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S1 Definition and Regularity Conditions

Let ‘H be the separable Hilbert space of square integrable functions on [0, 1],
and let < ¢q, gy >= fol o1(t)P2(t)dt denote the inner product of the functions
¢1, ¢ in H. Then the Ly norm || - ||z is the norm induced by the inner product.
Let a(+) be a function in H. Let v be the B-spline coefficient such that B,.(-)T~y
converges to a(-), uniformly on [0, 1] when the number of the B-spline inner
knots goes to infinite, and B, (-)Tv, converges to ay(-), the true function. Here
B, = (B, Brdv)T is the rth order B-spline basis vector. Note that for
identifiability, we assumed a(0) = B,(0)Ty, = 1, ie.,, 1 = B.1(0)7{1 —
ZZ;Q B,1(0)7x} = 1. So we only have d,, — 1 B-spline coefficients to estimate,
and we denote v~ = (7s,...,7a,)". Further, we denote a(X) = fol X (t)a(t)dt
and ay(X) = fol X(t)ap(t)dt. We denote the functional sup norm as || - ||,
and the L, norm as || - ||,

In addition, we define I'(3) to be a second moment based linear operator

such that

/ E{B7X(1)87X(s)} 6(s)ds

0
= B{<B'X.¢>B"X(1)}

[(B)o(t)

while its empirical version can be written as
Lu(B)e(t) =n > < BX;, 0 > BTX(1).
i=1
Using these definitions, we can write

<r@Bas> = ([ a0t [ 1Brl<t>ﬁTxi<t>dt),



<Tn(B)Bu, By > = n'> / 1 B ()BT X;(t)dt / 1 B ()BT X (t)dt.
i=1 70 0

Define C(83) as a d~ x d matrix with its (k,[) element < I'(8) B,, B,y >, and
6([3) as a dy X d matrix matrix with its (k,!) element < I',,(8)B,, By >.

The locally efficient score function for 3,7 can be written as

Sers(Y.Z,8,7,9")

= [¢°(Y,8"Z~) — E{g"(Y.B"Z7)|B"Z~7}|®p{Z — E(Z | B"Z)}v,
Sett~ (Y, Z,8,7,9")

= lg°(Y,8"Zv) — E{g"(Y.B"Z%)|B"Z~}|0,{Z — E(Z | B Z~)}" 8.

Here g*(Y,87Z) = f5 (V.8 Z~)/f*(Y, B7Z), J*(Y. 8 Zv) is the possibly
misspecified conditional density of Y given B8'Z~ and fi' (Y, B"Z~) is the
derivative of f*(Y, B Z~) with respect to 8T Z~. When f is correctly specified,
ie. when f* = f, we denote the resulting ¢* as g. ©Og = (I,_1,0) and
©, = (0,1,-1). Note that when f*(Y, 8" Zv) = f(Y, 3" Z~), the true density
function, the locally efficient score is the efficient score of (2). Throughout the
text, A; = 0,(A2) for arbitrary vectors or matrices A;, A, means that A, has
smaller order than A, component wise.

We first list the regularity conditions under which we perform our theoret-

ical analysis.

(A1) The kernel function K(-) is non-negative, has compact support, and
satisfies [ K(s)ds = 1, [K(s)sds = 0 and [ K(s)s*ds < oo, and
[ K?(s)ds < oc.

(A2) The bandwidth & in the kernel smoothing satisfies nh? — oo and nh® —

0 when n — 0.

(A3) Assume o € {a € C([0,1]), « is one-to-one, and «y(0) = 1}. The

spline order r > q.

(A4) We define the knots t_,.; < ... <ty =0and tyy > ... >ty = L.
Let N be the number of interior knots and [0, 1] be divided into N + 1



(A7)

(A8)

subintervals. In this case, dy = N +r. Let h, be the distance between
the (p+ 1)th and pth interior knots of the order r B-spline functions and

let hy = max h,. There exists a constant Cp,,, 0 < ¢, < 00, such
r<p<N+4r
that

max h,=O(N"')and hy/ min h, <cp,,

r<p<N+4r r<p<N-+r

where N is the number of knots which satisfies N — oo as n — oo, and

N~'n(logn)~! = oo and Nn~Y/(Za+) 5 o0,

7o is a spline coefficient such that sup,c (o 1 B, (t) vy — ao(t)| = Op(hi).
The existence of such 7, has been shown in De Boor (1978).

X;(+),j =1,...,J are continuous random functions in ¢ € [0, 1]. For each
t, |E{X;()}| < oo. ||BYX()|2 is finite almost surely for any bounded
B. E{B"X,(-) | B'Z;~v} and its first two derivatives have finite Ly norm
almost surely for any bounded 3,. The second moment operator I'(3)

is strictly positive definite.

E[{Seﬁﬁ(}/ia Zi7 /67 v, g*)T7 Seff’v(}/;7 Ziv /37 v, g*)T}T]
is a smooth function of (,BT, ~T)T and has unique root for 3,~.

(Y, BTZ'V) is a continuous density function and has bounded derivative
with respect to the second argument. f*(Y, BTZ')’) is bounded away
from 0 and oo on its support. This implies g*(Y, 3" Z~) is a continuous
bounded function and g*(Y, B Z~) is bounded away from 0 and oo on its
support. Let fz(8s Zi,) be the density for B3 Z~,. fz has two bounded

derivatives, and fz is bounded away from 0 and oo on its support.



S2 Proofs of the propositions in the main text

S2.1 Proof of Proposition 1

Assume the problem is not identifiable. Then there exist {f,3,a(t)} #
{]?, ,é, a(t)} such that

f {Y, > [ a(t))@(t)dt} -7 {Y, >5[ &’(t)Xj(t)dt} 1)

for all Y and all functions X;(-),..., X;(-). Because (S1) holds for all X;(-),j =
1,...,J, it holds when X;(t) = 0 for j = 1,...,J — 1 as well. Note that
By = EJ =1, we then have

2 1 i) = 7 {v. [ 1 a0)X0)it | (52)
Let X, (t) = a(t) + 0b(t) and let & — 0, this vields

fé{Y,/Ola(t)a(t)dt} /Ola(t)b(t)dt

= f;{Y,/Ol a(t)a(t)dt} /01 a(t)b(t)dt, (S3)

where f3(Y, ), f4(Y,-) denote the partial derivatives of f, f with respect to the
second component. Set b(t) to be the delta function with mass at 0. Because

a(0) = a(0) = 1, this yields

I {Y, / 1 a(t)a(t)dt} 7 {Y, / 1 &(t)a(t)dt}

for any a(-), hence subsequently from (S3),

/ 1 a(t)b(t)dt = / 1 a(t)b(t)dt



for any b(-). Because a(t), a(t) are continuous, the latter directly yields a(t) =
a(t). From (S2), this further indicates f(V,-) = f(Y,-). It is now easy to see
from (S1) that by taking X;(t),..., X;-1(¢), X;41(t), ..., X, (t) to be zero, we
can obtain §; = Bv] for j = 1,...,J — 1. This contradicts the assumption

{f,B,a(t)} # {f,B,a(t)}. Hence the model in (1) is indeed identifiable. [

S2.2 Proof of Proposition 2

Recall that we can write 3" Z;v as fol B, (t)"yB"X;(t)dt. Note that
B([Ser{Y, Xi(); By, a0(), 9"} Sesn {Yi Xi(-): By, a0 (). 9"} 1]T) = 0,

where [Seffﬂ{}/;v Xl()v ﬁO? Oéo('), g*}T7 Seff‘)’{}/iv Xl()v ﬁO? Oéo(~), g*}T]T is the vec-
tor which replaces the occurrence of B,(-)*v in the vector
[Seffﬁ(m7 Zi; /607 ’77 g*)T7 Seff‘)’(}/iu Zi; ﬁ0777 g*>T]T by Oé()() SO the uniform con-

vergence of B,.(-)T, to ag(-) leads to

E{Seff,B(Yviv Z’i: /807 Yo, g*>T7 Seff‘)’(YvZﬁ Z’L': /807 Yo> g*)T}T = 0(1)

On the other hand, from the estimating equation

nil Z{/S\GHB(Y;7 Z’ia /67 :7\/7 g*)Ta /S\eff‘)’()/;a Zia ﬁa ﬁa g*)T}T = 07

i=1

using the consistency of the nonparametric kernel estimation, we have

n_l Z{Seffﬁ(yﬂ Zi? //éa '/7\7 g*)T7 Seff"y(Y;J Zi?B? ;)\/7 g*)T}T = Op(]-)'
=1

The law of large numbers further leads to

E{Seffﬁ(nazi7ﬂ77ag*)T7 (84)
Seff‘y(Y;a Zia ﬁ? v, g*)T}T‘IB:ﬁ;y:‘; = OP<1)'

The unique root property in Condition (A7) implies that the derivative of

E[{Seﬁﬁ(Y;a Zi7 /67 v, g*)Tv (}/17 Zia /87'77 g*)T}]T



with respect to (8%, 4T)T is a nonsingular matrix in the neighborhood where
the function value is 0. Therefore, the left hand side of both (S4) and (S4) are
invertible functions of (3%,~4T)T. This implies 8 — B, = 0,(1) and 5 — v, =

0p(1) by the continuous mapping theorem. O

S2.3 Proof of Proposition 3

Denote the nuisance tangent space corresponding to f and the marginal density
of Z as respectively Ay and A,. Taking derivative of the loglikelihood function
with respect to the nuisance parameters in each parametric submodel and then

taking the closure of their union, we have

A, = {f(Z):Vf such that E(f) =0}
A; = {f(Y,B"Z~):Vf such that E(f |Z) = E(f | 3'Z~) = 0}.

We can easily verify that A, L Ay, hence A = A, @Ay, where A is the nuisance
tangent space.

Thus, A= = A N Ay. It is easy to see that A = {f(Y,Z) : E(f | Z) = 0}.
We now show that Af = {f(Y,Z) : E(f | Y,8"Z~) = E(f | B'Z~)}. We
show this in two aspects. First, it is easy to verify that functions having
the above conditional expectation property are elements in AJ%‘ To show the
second aspect that elements in A]% have to satisfy the conditional expectation
requirement, consider any f(Y,Z) € AJ%. We choose g = E(f | Y,8"Z~) —
E(f | BZ~). Obviously, g € A; hence E(g"f) = 0. We write this relation

alternatively as

0=E(g'f) = E{g'E(f|Y,3"Zv)}
= E(g'g)+ E{g"E(f | B"Zv)}
= E(g'g) + E{E(g|B"Zy)"E(f | B Z~)}
= E(g'g)+0.

This implies g itself should be zero. This means f indeed satisfies the condi-

tional expectation requirement.



