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This supplement material contains detailed technical proofs of Propositions 1—
2, Theorems 1-2 and Lemmas 1-6. The same assumptions in the Appendix of
the main paper are assumed. Throughout the supplement material, C represents a

generic positive constant that may take different values in each case.

S1. Proofs of Propositions 1-2

Proof of Proposition 1. Under nonignorable missing-data assumption (2.2), we have

0

This, coupled with the iterated conditional expectation formula, shows Proposition 1(i).

‘We now consider the second statement. Let

exp{o(U, o) +q(Y)}

Tr*(U, Y) = 1+ eXp{L,D(Uy ao) + Q(Y)}7

be the true response model. Recall the following AIPW moment funcitons

6:i9(X3,Yi,8) 4 —w(Uy, Vi, )

gl(IB7a) = W(Ui,Y;,a) W(Ui7Y:;,OL) mg(Uu/B:a)
i
where

E{O(U,Y, ) | U}

and O(U,Y,a) = 7 *(U,Y,a) — 1. Suppose that the model ¢(U;, c) is misspecified, that is
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a # . Simple algebraic manipulations show that

EHl — %}{mo (U, B, a) —g(X,Y,ﬁ)} | U}

_ 0 7(U,Y, @) 0

= my(U,B, o) — E{‘SW \ U}mg(U,ﬂ,a)
_E((S | U)mg(leEL ) E{Q(X7 Yv:B) | U}
+E{5%g(_}(, Y.8) | U} + B{5g(X,Y,B) | U}

= my(U,B,0)E{1 —=*(U,Y) | U} — E{(1 - =" (U,Y))g(X,Y,8) | U}.

The last equality is true because

1—7r(U,Y7a) o
B{60(U,Y,a |U} 09(X, Y, B)O(U,Y, o) | U}

{ E{sO0U,Y,a) | U}
E{5 (X,Y,B8)0 UYa)|U}

Lo UYO’) o(X,Y,8) | U}-

Il
o]

0—

Note that

E{6g(X,Y,B)0U,Y,a) | U}
E{50(U,Y,a) | U}
E{r"(U,Y)g(X,Y,8)0(U,Y, ) | U}

my(U, B, ) =

E{r=(U,Y)O(U,Y, ) | U}

1
E{ T o (o0, o) - q@)} 0 0 VA | U}

1
b { [T op(e(U,a0) T aV)] | U}
E{(1L - UV )g(X.Y.B) | U}
B{l— = (U,Y)| U}

Combining above arguments, we can show that, for any a € A,

EHl_ n(%y,a)}{m?(aﬂa) —9(X,Y,8)} | U} -

Therefore, E{g:(By, o)} = E{9(Xi,Y, By)} = 0 even when the model for ¢(U;, o) is misspeci-
fied. This completes the proof of Proposition 1. O

Proof of Proposition 2. Define v = M(1 —w), 7 = (a ,w,v")", 7, = (ag,wo0,0)" and

Tn = nn] ' —wy ', where (ao,wo) denotes the true value of (e, w). The proof of consistency
of estimator 7§ = (&',®,5")" is similar to that of Theorem 1 of Qin et al. (2002), and thus
the details are omitted. We now consider the asymptotic normality of 7. We only outline
the main steps in proving the asymptotic normality, and the details of the proof can be found
in Zhao et al. (2017). Let m(a) = n(Us, Vs, @), ¢i(a) = ¢(X;,Ys, ), and Di(n, ) = 1 —
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w/wo + (1/wo — D)mi(c) + 7 () + T (mi () — w). Rewrite 1+ A] ¢i(a) + Aa(mi(a) — w) =
{1 —w} M1 —w/wo + (1/wo — Dmi(a) + 4" ¢i(a) + 7n(mi(a) — w)}. Define

M 7777—71 = 26 21 n:Tn Mi2(n:Tn)7Mi—;(nyTn))T7

where
Mir(n,m) = dlogmi(a)/da’ — [y 9i(e)/de”
{7 + (1 = wo) /wo}mi(e) /0] /Di(n, 7),
Miz(n,m) = (mi(e) —w)/Di(n, ),
Miz(m,m) = ¢i(e)/Di(n, )

with Di(n,7) = 1 — w/wo + (1/wo — Dmi(a) + " ¢i(a) + 7n(mi(a) — w). Simple algebraic
manipulation shows that

