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For readibility, below we recap all the assumptions which have been listed in the main text.
(A.1) The predictors Uj, j = 1,...,p, are bounded, and |Corr(U;,Uy)| < 1 for all j # k.
(A.2) The error term € in (7) has zero mean, finite variance, and is uncorrelated with U.

(A.3) The censoring time C is independent of (7, U) and bounded above by 7 (the time to the end
of the follow-up).

(A.4) The marginal survival function of the censoring, Gy, is continuous on 7, and there exists a
positive constant ¢, such that Go(7) > ¢, > 0. Also, the marginal survival function of T', Fy,
g g

is continuous on 7, and there exists a positive constant ¢y such that Fy(7) > ¢y > 0.

S1 First and second moments of &

Given conditions (A.1)-(A.4), £ = Y — ag — U8, has zero mean and finite variance (the square

integrability of &), and is uncorrelated with U. The relevant proof goes as follows.

Proof. Because we have the equality E[Y|U] = E[T|U], it ensures that
E[g|U) = E[Y|U] - ag —UTB, = E[T|U] — ag — UT B, = 0, (S1.1)

which indicates the zero mean of £ through taking expectation on both sides of (S1.1). Recall that
(A.4) implies that G(t) is bounded away from zero for all t € T = (—o0, 7], where 7 denotes the end
of the follow-up. We show the boundedness of E[£2|U] as follows, which implies the finite variance

of . Tt is straightforward to have that

E[E°|U] = E[(Y — ag — U By)*|U] = E[Y*|U] — (a0 + U" By)?
= E[T*Go(T) " U] — (ag + U" By)? (S1.2)
< Go(r=)'E[E UL + (Go(m=) "' = 1)(ag + U By)*.

Taking expectation on both sides of (S1.2) yields that

E[£%) < Go(m=) "' E[e*] + (Go(m—) " = 1)El(a0 + U" By)?].
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Because (A.1) and (A.2) give the finite second moment of € and predictors U, j = 1,...,p, and (A.4)
yields non-zero Go(7), it is easy to see that E[£?] is bounded above by a finite constant. Hence, we
show that € has a finite variance. Note that (A.2) gives Cov(Uj,e) = 0 for all j. Since we have that
Cov(U;,Y) = Cov(U;,T), it is easy to see that Cov(Uj,&) = Cov(U;,Y) — Cov(Uj, a0 + UT By) =
Cov(U;,T) — Cov(Uj, ag + UT By) = Cov(Uj, ) = 0, for all j. O

S2 Pollard’s Functional Central Limit Theorem

We state Pollard’s functional central limit theorem below for readers’ convenience. Consider random
processes developed from a triangular array {fm-(t),i =1,...,mup,t € T,n € N}, with the {fm}

independent within each row and 7 being the index set. In addition, we can define

Wot) = > (failt) = Efai())5 pals,t) = (D Elfui(s) = fu(®)?)'/2.

<My, <My,

Let UC(T, p) denote the space of all bounded functions f: T — R which are uniformly p-continuous,

that is, with any appropriately selected semimetric p,

lim sup |f(s) = f(t)] = 0.
610 p(s,t)<b

Moreover, T is totally bounded by p (equivalently, (7, p) is totally bounded) if for every € > 0,
there exists a finite collection Ty, = {t1,...,t} C T such that for all ¢ € T, we have p(s,t) < € for
some s € Tp,. We would like to indicate that if the weak limit is a Gaussian process W, then the

semimetric p can be selected as p(s,t) = (E|W(s) — W (t)|>)"/2.

Theorem (Pollard, (1990)). Suppose the processes from the triangular array { fni(t)} are independent

within rows, and satisfies
(A) the {fni} are manageable, with envelopes {F,;} which are also independent within rows;
(B) V(s,t) = limy, oo EW,,(s)W,,(t) exists for every s, t € T;
(C) limsup,,_,.. S EF2 is finite;
(D) For eachn > 0, limy, 00 Y17 EF21(F,; > n) = 0 (an analogy to the Lindeberg condition);

(E) For every s, t € T, p(s,t) = limy 00 pn(s,t) exists. And for all deterministic sequences

{sn} and {t,} in T, pn(Sn,tn) — 0 if p(sp,tn) — 0.

Then, we have (i) T s totally bounded under the pseudometric (semimetric) p; (ii) the finite

dimensional distributions of Wy, have Gaussian limits, with zero means and covariances given by
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V, which uniquely determine a Gaussian distribution concentrated on UC(T,p); (iii) W,, converge
weakly on €2 to a tight mean zero Gaussian process W concentrated on UC(T, p) with V (s,t) as

covariance.

