υ2
ijΥ

2
ik +Υ2

jiΥ
2
jk +Υ2

kiΥ
2
kj},

ζ3 =E
∑

1≤i<j<k<l≤n

{ΥijΥikΥljΥlk +ΥijΥilΥkjΥkl +ΥikΥilΥjkΥjl}.

Below we check each of conditions as follows. Condition (a) holds obviously.

Then we calculate the variance v2n as follows. (a) implies that v2n = EΥ(n)2.

By de Jong (1987), we have

v2n = E
∑

1≤i<j≤n

Υ2
ij =

4

n2
E

∑

1≤i<j≤n

Φ2
ij .

We can show that

E
∑

1≤i<j≤n

Φ2
ij =

n(n− 1)

2
p|Ω|

∫
{K(t)− 1

2
K̃(t)}2dt,
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which implies that (b) holds. Noting that

E
∑

1≤i<j≤n

{Φ4
ij} = O(n2h−3), E

∑

1≤i<j≤n

{Φ3
ijΦji} = O(n2h−2), E

∑

1≤i<j≤n

{Φ2
ijΦ

2
ji} = O(n2h−2),

we have ζ1 = O(h2n−4)O(n2h−3) = O(n−2h−1). Similarly conditions (d) is

shown by noting that

E
∑

1≤i<j<k≤n

{Υ2
ijΥ

2
ik} = h2n−4O(n3h−2) = O(n−1),

which implies that ζ2 = O(n−1). It is obvious by straightforward calculati-

ons that,

E
∑

1≤i<j<k<l≤n

{ΦijΦikΦljΦlk} =O(n4h−1),

E
∑

1≤i<j<k<l≤n

{ΦjiΦikΦljΦlk} =O(n4h−1),

E
∑

1≤i<j<k<l≤n

{ΦjiΦkiΦljΦlk} =O(n4h−1),

which result in

E
∑

1≤i<j<k<l≤n

{ΥijΥikΥljΥlk} = O(h2n−4)O(n4h−1) = O(h).

Therefore, we have ζ3 = O(h), which implies that condition (e) holds. This

completes the proof of Lemma S.10.

�
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Proof of Theorem 3: According to Lemma S.9, we have

ℓOn (H0)− ℓn(H0) =Op(logn),

ℓOn (H1)− ℓn(H1) =Op(logn),

which implies that

TNP = TO
NP +Op(logn).

Therefore, applying Lemma S.10, Theorem 3 can be proved directly.

�

Proof of Lemma 1: Invoking the proof of Theorem 1 and 3, we have

n1/2Σ−1/2
α (α̂−α) =n−1/2Σ−1/2

α

n∑

i=1

(Zi −P(Zi))εi + op(1),

σ−1
n (TNP − µn) =v−1Υ(n) + op(1),

where εi = q1(η
∗
i,H0

), Υ(n) = 1
n
h−1/2

∑n
i 6=j εiεjX̌

T

i Γ(Ui)X̌j{2K((Ui−Uj)/h)−

K̃((Ui − Uj)/h)} and v2 = 2|Ω|
∫
{K(t) − 1/2K̃(t)}2dt are defined in the

proof of Lemma S.10. Let

I1n =

n∑

k 6=i,j

(Zk −P(Zk))εk

n∑

i 6=j

εiεjX̌
T

i Γ(Ui)X̌j{2K((Ui − Uj)/h)− K̃((Ui − Uj)/h)},

I2n =
n∑

i 6=j

ε2i εj(Zi −P(Zi))X̌
T

i Γ(Ui)X̌j{2K((Ui − Uj)/h)− K̃((Ui − Uj)/h)}.

It is easy to see that E[I1n] = 0 and E[I2n] = 0. Therefore, we have

COV(ξ1, ξ2) = n−1/2v−1Σ−1/2
α (I1n + I2n) + op(1),
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which results directly in COV(ξ1, ξ2)
P→ 0.