8Mn(77,7'n)
_ =—A+o0,(1),
om  In=ny.r.=o p(1)
where
0 dami(a) wo¢i(ao)dami(ow)
d’oﬂ'i(ao) C:’Oﬂ'i(ao)
widami(oo) wi(mi(aw) +1)  whgi(aw)(mi(ao) — wo)
A=E T T A2 ~2
wom(ao) wom(ao) wom(ao)
wodi(ao)Oami(ao) ~ wogi(a) wigi(ao)d (ao)
L:J()Wi(oto) (:)37‘(‘1'(6!0) L:Joﬂ'i(ao)
in which @p = 1 — wo, and dam;(o) = Bm(a)/aaT\a:ao. It follows from Rothenberg

(1971, p. 581) that n, is identified if and only if A has rank ! + k + 1. Define ®; =
(le(n(b )7Mi2(n07 ) Mz3(n07 )) +H(1/w0 - 51/""3) with H = (h'1T7h27h?T)T7 where

"o (15;0)2,5{(@((;?()&—?;: -}
= ff;o)zE{@(aO)Zz(gJo))_wO)}'

Following Qin et al. (2002) and Zhao et al. (2017), we obtain

n'2(@ —my) = —A"'n WZ@ +op(1) S N(0,AB(ATT),

=1

where B = Var{A;}. Then, the asymptotic expansion for & is given by n'/?(& — ag) =
n=Y23"  W,(n) +op(1), where W;(n,) is the influence function, which is given by the appro-
priate submatrix of —A~A;. The proof of Proposition 2 is then completed. O
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Proofs of Lemmas 1-6

S2.

Lemma 1. Suppose that Assumption C holds. Then, we have

sup

179(8, @) = mg(B, @)lec = 0p(n~"*).
BeB,acA
Proof. Rewrite

_mUBe) - _ .80
mg(Uyﬂ,Ot) = mg(U7a) , and mg(U7IB7a) - 'FFLQ(U,Q) )

where m1 (U, B, ) = E{6g(X,Y, B)O(U,Y, @) | U}, ma(U, &) = E{6O(U,Y, ) | U}, and
7:?741((]7 ﬁaa) =

o

k3

wl(U7a)g(XlaY;7ﬁ)a 7;FLQ([JMX) = Zwi(Uaa)v
1 i=1
in which wi(U, a) = 6ZOZ(Q)IC}1(U — Ul)/ Z?:l Kh(Uf Ul) with Oi(ao) = O(Uz, Y;‘, Ot()). Using
the arguments of Lemma B.6 in Kitamura et al. (2004), together with Assumption C, we have
sup 8 (u, B, ) — ma(u, B, )| = op(n~ /"),
(u,B,@)eUxBx A
sup

and
3 (u, o) — ma(u, )| = o (n /")
(u,X)EUX.A

Using Lemma D.1 in Kitamura et al. (2004), we have

sup mi(“»ﬁ,a) - ma(u, B, @)
(w3, )eUxBx A ma(u, a)

= op(n” Y.
mg(u,a) - P( )

The proof of Lemma 1 is then completed.

O
Lemma 2. Suppose that Assumption C holds; that the respondent probability model w(U,Y, ao)
is correctly specified; and that & is computed by the SEL approach. Then, we have

Gn(Bo, @) =

S

Gi(B,a0) — E x (& — o) + op(n~?),

i=1
where gi(B, c) is defined in (2.6), E = Cov{gi(By, o), AU, Y, x0)} with A(U,Y,et) = {6 —
m(U,Y, @) }Ologit{n(U, Y, a)}/aaT.

Proof. Taylor expansion of G, (8, &) at ap yields

Gn(Bo, @) = Gu(By, 0t0) + 0Gn (By, 0) /0 x (& — exo) + of||& — exo|).

We first consider the asymptotic property of G, (8, o).
following decomposition

For Gn(B,, o), we consider the

gn(IB07a0)
71 n 0s v 7(5,'—71'2'(0(0) 0/rr
- n,zl{m(ao)g;X“K’ﬂo) ) m"(U“ﬁ“’aO)}
1 & i Py
+Ez; 1- ﬂ_i(ao)}{mg(UivﬁO,ao)_mg(Uhﬁ(MaO)}
= Inl +In2
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Define n(U) = E(6 | U) and G(U) = f(U){1 — n(U)}. Under assumption (2.2) in the main
paper, we have F{6O(U,Y, ) | U} = 1 — w(U). Thus, using the kernel regression method
yields

~ 1 —

GU) =~ > 6:0i(co)Kn(Us = U).

