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This supplement material contains detailed technical proofs of Propositions 1–

2, Theorems 1–2 and Lemmas 1–6. The same assumptions in the Appendix of

the main paper are assumed. Throughout the supplement material, C represents a

generic positive constant that may take different values in each case.

S1. Proofs of Propositions 1–2

Proof of Proposition 1. Under nonignorable missing-data assumption (2.2), we have

E

{
δ

π(U, Y,α0)

∣∣∣X,Y} = 1.

This, coupled with the iterated conditional expectation formula, shows Proposition 1(i).

We now consider the second statement. Let

π∗(U, Y ) =
exp{ϕ(U,α0) + q(Y )}

1 + exp{ϕ(U,α0) + q(Y )} ,

be the true response model. Recall the following AIPW moment funcitons

g̃i(β,α) =
δig(Xi, Yi,β)

π(Ui, Yi,α)
− δi − π(Ui, Yi,α)

π(Ui, Yi,α)
m0
g(Ui,β,α)

= g(Xi, Yi,β) +

{
1− δi

π(Ui, Yi,α)

}{
m0
g(Ui,β,α)− g(Xi, Yi,β)

}
,

where

m0
g(U,β,α) =

E{δg(X,Y,β)O(U, Y,α) | U}
E{δO(U, Y,α) | U}

and O(U, Y,α) = π−1(U, Y,α) − 1. Suppose that the model ϕ(Ui,α) is misspecified, that is
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α 6= α0. Simple algebraic manipulations show that

E

[{
1− δ

π(U, Y,α)

}{
m0
g(U,β,α)− g(X,Y,β)

}
| U
]

= m0
g(U,β,α)− E

{
δ

1− π(U, Y,α)

π(U, Y,α)
| U
}
m0
g(U,β,α)

−E(δ | U)m0
g(U,β,α)− E{g(X,Y,β) | U}

+E

{
δ

1− π(U, Y,α)

π(U, Y,α)
g(X,Y,β) | U

}
+ E{δg(X,Y,β) | U}

= m0
g(U,β,α)E{1− π∗(U, Y ) | U} − E{(1− π∗(U, Y ))g(X,Y,β) | U}.

The last equality is true because

E

{
δ

1− π(U, Y,α)

π(U, Y,α)
| U
}
m0
g(U,β,α)

= E
{
δO(U, Y,α) | U

}E{δg(X,Y,β)O(U, Y,α) | U}
E{δO(U, Y,α) | U}

= E
{
δg(X,Y,β)O(U, Y,α) | U

}
= E

{
δ

1− π(U, Y,α)

π(U, Y,α)
g(X,Y,β) | U

}
.

Note that

m0
g(U,β,α) =

E{δg(X,Y,β)O(U, Y,α) | U}
E{δO(U, Y,α) | U}

=
E{π∗(U, Y )g(X,Y,β)O(U, Y,α) | U}

E{π∗(U, Y )O(U, Y,α) | U
}

=

E

{
1

1 + exp{ϕ(U,α0) + q(Y )}g(X,Y,β) | U
}

E

{
1

1 + exp{ϕ(U,α0) + q(Y )} | U
}

=
E{(1− π∗(U, Y ))g(X,Y,β) | U}

E{1− π∗(U, Y ) | U} .

Combining above arguments, we can show that, for any α ∈ A,

E

[{
1− δ

π(U, Y,α)

}
{m0

g(U,β,α)− g(X,Y,β)} | U
]

= 0.

Therefore, E{g̃i(β0,α)} = E{g(Xi, Yi,β0)} = 0 even when the model for ϕ(Ui,α) is misspeci-

fied. This completes the proof of Proposition 1.

Proof of Proposition 2. Define γ = λ1(1 − ω), η = (α>,ω,γ>)>, η0 = (α>0 ,ω0, 0)> and

τn = nn−1
1 − ω−1

0 , where (α0,ω0) denotes the true value of (α,ω). The proof of consistency

of estimator η̂ = (α̂>, ω̂, γ̂>)> is similar to that of Theorem 1 of Qin et al. (2002), and thus

the details are omitted. We now consider the asymptotic normality of η̂. We only outline

the main steps in proving the asymptotic normality, and the details of the proof can be found

in Zhao et al. (2017). Let πi(α) = π(Ui, Yi,α), φi(α) = φ(Xi, Yi,α), and Di(η, τn) = 1 −
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ω/ω0 + (1/ω0 − 1)πi(α) + γ>φi(α) + τn(πi(α)−ω). Rewrite 1 + λ>1 φi(α) + λ2(πi(α)−ω) =

{1− ω}−1{1− ω/ω0 + (1/ω0 − 1)πi(α) + γ>φi(α) + τn(πi(α)− ω)}. Define

Mn(η, τn) =
1

n

n∑
i=1

δi(M>i1(η, τn),Mi2(η, τn),M>i3(η, τn))>,

where

Mi1(η, τn) = ∂ log πi(α)/∂α> − [γ>∂φi(α)/∂α>

+{τn + (1− ω0)/ω0}∂πi(α)/∂α>]/Di(η, τn),

Mi2(η, τn) = (πi(α)− ω)/Di(η, τn),

Mi3(η, τn) = φi(α)/Di(η, τn)

with Di(η, τn) = 1 − ω/ω0 + (1/ω0 − 1)πi(α) + γ>φi(α) + τn(πi(α) − ω). Simple algebraic

manipulation shows that

∂Mn(η, τn)

∂η

∣∣∣
η=η0,τn=0

= −A + op(1),

where

A = E


0

∂απi(α0)

ω̃0πi(α0)

ω0φi(α0)∂απi(α0)

ω̃0πi(α0)

−ω
2
0∂απi(α0)

ω̃0πi(α0)
−ω

2
0(πi(α0) + 1)

ω̃2
0πi(α0)

ω2
0φi(α0)(πi(α0)− ω0)

ω̃2
0πi(α0)

ω0φi(α0)∂απi(α0)

ω̃0πi(α0)
−ω0φi(α0)

ω̃2
0πi(α0)

ω2
0φi(α0)φ>i (α0)

ω̃0πi(α0)


in which ω̃0 = 1 − ω0, and ∂απi(α0) = ∂πi(α)/∂α>|α=α0 . It follows from Rothenberg

(1971, p. 581) that η0 is identified if and only if A has rank l + κ + 1. Define Φi =

δi(M>i1(η0, 0),Mi2(η0, 0),M>i3(η0, 0))> + H(1/ω0 − δi/ω2
0) with H = (h>1 , h2, h

>
3 )>, where

h1 =
−ω2

0

1− ω0
E

{
∂ log πi(α0)

∂α

}
,

h2 =
ω2

0

(1− ω0)2
E

{
(πi(α0)− ω0)2

πi(α0)

}
,

h3 =
ω2

0

(1− ω0)2
E

{
φi(α0)(πi(α0)− ω0)

πi(α0)

}
.