S3 Proof for Theorem 1

Theorem 1 follows from a series of lemmas below. To keep notational simplicity, we suppress the
superscript “(n)” under the local model in this proof unless otherwise stated. Define the sample space
by X =T x {0,1} x RP (with o-algebra A), where we observe a random sample {X;, ;,U;} . In
addition, (X, d,U) follows a distribution P belonging to the set of probability measure P on (X, .A),
and its empirical distribution is denoted by P,. In the following, we outline how all the lemmas
play their roles to prove Theorem 1 and thereafter list these lemmas along with their corresponding

proofs.

In Lemma 3.1, we take advantage of Stute’s Theorem 1.1 (Stute (1995)), and express v/n[Gp(t) —
Go(t)] as an i.i.d. sum, for any fixed t. Let G,, = v/n(P, — P), and {y/n[G,(t) — Go(t)],t € T} can
be approximated by an empirical process (with probability approaching to one) L, : X — £°, which

{Gn[dt(X)0(X)(1 = 6) + 71 (X, 1)6 — 72(X,t) — Go(t)],t € T}

with ¢4, 70, 71 as well as v stated in Lemma 3.1. Moreover, we define a function ¥; : Rx{°xP — R,

where

Ui(m,h, Q) =m+Q (93.1)

(U, — EUj)f/h(X)]

and M, = {Mn7j,j =1,...,p} with

M,,,; = Gy, (80 + (U = P,U) By — (U; — PoU;)CT By /V;) (U —BoU;), j=1,...,p.  (S3.2)

We further introduce Lemma 3.2 to indicate

~ ~

V(b = 00)S% = U, (Mo, L, Pr).
To attain the limiting distribution of \/ﬁén when B, # 0, we need to derive the joint weak limit
of (M, L,,). It suffices to show that the empirical process W,, = {W, (£) = Ly, (t) + 25'):1 ajMn’j,t €

T} converges weakly to a mean-zero Gaussian process W with covariance function oy, where for
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= Gn{d(X)0(X)(1 = 6) + (X, 1)d —72(X, 1) — Go(t) (53.3)

+Zaj (En + (U = PU)" By — (U; — PU)CT By/Vi)(U; — PuUj) }

and

p p

p
Za akor (4, k) + Y ajonr(G,s) + > ajomrn(t) + or(s,t).
k=1 J=1 Jj=1

ow

M@

.
Il
-

In Lemma 3.3, we obtain this desired result by checking some regularity conditions for Pollard’s
functional central limit theorem stated in Section S2. This result equivalently ensures the joint
weak convergence of (My,Ly,) to (M,L), where (M,L) is a mean-zero joint Gaussian process.
Furthermore, multivariate central limit theorem implies that Mn converges in distribution to a normal
random vector M, and the weak convergence of IL,, to I can be developed by applying Pollard’s

functional central limit theorem again in a similar fashion as in Lemma 3.3.

In ensuing Lemma 3.4, we prove the continuity of ¥; on R x £2° x P almost surely (a.s.) for all
given j, and validate the application of continuous mapping theorem for empirical processes (Kosorok
(2008), Chap. 7, Sec. 7.2.1). Based on Lemma 3.3 and 3.4, we develop the limiting distribution of
\/ﬁén when By # 0 in Lemma 3.5. Moreover, we show the oracle property of Jn when By # 0 in
Lemma 3.6. When B, = 0, the joint limiting distribution of v/n6 and n[SE1, — R] is constructed in
Lemma 3.7. To establish the limiting distribution when 3, = 0, we use similar arguments to those
in MQ’s work (McKeague and Qian (2015)) and state one of their crucial lemmas as Lemma 3.8.

Let Z = (Z1,...,Z,)T in which the j-th component Z; = M; + ¢;(L), and Z can be regarded
as a function from R? to RP. Let f(z,b); = (z; + C]Tb)2/Vj, for all j. Since Z is a random vector
and |Corr(U;, Uy)| < 1 for j # k, it is indicated that f(Z,bg); # f(Z,bo)y for any j # k, a.s. Using
Lemma 3.8, it further ensures that J = argmax;—; __, f(Z,bg); is uniquely determined a.s. For a

p-variate real vector t = (t1,...,t,)T, define
h(t) = (1(argmaxt; = 1),...,1(argmaxt; = p)).
j J

We then show that /n(6, — 6,) is a continuous function of \/ﬁéh(n[S% 1, — IA%]) Note that J, is a
unique maximizer to n[S}% 1,— 1/%] Since both j, and J are uniquely determined and h is continuous

at t when arg max; t; is unique, then in Lemma 3.9 we develop the desired limiting distribution of
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\/ﬁén, applying continuous mapping theorem on the joint distribution of \/ﬁ/é and n[SZ1, — I?t]
obtained from Lemma 3.7. According to all the lemmas and results thereof (stated below in order),

we finally complete this proof and show the desired theorem.