Define Oij = 5jOj(a0)/Ch(Uj — Uz) Then, for Inz, we have I,2 = In21 + In2o + In23, where

1 Zn: Oij{g(Xja}/}vﬂO) - mg(UJHBO)}
In21:lz":(1_ di ) n j=1
n ;=1 mi(ao) G(U:) A7
B B N o)
In22 — n Z; (1 Wi(&o)) { g(Ul,B07a ) g(UluBO)} {1 G(UZ) } )
3 0L {m (U By) — (UL By))

1 &; J
Tnos = — 1—
w03 (1) ()
We first derive the asymptotic distribution of I,,21. Note that

3 0uloX,.Y;,By) — mi (U, B))

1z ;
I, = = 1-—
’ "1¥< "0 s o a0
_ 1T & & U —oi/mi(ew) Kn(U; = Ui
N n2 jgl 2; MJ G(Ul)
1 n n
= Eﬂ;ll; 17

where M; = 8;0;(c0){9(X;,Yj, By) — mg(Uj, By)}. Define

. 1 n n
In21 = ﬁ ZZE{Q1J|(XJ7Y}76])}7

j=1i=1

and write Ino1 = Ino1 + Ino1 — In21. In what follows, we will establish the fact that [,21 is

dominated by jnzl, whilst 1,21 — fn21 is of smaller order. Under nonignorable missing data

mechanism, together with conditional independence assumption § L Z | (U,Y), we can show

Fo — %iM {{1_6”1(2{2[]}{)@((] Ui) LY,
- nng { GO E{l A ’}‘X”Y]}
= 0.

Let Ino1i =n"" >j—; Qij and Inzii =n" > i1 B{Q45|(X;,Y;,05)}. Simple algebraic manip-

ulations lead to

. 2 . .
E(Ino1i — In21i)* + - S E{(In21i — In21:) (In21j — In215)}
i#]

v

1
n
= E(In21i — In21)?.

nE(Ino1 — Ino1)?
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The last equality is true, since Eiz;{(In21i — In21:)(In21j — In21;)} = 0. Tt follows from Lemma
1 that

<.
i

MKh(U; — Uy)

3=

é(Uz) = op(1).

In addition, using Assumption (C2), we have maxi<;<n{1—0;/mi(co)} < max(1,|1-C|) =: Co,

which is bounded. Therefore, we obtain

nE(In21 — jn21)2 = El}y, — EIly < Bl
—1 n
< copl™ i MK (U — Ui)\?
G(Ui)
— 0.

This yields Ino1 — In21 = op(n*1/2). Therefore, we have I,,21 = op('rfl/Q).
The standard arguments can be used to prove sup, <y, |G(u) — G(u)| = 0p(n~"/*). This

together with the result from Lemma 1 leads to

[Tnaa| < op(n™'/?)

Q

no]— 6
— G(U;

1
n;

~

1
By the law of large number, we can show

1-46;

G = EUT WO} o).

\gE

~

1
n;

Then, we obtain I = 0,(n~'/?) due to E{f*(U)} < co. For I,23, a similar derivation to
that for I,21 shows I,23 = op(n_l/Q).

We now consider the asymptotic property of 9G, (8, co)/ da". By calculation, we obtain

om;
{9(X3,Y3, By) _mg(Ui’ﬁ’aO)}%
1)

~ O,
1-— 0i )amg(U’uﬁo,ao)

i
A

9Gn(By, o) /0’ =

(o)

Jr
Sk 3I=3=
M= 1142
A

ta =1 7."1'((10) aaT

= Th1 + T2+ Ths.

Let £(U,Y, o) = Ologit{n(U,Y, o)} /0cx. Note that

OUY:00) _ (1Y, )1~ m(U1 Y, 00U, Y.0)T,  and
E{m{l — (U, Y, a0)Hg(X, Y, B) = m§ (U, B, o) }E(U, Y, aof}
=B m{ﬂv Y, 8) — my(U, B, o) o — (U, Y, e0) (U, Y, aO)T}
=B M{g(x, Y, B) = mg(U, B, o) }A(U, Y, ao)T}

=F §,-(,8,ao)A(U, Y, ao)T} = COV{ﬁi(ﬂ,ao),A(U, Y, ao)} =: =.
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The third equality is true because E{A(U,Y, a0)| X, Y} = 0 from the assumption § L Z | (U,Y).
Then, for Ty1, we have Ty = —Z + 0p(1).

It follows from Lemma 1 and Assumption (A2) that Th,2 = o0p(1). We now consider
asymptotic property of T,3. Define mg(U,a) = E{£(U,Y,a)" |U,§ =0} and mgg(U,ﬁ,a) =
E{9(X,Y,B)EU,Y,a)" | U,§ = 0}. By calculation, we obtain 80;(a)/da = —0;(cx)&(Us, Yi, a).