Following Qin et al. (2002) and Zhao et al. (2017), we obtain

n1/2(η̂ − η0) = −A−1n−1/2
n∑
i=1

Φi + op(1)
L→ N (0,A−1B(A−1)>),

where B = Var{Λi}. Then, the asymptotic expansion for α̂ is given by n1/2(α̂ − α0) =

n−1/2∑n
i=1 Ψi(η0) +op(1), where Ψi(η0) is the influence function, which is given by the appro-

priate submatrix of −A−1Λi. The proof of Proposition 2 is then completed.
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S2. Proofs of Lemmas 1–6

Lemma 1. Suppose that Assumption C holds. Then, we have

sup
β∈B,α∈A

‖m̂0
g(β,α)−m0

g(β,α)‖∞ = op(n
−1/4).

Proof. Rewrite

m0
g(U,β,α) =

m1(U,β,α)

m2(U,α)
, and m̂0

g(U,β,α) =
m̂1(U,β,α)

m̂2(U,α)
,

where m1(U,β,α) = E{δg(X,Y,β)O(U, Y,α) | U}, m2(U,α) = E{δO(U, Y,α) | U}, and

m̂1(U,β,α) =
n∑
i=1

ωi(U,α)g(Xi, Yi,β), m̂2(U,α) =
n∑
i=1

ωi(U,α),

in which ωi(U,α) = δiOi(α)Kh(U − Ui)/
∑n
i=1Kh(U −Ui) with Oi(α0) = O(Ui, Yi,α0). Using

the arguments of Lemma B.6 in Kitamura et al. (2004), together with Assumption C, we have

sup
(u,β,α)∈U×B×A

|m̂0
1(u,β,α)−m1(u,β,α)| = op(n

−1/4), and

sup
(u,α)∈U×A

|m̂0
2(u,α)−m2(u,α)| = op(n

−1/4).

Using Lemma D.1 in Kitamura et al. (2004), we have

sup
(u,β,α)∈U×B×A

∣∣∣∣m̂1(u,β,α)

m̂2(u,α)
− m1(u,β,α)

m2(u,α)

∣∣∣∣ = op(n
−1/4).

The proof of Lemma 1 is then completed.

Lemma 2. Suppose that Assumption C holds; that the respondent probability model π(U, Y,α0)

is correctly specified; and that α̂ is computed by the SEL approach. Then, we have

Gn(β0, α̂) =
1

n

n∑
i=1

g̃i(β,α0)− Ξ× (α̂−α0) + op(n
−1/2),

where g̃i(β,α) is defined in (2.6), Ξ = Cov{g̃i(β0,α0),∆(U, Y,α0)} with ∆(U, Y,α) = {δ −
π(U, Y,α)}∂logit{π(U, Y,α)}/∂α>.

Proof. Taylor expansion of Gn(β0, α̂) at α0 yields

Gn(β0, α̂) = Gn(β0,α0) + ∂Gn(β0,α0)/∂α> × (α̂−α0) + o(‖α̂−α0‖).

We first consider the asymptotic property of Gn(β0,α0). For Gn(β0,α0), we consider the

following decomposition

Gn(β0,α0)

=
1

n

n∑
i=1

{
δi

πi(α0)
g(Xi, Yi,β0)− δi − πi(α0)

πi(α0)
m0
g(Ui,β0,α0)

}
+

1

n

n∑
i=1

{
1− δi

πi(α0)

}
{m̂0

g(Ui,β0,α0)−m0
g(Ui,β0,α0)}

=: In1 + In2.
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Define π(U) = E(δ | U) and G(U) = f(U){1 − π(U)}. Under assumption (2.2) in the main

paper, we have E{δO(U, Y,α0) | U} = 1 − π(U). Thus, using the kernel regression method

yields

Ĝ(U) =
1

n

n∑
i=1

δiOi(α0)Kh(Ui − U).

Define Oij = δjOj(α0)Kh(Uj − Ui). Then, for In2, we have In2 = In21 + In22 + In23, where

In21 =
1

n

n∑
i=1

(
1− δi

πi(α0)

) 1

n

n∑
j=1

Oij{g(Xj , Yj ,β0)−m0
g(Uj ,β0)}

G(Ui)
,

In22 =
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

g(Ui,β0,α0)−m0
g(Ui,β0)}

{
1− Ĝ(Ui)

G(Ui)

}
,

In23 =
1

n

n∑
i=1

(
1− δi

πi(α0)

) 1

n

n∑
j=1

Oij{m0
g(Uj ,β0)−m0

g(Ui,β0)}

G(Ui)
.