We are now ready to prove the form of A+. For convenience, we denote
set described in the proposition A first and we will establish A+ = A through
proving A* € Aand A C At. To see A C A*, we can verify that for
any f(Y,Z) — E(f | Y,8"Z~) € A, we obviously have E{f(Y,Z) — E(f |
Y,8"2~) | Z} = E(f | Z) — E(f | B'Z~) = 0, thus A € A}. The form of
clements in A also ensures that E{f(Y,Z)—E(f | Y,8"Z~)|Y,B8"Z~} =0 =
E{f(Y,Z) — E(f | Y,8"Z~) | B"Z~}. Thus A C Af. This shows A C A*.
We now show A+ C A. Assume g(V,Z) € A+. Then E(g | Z) = 0 and
E(g | Y,B"2v) = E(g | B'Zv) = B{E(g | Z) | B"Z~} = 0. This means
we can always write g(Y,Z) as f(Y,Z) — E(f | Y,3"Z~). The additional
requirement of E(g | Z) = 0 further imposes E(f | Z) = E{E(f | Y, 8" Z~) |
Z} = E(f | B"Z~). Thus, we indeed have A C A. O

S3 Proofs of the theorems in the main text

S3.1 Proof of Theorem 1

By the consistency shown in Proposition 2, we expand the score function as

0 = w2y {g*{m,ﬁgzia<ﬁo>} (35)

X KdBIZA(By) — Bi ZA(By)} " {Y;: B0 Z4(Bo)} }
S Kn{BLZA(By) — By ZA(By)}
o {Z, 2L KdBIZABy) - BYZA(B,))Z, }T 5
" L KdBIZAB) - By ZABY)} [
= R+Tn'*{77(By) — 7o} (S6)

where

n

Zj:1 Kn(Bo ZiYo — Bo Zivo) 9™ (Y5, B Zivo)

R = n'/? g (Vi ﬁoTZi’Yo) -

; { Zjﬂ Kh(BOTZj’Yo - ﬂoTZz")’o)
J T

<O, {Zz Zj:l Kh(BOTZj'Yo - BQTZz"Yo)Zj } N

Z}]:1 Kh(IBOTZj’Yo - BoTzi')’o)

}



_ S Kn(B0 Ziy — By Ziv)g™ (Y. B ZiY) }
T = ! a|: : }/;'7 TZi - 2
" ; {g Bz S Kn(BO Ziy — BY Ziry)
S Kn(BoZyy — By Z)Z, ' 1 T
X 'r{ Z;‘J:1 Kn(B2 2y — BYZi) Bo|/9(Bo Zi7y)

and «* is the point on the line connecting 4(3,) and ~,.

B 2,05,

y=7*

The Asymptotic Property of R Now R can be written as R = Ry +
R1 + R2 + Rg, where

n

Ry = n ') [g"(Yi. 80 Zivo) — E{g"(Yi. B0 Ziv0) |85 Zivo} ] ©

i=1

X {Z - Z |/80 iYo } Bo,

n

Ry = n ') [g"(Yi, B3 Zivo) — E{g"(Yi, B3 Zi70) 185 Zivo}] ©

i=1

X {E(Zi|/30TZi’70> -

T
23'121 Kh{ﬁoTZﬂ’o - Bgzﬂ’o}zj 3
0

Z}]:1 Kh{BOTZj’Yo - BOTZz"Yo}

R, = n_l/zz{E{g*(yuﬁoTZi’Yo)WoTZi’Yo}

i=1
B Z;'Izl Kh(BOTZj'Yo - /Bgzi')’o)g*(yja IBOTZJ"YO)} o

Zj 1 Kh(ﬂg iYo — ﬁgzﬂ’o) E
X {Z — B(Z; ‘IBOTZ’L’YO } Bos

n

R; = n'/2) [E{g*(Yi,ﬂoszonzﬁo}

i=1
L En(Bs Zivo — Bo Zivo)g* (Y ﬂoTZﬂo)] o
Z}]:1 Kh(:@OTZj’Yo - ﬂOTZi7O) !
S Kl B3 Zivo — BYZevo) 2 } 5
S KilBoZivo — B Zive} |
Further, we write R; = Rq; + Ry2, where

X {E(Zi\ﬁoTZﬂo) -

Riy = _1/22 “(Yi, Bo Zirvo) — E{g*(iﬁﬁgzﬂo)lﬁgzﬂo}] ©,

x{ (Zi\ﬁoTnyO) S Kn(B3 Zivo — B4 Zivo)
an(BOTZi’Yo)



S KndBo Zirvo — B Zivo}Zj }Tﬂ
_ o

an(/BOTZi7O)
Rix = n 2> [9"(Yi, B3 Zivo) — E{g"(Yi, B3 Z:70) |80 Zivo }] ©
i=1
y { E(Zq | By Zivo) Z}']:1 Kh{ﬁoTZj'Yo — B0 Ziv,}
”fZ(BOTZi'Yo)
_ Z}'Izl Kn(Bo Zjvo — Bo Ziv0)Z; }Tﬂ
”fZ(BOTZz"Yo) ’

y { 285 Zvo) ) 1}
Zj:l Kh(ﬁoTZj’Yo - BOTZWO)

_ R, { nf2(B4 Zivo) . 1}
Z}]:1 Kh(ﬁoTZj’)’o - :BoTzi’Yo) ’

where fz(B4 Ziv,) is the density for B) Z~,.

We first analyze Rj;. Using the U statistics property, we write Ry; as
Ri1 = Rii1 + Riiz — Ruis + 0p(Rir + Riiz — Rug), where

Rll

WSS [0V B e — Bl BiZ0) B} ©

=1 j=1
y { E(Z¢|Bgzi70)Kh(ﬁoTZj70 - BOTZZ"YO)
an{BOT o)
_Kh(ﬁoTZj’Yo B Zivo)Z; } B,

nfz{ﬁo Z7,)
= Rin +Riz — Riss + 0,(Rinn + Rirz — Rung),

where

Ry = {1/2215( “(Yi, B0 Zivo) — E{g"(Yi, B3 Ziv0) 185 Zivo }] ©

x{ (Zi|:6o i’Yo)Kh(BoTZj’Yo - IBOTZz"Yo)

nfz{Bs Ziv,)
Kn(By Zjvo — By Ziv0)Z; }T Oo>
YT S
Riip = n~Y? ZE( YszO z')’o) E{g*(naﬁoTZz’Yo)LBoTZi')’o}] ©



o { E(Zi|,30TZi’Yo)Kh(60TZj'Yo - IBOTZZ"YO)
nfz{ﬁoTZi’Yo)
_Kh(ﬁoTZj’Yo — By Zi0)Z; }T o) )
nfz{Bs Zivo) A0 )
Rz = nl/zE( [9*(3@55%”70) - E{g*(naﬁgzﬁo)wgzﬂo}] 0,

y { E(Zi| By Zivo) Kn(Bo Zivo — By ZiYo)
”fZ{ﬁoTZﬂ’o)
_Kh(ﬂosz'Yo - ﬁoTZz"Yo)Zj }Tﬂ > }
nfz{ﬁgzﬂ’o) °JJ

where O; is the random variable corresponding to the 7th observation. Now

because the summand for Ry, i.e.,
E( [9*(3/1,5()Tzi70) - E{g*(naﬁoTZi’Yo)WoTZi'Yo}] ©,

% { E(Zi|:30TZi’Yo)Kh(BoTZj’YO - IBOTZz"Yo)
an{BgZi'Yo)
Kh(ﬁgzﬁ’o - /BoTZi’Yo)Zj !
ety ) o)
= [9°(Yi, By Zivo) — E{g*(Yi, B3 Zi70)1Bo Zivo}] ©
" {E(Zi | B Zivo) EXKn(Bo Zivo — Bo Ziv0)|O:}
fz(ﬁgzﬁo)
_ EB{Kw(ByZjv,) — ﬁEZwO)Zj\Oi}] Tﬁ
fz(ﬁoTZi’Yo) ’
= [9"(Yi, Bo Zivo) — B{g"(Yi, By Z70)|Bs Zivo}] ©
5 {E(Zi | Bo Zirvo) E{Kw(Bo Zivo — Bo Z70)|Oi}
fZ(ﬂOTZz”Yo)
E[Kn(By 2o — ﬁgzﬁo)E(ZﬂﬁoTZﬂoﬂOi]] Tﬁ
f2(85 Zivo) ’
= [9*(}/;:/BOTZ1'7O) - E{9*<K‘aﬁoTZi’70)|ﬁoTZi’70}] 0,

K 2
X |:E(Zz | ﬁgzi’Yo)TﬁO{l T / %
0“1 10

9 Fa{al BT iy, sh)) V- ot 8120070, 2K (s)

0BTz sy 1y T P B Zan) By / (BT Zivy)

OPLEZ | BIHBL Ty, )Y Bl (B Ty, Y] h2]
ab(ﬁgzzq/o’ Sh>2

10



= [9*(Yia oTZz"Yo) - E{9*<Y;aﬁoTZi’Yo)|5oTZi')’o}] ©,
| AT T 82fz{a(60TZi'yo,sh)} s°K (s)
- {E(Zl | BoZi¥o) ﬁo/ 0a(By Zivo, sh)?  2fz(By Zivo)
3 / 0*[E{Zi | b(By Zivo, sh)} " Bofz{b(Bo Zivo, sh)}]  s*K(s)
ab(ﬁoTZz’YOa sh)? 2fZ(,30TZz"Yo)

ds|h?,

(S7)

where a(8; Ziv,, sh), b(B4 Zi,, sh) are points on the line connecting 3] Z:y,
and B Zyy+sh. Note that (83 Ziv,, sh), b(Bg Ziy,, sh) depend on the values
of both 3] Zsy, and sh and will go to B¢ Z;y, when h — 0. Now note that

[9*(Yivﬁgzi70) - E{9*<K750TZFYO)|50TZNO}] 0,
| AT o \T aZfZ{a(ﬂgZz’Ym sh)}  s°K(s)
g {E(Zz | BoZe%o) BO/ 0a(By Zivo, sh)?  2fz(85 Ziv,)
~ / O°[E{Zi | b(Bo Zivo, sh)} " Bofz{b(Bs Zivo, sh)}]  s*K(s)
Ob(By Zivo: sh)? 2f2(By Zivo)

can be written as

1 1
/C’li(t)@vBr(t)dt:/ Cri(){B(t),k =2,...,d,} dt,
0 0
with

C1i(t)
= [9°(Ys, By Zivo) — E{g" (Y3, B3 Zi70)|B0 Zivo}]

2 fz{a(BYZ:y,, sh s?K (s
X {E(Xz‘(t)Tﬂo | :BoTZi’Yo)/ aaiﬁ%zofyo?lzh)? )} 2fz(ﬁg(zi>’yo) s
Byt AT I A A Il
9b(By Zivo, sh)? 2f2(B5 Zivo)
Obviously E{C1;(t)} = 0 and hence |E{C};(t)}| < oo. From Conditions (A6)
and (A8), ||C1;i(+)]|2 < o0, a.s., so by Lemma 3, we have

IR111 ][00 = Op{h*\/slog(n)}, (S8)
which also implies
IR115l00 = | E(R111)]|00 = O{h*\/hylog(n)}. (59)

11



Further, the summand of Rq19, i.e.,

E( (" (Ya B2Z7,) — E{g* (Vi BT Z70)| B2 Ziv, )] ©,

. { E(Z:|B Zi7vo) K (B4 Zivo — By Zivo)
nfz{ﬁoTZi’Yo)
_Kh(ﬁoTZj')’o - BEZWO)ZJ' }T 0) )
nfz{Ba Zivy) Bl
B E<E ([9" (Vi B3 Zirvo) — E{" (Y1, 85 Z:70)|85 Zivo}] 185 Zivo, O;) ©

" { E(Zi|Bo Zivo) Kn(Bo Zivo — Bo Zivo)
”fZ{/BoTZi’Yo)
KBy Zivo — By Zivo)Z }Tﬁ o )
”fZ{IBOTZz’Yo) |

= 0.
(S10)

Combining (S8), (S10), (S9), we get

R11 = Op{hg\/ hblog(n)} (Sl].)