Then, we have

omy (Ui, By, )

BaT - mg(Uhlea)fﬁg(Uha) _mgﬁ(UiuBma)v

where N
; 8;0;()Kn(U; — Ui)E(U;, i, ) ¥
ﬁzg(Ui,a) == ,
(5j0j(a)’Ch(Uj — Uz)

M=

1
§;05(a)Kn(U; = Ui)g(X;,Y;, Bo)E(U;, Y a) T

1

ﬁlg&(Ui’ﬁma) =1 n
3 650, (@)Kn(U; - U)

Here m¢(U, o) and Mg, (Ui, 3, ) are nonparametric regression estimators of m¢(U, &) and

mye (U, B, ), respectively. Let A, (U;) = G(U;) — G(U;). Taking further decomposition for T3,

we have
1 n 52 0 ~0
Tng = E P 1-— ﬂl(ao) { (Ul,ﬁo,ao) g(Ui,ao) - mgg(Ui,ﬁO,ao)}

12 i

= E Z:l ( - W'(ao) { (Ulvﬁ07a0) (U17a0) mg(Ui7BO7a0)m2(Ui7ao)}

12 &; ~

_E ; 1-— m) {mgg(Ui,,BO,ao) — mg(Ui,ﬂO,ao)mg(Ui,ao)}

= Tn31 - Tn32

For T},31, we have

Tuon = 1 3 (1= 5y ) (B Bor Q)RR 0) = (U B o) Ui o)}
25 (1 s ) (U B ) — (T, By 00)}m (U )
#13 (10 0 ) (AU By o) — w3 B @) MW ) — (U 20))
L1351 mf;@) (U, By ) (U x0) — (U, 20))

=: Thn311 + Thsi2 + Thais.

For T),32, we have

1 n
Tu = 521( = )){mggwi,ﬁo,ao)fmggwi,ﬂo,ﬁo,a)}
b B (17 s ) 18l Boc @) = (U By, can)m(U 00}
T

n321 + Th322.

TFz(OtO)
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A similar derivation to that for I,21, together with standard arguments, leads to Thn31; =
op(nfl/Q) for j = 1,2,3, and Th321 = 0p(1). By the law of large number, we obtain Ty322 =
op(1). Combining the above arguments leads to Tn3 = 0p(1). The proof of Lemma 2 is thus

completed. O

Lemma 3. Suppose that Assumption C holds; that the respondent probability model w(U,Y, o)
1s correctly specified; and that & is computed by the SEL approach. Then, we have

3580, 8)3(80,@) " = Vi +o0y(1),
where Vi = E{gi(By, 0)3i(By, o0) "}
Proof. Define

‘7'” = (ﬁO? )gl(lgm ) ) and ‘771 - % X:: (ﬁOaao)gl(ﬂmaO)T

HM:

l
n;

As n — oo, we have Ve =Vi+ op(1). Next, using Holder’s Inequality, we have

’ S Rln + R2n + RSn + R4n + R5n + 010(1)7

g(‘(.7)i ﬂ ) : (‘('1'7}'71(3 )’
Z(C!) ' o Z(Cio)g ' 0 ’

%()a)mg(Uia/BOaa) - #((J()X())mg([]ia/@O?aO)

M=

Rip =

2

I

2) 1/2

R2n =

BIm3im
il

s

s
Il
-

Q)

gi(ﬁ07 aO)

1
n;

zM—‘

1/2
R3n = 2R1/2( gz(lBOa aO)‘ ) ) R4n = 2R1/2<

and Rs, = 2Rl/2R1/2 For Ri,, as n — oo, we have

S |0 g(X0, Vi Bo) — o g(X0, Vi, By)|

n = ﬂ_l(a)g 2y L1y MO 7_‘_11((1’"‘0) 1y L1y Mo
< Cllm(@) = milew)2 1 X — a0 Ve Bl
= op(1).

For Rs,, as n — oo, we have

) gz@ (Ui, Bo, &) = =03 TT;g(Ul,,BO,aD)
< E ; mg(Ulvl@Cna) _mg(Ui,,Bo,ao)‘ +Op(1)
C n
< = su Ui, By, a—apl?+o
B nz;ua o}skg daT " my (Ui Bo, e ‘ & = col” + 0p(1)
= op(1).

Therefore, we have R, = 0p(1) for j = 3,4,5. Then, the proof of Lemma 3 is completed. [
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Lemma 4. Suppose that Assumptions A, B and C hold; that the respondent probability model
m(U,Y, ) is correctly specified; and that & is computed by the SEL approach. Then, for all

positive pn = o0p(1), we have

6n(8,8) ~ G(B) ~ Gu(Bo, @) + 6B _ (1o
Iﬂ—sﬁuﬁggn 14Cn'/2|8 — Byl = op(n ).