We first derive the asymptotic distribution of In21. Note that

In21 =
1

n

n∑
i=1

(
1− δi

πi(α0)

) 1

n

n∑
j=1

Oij{g(Xj , Yj ,β0)−m0
g(Uj ,β0)}

G(Ui)

=
1

n2

n∑
j=1

n∑
i=1

Mj
{1− δi/πi(α0)}Kh(Uj − Ui)

G(Ui)

=:
1

n2

n∑
j=1

n∑
i=1

Qij ,

where Mj = δjOj(α0){g(Xj , Yj ,β0)−m0
g(Uj ,β0)}. Define

Ǐn21 =
1

n2

n∑
j=1

n∑
i=1

E{Qij |(Xj , Yj , δj)},

and write In21 = Ǐn21 + In21 − Ǐn21. In what follows, we will establish the fact that In21 is

dominated by Ǐn21, whilst In21 − Ǐn21 is of smaller order. Under nonignorable missing data

mechanism, together with conditional independence assumption δ ⊥⊥ Z | (U, Y ), we can show

Ǐn21 =
1

n

n∑
j=1

MjE

{
{1− δi/πi(α0)}Kh(Uj − Ui)

G(Ui)

∣∣∣Xj , Yj}
=

1

n

n∑
j=1

MjE

[
E

{
{1− δi/πi(α0)}Kh(Uj − Ui)

G(Ui)

∣∣∣Xj , Yj , Xi, Yi} ∣∣∣Xj , Yj]
=

1

n

n∑
j=1

MjE

[
Kh(Uj − Ui)

G(Ui)
E

{
1− δi

πi(α0)

∣∣∣Xj , Yj , Xi, Yi} ∣∣∣Xj , Yj]
= 0.

Let In21i = n−1∑n
j=1 Qij and Ǐn21i = n−1∑n

j=1 E{Qij |(Xj , Yj , δj)}. Simple algebraic manip-

ulations lead to

nE(In21 − Ǐn21)2 =
1

n

n∑
i=1

E(In21i − Ǐn21i)
2 +

2

n

∑
i 6=j

E{(In21i − Ǐn21i)(In21j − Ǐn21j)}

= E(In21i − Ǐn21i)
2.
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The last equality is true, since Ei6=j{(In21i − Ǐn21i)(In21j − Ǐn21j)} = 0. It follows from Lemma

1 that
1

n

n∑
j=1

MjKh(Uj − Ui)

Ĝ(Ui)
= op(1).

In addition, using Assumption (C2), we have max1≤i≤n{1−δi/πi(α0)} ≤ max(1, |1−C−1|) =: C0,

which is bounded. Therefore, we obtain

nE(In21 − Ǐn21)2 = EI2
n21i − EǏ2

n21i ≤ EI2
n21i

≤ C0E
{
n−1∑n

j=1MjKh(Uj − Ui)
G(Ui)

}2

→ 0.

This yields In21 − Ǐn21 = op(n
−1/2). Therefore, we have In21 = op(n

−1/2).

The standard arguments can be used to prove supu∈U |Ĝ(u) − G(u)| = op(n
−1/4). This

together with the result from Lemma 1 leads to

|In22| ≤ op(n
−1/2)

∣∣∣∣ 1n n∑
i=1

1− δi
G(Ui)

∣∣∣∣.
By the law of large number, we can show

1

n

n∑
i=1

1− δi
G(Ui)

= E{f−1(U)}+ op(1).

Then, we obtain In22 = op(n
−1/2) due to E{f−1(U)} < ∞. For In23, a similar derivation to

that for In21 shows In23 = op(n
−1/2).

We now consider the asymptotic property of ∂Gn(β0,α0)/∂α>. By calculation, we obtain

∂Gn(β0,α0)/∂α> = − 1

n

n∑
i=1

δ

π2
i (α0)

{g(Xi, Yi,β0)−m0
g(Ui,β,α0)}∂πi(α0)

∂α>

+
1

n

n∑
i=1

δ

π2
i (α0)

{m̂0
g(Ui,β0,α0)−m0

g(Ui,β0,α0)}∂πi(α0)

∂α>

+
1

n

n∑
i=1

(
1− δi

πi(α0)

)
∂m̂0

g(Ui,β0,α0)

∂α>

= Tn1 + Tn2 + Tn3.

Let ξ(U, Y,α) = ∂logit{π(U, Y,α)}/∂α. Note that

∂π(U, Y,α0)

∂α>
= π(U, Y,α0)(1− π(U, Y,α0))ξ(U, Y,α0)>, and

E

{
δ

π(U, Y,α0)
{1− π(U, Y,α0)}{g(X,Y,β)−m0

g(U,β,α0)}ξ(U, Y,α0)>
}

= E

{
δ

π(U, Y,α0)
{g(X,Y,β)−m0

g(U,β,α0)}{δ − π(U, Y,α0)}ξ(U, Y,α0)>
}

= E

{
δ

π(U, Y,α0)
{g(X,Y,β)−m0

g(U,β,α0)}∆(U, Y,α0)>
}

= E

{
g̃i(β,α0)∆(U, Y,α0)>

}
= Cov{g̃i(β,α0),∆(U, Y,α0)} =: Ξ.
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The third equality is true because E{∆(U, Y,α0)|X,Y } = 0 from the assumption δ ⊥⊥ Z | (U, Y ).

Then, for Tn1, we have Tn1 = −Ξ + op(1).

It follows from Lemma 1 and Assumption (A2) that Tn2 = op(1). We now consider

asymptotic property of Tn3. Define m0
ξ(U,α) = E{ξ(U, Y,α)> | U, δ = 0} and m0

gξ(U,β,α) =

E{g(X,Y,β)ξ(U, Y,α)> | U, δ = 0}. By calculation, we obtain ∂Oi(α0)/∂α = −Oi(α0)ξ(Ui, Yi,α0).

Then, we have

∂m̂0
g(Ui,β0,α)

∂α>
= m̂0

g(Ui,β0,α)m̂0
ξ(Ui,α)− m̂0

gξ(Ui,β0,α),

where

m̂0
ξ(Ui,α) =

n∑
j=1

δjOj(α)Kh(Uj − Ui)ξ(Uj , Yj ,α)>

n∑
j=1

δjOj(α)Kh(Uj − Ui)
,

m̂0
gξ(Ui,β0,α) =

n∑
j=1

δjOj(α)Kh(Uj − Ui)g(Xj , Yj ,β0)ξ(Uj , Yj ,α)>

n∑
j=1

δjOj(α)Kh(Uj − Ui)
.