Further, to treat Ris, note that

{ nfz(Bo Zio) _ 1}
Z}'le Kh(ﬁgzﬂ’o - :Bgzi’)’o)

_ { F2(Bs Zirvo) — ' o5y Kn(By Zivo — By Zivo) }
n~t Z}]=1 Kh(ﬁgzﬂ’o - IBOTZi’Yo)
= O,{h? + (nh)~V?} (S12)

hence

|IR12]|00 = op{hzx/hblog(n)}. (S13)

Thus, combining (S11) and (S13), we have

IRalloe = Op{h*/hylog(n)}. (S14)

12



Using similar derivation as those led to (S14) while exchange the roles of Z

and ¢g*, we can obtain

IRl = Op{h*/hylog(n)}. (S15)

For R, we first note that

i

= Oy(h* +n~'2n712)

. S KBy Zivo — B Zivo)g™ (Vi BL Z7y)
E{g" (Y, BYZivy)|BY Ziry} — =02 D00 5202 ’

Z}]:1 Kh(ﬁoTZj’Yo - 50TZz")’0)

by the uniform consistency of the kernel estimator. Further, the summand in

R; has the form

J T T T
K 7.~y — By Z; (Y, BpZ;
E{g*<m,ﬁgzz70)’ﬁ0’rzl’yo} - 2]71 h(IBO ]70 160 70)9 ( J /80 ]70)] @7

Z}]:1 Kh(IBOTZj’Yo - IBOTZNO)
T
> KB Zivo — BoZivo)} Z }
0
Z}I=1 Kh{ﬁgzj’Yo - 5gzz">’o}

= /1(h4 +n T T Oy (1) O4 B, (t)dt

X {E(Ziwgzﬂo) -

1
_ / (Wt 4 0 ) Co (D Boa(t), k= 2, ., dy VNt
0
where
Co(t)
= ) Bl (0 B2 9 Ze)
3 BB Zivo — B0 Zi0)9" (Y. Bo Zivo)
E}]=1 Kh(ﬁgzﬂ’o - IBOTZi’Yo)
J T T T
K Zivy— BoZdiyy} X,(t
x {E{thﬁﬁowgzﬁo} - 2 DB~ A BB BO} -
Zj:l Ki{BoZjvo — By Zi7vo}
Note that E{Cy(t)} # 0, |E{C%(t)}| < 00, ||Ca;(+)||2 < o0, a.s. by Conditions
(A2), (A6) and the uniform consistency of the kernel estimator. So by Lemma

3, we have

n 1
Ry = n'?) / (h* +n Y Co{ B (t), k = 2,...,dy}Tdt
i=1 70

13



= O {(n"?h* +n 2Ry} (S16)
We now assess (S7). We write
Ro
= 02 g7 {Ys B3 Zivo} — E{g"(Yi, B3 Ziv0) |85 Zivo }) O
i=1

X {Zi - E(Ziwgzi’)’o)}T Bo

n 1
= n2) / Csi(t)©,B,.(t)dt
i=1 70

= p71/2 i /1 Csi(t){Bri(t), k=2, ... ,d.,}Tdt,
i=1 70
where
Cai(t) = [9"{Yi, Bo Zvo} — E{g*(Yi, By Ziv0)|Bo Zivo }IXi(t) " By
—B{Xi(t)"Bo| B Zivo}-

We can easily verify that E{C5;(t)} # 0, E{Cs(t)} < oo and ||C3(-)|]2 <
00, a.s. by Condition (A6). Therefore, by Lemma 3 we know

Rolloc = Op(n'?hy). (S17)

Comparing (S14), (S15), (S16) with (S17), from Condition (A2), it is clear
that Ry dominates Ry, Ry and R3. We further analyze Ry by writing

RO = Roo + R01 + R02 (Slg)

where

Ry = n /? Z[g*{Yi, 8o on(Xa)} — E{g"{Yi, By o(X:) }B) oo (X:) 1O

x [Z; — B{Zi|B] e(X:)}] " By (S19)

and

Ry = n=1/? Z ([g*{Yi,ﬂgZi’Yo} - E{g*{E,BEZmHBEZﬂo}]

i=1

14



—[g*{Y:, By oo (Xy)} — E{g*{V3, Bgao(Xi)}WoTao(Xi)}]) ©,

x [Z: — B{Z:|B} 270} B,

n

Ry = n ') [g{V;, By (X))} — E{g™{¥i, B ao(X:) }B5 oo (X:) 1O,

«( 12~ B216T200)) - [2 - (1B} ouX))] ) B

To analyze Ry, we write it as

n 1
R = n'?)° / Ci(t)©,B,.(t)dt
i=1 70

n 1
— n1/22/ Cu(){Bu(t),k=2,...,d,} " dt,
i=1 0
where

Cyi(t)
= [g"{Y5, By ao(Xy)} — E{g™{Y3, By ao(X;) } By ao(Xi) }[Xi(2) " By
—B{X;(t)" By|B5 cto(X:)}].

We can check that E{Cy;(t)} = 0 and ||Cy(+)||2 < 0o a.s. by Condition (A6).
Thus, by Lemma 3,

IRgo/l00 = v/ slog(n). (S20)
Further
n 1
Ree = n'/?)° / hiCsi(1)©,B,(t)dt
i=1 70
n 1
= a2y / RSO Boa(t) k =2, d Y Tdt,
i=1 70
where

Csi(t) = hy g™ {Ys, By ao(Xa)} — E{g*{Y, By a(Xi) }|Bg axo(X:) }]

15



(X078 — EEX) Bl Zevs} - (X, (078,
B0 Byl X)) ).
Now E{Cs()} = 0 because

B{l (v Bl (X)) = E(g" ¥, B X))} B aa(X,))

(X078, - BBl Zen}] - (X078,

B0 B0} ) |

— &|B{ly i BlaX0} - Bl (i Aaa(X)} 8T en(X)]X |
< B0, — BB Zv)] - D07y
~EX(0)" BolBTen(X)] )|

= 0.

Further ||C5;(-)|l2 < oo, a.s. by Condition (A6). Therefore, by Lemma 3 we

have

[Roz2 ]|

n

= In72Y (g7 Vi, By oo(X)} — E{g™{Yi. B) axo(Xi) }Bg o (Xi) } O,

x ( 2 — E{Z|B3 Z7,}) — [Zi — E{Zi|B; c0o(X,)}] ) Bollss
= Op{h{v/hplog(n)}.

In addition,

n 1
R01 = nil/Q thGi 13LC) Br t)dt
0 b 2l
=1

where

Ceilt) = th([g*{m,ﬁoTZm}—E{g*{n,ﬂEZnO}onZm}]

16



g (v, Bla(X0)} — E{g{Y ﬁgzﬂo}wgao(m}])
X [Xi(t)Tﬁo - E{Xi(t)Tﬁo‘:BOTZi’YO}] )

with E{Cg(t)} # 0, |E{Csi(t)}| < o0, ||Cei(-)||2 < 00, a.s. by Condition (A6).

Therefore, by Lemma 3 we have
Roillo = (072 ([Q*Mﬁgzﬁo} — B{g"{Yi, By Zv0} |80 Zivo }]
i=1

g (¥ Bren (X))} — E{g" (Y, ﬂgzﬁo}wgaom)ﬂ) o,

T
X [Zi — E{Zifﬁgzﬁo}} Bollso
— Op(hg+1n1/2).

Now by the fact that Roy + Ry = Op{h{"'n/? + hi\/hylog(n)} and | Rl =

O,{\/hplog(n)} by (S20), we have Ro; + Rg2 = 0,(Rqo) by Condition (A4).
Therefore, by (S18) we have Ry = Rgo+0,(Rqo), combining with the fact that
R( dominates Ry, Ro, R3 and R = Rg + Ry + Ry + Ry in (S5), we have

R = RO(] + OP<R00), (SZl)

ie.,

n

Ty {g*{m, B Zivo} -

i=1

3271 Kn{BoZvo — By Zivo} g™ (5. By Zivo} }
Zj:1 Kh{BoTZj'Yo - :BoTzz"Yo}
x©, {Zi B Z;]_Jl Kh{ﬁoTZj’Yo - ﬁoTZi'Yo}Zj
Zj:l Kh{ﬁoTZj'Yo - IBOTZz"YO}

T
} Bo = Roo + 0p(Rao),
where Ry is given in (S19).

The Asymptotic Property of T Now consider the term

T - (o ia{{g*mﬂgzm

X Kn(BoZiy — BiZi)g" (Y, B Zi) }
> Kn(Bo Ziy — By Ziy)

17



in (S5).

T, =

Now

S Ku(BaZyy — By Ziv)Z; }T
0,{2 - = 3 }
e { S Kn(By Zyy — By Ziy) °

/0(B5Z:) ﬁoTZi®$) (S22)

Y=7*

We decompose T as

T =T+ T + Ty,

{u Z (1o, B00lX)) = E(s" (Vi B (Xl au(X.)}] ©
x [Z; — B{Z|B; aO(Xz‘)}]Tﬁ0> /a{ﬁoTadXi)}ﬂEZi@T,}
{n —lza( (Vi BIZey) — Blg' (V.. 82|81 Z:7)] ©

< (7 — B{Z:31 Zﬁ}]Tﬁo) 10(8 i)

ﬂgzi@?,}

y=7*

{—123( (Y, B (X)) — B{g" (Vi Bl ea(X.))| Bl a(X:)} ] ©,

< (2~ E{zIBea(X))" B, ) /018 (X))} 201 |,
S KBy Ziy — By Ziy)g* (Y5, By Ziy) }
| { g (v, j
< Z H BoZey) - S Kn(BoZyy — B Ziy)
S Kn(BYZyy — BYZ)Z, }T }
O] Zz - ! 0 TZZ‘
X "/{ ZJJ 1Kh<BOTZj'7 = 31Z) Bo|/9(Bg Ziy)

{120( (VB3 Zey) — BAa’ (V.. 72|87 Zv)] ©

ﬁgzi@T,)

Y=7*

< [Z, — E{Z,|8" zm]Tﬁo) 10(8 i)

ﬂOTZZ@,f}.

Y=*

olle = s, S| S [ Gttt

777777

18



xl@kmmmeMW&mwamﬂ

n

Y| [ s

=1

BT Bul€r) — Bu(0)/ By (0) By (a»} ‘

n

3|

=1

>

=1

max

f&mwamw

0

x%&@ﬂ (Ba(&) — Ba(0)/Bor (0)Bo(&1))

max
k=1,....d

n_lz /0 Cri(t){ By () }dt

X,@oTXi(&) M

max
k=1,....dy

n! Zz"; /01 ancn(t){Bm(t)}dt‘,

where & is a point in (0, 1), and

M

dvy

-

=1

{Br(&) — Br(0)/B1(0) By (&)}

dy dy
< Z By(&) + Z B,(0)/B,1(0)By1(&)

< oo,

which holds by (3.4) on page 141 in DeVore and Lorentz (1993), and a,, is the
sequence such that ngi(gl) = O,s.(a,). Note that a, does not need to be

bounded. Here

Cri(t) = 3( [g" (Y, By o (X)) — E{g"(Ys, By o(Xs)) |85 xo(Xi) }]

x [X

() By — E{Xz‘(t)TﬂoWoTao(Xz‘)HTﬂo) [0{Bg o (X,)}

Cri(t) = anla( l9" (Y, By o (Xs)) — E{g"(V;, B o (Xi)) 185 o (Xi) }]

19



x [Xi(t) By — E{Xi(t)Tﬁolﬂgao(Xi)HTﬂo) JO{B cxo(Xi)}

x M By X;(&1).