Proof. Let GIPW (B,a) =n~" Z;;l{&ﬁi_l(a)g(Xi, Y;,3)}. Consider the following decomposi-
tion
|gn(/37a) _g(ﬁ) gn(ﬁm )+g(130)‘
< |QIPW(5 a) = G(B8) — G (By, @) + G(By)
Z{ o(Ui, B, @) — mg(Us, By, @) }(8; — mi(@)) /mi(@)
=: Jl =+ JQ.

‘We now define
An(ﬁ,ﬂ'i( )—7T1 Oto _IZ(Sﬁr Xl,Yz:ﬁ){ﬂl( )_7”(0‘0)}7

and consider the following decomposition:

927 (8.) — G(8) = 617 (85, @) + G(8y)|
< |64 (B, @0) = G(B) = GE7Y By, ) + G(By)|
GV (8,G) — G17Y (B, cx0) — An(B, mi(@) — mi(cv))|
+ |Gi"Y (B, &) = Gi7Y (By, o) = A (B, mi(&) = milexo))|
An(B, (@) = milen)) = Au(By, (&) — ()|
=:Jiu1 + Ji2 + Ji3 + Jua.

Define F = {&:i7; '(a0)g9(X:,Y:,B) : |8 — Bo| < o} Using the arguments of Van der Vaart
and Wellner (1996), we can show that the class of functions F is Donsker because {g(X,Y, 3) :
|8 — Byl < o} is Donsker under assumption (A3), and 7, *(e) and §; is uniformly bounded
under Assumption (C2). Let M;;(83) denote the jth coordinates of d;m; ' (cv0)g(X;, Y, B). Using
Assumptions (A4) and (C2), we obtain

E{ sup |Mij(/6)_Mij(/@0)|2}
|,8—ﬁ0\§g

= E{ sup
1B-Byl<e

Wz(ao)[gj(X“Y;”B) gj(Xi7Y;7130)]. } < CQQS

for some constants s € (0,1]. Therefore, we can show that the class of functions F is .%22(P)

continuous. By applying Lemma 2.17 in Pakes and Pollard (1989), we have

sup  |GEPY (B, o) — G(B) — GET™ (By. ) + G(B)| = 0p(n'1?),
1B-Byl<en
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as n — oo. Note that

G778, o) = G(B) — Ga™" (Bo ) + G(By)|

sup

1B-ByI<en L+Cnl/2(B = By|
< sup o [G7Y(B,0) = G(B) — Ga" (Bo, o) + G(Bo)|
1B-Bgl<en
= Op(nil/Q)-
By assumption, we have |& — o] = 0,(n"Y/**") for every 0 < r < 1/2. Moreover, we have

|& — ao| = 0p(n~'/*) with » = 1/4. This, together with Assumptions (A1) and (C2), and
nonignorable missing data mechanism, implies that
g’rILPW(IB7 a) - g{LPW(Li aO) - An(ﬂvﬂ-l(a) - Wi(ao))
sup
1B-Byl<en L+Cn'2|B = B

. 13 6
< Cllmi(@) — mi(ew) 5~ 32 — sup  |9(X, Vi, B)]
n i mi(@0) 156, 1<,

= Op(n71/2)7

and

G2 (B, @) = Ga"" (Bo, o) — An(Bo, mi(&) — mi(cxo))

sup

B-Byl<en 1+C;”2lﬂ—ﬁol
1 n .
< (o) — o ! i, Yi,
< €l (@) — mian) it £ 2 g(Xi. Vi, B)
:Op(”71/2)-

Next, for Ji4, using Assumption (C2), we have

sup  [An(B, mi(@) — mi(@0)) = An(By, mi(@) — mi())|

1B-Bgl<en
N 1 n 61
<Clm(@) —mieole | owp |18 s a) - 080}
< Cljmi(er) — mi(oo)|loo (J141 + J142),
where 1 5
Jin = lﬁ_%lj)sgn o ) m{gz(,ﬂ) —gi(Bo)} — E{9:(B) — g:(Bo)}|
J142 = SUP ‘E{g(XhEvﬂ) - g(XZaKHBO)}|
|ﬁ*60‘§9n

Since the class of functions F = {§;7; ' (e0)g(X:, Y3, 8),18 — By| < o} is Donsker and .£2(P)

is continuous, we obtain Ji4s1 = op(n_l/Q). For Ji42, we have

sup nl/2|E{g(X“YuB) _g(XhYZHBO)}l
1B-Byl<en L+ Cn'218 = Bl

=0,(1).