Here m̂0
ξ(U,α) and m̂0

gξ(Ui,β,α) are nonparametric regression estimators of m0
ξ(U,α) and

m0
gξ(U,β,α), respectively. Let ∆n(Ui) = Ĝ(Ui)−G(Ui). Taking further decomposition for Tn3,

we have

Tn3 =
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

g(Ui,β0,α0)m̂0
ξ(Ui,α0)− m̂0

gξ(Ui,β0,α0)}

=
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

g(Ui,β0,α0)m̂0
ξ(Ui,α0)−m0

g(Ui,β0,α0)m0
ξ(Ui,α0)}

− 1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

gξ(Ui,β0,α0)−m0
g(Ui,β0,α0)m0

ξ(Ui,α0)}

=: Tn31 − Tn32

For Tn31, we have

Tn31 =
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

g(Ui,β0,α0)m̂0
ξ(Ui,α0)−m0

g(Ui,β0,α0)m0
ξ(Ui,α0)}

=
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

g(Ui,β0,α0)−m0
g(Ui,β0,α0)}m0

ξ(Ui,α0)

+
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

g(Ui,β0,α0)−m0
g(Ui,β0,α0)}{m̂0

ξ(Ui,α0)−m0
ξ(Ui,α0)}

+
1

n

n∑
i=1

(
1− δi

πi(α0)

)
m0
g(Ui,β0,α0){m̂0

ξ(Ui,α0)−m0
ξ(Ui,α0)}

=: Tn311 + Tn312 + Tn313.

For Tn32, we have

Tn32 =
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m̂0

gξ(Ui,β0,α0)−m0
gξ(Ui,β0,β0,α)}

+
1

n

n∑
i=1

(
1− δi

πi(α0)

)
{m0

gξ(Ui,β0,α)−m0
g(Ui,β0,α0)m0

ξ(Ui,α0)}

=: Tn321 + Tn322.
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A similar derivation to that for In21, together with standard arguments, leads to Tn31j =

op(n
−1/2) for j = 1, 2, 3, and Tn321 = op(1). By the law of large number, we obtain Tn322 =

op(1). Combining the above arguments leads to Tn3 = op(1). The proof of Lemma 2 is thus

completed.

Lemma 3. Suppose that Assumption C holds; that the respondent probability model π(U, Y,α0)

is correctly specified; and that α̂ is computed by the SEL approach. Then, we have

1

n

n∑
i=1

ĝi(β0, α̂)ĝi(β0, α̂)> = V1 + op(1),

where V1 = E{g̃i(β0,α0)g̃i(β0,α0)>}.

Proof. Define

V̂n =
1

n

n∑
i=1

ĝi(β0, α̂)ĝi(β0, α̂)>, and Ṽn =
1

n

n∑
i=1

g̃i(β0,α0)g̃i(β0,α0)>.

As n→∞, we have Ṽn = V1 + op(1). Next, using Holder’s Inequality, we have∣∣∣V̂n − V1

∣∣∣ ≤ ∣∣∣V̂n − Ṽn∣∣∣+
∣∣∣Ṽn − V1

∣∣∣ ≤ R1n +R2n +R3n +R4n +R5n + op(1),

where

R1n =
1

n

n∑
i=1

∣∣∣ δi
πi(α̂)

g(Xi, Yi,β0)− δi
πi(α0)

g(Xi, Yi,β0)
∣∣∣2,

R2n =
1

n

n∑
i=1

∣∣∣δi − πi(α̂)

πi(α̂)
m̂0
g(Ui,β0, α̂)− δi − πi(α0)

πi(α0)
m0
g(Ui,β0,α0)

∣∣∣2,
R3n = 2R

1/2
1n

(
1

n

n∑
i=1

∣∣∣g̃i(β0,α0)
∣∣∣2)1/2

, R4n = 2R
1/2
2n

(
1

n

n∑
i=1

∣∣∣g̃i(β0,α0)
∣∣∣2)1/2

,

and R5n = 2R
1/2
1n R

1/2
2n . For R1n, as n→∞, we have

1

n

n∑
i=1

∣∣∣ δi
πi(α̂)

g(Xi, Yi,β0)− δi
πi(α0)

g(Xi, Yi,β0)
∣∣∣2

≤ C‖πi(α̂)− πi(α0)‖2∞
1

n

n∑
i=1

δi
πi(α0)

|g(Xi, Yi,β0)|2

= op(1).

For R2n, as n→∞, we have

1

n

n∑
i=1

∣∣∣δi − πi(α̂)

πi(α̂)
m̂0
g(Ui,β0, α̂)− δi − πi(α0)

πi(α0)
m0
g(Ui,β0,α0)

∣∣∣2
≤ C
n

n∑
i=1

∣∣∣m0
g(Ui,β0, α̂)−m0

g(Ui,β0,α0)
∣∣∣2 + op(1)

≤ C
n

n∑
i=1

sup
|α−α0|<%

∣∣∣ ∂

∂α>
m0
g(Ui,β0,α0)

∣∣∣2|α̂−α0|2 + op(1)

= op(1).

Therefore, we have Rjn = op(1) for j = 3, 4, 5. Then, the proof of Lemma 3 is completed.
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Lemma 4. Suppose that Assumptions A, B and C hold; that the respondent probability model

π(U, Y,α0) is correctly specified; and that α̂ is computed by the SEL approach. Then, for all

positive %n = op(1), we have

sup
|β−β0|≤%n

|Gn(β, α̂)− G(β)− Gn(β0, α̂) + G(β0)|
1 + Cn1/2|β − β0|

= op(n
−1/2).

Proof. Let GIPWn (β,α) = n−1∑n
i=1{δiπ

−1
i (α)g(Xi, Yi,β)}. Consider the following decomposi-

tion

|Gn(β, α̂)− G(β)− Gn(β0, α̂) + G(β0)|
≤ |GIPWn (β, α̂)− G(β)− GIPWn (β0, α̂) + G(β0)|

+

∣∣∣∣ 1n n∑
i=1

{m̂0
g(Ui,β, α̂)− m̂0

g(Ui,β0, α̂)}(δi − πi(α̂))/πi(α̂)

∣∣∣∣
=: J1 + J2.