Now E{C7(t)} # 0, |E{Cr(t)}| < oo, and ||C7;(+)]]2 < co. By Lemma 3, we
have || Tyl = Op(hpay,). Similarly,

where
Cailt) = hbqanl{a([g*(E,BOTZﬂ)—E{g*(ii,ﬁoTZﬁ)lﬂoTZﬂ}]
MB;Xi(&)

Y=*

—5( [9*(3/1'7 ,BOTOéo(Xi)) - B{g" (Y, /BEQO(XZ')”BEQO(XZ')H

x [Xi(1)" 8y — E{X,(t)" Bo|Br Z:7}] )/ 9(ByZ:)

< X078y — ECXA(1)" 8y |8l ero(X,)}] )/a{ﬁga()(Xi)}MﬁoTXi(sl)},

with E{Cg;(t)} # 0, E{Cs(t)} < oo, and ||Cg;(:)||2 < co. By Lemma 3, we
have || Ty = O,(h¢a,). Next,

.....

where

Conlt) = an1<h2+n“%“2>1(@[{g*<n,ﬁ§zm

L KBy Zyy — BoZi)g* (Y. By ZiY) }
S Kn(B3Zsy — By Ziry)

Sl Kn(BoZiy — By Zev) X, (1) By } }
Xi t * - 2 0 TZi
. { ( ) /30 Zj:l Kh(BgZJ’Y - IBOTZ[Y) / (160 7) y=*
xMByXi(&) = 8( [9"(Yi, B0 Ziy) — E{g" (Y, By Zi)|By Ziv}]
=1
x [Xi(t)" By — E{X;()" Bo| B Ziv}] )/a(ﬂgzz’)’) MﬁoTXi(fl)>a
Y=7*

20



with E{Cy;(t)} # 0, E{Co;i(t)} < oo, and ||Co;(-)|l2 < co. By Lemma 3, we

have || T2l = Op{hs(h?+n"1/2h=/2)a,,}. Combining the orders of Ty, T; and

T,, we see that T clearly dominates T, Ts. So we can write T = T+0,(Ty).
We further analyze Ty. Note that

To =Ty + To1 + Too,

where

= (n~ g (Vi By ao(Xy)) — E{g" (Vi By (X)) By cxo(X) }]
Too = ( ; 0By (X))

< [Z: — B{ZB ao(X)}] " BoB [Z: — E{Z.|BY evo(X,)}] @3)

e,

N (n_l Z ©, [Z: — E{Z|BTa(X,)}]" By

0[5 (4 B0 (X0) — E{g" (V. Bl (X)) B o(X.)]]
0By cxo(Xi)

2~ B{ZA on(X)}] @T)

By

Ty - {—lza( (Y, Blan(X0)) — E{g"(Vi, B (X)) Bl as(X,)}]
/8{50 aO(Xz’)}@7 [Zi - E{Zi‘ﬁoTao(Xi)HTﬁo) BOT
x[E{zirﬁoTa()(Xi)}]@i},

n

Ty = {n_l Z [9%(Yz, By ao(X5)) — E{g*(Yz, By ao(X4)) 8 o (X) }]

x0 (@7 (2, — E{Z:|BLe0(X)}] ﬁo) /a{ﬁ§a0<xi)}ﬂ§zi@$}.

Now

IToplloc = max |n Z/ anChoi () { Byi(t) }dt|,

-----

where
Cioi(t) = a;' [X:(t)"By — E{Xi(t)T 8|8t cro(X,)}]
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9 (g7 (Y, By o (X)) — E{g" (Y3, By 0o (Xs)) |85 0o (X5) ]
9B, ap(X,)
X B [Xi(&1) — B{X;(&)18, co(Xi)}]-

X M

Now E{Cl()z<t)} % O, E{Clgl(t)} < 00 and HCI(]l()HQ < 00. By Lemma 3, we
have | Toolloo = Op(hsay,). Similarly

-----

Ciu(t) = a;19<[Q*mﬁgao(Xz’))—E{g*(YuﬁoTao(Xz'))lﬂgao(Xi)}]

/a{/@oTao(Xi)}@'y [Xi(t)Tﬁo - E{Xi(t)Tﬁo‘ﬁoTao(Xi)H )
« MBLE{X, ()] Al eo(X))] + a; g (Vi Bla(X.))
_B{g'(Y, ﬂoTa()(Xz-))moTao(Xz-)}]a([Xi(t)Tﬁo

—E{Xz‘(t)TﬂoWoTOlO(Xi)}]) J0{BT o (X)) MBIX,(&).
Now E{C1;(t)} = 0 and [|Cy1;()[]2 < oo. By Lemma 3, we have

HT01 + T02Hoo = p{\/ hbnfllog(n)an} = Op(TOO) (323)

by Condition (A4). Combining the results that T = Ty + 0,(Ty) and Ty =
Too + 0,(Too), we have

T = TQ() -+ Op(T00)~ (824)

The Asymptotic Property of 4(3,) Combining the above results with
(S5), (S21) and (S24), we obtain

n {77 (By) =5}
= —-T 'R

— _{TOO + op(TOO)}_l{Roo + 0,(Roo) }
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T

_E(@ (2 — B{Z|B} oo(X)}] " By

Ol (v, Boo(Xy)) — E{g"(¥i, By (X)) |Bp oo (Xi) }]
9By co(X)

BT [Z — BAZ:|BY o (X,)}] @3) " {Roo + 0,(Roo)}

—{Too + Op(Too)}_l{Roo + 0p(Roo)}

+E <®7 (2, — E{Z:|BTao(X)}] " By

2 lg* (Y3, By o (X)) — E{g"(Y;, By ao(Xs)) |85 xo(Xi)}]
98, ao(X)

< BT (2, — E{Z|BTa0(X)}] @3) " {Roo + 0p(Roo)}

n

—{©,Cq(By)O5} 'n > [g"{¥i, B) o (Xi) }

i=1

—E{g"{Yi, By o (X:) }|B5 o (X:) 1O
X {Zi - E{Zi‘/@OTO‘O(Xi)}}T By + 0p(Roo)

~[0,Cq(B,)0% + 0,{0,Cq(B8,)03}] (n/ S 1o Y Bren (X))}

=1

—E{g"{Y;, By o (X:) }|B5 o (Xi) 1O { Z; — E{Zi|ﬁoTao(Xz‘)}}T Bo

+op<Roo>) 1 {©,Cq(8,)0) " (nm Sl (Vi Al (X))

By Ve Blao X)) B en(X))]
<0, {Z; — B{Z AT ao(X)}) " By + op<Roo>)

- ({@M(ﬁo)@?,}-l n op[{@wcqwo)@i}-w)

(02 Sl 35, B aalX,)} ~ Bl (Vi B (X)X

=1

©,{Z; - E{ZiWoTO‘O(Xi)}}T Bo + Op(Roo)> ; (S25)
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where (A}Q(BO), Cq(B,) are defined in Corollary 1 for v = 3, and the corre-
sponding
Qi(t)
1/2
_ (91 (Vi By e (Xi)) — B{g" (i, By co(Xi)) By cxo(Xi) ]

X [Xi(t) — B{Xi(t) | By own(Xi)}.

The last equality holds because for arbitrary d,_;-dimensional unit vector u =
(w1, .- uy1)T, wehave uTO©, = {— S0 up Bra1(0)/Bri(0), 1y, - uy 1 )T
Now since B,x;1(0) is positive for at most r k’s, z;ll U Brk4+1(0)/ B (0)
is finite, which implies [|©u|3 = 1 — u? + {372 wxBrs1(0)/Br1(0)}? and
1©+]]2 = O,(1). Therefore,

Dq[|©%ul|2hy < uT©,Cq(B,)O%u < Ds|©Tul|shy, (S26)

for bounded positive constants D7, Dg by Corollary 1, which implies the maxi-

mum and minimum eigenvalue of @,yaQ(ﬁO)G,y is bounded between Dy || @T/u||2hb

and Ds||@2ul|ohy. Since ©.,Cq(8,)©, is a symmetric matrix, |©,Cq(B8,)©5 |2

is its maximum eigenvalue, which is of order O, (h;). Now note that || {G),Y(AJQ(,BO)G),Y}_1 I|2

is the inverse of the minimum eigenvalue of G)A,GQ(,BO)G)A,. Therefore, || {G)A,GQ(,BO)G)A,}*1 |2 =

O,(hy"). In summary,

1©,Cq(By)04]: = O
1{©,Cq(B0)04} 2 = O,(hy") (S27)

Similar to those arguments that led to (S27), we have

1©,Cq(B0)O5 [l = Op(hs),
{©+Ca(B0)O+} 'l = Op(hy"). (528)

Now because as shown in Corollary 1, ||Cq(8,) — Ca(Bo)ll2 < 0,{hen»=/2}
and ||®,|2 = O,(1), we have

1©,Cq(8,)O72 + 0,{0,Cq(8,)02} — ©,Cq(B,)02

24



< [|©,Cq(By)07 — ©,Cq(8,)O] |2 + 0,{|©,Cq(B,) O ||}
< op{hbn(hb_l)/z} + 0p(hy).

Therefore,

11©,Cq(B,)07 + 0,{0,Cq(B,)O3} ™" — {©,Cq(B,)03} |2
= [{©,Ca(B,)01} *[0,Cq(8,)8] + 0,{©,Cq(8,)0]}
—0, Cq(By)O3 {1 + 0,(1)} >
< op{hy 2hyn" D2y o (hy 2 hy)
= op{hy 'V} 4 0, (R, )
= 0,[{©,Cq(B,)0]} ). (S29)

As a result, (525) holds and we can write

”1/2{’/)\’_(:30) — Yo }

= —({©,Ca(By)0,} " +0,[{©,Cq(By)0;} 7)) (nm > Lo (Y, B (X))}

i=1

E{g* (¥, Blao(X) )BT (X))@, [Z: — E{Zi|BT (X)) By + Op(Roo))

_ <{E(® Z: — E{Z,|By0(X:})" B,

y 9 (g*{Yi, By ao(Xi)} — E[g*{Y:, By oo (X;) }HBy o (Xi)]])

<6112~ EZ15T0aX 101 ) | +0,((0,Ca(sy0l) )
(072 Sl i B aolX)} - Bl (7 B en(X) BT culX )0,

% [Z: — B{Z:|6} an(X)}]" By + op<Roo>)
= L+ OP(L)7

where recall that we have defined in the statement that

L = ~(0,Ca(B)3} (1% Sly (v Blan(X.)
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—E{g"{Yi, By oo(X:) }|B) oo (X:) 1O [Z; — E{Ziwgao(xi)}fﬁo)

~({#(er 12~ rIBInx " 8, (s30)
y 0 (g*{Yz’> /BoTaO(Xi)} - E[g*{Yi, ﬁoTao(Xi)}‘/@oTao(Xz’)H)

0By ap(X;)
<gf1z: - BlzlBaaX 103 ) | ) (v Sl (v BfanlX))

~B{g" (V. Bleo(X,)} AL cn(X) 1O, [Z: - E{ziwgao(m}]%o).

Now for arbitrary d-_;-dimensional vector a with ||a||s < co by using the same

argument as those lead to (523), we have

where

L1:

IN

@025 (B) 7o) = a'LLTa+t o,(a’LL"a)
= L1+OP(L1)7

a’{©,Cq(B))0,} "
12T {©Cq(By)©5} |2

™ty ([9*{5@ Boao(Xi)} — E{g"{Y:, B a0 (X:) }|B] oo (X:) }1©, [ Z;

=1

—E{Zi|[30Ta0(XZ~)}]T,80)

—[la*{©,Cqa(B,)®5} I3

{©,Cq(By)©,} 'a
1a™{©,Cq(B0)©5}![l2
a’{©,Cq(B))0,} "
la™{©+Cq(By)O5} |2

n! Z ([9*{1/1‘;,35060(}(1')} — E{g*{}/i750TaO(Xi)}|ﬁga0(Xi>}]@~y{Zi

{©,Cq(B,)©,} 'a
1aT{©+Cq(By)©5} |2

—[la*{©,Cq(B,)®5} I3

—E{ziwgao(Xi)}}Tﬂo)
Op<h1;2hb)
Op(hy, ).