Note that |& — ao| = 0,(n~'/?*7) for every 0 < r < 1/2. This, coupled with Assumption (C2),
implies that
An(B,mi(@) — mi(aw)) — An(Bo, mi(@) — i)
sup
1B-Bol<en L+Cnt/28 = Bo

= op(nfl/Z).
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Combining the above arguments leads to

GEY (8,@) ~ G(8) ~ i7" (80, 8) + G(Bo)| _ . _yy2
\5—8,3110Fl)égn 1+Cnt/2|8 — ,30|0 0= =op(n~17).

For J2, we have

] PG48, ) — (U5, 0,8} 6 — (&) (@)

BBy <o T+ Cri213 - 6|
'— S {8(U, B) = (U B} 5 — m(a»/m(a)\
< sup™” T Cni77B— Ay
< Ja1 + Jag,

where

L3 {opmy 0 ) - 0gm (0180 8- 806~ mi@)/m@)
L+Cn'/2|B — By| ’

L3 0mi(01,8,)(8 — 91) 6~ m(@)/m(@)

Jo1 = sup™™*

Jog = sup 73
B-Bol<en L+Cnl/28 = By
Here sup™* is the supremum over all |3 — 8,| < on and ||m

my —mylle < on with o, = o(1). For
Ja1, as n — 00, we obtain

0k

sup

L3 {580 8) — b, 80) (8 - B0)(5 ~ m(@) /(@)
L+Cn'/2|B — By|

g | LS (D o gy O (0.~ (@)
<Cn~Y?sup nZ;{Gﬁ O(Uz,ﬂ) ﬁmq(Ul,B)} @ -
+Cn~ Y% sup |- Z{ 0 my(Us, B) — mg (Ui, Bo) } @) ‘
1B-Byl<en | =1 LOB
S C’I’L_l/2J211 + Cn_1/2J212.
where
Jas = sup |1 32 {% (08 - (e } O
. L[ 0 9 w’
e { g o - g 2|

Define I, = 1(inf(, yycuxy m(u,y, @) > C) and I = l(bupﬁeN M9 (B, &) — mJ (B, )|l
0n). It is easily verified that I 5 1 as g, = 0,(1) and IT % 1. Since ITI7|1 — &;7w; (&)
max(1,|1 — C™Y|) is bounded, it follows from Assumptions (B3) and (C2) that

IN N

Sup**

% é Hm{agmg(w,ﬁ) - %mz(Uuﬂ)}W‘
§; — mi(ax)

<sup © S rpnz 2 o, 9) - om0, 9)|

N i=1
n

1
< CQ;E ; b(U;).
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Recalling o, 2 0, I 2 1 and I7 5 1, together with E[|b(U)|] < co, we have Ja11 = 0p(1).

For Jo12, we have decomposition Jai1z = Ji15 + J212, where

_ 1 (51'—771'(040))‘
‘]11 - — 0 g Uz7 0 2 Ui7 - 7N Iy
o I,B*Sﬂuol\)égn nlg{ s o(UiB) - i ( ﬂO)} i (o)
5, 5;
= o) U, ogmy(Us, —
L ;{ gl (U, B) — dgm( BO)}{M(Q) m(ao)H

Since the function class F = {(8ﬂm (Ui, B) — ﬁlgmg(Ui,ﬁO))(éi —mi(ao))/mi(ao) = |B — Bl <
on} is Glienko-Cantelli for some g, > 0 by Assumption B, we have J315, = 0,(1). Tt is easy to

—_
3

2
J212

3

show from Assumption B that J3;, = 0,(1). Therefore, we obtain Ja1 = 0,(n~/?). For Jaz, by
Assumption B, we have
1z ~ ~
|2 55 0 U, 808 - Bu)5: — m(@)/mi@)
sup =
\B- /30\<9n 1—|—Cn1/2|,3—,30|
— T a 57, — mia
L5~ ot (ui )| |22 ()]

( )( ) mi(a)
(87
’ Zaﬂmg(U“ﬂO) (a)

' = op(1).
Combining the above arguments yields

] 1Gn(B,8) —G(B) — Gn(By, @) +G(Bo)| _ —1/2
|ﬁ*z;loll)§gn 14 Cn'/?2|8 — (1)80| } = ol -

The proof of Lemma is completed. O

Lemma 5. Suppose that Assumptions (A1) and C hold; that the respondent probability model
m(U,Y, ) is correctly specified; and that & is computed by the SEL approach. Then, for A, =
{A: |\ < Cen7Y?}, we have SUDBep ren, 1<i<n ATG:(8,a) & 0 and w.p.1, A, C An(B, )
for all B € B and o € A.