We now define

∆n(β, πi(α)− πi(α0)) = −n−1
n∑
i=1

δiπ
−2
i (α0)g(Xi, Yi,β){πi(α)− πi(α0)},

and consider the following decomposition:∣∣∣GIPWn (β, α̂)− G(β)− GIPWn (β0, α̂) + G(β0)
∣∣∣

≤
∣∣∣GIPWn (β,α0)− G(β)− GIPWn (β0,α0) + G(β0)

∣∣∣
+
∣∣∣GIPWn (β, α̂)− GIPWn (β,α0)−∆n(β, πi(α̂)− πi(α0))

∣∣∣
+
∣∣∣GIPWn (β0, α̂)− GIPWn (β0,α0)−∆n(β0, πi(α̂)− πi(α0))

∣∣∣
+
∣∣∣∆n(β, πi(α̂)− πi(α0))−∆n(β0, πi(α̂)− πi(α0))

∣∣∣
=: J11 + J12 + J13 + J14.

Define F = {δiπ−1
i (α0)g(Xi, Yi,β) : |β − β0| ≤ %}. Using the arguments of Van der Vaart

and Wellner (1996), we can show that the class of functions F is Donsker because {g(X,Y,β) :

|β − β0| ≤ %} is Donsker under assumption (A3), and π−1
i (α0) and δi is uniformly bounded

under Assumption (C2). Let Mij(β) denote the jth coordinates of δiπ
−1
i (α0)g(Xi, Yi,β). Using

Assumptions (A4) and (C2), we obtain

E

{
sup

|β−β0|≤%
|Mij(β)−Mij(β0)|2

}
= E

{
sup

|β−β0|≤%

∣∣∣ δi
πi(α0)

[gj(Xi, Yi,β)− gj(Xi, Yi,β0)]
∣∣∣2} ≤ C%2s

for some constants s ∈ (0, 1]. Therefore, we can show that the class of functions F is L2(P )

continuous. By applying Lemma 2.17 in Pakes and Pollard (1989), we have

sup
|β−β0|≤%n

|GIPWn (β,α0)− G(β)− GIPWn (β0,α0) + G(β0)| = op(n
−1/2),
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as n→∞. Note that

sup
|β−β0|≤%n

|GIPWn (β,α0)− G(β)− GIPWn (β0,α0) + G(β0)|
1 + Cn1/2|β − β0|

≤ sup
|β−β0|≤%n

|GIPWn (β,α0)− G(β)− GIPWn (β0,α0) + G(β0)|

= op(n
−1/2).

By assumption, we have |α̂ − α0| = op(n
−1/2+r) for every 0 < r < 1/2. Moreover, we have

|α̂ − α0| = op(n
−1/4) with r = 1/4. This, together with Assumptions (A1) and (C2), and

nonignorable missing data mechanism, implies that

sup
|β−β0|≤%n

∣∣∣GIPWn (β, α̂)− GIPWn (β,α0)−∆n(β, πi(α̂)− πi(α0))
∣∣∣

1 + Cn1/2|β − β0|

≤ C‖πi(α̂)− πi(α0)‖2∞
1

n

n∑
i=1

δi
πi(α0)

sup
|β−β0|≤%n

|g(Xi, Yi,β)|

= op(n
−1/2),

and

sup
|β−β0|≤%n

∣∣∣GIPWn (β0, α̂)− GIPWn (β0,α0)−∆n(β0, πi(α̂)− πi(α0))
∣∣∣

1 + Cn1/2|β − β0|

≤ C‖πi(α̂)− πi(α0)‖2∞
1

n

n∑
i=1

δi
πi(α0)

|g(Xi, Yi,β0)|

= op(n
−1/2).

Next, for J14, using Assumption (C2), we have

sup
|β−β0|≤%n

|∆n(β, πi(α̂)− πi(α0))−∆n(β0, πi(α̂)− πi(α0))|

≤ C‖πi(α̂)− πi(α0)‖∞ sup
|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

δi
πi(α0)

{gi(β)− gi(β0)}
∣∣∣∣

≤ C‖πi(α̂)− πi(α0)‖∞(J141 + J142),

where

J141 = sup
|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

δi
πi(α0)

{gi(β)− gi(β0)} − E{gi(β)− gi(β0)}
∣∣∣∣,

J142 = sup
|β−β0|≤%n

|E{g(Xi, Yi,β)− g(Xi, Yi,β0)}|.

Since the class of functions F = {δiπ−1
i (α0)g(Xi, Yi,β), |β − β0| ≤ %} is Donsker and L 2(P )

is continuous, we obtain J141 = op(n
−1/2). For J142, we have

sup
|β−β0|≤%n

n1/2|E{g(Xi, Yi,β)− g(Xi, Yi,β0)}|
1 + Cn1/2|β − β0|

= Op(1).

Note that |α̂−α0| = op(n
−1/2+r) for every 0 < r < 1/2. This, coupled with Assumption (C2),

implies that

sup
|β−β0|≤%n

∣∣∣∆n(β, πi(α̂)− πi(α0))−∆n(β0, πi(α̂)− πi(α0))
∣∣∣

1 + Cn1/2|β − β0|
= op(n

−1/2).
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Combining the above arguments leads to

sup
|β−β0|≤%n

|GIPWn (β, α̂)− G(β)− GIPWn (β0, α̂) + G(β0)|
1 + Cn1/2|β − β0|

= op(n
−1/2).

For J2, we have

sup
|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

{m̂0
g(Ui,β, α̂)− m̂0

g(Ui,β0, α̂)}(δi − πi(α̂))/πi(α̂)

∣∣∣∣
1 + Cn1/2|β − β0|

≤ sup∗∗

∣∣∣∣ 1n n∑
i=1

{m̃0
g(Ui,β)− m̃0

g(Ui,β0)}(δi − πi(α̂))/πi(α̂)

∣∣∣∣
1 + Cn1/2|β − β0|

≤ J21 + J22,

where

J21 = sup∗∗

∣∣∣∣ 1n n∑
i=1

{
∂βm̃

0
g(Ui,β)− ∂βm

0
g(Ui,β0)

}
(β − β0)(δi − πi(α̂))/πi(α̂)

∣∣∣∣
1 + Cn1/2|β − β0|

,

J22 = sup
|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

∂βm
0
g(Ui,β0)(β − β0)(δi − πi(α̂))/πi(α̂)

∣∣∣∣
1 + Cn1/2|β − β0|

.