�

Proof of Theorem 4: This Theorem follows by Theorem 1 and Lemma

S.10.

�

The following Lemma states the asymptotic distribution of TO
NP under

HNP
1 .

Lemma S.11 Suppose that assumptions in Theorem 5 hold, then under

HNP
1 in (3.8),

σ−1
n (TO

NP − µn − dn)
L→ N(0, 1),

where d2n = nE[ρ(V )θn(U)T X̌X̌
T
θn(U)].

Proof of Lemma S.11: Along the lines of Lemma S.10, we can prove that

ℓOn (H0)− ℓ∗n(H0) =Op(1),

ℓOn (H1)− ℓ∗n(H1) =Op(1),

which implies that TO
NP = T ∗

NP +Op(1). It remains to show that

σ−1
n (T ∗

NP − µn)
L→ N(0, 1).

Denote η̃∗H1
(Vi;α) = θ0(Ui) +αTZi + X̌

T

i θn(Ui) by η̃∗i,H1
, and q1{η̃∗i,H1

}

by εi. Let ℓ̃∗n(H1) =
∑n

i=1Q(g−1{η̃∗H1
(Vi;α)}, Yi). By the mean value
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theory, there exists a η̄∗(Vi;α) between η̃∗i,H1
and η̂∗H1

(Vi;α) such that

T ∗
NP =2(ℓ∗n(H1)− ℓ∗n(H0))

=2(ℓ∗n(H1)− ℓ̃∗n(H1))− 2(ℓ∗n(H0)− ℓ̃∗n(H1))

=2

n∑

i=1

εiX̌
T

i (θ̂
O

H1
(Ui)− θn(Ui)) +

n∑

i=1

q̄i,2(θ̂
O

H1
(Ui)− θn(Ui))

T X̌iX̌
T

i (θ̂
O

H1
(Ui)− θn(Ui))

+ 2
n∑

i=1

εiX̌
T

i θn(Ui)−
n∑

i=1

q̄i,2θn(Ui))
T X̌iX̌

T

i θn(Ui)

=2
n∑

i=1

εiX̌
T

i (an(Ui) +Rn(Ui))(1 + op(1))

+

n∑

i=1

q̄i,2(an(Ui) +Rn(Ui))
T X̌iX̌

T

i (an(Ui) +Rn(Ui))(1 + op(1))

+ 2
n∑

i=1

εiX̌
T

i θn(Ui)−
n∑

i=1

q̄i,2θn(Ui))
T X̌iX̌

T

i θn(Ui)

=2

n∑

i=1

εiX̌
T

i an(Ui) +

n∑

i=1

q̄i,2an(Ui)
T X̌iX̌

T

i an(Ui)

+ 2
n∑

i=1

εiX̌
T

i θn(Ui)− d2n +R(1)
n +R(2)

n +R(3)
n + op(h

−1/2)

=T̄n + S̄n + 2

n∑

i=1

εiX̌
T

i θn(Ui)− d2n +R(1)
n +R(2)

n +R(3)
n + op(h

−1/2)

where q̄i,2 denotes q2{η̄∗H0
(Vi;α)}, d2n is defined in Theorem 5, and T̄n and

S̄n are defined in the proof of Lemma S.10. As the same argument of Lemma

S.10, we have

T ∗
NP − µn + d2n = Υ(n)h−1/2 + 2

n∑

i=1

εiX̌
T

i θn(Ui) + op(h
−1/2),

where Υ(n) is defined in the proof of Lemma S.10. It is easy to see that the
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variance of the second term on the right hand is ṽ2 = nE[ρ(V)θn(U)T X̌X̌
T
θn(U)] =

Op(h
−1/4) by noting the assumption nh4 → 0 and θn(u) = Op(n

−1/2h−1/4).

(T ∗
NP − µn + d2n)/σn

L→ N(0, 1),

which completes the proof of Lemma S.11.

�

Proof of Theorem 5: According to Lemma S.11, this Theorem can be

proved similarly to Theorem 3.

�
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