26



The third line holds by noting that ||{®,7CQ([30)@?;}_1H = 0,(h; ') by (S28)

and

n! Z ([9*{}/;, /BoTao(Xi)} - E{g*{Y;, BoTao(Xi)}lﬁoTao(Xi)}}@7

x {Z; — E{zz«mgao(Xi)}}Tﬂo)

is in the form of @76Q(,60)®$, where GQ(BO) is defined in Corollary 1 with
v =3, and

Qi(t)
= [g"{Yi. By (X} — E{g™{Yi, By co(Xi) }Bg exo(Xi) }]
X [Xi(t) — E{Xu(t) | By cwo(Xi)}].
Using the arguments as those led to (S26), we have

a'{©,Cq(8,)0,} " - . (V. BT o (X,
= HaT{G.YCQ(50)@‘?}—1H2 ;([9 Y3, By o (Xs) }

B¢ (Y Al on(X,)} Bl o (X) 11O, {Z: — E{Z:|BT (X))} ﬂo)

{©,Cq(B))©,} 'a
1a™{©,Cq(B0)©4} |2
where Dy and D;; are positive constants. Therefore a®™{7 ™ (8,) — 7o} =

0,(n~Y/2h, '/?). This proves the result. O

Diohy

< Di1hy, (S31)

S3.2 Proof of Theorem 2

The proof of Theorem 2 is divided into two parts. In Part I, we show that
\/ﬁ(,@ — ) convergences to a random quantity which exists under the approx-
imated model. In Part II, we show that this quantity converges to a Gaussian
vector defined on the measurable space under the true model.

Part I

By the consistency shown in Proposition 2, we expand the score function as

0 = n_l/ZZ[g*{Yi,ETZi’AY(B)}
i=1
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~

XL KB ZAB) - B 2A(B)g Y, Zfzjfy(a)}} o
7 KB 2A(B) - B ZA(B))
Nz T KB 23(B) - B ZABYZ, | o
i KB Z4(B) - B ZA(B))
= G+Hn'(B - 8,). (S32)

where

n

G = n_I/QZ[g*{Yi,ﬁoTZﬁ(ﬂo)}

=1
X K{BIZA(Bo) — BiZA(Bo) o Y, ﬂngw())}} o
S KnlBYZ,A(By) — BYZA(Bo)} ’
. [Z, L KndBiZA(Bo) — By ZA(Bo)}Z,
LY KBy ZA(By) — BLZA(Bo)}

5
and

H — o Z@{g*{ﬁ,,@Tzﬁ(ﬂ)}
=1

YL K{B"ZA(8) - B'ZA(B)}g {5, 6TZﬁ(ﬁ>}} o,
S K{BTZA(8) - BT ZA4(8)}

. [Zi XL KB ZA(B) - BTZA(B))Z,
i Kn{B"Z4(8) - B'Z4(8)}

] 5(8)/08" | p=p-,

where 3% is the point on the line connecting B and B,. In the following, we

study the asymptotic properties for G and H separately.

The Asymptotic Property for G Now we can decompose G as
G =Gy + G+ G+ Gg,

where

n

Go = n ') (q"{YiBIZA(Bo)} — Elg™{Yi, B ZA(B) 185 Z7(80)]) O

i=1

x [Z; — E{Zi|B3 Z:4(Bo)}] 7(Bo),
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n

Gi = n ') (q'{YiBIZA(Bo)} — Elg™{Yi, B ZA(B) 185 Z7(80)]) O

=1

ijl Kh{BgZJﬁ(/Bo) - ,BoTzi’AY(IBO)}Zj
S Kn{BLZA(Bo) — By ZA(By) }

Go = 23 (Bl (Y BLZABBTZAB)

=1
X KB ZA(Bo) — BiZA(Bo) o 1Y, ﬁoTZﬁwo)}) o
ST KBy ZA(Bo) — BaZA(8y)} ?
X [Zi - E{Zzyﬁgzﬁ(ﬁo)}} Y(Bo),

n

Gu = w3 (Bl (4. B2 A G BZAB)

=1
XL EnBiZA(By) — B ZA(By)} g Y, ﬁoTny(ﬁo)}) o
ST KdBYZA(By) — BaZA(8y)} ?
Z}']=1 Kh{ﬁoTZjaﬂﬁo) - IBOTZﬁ(IBO)}Zj
S Kn{BoZA(Bo) — By ZA(By) }
We can further write G; = Gy + G12, where

x | B{Zi|By Z7(Bo)} —

] Y(By),

x | E{Zi|By ZA(Bo)} —

|

n

Gu = n ') (9{V. BIZA(By)} — Elg™{Y:, B ZA(80)}1B3 Z:A(8y)]) O

=1

. { E{Zi|B3ZA(B0)} 37y Knd B0 Z7(Bo) — B Z:A(Bo) }

nfz{By Z:4(By)}
L En{BiZA(By) — BiZA(Bo)}Z }Q( 8)
nfz{By Z:7(By)} .
G = n7%) ("% BiZA(Bo)} — Elg"{Yi B Z(80)} 185 2 (Bo)]) ©p
. { E{Z; | BYZA(Bo)} S0y KndBIZA(By) — By ZA(Bo)}
nfz{ﬁoTZﬁ(ﬁo)}
X KdBiZA(By) — Bi ZA(B)} 2 }
”fz{ﬁgzﬁ(ﬁo)}
nfa{ B3 24 (8,)) ) 1} ;
: {Z;»; Kn{Bo Z7(Bo) — By ZA(B,)} 7
. { nfz{BaZ:A(By)} B 1} |
S KndBo ZA(By) — BLZA(By) }
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Note that G117, Gz are of finite dimension, so the sup norm and the L, norm
are equivalent. Using the U-statistics techniques similar to those led to (S11)

and (S13), we get

n J
Gu = n?Y Y (9{Y.BiZA(By)} — Elg™{Yi, B3 ZA(B0)} 185 ZA(By)]) O

y { E{Zi| By Z4(Bo) Y {By 27 (Bo) — By ZiA(Bo)}
nfz{Bo Z:7(By)}
_Kh{BOTZJﬁ(/Bo) — IBOTZz‘;Y\QBO)}Zj }’7(5 )
nfz{Bo Z7(Bo)} ’

= G+ Gii2 — Giiz + 0p(Gii1 + Giiz — Giug),

Gy = nt? Z E [ (9*{Yi, IBUTZﬁ(ﬁ(J)} — Elg*{Yi, /BoTZﬁQBo)}‘IBOTZﬁ(,BO)D ©p
i=1

y { E{ZiB,Z7(8o) } Kn{Bs Z;7(Bo) — By Zi7(By)}
nfz{Bs Z(By)}
_ Ki{BoZA(By) — By ZiA(By)}Z,
nfz2{By ZA(By)}

J
G = nI/ZZE{(Q*{n,ﬁng?(ﬂw}—E[g*{n,ﬁEZﬁ<ﬁo>}|ﬁEZﬁ<ﬁo>1)®ﬁ
j=1

}fmnoi},

« { E{Zi‘IBOTZi§<IBO)}Kh{IBg‘Zj§(IBO) — ﬁgzﬁ<ﬁo)}
an{ﬁoTZi’AY(IBO)}
_Kh{ﬂgzﬁ’(ﬁo) — By Z:7(By)}Z;
nfz{Bs Z7(Bo)}

Gz = n'?E { (g*{Y%,ﬁoTZf)\’(ﬂo)} - E[g*{Yi,ﬁoTZﬁ(ﬁo)}lﬁoTZﬁ(ﬁo)]) S

5 { E{Z:|B) Z5(8o) } Ki{By Z,7(8) — By Z:4(8y) }
nfz{B; Z~(B,)}
CKW{BIZA(By) — BoZA(Bo)} 2\ ~
nfz{B8s ZA(By)} }W 0)}

Similar to Ry, using the same derivation in (S7), we can write the summand

batsyio)]

of G111 as

E [ (¢ V2, B1ZA(80)} — Elg* (v, B12:7(8,) 18T ZA4(8y)]) ©5
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y {E{Zi|50TZﬁ<ﬁo>}Kh{ﬁoTZﬁ<ﬂo> — BoZA(Bo)}
nfz{Bs Zi¥(Bo)}
_ Ku{BoZ;7(8y) — By ZiA(Bo)}Z) | ,
nfz{8s ZA(By)} }W °>'OZ}
= (9*{}@,55&’3’(50)} - E[g*{Yi,BEZﬁ(Bo)}IﬁEZﬁ(ﬁo)]) Sk
Try ~ ~ O fz]c{By ZA(By), sh}] s°K(s)
x(E{zimozmﬁo)h(ﬁo) / i A
B / PIE{Z; | d{Bs ZA(By), sh}}F(Bo) fz{d{Bs ZA(By), sh}}]
9d{By ZA(By), sh}?

X SQTK (5) ds) =
2f2{Bo Z~(Bo) }

which is a mean O finite dimensional vector. Here c¢{B;Z:¥(B,),sh} and
d{By Z:7(B,), sh} are points on the line connecting B3; Z~(3,) and 3 Z~7(8,)+
sh. Therefore, we have ||h?G111]| = O,(1), and in turn Giy; and Gqj3 have
the order of Op(hQ). Further, similar to Ri12, we have G2 = 0. As a result,
G = Gin + Gy — Gugs + Op(G111 + Gz — G113) = Op(h2>' Now similar
to (S12), since

{ nfz{B ZA(By)}
S K BLZA(By) — By 2

we obtain Gig = 0,(Gq1). Thus, we have

. _ 2 (n —1/27
Bl 1} Op{h” + (nh)~"/7}

1Gills = |G + G2 = Op(R?). (S33)

Using similar derivation as those led to (S33) while exchanging the roles of Z

and g*, we obtain ||Gsll2 = O,(h?). Using the same reasoning as those led to

(516), and noting that G is a finite dimensional vector, we have that the order

of Gs is the same as n'/? times the square of the order for kernel estimation

errors, i.e., |Gslla = O,(n*/2h* + n=/2h=1) = 0,(1) under Condition (A2).
Now we can further write Gy = Ggg + Go1 + Gz, where

n

Goo = n > (9°{Yi Bl ao(Xa)} — Elg™{Yi, B3 c(Xi) }|B) cxo(X:)]) O

i=1

x [ao(Xi) — E{en(X4)|87 o (Xi)}]
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n

Go = n ) (97{Y.,B5ZA(By)} — Elg™{Yi. B3 Z7(80)} 181 ZA4(Bo)]) ©

=1
X [Zi—E{Zi’ﬁoTZﬁ(ﬁo)} (Bo) _”_1/22 (Yi, Bo Zivo)
—E{g" (Y, By Ziv0)|Bo Ziv0 })Op { Z;i — Z!ﬁo 70)} Yo,

Gy = n'/? Z (Y5, 85 Zivo) — E{g*(Yi, By Ziv,) |8y Zn/OH OplZi

n

—E(Zi| B3 Zivo) }vo — D (g"{Yi, By (X))

=1

—Elg*{Yi, By co(X:) }|By o (Xi)]) O [axo(Xi) — E{aen(Xy)| By vo(Xi)}]
= 072 (g (Vi B ao(Xa)} — Elg*{Yi, By cno(Xi) HBo o (X5)]) O

=1

(Ol - %E)Z(?é;)wo o)) oo (.22} {ZiYo — @0 (X4)},

where a* (X, Z;) is the point on the line connecting o (X;) and Z;7,. Clearly
we have F(Ggy) = 0. Further from [|B,.(-)Ty, — ao(*)]|ec = O,(h{), we have

1Zivo = exo(X4) |2

oy / it~ [ oK1t
< { / B, (1), - aolt |2dt}1/2uxi<->u2

50 ||hy, “Goz|l2 = O,(1). Therefore, ||Goz|l2 = O,(hi).

Next
Go:
_ (n_li 0 [9*(}/1‘7/35&’)’0) E{g* (Yuﬂo ,70)|,60 z')’o}] Og {Z E(Z, ],60 iYo }'Yo
pa 07

WA (By) — 75}) {1+ 0,(1)}

= ngnl/Q{a\’i(,Bo) — o H1+0,(1)},
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— gl zn: 9 [Q*OQHBEZWO) — E{g" (Y, gzi’)’o)’ﬁgzi’)’o}}
=1 8/60TZZ"70
xBo{Zi — E(Z|85 Ziv,) } .