Here sup∗∗ is the supremum over all |β−β0| ≤ %n and ‖m̃0
g −m0

g‖∞ ≤ %n with %n = o(1). For

J21, as n→∞, we obtain

sup∗∗

∣∣∣∣ 1n n∑
i=1

{
∂

∂β
m̃0
g(Ui,β)− ∂

∂β
m0
g(Ui,β0)

}
(β − β0)(δi − πi(α̂))/πi(α̂)

∣∣∣∣
1 + Cn1/2|β − β0|

≤ Cn−1/2 sup∗∗
∣∣∣∣ 1n n∑

i=1

{
∂

∂β
m̃0
g(Ui,β)− ∂

∂β
m0
g(Ui,β)

}
(δi − πi(α̂))

πi(α̂)

∣∣∣∣
+ Cn−1/2 sup

|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

{
∂

∂β
m0
g(Ui,β)− ∂

∂β
m0
g(Ui,β0)

}
(δi − πi(α̂))

πi(α̂)

∣∣∣∣
≤ Cn−1/2J211 + Cn−1/2J212.

where

J211 = sup∗∗
∣∣∣∣ 1n n∑

i=1

{
∂

∂β
m̃0
g(Ui,β)− ∂

∂β
m0
g(Ui,β)

}
(δi − πi(α̂))

πi(α̂)

∣∣∣∣,
J212 = sup

|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

{
∂

∂β
m0
g(Ui,β)− ∂

∂β
m0
g(Ui,β0)

}
(δi − πi(α̂))

πi(α̂)

∣∣∣∣.
Define Iπn = 1(inf(u,y)∈U×Y π(u, y, α̂) ≥ C) and Imn = 1(supβ∈N%

‖m̂0
g(β, α̂) −m0

g(β,α0)‖∞ ≤
%n). It is easily verified that Imn

p→ 1 as %n = op(1) and Iπn
p→ 1. Since Imn Iπn|1 − δiπ−1

i (α̂)| ≤
max(1, |1− C−1|) is bounded, it follows from Assumptions (B3) and (C2) that

sup∗∗
∣∣∣∣ 1n n∑

i=1

Imn Iπn
{
∂βm̃

0
g(Ui,β)− ∂βm

0
g(Ui,β)

}
(δi − πi(α̂))

πi(α̂)

∣∣∣∣
≤ sup∗∗

1

n

n∑
i=1

Imn Iπn
∣∣∣∣δi − πi(α̂)

πi(α̂)

∣∣∣∣∣∣∣∣∂βm̃0
g(Ui,β)− ∂βm

0
g(Ui,β)

∣∣∣∣
≤ C%εn

1

n

n∑
i=1

b(Ui).
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Recalling %n
p→ 0, Imn

p→ 1 and Iπn
p→ 1, together with E[|b(U)|] <∞, we have J211 = op(1).

For J212, we have decomposition J212 = J1
212 + J2

212, where

J1
212 = sup

|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

{
∂βm

0
g(Ui,β)− ∂βm

0
g(Ui,β0)

}
(δi − πi(α0))

πi(α0)

∣∣∣∣,
J2

212 = sup
|β−β0|≤%n

∣∣∣∣ 1n n∑
i=1

{
∂βm

0
g(Ui,β)− ∂βm

0
g(Ui,β0)

}{
δi

πi(α̂)
− δi
πi(α0)

}∣∣∣∣.
Since the function class F = {(∂βm

0
g(Ui,β)− ∂βm

0
g(Ui,β0))(δi − πi(α0))/πi(α0) : |β − β0| ≤

%n} is Glienko-Cantelli for some %n > 0 by Assumption B, we have J1
212 = op(1). It is easy to

show from Assumption B that J2
212 = op(1). Therefore, we obtain J21 = op(n

−1/2). For J22, by

Assumption B, we have

sup
|β−β0|≤%n

n1/2

∣∣∣∣ 1n n∑
i=1

∂βm
0
g(Ui,β0)(β − β0)(δi − πi(α̂))/πi(α̂)

∣∣∣∣
1 + Cn1/2|β − β0|

≤
∣∣∣∣ 1n n∑

i=1

∂βm
0
g(Ui,β0)

∣∣∣∣∣∣∣∣δi − πi(α̂)

πi(α̂)
− δi − πi(α)

πi(α)

∣∣∣∣
+

∣∣∣∣ 1n n∑
i=1

∂βm
0
g(Ui,β0)

δi − πi(α)

πi(α)

∣∣∣∣ = op(1).

Combining the above arguments yields

sup
|β−β0|≤%n

|Gn(β, α̂)− G(β)− Gn(β0, α̂) + G(β0)|
1 + Cn1/2|β − β0|

= op(n
−1/2).

The proof of Lemma is completed.

Lemma 5. Suppose that Assumptions (A1) and C hold; that the respondent probability model

π(U, Y,α0) is correctly specified; and that α̂ is computed by the SEL approach. Then, for Λn =

{λ : |λ| ≤ Cn−1/2}, we have supβ∈B,λ∈Λn,1≤i≤n
|λ>ĝi(β, α̂)| p→ 0 and w.p.1, Λn ⊆ Λ̂n(β,α)

for all β ∈ B and α ∈ A.