Proof. Let b; = SUPGep |g(X5,Y5,8)|. Using the arguments of Owen (1990, Lemma 3), it follows
from Assumption (A1) that maxi<;<, b; = 0p(n'/?). On the other hand, we have

5:’ _ (5, {1 Gm(ao)/Ga

mi(@)  mi(oo) mi(axo)

(@ ao) o (") |
and 7(U;, Y;, @) > C > 0 uniformly in 7. Hence, we obtain

sup [9:(8,@)] < sup |0im; N (@)g(Xi, Yi, B)| + sup (1 — dim; (@) (Us, B, &)

Bes Bes Bes
< Op(1)bs.
This leads to supgc; e, 1<i<n IATG:(B,a)| < Cn~20,(n'/?) = 0,(1). O

Lemma 6. Suppose that Assumptions (A1) and C hold; that the respondent probability model
(U, Y, o) is correctly specified; and that & is computed by the SEL approach. Then, we have

1Gn(Bs, &)| = Oy (n™1/?).
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Proof. Let §; = Gi(Bs, @), Gn = Gn(Bs, @), and A = —n~"'/2G,./|G,|. By Lemma 5, we get
maxi<i<n \XT’g\J % 0and X € A, (Bg, @) with probability one. Thus, we have py ()\T@) > —-C
(i=1,---,n) for any A on the line joining A and 0. By Lemma 3, we obtain n S GG =

O,(1). By the second-order Taylor expansion, we have

o~ e 11 e
R PP
S Crl ~
—-1/2 R U e /\/\T
n |Gn| 2)\ {n i;gzgl }/\

> n71/2|QAn| —Cn™t.

%

This, together with the constructions of B 5 and /):S, implies

n 2G| - Cn (B A, &)

A
~ —~ R (S2.1)
(ﬁsv)‘saa) S P’ﬂ(ﬁoa)‘(ﬂo)va)

< D,
< P,

Also, by the second-order Taylor expansion and the proof of Theorem 2, we have

Qnﬁn(ﬁov)‘(ﬁo)va) = 0p(1).

Solving equation (S2.1)) for |G| then gives |Gn| < Cn "2 + Op(n~"/?) = O,(n""/?). By argu-
ments similar to those used in Newey and Smith (2004), we have &,,|Gn|? = Op(n~!). The proof

of Lemma, is completed. O

S3. Proofs of Theorems 1-2

Proof of Theorem 1. We first prove that BS — By = 0p(1). According to Theorem 3.1 in
Newey and Smith (2004), to prove the consistency of the proposed semiparametric AIPW-
GEL estimator, it suffices to prove supg., 1Gn(B,8) — G(B)| = 0p(1). Let GIFW(B,0) =
n~t Y {6im; H(e)g( X5, Ys, B)} with mi(er) = (Ui, Vi, @). Note that

sup [6,(6.@) — G(8)| < sup |17 (8.8) —~ G(B)] + swp | 1 3 2D e p.a)
ﬁEB ﬂEB lBe n =1 (a)
< sup |GEPY (B, &) — GLPY (B, awo)| + sup [GEPW (B, co) — G(B)|
Bes Bes
. 1386 —mi(®) 017 2 A
+aw | 3 AR B,

By the consistency of & and Assumptions (A1) and (C2), it can be shown that

U 117 (8.8) — 647 (8, )
< Clm@) = m(eo) oy & s sy lo(Xe Vi B)] = 0p(1)

n ;=1 m;
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as n — 0o. On the other hand, we obtain

1 Z”: 0; — mi(ao)

n = mi(ao) my (Ui, B, )| + 0p(1)

my (B, &) —my(B, cw)|lee + sup

IA
aQ
2]
[

ol

3

<}

Bes Bes
< Csup [mg(B, &) — my(B, &)l + C sup [lmg(8, &) — my(B, ao) ||
Bes Bes
12 6 — ﬂi(ao) :
AR e L R
= op(1)