@5{Z - Z|ﬁo iYo }’Yo

The last equality holds by using the same arguments as those lead to (S23)

Now
n 1
Gy = n'Y / Cui(t)B] (t)©2 dt
. 0

isa (J—1) x (dy — 1) matrix where

9 [9*(Yi, By Zirve) — E{q*(Ys, By Zi~vo) |8y Ziyo }]
86521%
x[By Xi(t) — E{By Xi(t)|Bg Zivo})-

Cu(t) = QB{Z E(Z; |60 iYo }'Yo

Because J is finite, ||Go11|co and ||Goi1l|co have the same order as their ele-
ments did, where Goqy; is the Ith column of Ggi;. The (k, 1) element of Goyy

is
noo
Gon =n"" Z/ {Byi(t) }Chandt,
i=1 Y0

where (' is the [th element of Cya;. Now E{C19;(t)} # 0, |E{Cia(t)}] < o0,
|Cr21:()]]2 < 00, a.s. by Condition (A6). Therefore, by Lemma 3 we have
|G011kl‘ = Op(hb), and thus GOlll and G011 satisfy

|Goritllee = Op(hs); [|Gotilloo = Op(hs)- (S34)

Since ||all, < N'?||al|s for arbitrary vector a with length N, and ||b|, <
N'/2||b||s for arbitrary matrix b with N rows, we obtain

(1),

().

1Gowulls < NV2O,(hy) =

O
IGoulls < N'20,() = O
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Therefore,

Gon' {3 (By) — o }
= Op[lrglax G011ln1/2{§7<50) — %0}

_ pl/2 /25— o
My, Op[lrgla<>§h Gonz” {7 (Bo) =70}
= 0,(1)
by Theorem 1 that [a™{7~(8,) — 75 } = O,(n~'/2h, '/?) for arbitrary a with

lall2 < oo.

Further,

011”1 2{’)’ (Bo) =Y} = G013”1/2{')’_(,30) — o } + (Gou — G012)T”1/2{’/)\’(/35) ~ Y}
+(Goiz — Gas) 'n'* {37 (By) — 7o }

where

Ggl2
(6 (9" (Y3, By Zivo) — E{9"(Y:, By Ziv,) |80 Zivvo }]
aﬁan’O

xB5{Z; — E(Zi‘/@oTZﬂo)}@—Ty)

= F

@ﬂ{z - ZWO iYo }'Yo

and
GT. — E{a(g*{yiﬁoTao(Xz‘)}—E[Q*{Y%a50Tao(Xz‘)}|ﬁoTao(Xz‘)])@
0{B5 (X))} ’
 [ou(X,) ~ Ban(X,)| B a0(X)}] A12: - E(Z|FanX 0L |
Therefore,
Go, — 012—”_12/ Cusi(t) Bl (¢ @Tdt
where
Cisi
8{9*(Y2750TZ1‘70) E{g* (Y;HBO Z'Yo)mo 1'70}]

aIBOTZZ’YO
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X {Z — E(Zi|By Ziv, }'Yo (8o Xi(t) — BE{B; X;(t)|8y Zio}]
(0[ (Y,-,,BO Ziv,) — E{g* (Y;,Bo z')’o)|:30 1’70}}
3ﬁ0 iYo

{2 — B(ZBZv)} 70l BEX (1) — E{ﬂoTme(?zﬁo}]),

K

with its [th element Cyg(t) satisfies E{Ci3;(t)} = 0, |[E{Cis3;(t)} < oo,
|C3i(+)]]2 < o0, a.s. by Condition (A6). Therefore, using the similar ar-

gument as those led to (S34) and Lemma 3 we have
1Gon = Goizlloo = Op{\/hun~log(n)} = 0, (hy).
Further, ||Goi2 — Goislleo = Op(hy) by Condition (A5). As a result, we have
1Go12 — Goizlleo = 0,([|Gor1lle) = 0p(fs) (S35)
and
|Gosall> < VNI|Guislloe = VNO,(|Gortll) = Op(h*)  (836)
by (S34) and we can write

Gy = 013”1 2{'7 (Bo) — Yo } +0p(1).

Combining with the result that ||Gez| = O,(h{) and the fact that Gy =
Goo + Go1 + Ggo, we have

Go = Ggo+ G0T13”1/2{:)\’_(,60) - 'Ya} + 0p(1)
= 0,(1).

Further, G; = 0,(h?), Gy = 0,(h?) and G3 = 0,(1), G = G+ G1+ G2+ Gs,

so we have

G = G+ Gn'* {7 (8By) — 70 } + 0p(1)
= 0,(1). (S37)

35



The Asymptotic Property for H Note that H is a finite dimensional

vector, and

1B-(-)7(Bo) = 0(:)lloo
IB-(-)7(Bo) = Br(-)7olloo
FBr ()70 = ao()lloo

= O,(n'*h712 + hY)

= 0,(1).

IN

Now by the fact that the kernel estimators are uniformly consistent, we have
H = HO + Hl —|— 0p(1),
where

Hy, = E{9(4{Vi By a(Xi)} — Elg™{Y;, B co(Xi) }B; o (Xi)]) O
x [a(Xi) — E{e(X)|8y o(Xi)}] /08, 1O, (S38)

n

H = n' Z[a{ (9*{5/;75()TZ1‘:)\’(60)} - E[g*{Yz‘,ﬁgzﬁ(ﬁo)}mgzﬁ(:@o)]) ©p

i=1
x [2i — B{Zi|By 27(80)}] 7(80)} /07" (By)107(8) /08" |=5-
= G0y (B)/98" |p=p-{1 + 0,(1)}
= G307 (8)/98" [p=p{1 + 0,(1)}
= GoP{l +0,(1)}
= Ggi3P +0,(1),

(S39)
where P is defined in (S53). The second equality holds because 4(3,) is
consistent to 7y,. The third equality holds by (S35). The fourth equality holds
by (S52). The last equality holds because ||Gois|l2 = Op(hi/Q) by (S36), and
1P|l = O,(h,""*) by (S54). Combining (S37), (S38), (S39) and (S32), we

have
\/ﬁ(:@ — Bo) (540)
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- -H'G

= —{Ho+H; + 0,(1)} {Goo + Ggisn* {77 (By) — 75 } + 0p(1)}
= —{Ho + Gj5P + 0,(1)} {Goo + GgysL + 0,(1)}
= 0,(1)

where L is defined in Theorem 1.

Part 11
Now note that we can write P = (Py,...,P;_1), where P; is the [th column

of P,1=1,...,J — 1, which can be written as .
1 1 _
0 0
1
—-E {/ Br(t>T®$f)l/80TXi(t)dt|50Ta0(Xi)} })
0
x g™ {Ys, By o (Xa)} — E{g"{Yi, By xo(Xi)} By exo(Xi) }/0{ By exo(X )}}~

2

Hence,
B, () ©,P,
- argminBT(,)T@$P1E{( /0 lXﬂ(t)ao(t)dt—l— l /0 1 B, (t)T©IP8; X;(t)dt
—u{ [ Bwrerpsix.cilstanx) )
<0lg (¥, B (X)) — B (Y, B aalX,) 16T 0 (X)1/0(8F (X, |
Now let §; € C[0,1], §,(0) = 1 and

a(-)

= argming {</ X (t)ao(t dt—l—{/ ,30T51 Xl dt}) (541)

xAg.{Y;, Bgao(Xi)}}

where recalling that Ag/{Y;, B; co(X;)} is defined before Theorem 2, and
Xie(s) = X;(s) — B{X;(s)|Bg ao(X;)}. We further define co(X;) = ao(X;) —
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E{ap(X,)|Bg ao(X;)}. As the number of spline knots goes to infinity, HBT(-)TG)?;PI—
81()]leo = Op(h}). Hence

Gl E [Ag:{m,ﬂ5a0<xi>}@ﬁaco<xi> / aEXz-ca)éz(t)dt]
— o,(1). (342)

Further, the Gateaux derivative of the target function in (S41) at & = & in

the direction w(t) satisfies

0 = OF ( /0 Xi,(t)ao(t)dwr[ /0 BOTXiC(t){cSl(t)+VTW§(t)}dtD
xAg:{Y;, By ao(X;)}/0v]v=o
_ o [ [ Xattaaltyeag: (v, o X0} [ ﬁosz-c@)ws(t)dt}
w2 (0O Elovo(X:) Ag (Y, Bl a0 (X:)} X (1)) Bydt
_ o [ [ Xatatyarsg: v senx) [ ﬁgxica)ws(wdt}
w2 ()@ Elons (X0 Ag* (Vi B an(X) VX (1)) Byt

where w{(¢) is defined in (7), X is the {th element of X;.. The second equality
holds by the definition of w{(¢) in (7). The last equality holds because

B[ [ Bxawitadenasg v slanx)) [ BiXuwiod]
= 0.

This implies
E {@5aco(Xz‘)A9:{Yi,ﬂoTao(Xi)}/OlﬂoTXz‘c(t)fgz(t)dt}
= b | [ Xutoalasgi . senx) [ BXuttrwiion].
This holds for each I =1,...,J — 1. Combine this result with (S42), we have

1
HGOTBP ‘B {Agzm paax)} | ﬂoTXic@)ws<t>dtaco<xi>T®};]

2
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= 0,(1).

Next, by (S29) and (S30), where Cq(3,) and Cq(8,) in (S29) and (S30)

are defined in (S25), we can write
n’L = L{l+o0,(1)}, (S43)
where

L = argmingn Z( {Y;,,Boao ')}—E{g*{ybBoTaO(Xi)HBEQO(Xi)}]

2

1
<Ag: Y, BenX0) " + | [ B0 OTEATX. (0] ) Agc 1y, B X0}
0
Further, by above equality we have

B,()"elL

= argminBr(.)Te$in_l Z ([9*{1@,550‘0()@)} - E{g*{Y;>Bgao(Xz’)HBEGO(Xz’)H

i=1
2

1 ~
Agi (Y, Blan(X)} ! + { / Br<t>T@$m§Xic<t>dtD Ag (¥, Blao(X,)}.

Let

n(-) (S44)
= angming S { (1005 BT o0}
Bl (Y B X} B (X)) Ag: (Y, Bl (X))
+ [ /O 1 ﬁ(t)BbFXic(t)dt} ) 2Agi§ {Yi, By (X)) }
As the number of spline knots goes to infinity, ||B,(-)TOIL() — #(*)[« =
O,(h?). Combining with (S43) we have

HGOTBL— /O 1E{@Bac(Xi) (S45)
A4 Y B XOMIEX. ) 25 01|

= 0py(1).

oo
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Now taking the Gateaux derivative of the target function in (S44) at 7 in the

direction of w(t), we have

n

0 = 371_1;H(Q*{Yi,ﬁgao(xi)}—E[Q*{Yi,ﬁoTOéO(Xz‘)}WoTQO(Xi)])
MgV BFen(X01 + [ () + Vi >}5§Xic<t>dt}2
<AgE i, B (X 0v]ucg

e Z ([t 00 Bt} — Blg* i B X X0
<AV Bl + [ A08TXl0)]
<AV B} [ BEXlowi i)

= o 12{ [V, Blan(X)} — Blg* (¥, Ao (X,)} 8L (X))

< [ Bixatimwitoa}h +2 [ oo

<Ag{Yi Bl )} [ BEXelwi (0] + o,

- Z {(57101 (X0} = Elg" 1, B (X X))
< [ Bxatiwinah +2 ([ i00aE@ox)

. Ag*{YivﬁE%(X»}XE(t)]ﬁodt) +0,(n”112).

The last equality holds by the definition of w{(¢). This implies

w3 (1900 BFan(X0) - B(5™ Y (X} B aa(X, )]

X /0 1 ,BOTXiC(t)W’g(t)dt)

- / A(1)©5 Elcves (X,) Ag* (Y, Bl e (X,) YX (1)) Byt

+Op(n_1/2)
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Combining with (S45), we have

y /0 1 BgXic(t)WS(t)dt>

= op(1).