Proof. Let bi = supβ∈B |g(Xi, Yi,β)|. Using the arguments of Owen (1990, Lemma 3), it follows

from Assumption (A1) that max1≤i≤n bi = op(n
1/2). On the other hand, we have

δi
πi(α̂)

=
δi

πi(α0)

{
1− ∂πi(α0)/∂α>

πi(α0)
(α̂−α0) + op(n

−1/2)

}
,

and π(Ui, Yi,α) ≥ C > 0 uniformly in i. Hence, we obtain

sup
β∈B
|ĝi(β, α̂)| ≤ sup

β∈B
|δiπ−1

i (α̂)g(Xi, Yi,β)|+ sup
β∈B
|(1− δiπ−1

i (α̂))m̂0
g(Ui,β, α̂)|

≤ Op(1)bi.

This leads to supβ∈B,λ∈Λn,1≤i≤n
|λ>ĝi(β, α̂)| ≤ Cn−1/2op(n

1/2) = op(1).

Lemma 6. Suppose that Assumptions (A1) and C hold; that the respondent probability model

π(U, Y,α0) is correctly specified; and that α̂ is computed by the SEL approach. Then, we have

|Gn(β̂S, α̂)| = Op(n
−1/2).
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Proof. Let ĝi = ĝi(β̂S, α̂), Ĝn = Gn(β̂S, α̂), and λ̃ = −n−1/2Ĝn/|Ĝn|. By Lemma 5, we get

max1≤i≤n |λ̃>ĝi|
p→ 0 and λ̃ ∈ Λ̂n(βS, α̂) with probability one. Thus, we have ρ2(λ̇>ĝi) ≥ −C

(i = 1, · · · , n) for any λ̇ on the line joining λ̃ and 0. By Lemma 3, we obtain n−1∑n
i=1 ĝiĝ

>
i =

Op(1). By the second-order Taylor expansion, we have

P̂n(β̂S, λ̃, α̂) = −λ̃>Ĝn +
1

2
λ̃>
[

1

n

n∑
i=1

ρ2(λ̇>ĝi)ĝiĝ
>
i

]
λ̃

≥ n−1/2|Ĝn| −
C
2
λ̃>
[

1

n

n∑
i=1

ĝiĝ
>
i

]
λ̃

≥ n−1/2|Ĝn| − Cn−1.

This, together with the constructions of β̂S and λ̂S, implies

n−1/2|Ĝn| − Cn−1 ≤ P̂n(β̂S, λ̃, α̂)

≤ P̂n(β̂S, λ̂S, α̂) ≤ P̂n(β0, λ(β0), α̂)
(S2.1)

Also, by the second-order Taylor expansion and the proof of Theorem 2, we have

2nP̂n(β0, λ(β0), α̂) = Op(1).

Solving equation (S2.1) for |Ĝn| then gives |Ĝn| ≤ Cn−1/2 + Op(n
−1/2) = Op(n

−1/2). By argu-

ments similar to those used in Newey and Smith (2004), we have εn|Ĝn|2 = Op(n
−1). The proof

of Lemma is completed.

S3. Proofs of Theorems 1–2

Proof of Theorem 1. We first prove that β̂S − β0 = op(1). According to Theorem 3.1 in

Newey and Smith (2004), to prove the consistency of the proposed semiparametric AIPW-

GEL estimator, it suffices to prove supβ∈B |Gn(β, α̂) − G(β)| = op(1). Let GIPWn (β,α) =

n−1∑n
i=1{δiπ

−1
i (α)g(Xi, Yi,β)} with πi(α) = π(Ui, Yi,α). Note that

sup
β∈B
|Gn(β, α̂)− G(β)| ≤ sup

β∈B
|GIPWn (β, α̂)− G(β)|+ sup

β∈B

∣∣∣∣ 1n n∑
i=1

δi − πi(α̂)

πi(α̂)
m̂0
g(Ui,β, α̂)

∣∣∣∣
≤ sup
β∈B
|GIPWn (β, α̂)− GIPWn (β,α0)|+ sup

β∈B
|GIPWn (β,α0)− G(β)|

+ sup
β∈B

∣∣∣∣ 1n n∑
i=1

δi − πi(α̂)

πi(α̂)
m̂0
g(Ui,β, α̂)

∣∣∣∣.
By the consistency of α̂ and Assumptions (A1) and (C2), it can be shown that

supβ∈B |G
IPW
n (β, α̂)− GIPWn (β,α0)|

≤ C‖πi(α̂)− πi(α0)‖∞
1

n

n∑
i=1

δi
πi(α0)

supβ∈B |g(Xi, Yi,β)| = op(1),



P. Zhao, N. Tang, and H. Zhu

as n→∞. On the other hand, we obtain

sup
β∈B

∣∣∣∣ 1n n∑
i=1

δi − πi(α̂)

πi(α̂)
m̂0
g(Ui,β, α̂)

∣∣∣∣
≤ C sup

β∈B
‖m̂0

g(β, α̂)−m0
g(β,α0)‖∞ + sup

β∈B

∣∣∣∣ 1n n∑
i=1

δi − πi(α0)

πi(α0)
m0
g(Ui,β,α0)

∣∣∣∣+ op(1)

≤ C sup
β∈B
‖m̂0

g(β, α̂)−m0
g(β, α̂)‖∞ + C sup

β∈B
‖m0

g(β, α̂)−m0
g(β,α0)‖∞

+ sup
β∈B

∣∣∣∣ 1n n∑
i=1

δi − πi(α0)

πi(α0)
m0
g(Ui,β,α0)

∣∣∣∣+ op(1)

= op(1).

The last equality holds because supβ∈B ‖m̂
0
g(β, α̂) − m0

g(β, α̂)‖∞ = op(1) by Lemma 1, and

supβ∈B ‖m
0
g(β, α̂) − m0

g(β,α0)‖∞ ≤ |α̂ − α0| supβ∈B ‖∂m
0
g(β,α0)/∂α>‖∞ = op(1). Define

F = {δiπ−1
i (α0)g(Xi, Yi,β) : β ∈ B}. The function class F is Glienko-Cantelli because

{g(X,Y,β) : β ∈ B} is Glivenko-Cantelli under Assumption (A2), and π−1
i (α0) and δi are

uniformly bounded. It follows from the Glienko-Cantelli theorem that supβ∈B |G
IPW
n (β,α0)−

G(β)| = op(1). Combining the above arguments leads to supβ∈B |Gn(β, α̂) − G(β)| = op(1).