-~

The last equality holds because supgc Mg (B, &) — mY(B,&)|lc = 0p(1) by Lemma 1, and
supgess Im5(B, &) — m3(B, a0)|ee < |& — ol supgs [9mS (B, )/ [l = 0p(1). Define
F = {6m Y (0)g(Xi,Y:,8) : B € B}. The function class F is Glienko-Cantelli because
{g(X,Y,B) : B € B} is Glivenko-Cantelli under Assumption (A2), and 7, *(c) and §; are
uniformly bounded. It follows from the Glienko-Cantelli theorem that SUP 3¢5 IGEE™ (B, cv) —
G(B)| = op(1). Combining the above arguments leads to SUPGe s |G (B, &) — G(B)| = op(1).
Using the arguments of Newey and Smith (2004), we have ﬂs Bo = op(1).
Next we prove the asymptotic normality of ,3 5- The proof is very similar to that of Theorem
2.2 in Parente and Smith (2011); hence we just sketch the main steps here. We first establish v/n-
consistency of ﬁs to B,. By triangle inequality, we have that |g(,§s)| <|Gn (,@S, a)—Gn(By, a)—
G(B)|+1Gn(Bs, )| +1Gn(By, @)|. From Lemma 6, |Gn (B4, &)| = Op(n~'/?). By Lemma 2 and
the central limit theorem, n'/2|G,(B,, &)| = O,(1). Using Lemma 4, together with G(3,) = 0,
shows that n'/?|G,(Bs, &) — Gu(By, @) — G(Bs)| < (14 n'/?|B4 — By|)op(1). This leads to
n1/2|g(35)| <1+ n1/2|BS — Bol)op(1) + Op(1). Additionally, by the smoothness of g(,@), we

have that [G(B,)| > C|Bs — By|. Therefore, n'/?|B; — Bo| < (1+n'/?B; — Bol)op Op(1)
Solving the above equation for n1/2\BS — By| then gives (1 — 0,(1))n 1/2|,EIS | (1)
which leads to the desired result n1/2|,BS Bol = Op(1). Define the linearization Ln(B, A a) =
[D(B = By)] A= Gn(By, ) T A — 0.5AT Vi A. Applying Taylor’s expansion of P, (8., AS, ) and

triangle inequality leads to

Pu(Bg,As, &) — Ln(Bg, As, &)
— [Gn(Bs, &) — Gn(By, &) — T(Bs — By)] " As|
+EX§(; P2 (NGB X6))G:(Bs, As)Gi(Bs, Xe) T /i + vl) s

<

)

where A lies between As and 0. Using arguments of Lemma A2 in Newey and Smith (2004), we
can show that \g = Op (n71/2). By Cauchy-Schwarz inequality, Lemmas 3 and 5, we obtain

AT ( S pa(ATGu(Be 36)):(Bar 3e)Gi(Bo ) T+ vl)is

i=1
> p2(A7G:(Bs, 35))5: (B, 3): B, Xs) T /4 Vi| = Opn oy (1) = op(n"),
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Additionally, we can show

| = [6n(Bs, @) — Gn(Bo, @) ~ T(Bs — Bo)l _ )
< |—[gn<ﬁﬁa> Gn(Bo, &) = G(BL)]| + T (Bs — Bo) — G(By)|
< (L+n21Bs = Bol)op(n™V2) + 0p(1Bs — Bol) = 0p(n™1/?).

This leads to | — [gn(ﬁs,a) — Gn(By, ) — r(Bs — ﬁo)]TXs| = op(n™'). Combining above
arguments, we have |13n(fis,Xs,a) — [:n(,BS,XS,aN = op(n~"). Now consider the problem
ming,,; superr £ L.(8, A\, &). Therefore, the following first order conditions are satisfied: —I'T X =
0 and —F(B Bo) — Gn(By, @) — ViX = 0. Next, simple algebraic manipulations show nl/z(,@ —
By) = {0V T TV nl/2g, (By, & ) Consequently, by Lemma 1 and the asymptotic linear
expansion of &, we have n'/?(84 — 8,) 5 N(0,%5), where

Se =@V v tweytre Ty ) !

A little more work similar to those of Parente and Smith (2011) shows n'/? (Bf,é) = 0p(1). The
asymptotic normality of B 5 1s then established. This completes the proof of Theorem 1. O

Proof of Theorem 2. Let Q(8,8) = n™! S LGB @)gi(B,a)". Tt follows from arguments
similar to those of Newey and Smith (2004) that any solution A(B) to the first order condi-
tions Gn (8, @) + Q(ﬂ, o)X = 0 will maximize P, (B, A\, @) with respect to A holding 3 fixed.
Then A(8) = —Q(B, &) 'Gn(B, &) solves the first order conditions. Since p(-) is twice differ-
entiable, a second order Taylor expansion is exact, giving D, (B, \(B),) = —Gn(B,a)"A\(8) —
INB)TQB, a)AB) = lgn(@ )TQ(B, &) 'Gn(B, &). This, together with Lemmas 1 and 2,
implies 2n.P, (8,, A(B,), &) 5 QTQQ, where Q ~ N(0,1,) and Q = V2V, 1V, /2, O
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