GoTl3L +n 2 Z ([9*{5@ Bgao(Xiﬂ’ - E{g*"{Vi, ﬁgao(Xi)HﬁoTao(Xi)}]

i=1

2

As a result, by (S40) the population asymptotic forms of \/H(B — By) can

be written as

V(B — By)
= —{Ho+ Gg3P + 0,(1)} ' {Goo + Ggy3L + 0,(1)}
= —{Ho - E[AQZ{Ybﬂgao(Xi)}/o BOTXz‘c(t)WS(t)dtaco(Xz‘)T@E}

n

+op(1)}_1 [GOU —n Py {(g*{Yi, Booo(Xi)}

i=1

Bl (Y X)) | ﬁgxixt)wa(t)dt} +op<1>}

= A'B+o,(1),
where
A = —(BAG Y BaulX) (Opea (X))
-5 (2.0 B} [ BEXlowi (i)} )
and

B = n '2lg"{Y;, By ao(Xi)} — E{g*{V;, B ao(X) }|Bg exo(Xi)}]
X {@Baco(Xi) — /0 ﬂOTXiC(t)wg(t)dt} .
If g* = g, then E{g*{Y;, By ao(X:)} By o(X)}] = 0,
E[Ag:{Y;, By ao(Xi)} By a(X,)] = —Elg**{Y;, By o (Xi) }Bp (X)) and wi (t) =

wo(t) as defined in (S48). Hence we have

o~

V(B —B) = A;'Bo + 0,(1)
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Ay = E[gH{Y; By (X)) HOgaw(X;)}*%]

—E [f{mgao(Xi)} / 1 aoTXw(t)wO<t>dtaco<Xi>T@E]

By = o o{¥i, o X0H{ @p0a(X) ~ [ BIX.(wi(0at )

- Soefb

where S, is defined in (S47). With simple calculation, we can see that Ay =

var(Bg). Hence, when ¢* is correctly specified, B is the efficient estimator.

This proves the result. [

S3.3 Proof of Theorem 3

Proof:

sup B, ()T3(8) — ao(t)|

tel0,1]
s B.(1)"@,7(8) — ao(t)]
€|0,
sup [B,(1)"©177(8) — B,(t)"@337(8,)| + sup [B,(t)" O35 (8y) — B,(t)" @)~
te[0,1] t€l0,1]
+ sup |B, (1) vy — ao(t)]
te(0,1]

I3 (8)/08" 55+ (B — Bo)llse + 7(Bo) = Yollow + Op(hf)

Op(n™ 2,2 + ) + [(8o) — ¥olloo

O,(n~"2h, ' + hl)

O,(n~" 2, 7). (S46)

The third line holds by Lemma 1 and Condition (A5). The fourth line holds

because

37(8)/08" |p=p= (B~ By) = Pi+0,(Py)
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by Lemma 4, where

P = ({£(e1z - BzIB00xI" B,

8 (g°{Y, By o (X3)} — Elg*{Yi, By a(X4) } B axo(X:)]])
084 ato(X5)

<6i12, - E(z5}u(X))1e} }_1>M(ﬁ By,

where

M = E(©,[Z— B{Z|Biaw(X)}] Byewo(X:)"OF
xdlg" {5, By cwo(Xi)} — E{g"{V;, B exo(Xi) HBG cvo (Xi) /04 B} (X })

is a dy_1 X dg dimensional matrix. Now note that ||P;|« < ||P1]|2 by the fact

that the vector sup norm is less than its L, norm, we obtain

1P 1]foo

H ({ ( — B{Z|Byco(X:}]" B

(9°{Y:, By o (X)) — E[g*{Y%a50Tao(Xz')}|50Tao(Xz‘)”)
850Ta0(Xi)

«BI1Z: — E{Z,|BT ay(X >}J@T)})
= 0,(hy)O0,(hy*)0,(n™/?)
= Op(”_1/2h17_1/2>~

IN

IM||2[|(8 — Bo)l2
2

The second to the last equality holds because of (S55) and the root n conver-
gence of B. In addition, | M|, = Op(h;ﬂ) by (S56).

The fifth equality in (S46) holds because by choosing a to be a unit vector
with 1 at one entry in Theorem 1, we can obtain that each entry of 4(8,) — 7,
is of order O,(n"2h, "/?), and thus |5(By) — Yollee = Op(n~/2h;"/*). The
last equality in (S46) holds by Condition (A4). O
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S4 Necessary propositions and lemmas

Proposition S4.1. The efficient score function of model (2) is Seg = (Slss, SeTﬁv)T,

where
B, B"Z) _ T
Setsg = —f(Y, 577) (L—1,0{Z — E(Z | B Zv)},
/ T
Sar, = LB 01, )z B(z| 627,

f(Y,B8"Z)
Here f} stands for the derivative of f with respect to the second variable.
Proof: We first calculate the score vector S = (SE, S$)T. Taking derivative of

the log likelihood of one observation with respect to the parameters in 8 and

~, we obtain

Sy 5 Zry
o f (Y BTZ’Y) T

We first show that S.¢ € AL, This is verified by noting that
Ser =S — E(S|Y,8"Z),

and S satisfies £(S | Z) = 0 = E(S | 5TZ’7). In addition, we also have
E(S|Y,B8"Z~) € A; C A since E{E(S|Y,B8"Z~) | B"Z~} = 0. 0

Proposition S4.2. Under model (1), the efficient score function for B is
1
Seet = 91V, BT a(X)} {Gﬁac(X) - / ,BTXC(t)WO(t)dt} (547)
0
where wy(t) is a (J — 1)-dimensional function that satisfies

OpBlan(X)g* (Y, BTa(X)}X (1)) (548)
- / BIB™X.(s)g*{Y, B a(X)} X1 (1) Blwo(s)ds.

Here we use the subindex , to indicate quantities calculated under the original

model (1).
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Proof: We first make the observation that At is the nuisance tangent space
orthogonal complement of the B-spline approximated model (2). Follow the
same arguments as those lead to Proposition 3, it can be shown that the spaces

corresponding to A, Ay for model (1) are
Aoy = [f{X(#)} : Vf such that E(f) = 0],
Ay = [f{Y.,BTa(X)} : Vf such that E{f | X(t)} = E{f | 8Ta(X)} =0].
In addition, the nuisance tangent space with respect to «a(t) is

Ao = {g {v. B a(X)} / 1 BT X(t)yw(t)dt : Yw(t) € RJ‘l} :

0

After projecting Km to A,y and A,y to get the residual, we obtain

Moo = oo = T(Ro | Ay + Aoy)

= {g {v,8 a(X)} /O 1 BTX (t)w(t)dt : Yw(t) € RJ‘l] :

We can easily see that with respect to the model in (1), the nuisance tangent
space is A = Apy @ Aoy ® Aoq-

We can see that the score function with respect to the parameters in 3 is
Ses = g{Y. B a(X)}Opa(X)
1
— (a0} {@palX) - [ AX.(wi(0}
0

+o{Y. 8700} [ BTX. (Owo(t)dt
oY, BT a(X)}OpE{a(X) | BT a(X)}.

where the second and third summands of S,5 belong to A,, and A,s respec-
tively. We can also verify that the first summand of S,z is simultaneously
orthogonal to Ay, Aoy and A,,, hence the efficient score of model (1) is indeed

as given in (S47). O

Lemma 1. There is a constant D, > 0 such that for each spline ZZL cx By,

and for each 1 < p < 00
dy

DIl < 11D exBrklly < €/l
k=1
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where ¢’ = {cp{(ty — try) /TP k= 1,...,d,}7 .

Proof: This is a direct consequence of Theorem 5.4.2 on page 145 in DeVore

and Lorentz (1993). O

Lemma 2. Let u be a d-dimensional vector with ||u|ls = 1. There exist

positive constants Dy, Do, D3, Dy such that
Dihy < uTC(B)u < Dyhy,
Dy'hyt <u'C(B)'u < DRyt
and
Dshy < uC(B)u < Dyhy,
Dy'hyt <uTC(B) 'u < Dythyt
in probability.

Proof: First note that by the Cauchy-Schwartz inequality, Lemma 1 and Con-
dition (A6), we have

E {uT /01 Br(t)[BTX(t)dt}Ql

[ 1 2 1
< E /0 {;uk&k(t)} dt /0 {B"X(t)}?dt
1- dy 2 1
— / {Z ukBTk(t)} dtE {/ {ﬁTX(t)}2dt}
o | 0
< w30(1)
- O(hb>7
where v’ = {up{(ty — tx_)/r}/% k= 1,...,d,}T, whose Ly norm is of order

O(h;/Q). Thus we have u"C(8)u < Dyhy, for some positive constant Dy < oc.
As shown in (28) in Cardot et al. (2003), since the eigenvalues of the covari-
ance operator I'(3) are strictly positive, there is a positive constant D such
that
<T(8)6,6>> Do|}, for ¢ € H.
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Note that Blu € H, so we have
u'C(B)u=<TI(8)B;u,Bju>> D|B ull2 > Dil[u|*hy = Dihy

for a positive constant D; by Lemma 1 and Condition (A4). Therefore, Dih;, <
uTC(B)u < Dyhy. And so Dy'hy' < uTC~Y(B)u < D;'h,'. Further, with
Theorem 1.19 in Chatelin (1983), we have

d’Y
IC(B) = C(B)|l2 < sup > |ITy = Tll2| < By, B > |
1<i<dy =3

As shown in Cardot et al. (2003), Lemma 5.3 in Cardot et al. (1999) implies
IT,, — ||z = 0,(n"™~Y/2). Further, by the property of B-spline basis, we have
when |k — 1| > r, B;xB, = 0. Therefore, sup;<;<4 Zglll < By, By > | =
O(hy), which implies

IC(B) — C(B)l2 < 0, (hyn"=V/2). (S49)

Now because h, < 1, combine with the result that Dih, < utCu < Dyhy, by

the triangular inequality we obtain

u'C(B)u+u"{C(8) - C(8)}u
Dahy, + [|ul|2[{C(8) — C(8)}ull2
Dby, + [{C(B) — C(B)} 2]lul2
Dshy, + 0,(hy)

uTa(ﬁ)u

INIA

and

u"C(B)u+u"{C(8) — C(B)}u
Dihy, — |[ullo][{C(8) — C(8)
Dihy — [[{C(8) — C(B)}2llull2
Dihy + 0, (hs).

a

—

Q

>
c
NVARIVARI

Thus, Dsh, < uTé(,B)u < Dyhy in probability for some positive constant
D3, Dy < oo. And so D;'h, < uT(A](,B)*lu < D;'h; ! in probability. This

proves the result. O]
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The result in Lemma 2 can be generalized to any vector valued random
function with almost surely bounded Ls norm and positive definite second

moment operator. Therefore, we have the following corollary.

Corollary 1. Let Q;(t) be a d,-dimensional vector valued random function
with bounded Ly norm, and let v be an arbitrary d,-dimensional vector. Let
T'q(v) be the second moment operator generated by v'Q,(+), i.e., Tq(v)o(t) =
E{< v'Q;,¢ > vTQi(t)}. Assume T'q(v) is strictly positive definite. We
define the matriz Cq(v) to be a dy x d matriz with its (k,1) element

By /0 B (VT Q) /0 Bu(tv Qi(t)dt),

and GQ(V) to be a dy x d, matriz with its (k,l) element

n-! ; /0 BV Q) /0 BV Q)

Let u be a d.-dimensional vector with |ulls = 1. Then there are positive

constants Ds, Dg, D7, Dg such that

Dshy < u'Cq(v)u < Dghy,

Dg'hyt <utCgl(v)u < Dy'hyt,
and

Dzhy < uTCq(v)u < Dgh,

D8_1hb_1 S uTaél(V)u S D;Ihb_l,
in probability. And
ICq(v) — Cq(v)ll2 < op(hyn™~1/2).