Using the arguments of Newey and Smith (2004), we have β̂S − β0 = op(1).

Next we prove the asymptotic normality of β̂S. The proof is very similar to that of Theorem

2.2 in Parente and Smith (2011); hence we just sketch the main steps here. We first establish
√
n-

consistency of β̂S to β0. By triangle inequality, we have that |G(β̂S)| ≤ |Gn(β̂S, α̂)−Gn(β0, α̂)−
G(β̂S)|+ |Gn(β̂S, α̂)|+ |Gn(β0, α̂)|. From Lemma 6, |Gn(β̂S, α̂)| = Op(n

−1/2). By Lemma 2 and

the central limit theorem, n1/2|Gn(β0, α̂)| = Op(1). Using Lemma 4, together with G(β0) = 0,

shows that n1/2|Gn(β̂S, α̂) − Gn(β0, α̂) − G(β̂S)| ≤ (1 + n1/2|β̂S − β0|)op(1). This leads to

n1/2|G(β̂S)| ≤ (1 + n1/2|β̂S − β0|)op(1) + Op(1). Additionally, by the smoothness of G(β), we

have that |G(β̂S)| ≥ C|β̂S − β0|. Therefore, n1/2|β̂S − β0| ≤ (1 + n1/2|β̂S − β0|)op(1) +Op(1).

Solving the above equation for n1/2|β̂S − β0| then gives (1 − op(1))n1/2|β̂S − β0| ≤ Op(1),

which leads to the desired result n1/2|β̂S −β0| = Op(1). Define the linearization L̂n(β, λ,α) =

[−Γ(β−β0)]>λ−Gn(β0,α)>λ− 0.5λ>V1λ. Applying Taylor’s expansion of P̂n(β̂S, λ̂S, α̂) and

triangle inequality leads to∣∣∣P̂n(β̂S, λ̂S, α̂)− L̂n(β̂S, λ̂S, α̂)
∣∣∣

≤ | − [Gn(β̂S, α̂)− Gn(β0, α̂)− Γ(β̂S − β0)]>λ̂S|

+

∣∣∣∣12 λ̂>S
(

n∑
i=1

ρ2(λ̇>ĝi(β̂S, λ̂S))ĝi(β̂S, λ̂S)ĝi(β̂S, λ̂S)>/n+ V1

)
λ̂S

∣∣∣∣,
where λ̇ lies between λ̂S and 0. Using arguments of Lemma A2 in Newey and Smith (2004), we

can show that λ̂S = Op(n
−1/2). By Cauchy-Schwarz inequality, Lemmas 3 and 5, we obtain∣∣∣∣λ̂>S( n∑

i=1

ρ2(λ̇>ĝi(β̂S, λ̂S))ĝi(β̂S, λ̂S)ĝi(β̂S, λ̂S)>/n+ V1

)
λ̂S

∣∣∣∣
≤

∣∣∣λ̂S

∣∣∣2∣∣∣ n∑
i=1

ρ2(λ̇>ĝi(β̂S, λ̂S))ĝi(β̂S, λ̂S)ĝi(β̂S, λ̂S)>/n+ V1

∣∣∣ = Op(n
−1)op(1) = op(n

−1).
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Additionally, we can show

| − [Gn(β̂S, α̂)− Gn(β0, α̂)− Γ(β̂S − β0)]|
≤ | − [Gn(β̂S, α̂)− Gn(β0, α̂)− G(β̂S)]|+ |Γ(β̂S − β0)− G(β̂S)|
≤ (1 + n1/2|β̂S − β0|)op(n−1/2) + op(|β̂S − β0|) = op(n

−1/2).

This leads to | − [Gn(β̂S, α̂) − Gn(β0, α̂) − Γ(β̂S − β0)]>λ̂S| = op(n
−1). Combining above

arguments, we have |P̂n(β̂S, λ̂S, α̂) − L̂n(β̂S, λ̂S, α̂)| = op(n
−1). Now consider the problem

minβ∈B supλ∈Rr L̂n(β, λ, α̂). Therefore, the following first order conditions are satisfied: −Γ>λ̃ =

0 and −Γ(β̃−β0)−Gn(β0, α̂)− V1λ̃ = 0. Next, simple algebraic manipulations show n1/2(β̃−
β0) = {Γ>V −1

1 Γ}−1Γ>V −1
1 n1/2Gn(β0, α̂). Consequently, by Lemma 1 and the asymptotic linear

expansion of α̂, we have n1/2(β̃S − β0)
L→ N (0,ΣS), where

ΣS = (Γ>V −1
1 Γ)−1Γ>V −1

1 V2V
−1
1 Γ(Γ>V −1

1 Γ)−1.

A little more work similar to those of Parente and Smith (2011) shows n1/2(β̂−β̃) = op(1). The

asymptotic normality of β̂S is then established. This completes the proof of Theorem 1.

Proof of Theorem 2. Let Ω̂(β, α̂) = n−1∑n
i=1 ĝi(β, α̂)ĝi(β, α̂)>. It follows from arguments

similar to those of Newey and Smith (2004) that any solution λ(β) to the first order condi-

tions Gn(β, α̂) + Ω̂(β, α̂)λ = 0 will maximize P̂n(β, λ, α̂) with respect to λ holding β fixed.

Then λ(β) = −Ω̂(β, α̂)−1Gn(β, α̂) solves the first order conditions. Since ρ(·) is twice differ-

entiable, a second order Taylor expansion is exact, giving P̂n(β, λ(β), α̂) = −Gn(β, α̂)>λ(β)−
1
2
λ(β)>Ω̂(β, α̂)λ(β) = 1

2
Gn(β, α̂)>Ω̂(β, α̂)−1Gn(β, α̂). This, together with Lemmas 1 and 2,

implies 2nP̂n(β0, λ(β0), α̂)
L→ Q>ΩQ, where Q ∼ N (0, Ir) and Ω = V

1/2
2 V −1

1 V
1/2
2 .
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