The proof of Corollary 1 follows the same arguments as those in the proof

of Lemma 2 hence is omitted.
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Lemma 3. Assume C;(-) is a continuous random function of t € [0,1]. At

each t, |E{C;(t)}| < oo. [|Ci(*)|l2 < o0 a.s.. Then

=1 Z / (OGOt = O, ()
if E{C;(t)} # 0 and
|nlz/ () Ci()dt| = Op{\/hen~tlog(n)}

if E{Ci(t)} =

Proof: By the Bernstein’s inequality in Bosq (1998), we have

‘1/71;: /01 B(t)Ci(t)dt — E {/01 Brk(t)(]i(t)dt} ‘

ZE{l/n/ B (t)C ()dt}zlogn "
= O,{y/hyn~tog(n)}.

The last equality holds from Corollary 1, by choosing viQ;(t) = C;(t) and
setting u with w;, = 1 and v, = 0, for [ # k. Now if E{C;(t)} # 0, then
because B, is positive in the interval (¢;_,,tx), and is 0 otherwise (page 88 in

De Boor (1978))

‘E{/ol Brk<t>01<t)dt} ‘ _

— |E{C(©)} / Bu(t)di]
— |B{C(O)} / Bu(t)dt

< Dy(tp — ti—r)
0(In). (550)

/0 1 BTk(t)E{C’i(t)}dt’

where ¢ is a point in the interval [0, 1], Dy is a finite constant.The second

equality holds by the assumption that C;(-) is continuous function in ¢ and
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the mean value theorem. The inequality holds because the support of B, is
the interval (tx_,,tx) and |E{C;(t)}| < oo for any t € [0,1]. Therefore, by
Condition (A4) that N~'n(logn)™" — oo we have

Hn”z / (DCKE)dt s = Oy(hy)

for E{C;(t)} # 0 and

anlz / L (OC D)t = /FynTog(n)

for E{C;(t)} = 0. This proves the results. O

Lemma 4. Assume 3 — By = 0,(1). Then

5(8)/08"
- ~({5(ey 2~ BzIB X B,

0 (g°{Y, By o (X3)} — Elg™{Y;, By ao(X4) }Bj axo(X4)]])

<6112~ B{Z]8au(X,) /1 }) {p©, (2.~ E(zIBT0x )"

« By (X‘)Ta[g*{Yiaﬁo ap(Xi)} — E{g*{ngOTaO(Xi)}mOTaO(Xi)}]}
e O{ AT co(X.))}

x{1+0,(1)},

where 3* is a point on the line connecting B, Bo. In addition, |3~ (B8)/08" |s=p*|l2 =
Op(hy %)

Proof: 47 () satisfies

Z/S\effﬂy{y;jazi7167:)\/(16)7g*}

n

S S KB ZA(8) - BTZA(B) g (Y5, BT Z,A ()}
- Y BZi - J Ty & Try &
Z{g{ St ST KB ZAB) - BZAB)) }
o {Z. YL KdB"ZAB) - B"ZA(8))Z, } 5
! > Kn{B"ZA(8) — BTZA(B)}

i=1

20



=0

for any B. Taking the derivative with respect to 8 on both sides, we have

" S S KdB"ZA(8) - BTZA(8) g {5, B Z2,4(8)}
9 1Y, 7, L)
2 {g{ S > K B'ZAB) - BZAB) }
J Ty & _ [Tz 5 . T
o. {Zi_zj:;f(h{ﬁ ZA3(9) - Tznﬁﬁ)}zg} 808"
ijl Kw{B Z~(B) — B Z~(B)}
S KB ZA(8) - BTZA(B) g (Y5, BT Z,A ()} }
S K{BTZA(8) - BTZA(B)}
YL KB ZAB) ~ B ZABNZ
@”{Z” ST KB ZA(8) - B7ZA(8)) } PIVBy B 08" =0

+ Z ) {9*{Yi, B'ZA(B)} —

Therefore,

3 (8)/08" g = UV,
where
v = (L o{sinsmzae)
=1
YL KadB'24(8) - B"24(8)}g'{Y;, B 24(8)} }
> KB ZA(8) - B ZA(8)}
Z‘»]:lf(h{ﬂTZﬁ(ﬂ)—ﬁTZﬁ(ﬁ)}Zj}T - )
0.7, — = 0 T
{ S KA ZAB) - zAB) | © /o7,
S Kn(B Zy — B Zi) g (Y}, B Z) }
_ 9 (Y, Ty, J
( Z { B2a) - S Kn(B"Ziy — B" Ziy)
Zj:1Kh(BTZj'Y_ﬁTZi'Y)Zj : T
@”{Zi_ S KB Zy — B Zv) } pIow 2
v - n‘lzﬁ{g*{Y;ﬁTZﬁ(ﬁ)}
i=1
YL KdB23(8) - B"2A4(8)}e'{Y;, B 24(8)} }
S Kn{B Z,4(8) - B ZA(8)}
S KB Z,A(8) - B ZA(8))Z, } .
0.7, — = 0
{ > k8248 - za@y | O

-1

¥=7(8)

IB*

o1



Further, the convergence of 3" implies sup,c o 1 {B.(t)"7(8") =B, (t)"¥(8y)} =
op(1), and thus sup,co 1 {B-(t)"4(8") — ao(t)} = 0,(1). Now by the uniform
convergence of the kernel estimator, and the consistency of B,(-)4(8*) and
B*, U is asymptotic equivalent to —T~!, where T is defined in (S22), and in

turn
U = —Tgol + Op(T601>
= —({E(@.Y (Z; — E{Z:|Byceo(Xi}]" B,

(g 1Y, By (X)) — Elg™{¥i, By oo (Xi) 8o exo(X)]])
0B, ao(Xi)

<67 (2; - E{Zi\ﬁoTa0<Xi)}]@3) }

+o|{ (0,12~ E(ZIB 00X )" B,

" 9 (g"{Vi, By ao(Xi)} — E[g*{Y:, By oo (X4) }By o (X3)]])
GBOTao(Xi)

<6112, - B{z|5au(X,) /0] }D (551)

Also, use the similar argument as those led to (S51), we have
Vo= n ') 0lg{Yi, B en(Xi)}
i=1
. T
—E{g"{Y:., By oo (X) }By 0 (X) O [Z; — E{Z|By (X0 }] By/0B"

oy (7 D 0l (¥ Ba(X,))
B 0 B (K} 8L (X)0, (2~ B{Z a8 aa(X)] " 5,/26")

— ! Z ©, [Z; — E{Zi|BTcao(X,)}] " Bycro(Xi)"
x0lg*{Vi, By o (Xa)} — E{g*{V3, By 0o (X:) By 0o (X))} /{B) oo (X)) }

o, (n >0, (2~ B{Z 5 ao(X)}]" Bra(X)"
<0lg™{Y;, Bleo(X,)} E{g*{n,ﬂEac)(Xi)}|ﬁ§ao<xi>}]/a{a§ao<xi>}>.
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Therefore, we can write

B
{E(@ 2, — E{Zi|Byco(X:}]" B

(9 {Y:, By ao(Xs)} — Elg*{Y3, By ao(X;) } By ao(Xy)]])
8,30Ta0(XZ~)

<6512~ BlzlBaaX)101) | ) (v 30, 7~ Bzisfanx)"
Boco(X;)T0[g*{ Vi, By ao(Xi)} — E{g*{Vi, By o (X:) By cxo(Xi)}]
Jo{Blan(X >}){1+op< )

- ~({&(es - IBL0x "B,

0 (9" {Yi, By a0 (Xi)} — Blg™{Vs, By xo(X) }Bo o (X)]])
08y ao(X;)

< BLIZ: — E{Z an(X )}]@T) } ){E(ex, 7, — B{Z] an(X,))]
x Bocwo(Xi)T0[g*{Vi, By ao(Xs)} — E{g*{Y:, By ao(Xi) } By o (Xi) }]
/a{aga()(x»})}{l T o,(1)).

T

Now we can write

037 (8)/08" jo_pr = P+ 0,(P), (552)
where
= ({50 - BtzIB0x )" (553)
05" (Ve Bloo(X,)} — Bl ¥ B (X0} B (X,)])
08, ao(X;)
< BLIZ: — E{Z,]BT (X >}]@T)}_1)M,
where

M = E(O,[Z — B{Z|Bon(X))}] Byon(X:)TOF
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x0]g™{Yi, By eo(Xi)} — E{g"{Yi, By eeo(Xi) }|Bg o (Xi) }/9{ By exo(X
is a (dy—1 x J)-dimensional matrix. We further have

1Pl

H ({ ( — B{Zi|Byao(X;}]" B

(9°{Y:, By o (X3)} — Elg*{Y;, By ao(Xz')HﬁoTao(Xz')H)

IA

084 ao(X;)
<6}z, - Bz} u(x )8} ) )
= O,y )0y (1)
= O,(h,"?). (S54)

The second to the last equality holds because of the root n convergence of B,

and because

H({ < (Zi — E{Zi|Bocxo(X:}]" B

0 (9°{Yi, By ao(X3)} — Elg™{Y:, B85 ao(Xi)Hﬁgao(Xz‘)H)
984 co(X;)

<6112 - B{zBlauX)) e} })

= Op(hy ") (S55)

2

by (528). In addition,
M, < VN|[M]|o.

Now since J is of finite dimension, the order of ||M||, is the same as the order

of each element in M. Further

1
M= E U (Bu(t) k= 2,...,dy ) Cuui(t)dt
0
with

Cui(t) = [Xi(t) — E{X;(t)|B; (X ')}]Tﬁoao( i) Olg™{Yi, By ao(X;) }
—E{g"{Yi, By oo (X:) }By o (X4) }] /0By axo (X)) }-

o4

i)})



Each (k,[)th element of M, My, can be written as

My = E [ /0 B0} Com(t)t]

where 014“ (t) is the [th element of Cl4i (t) Since E{Cl4li (t)} 7é 0, |E{Cl4li (t)}| <
oo and [|Ciy()]|2 < oo. By (S50), we have | M| = Opy(hy), [|[M|lw = Op(hs)

and in turn
M|z < VNO,(hs) = O,(hy?). (S56)

2 = O,(||IP]l2) = Op(hb_lﬂ). This proves the result.
[

Hence |7~ (ﬁ)/aﬁT|ﬁ=ﬁ*
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S5 Correlation coefficients between the four

air pollutants CO, NO,, O3 and SO,

co NO2 O3 SO,
co 1.00  0.69 —0.32 0.35
NO 0.69 1.00 -0.15 0.38
O3 —-0.32 —-0.15 1.00 —-0.16
SO 0.35 038 —0.16 1.00

S6 Figures
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Simulation 2: Comparison of estimators of Sra(t) based on (1)

and fy(t) based on the model fyxu{Y;X(t)} = f{V, [ B(t)TX(t)dt} for
k=1,...,9.
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k=1,...,4.
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Simulation 3: Comparison of estimators of Sra(t) based on (1)

and Sy (t) based on the model fyxp{YV;X(t)} = f{V, [ B(t)TX(t)dt} for
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Figure S3: The point-wise mean trajectories of four air pollutants.
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Figure S4: The estimated functional coefficient 7(t) when fitting the func-
tional linear model E(Y') = fol n(t) X (t)dt in the air pollution data, where the
response variable Y is the annual CVD death rate, and the functional covariate
X (t) is the daily concentration of the air pollutant CO ( the top left panel),
NO, (the top right panel), SOy (the bottom left panel), and O3 (the bottom

right panel). The dashed lines are the pointwise 95% confidence intervals for

n(t).
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