Lemma 3.1. Suppose that (A.4) holds. Uniformly over t < T,

VG (t) = Go(t)] = ~Ln(t) + 0p(1).

Proof. Forallz e Rand t <7, let

xT

@) = P(X < 0.0 =0) =~ [ Fufu)Goldy):

—00
T

ﬁ%m=HX3a5:n:—/ Goly) Foldy):

v H(dy) B
—00 HO (y)
1

Yo(z) = exp{ %
n(@t) =5 o) (W) (w) o (w) HO (dw);

1( oox) oou))( )¢t( ) ( )~1 70
(2.1) / / ey HY (dv) HO(dw),

where ¢;(+) = 1(_o0,(-). We will apply Theorem 1.1 of Stute (1995), for which we need to check two

conditions below:

/ﬁwﬁmﬁww=ﬂm> o(X)(1 - 6)2dP, < oo:
* —Fy(dy)

_/Iebt(x)lf”z(x)Go(dx)<°°v vhere 1@ = | How)Foly)

Note that vo(x) = Fy(z)~! and the value of 1 — § is either zero or one. The first condition then

follows since

Joxreon-apar < [ ReoR < g <

—00

where we have Fy(7)~2 finite in the above display because (A.4) indicates that Fy(7) > 0. Moreover

for all u < 7, we have that

—1 Y Fo(dy) ] 1 _ Fulu
FMSWﬂummM‘mmmﬂlﬁ””
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which further implies that for all t < 7 < 7,

t t
—/](bt(x)\Fl/Z(x)Go(dx) _ —/ Y2(2)Go(dx) < —/ TY2(1)Go(da)

_ (1= Golt) /T =Fo(7)
o Fy(T)Hp(T)

< oQ.

The second condition is satisfied, and the result then follows from Stute’s theorem. O

Lemma 3.2. Suppose that (A.1)-(A.4) hold; that By # 0, and that jo is unique when By # 0.
V(O = 0,)S5 = Wj, (M iy, L, Pr) + 0p(1),
where I\N/I[n,j, Ly, and V; are as previously defined.

Proof. Because (A.3) implies the property that Cov(U;,T) = Cov(Uj,f/) for all j, we can have
that

- 1 Cov(U;,,T)
2 = . P U )Y — i) ) g2
\/ﬁ(‘gn - Hn)Sjn - \/ﬁ <52Pn(an Pntn)Y an ) Sjn
n ~ (S3.4)
_ COV(an7 Y) 2
Meanwhile, we can further observe that
\/ﬁIP’n(Uj.n — Pnt.n)Y = \/ﬁIPn(Uj.n — )Y +/nP, (U 5 U )(Y Y)
- 1 1
= \/EIP”(U% — ]P’nUJA.n)Y + \/ﬁPn(an — IP)nU3 10X [ () Go(X)} (S3.5)

(Uj, — PpUj, )0 XL (X)

= /nP,(U;, — P, U, )Y +P,
\/ﬁ ( Jo ]0) + G()(X)2

+ 0p(1),

where the second term is contributed by the effect of estimating Gg by the Kaplan—Meier estimator
Gn. The last equality in (S3.5) can be ensured by j, 3 jo (shown in Lemma 3.6 implied by (A.1));

the first order Taylor expansion around Gy, and Lemma 3.1 (where (A.4) is required).

Recall that Y = ag + U8, + &,, and then (53.4)(S3.5) further imply that

\f(e -0 ) IP ( (U - PTLU)Tﬁn - (Ujo - ) 18 /‘/]0) ( Jo ]P)nto)
U (S3.6)
+p, Y PgoUgggfj(L"(X) + 0p(1).
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Because (A.2) implies that &, and U are uncorrelated, it ensures that for any j,
P (&n+ (U = PU)'B, — (U; = Pul;)C] B,/ V5) (Uj = Palj) = 0.

Since Y = 6X/Go(X), P,U;, “3 PU;, along with (S3.6), we further have that

Vi(ln = 02)87 =G (8 + (U = PoU)" B, = (U, = Puls)C3o8,/ Vi) (Us = PuUs,)
(U, — PU3)VLa(X) (530
+ P, GOZX) + op(1).

By B, — B, along with the definitions of I\N/Jln,j and W; for any fixed j, (S3.7) further gives the
desired result. O

Lemma 3.3. Suppose that (A.1)-(A.4) hold. The empirical process W,, converges to a mean-zero

Gaussian process W with covariance function ow, where for (ai,...,a,) € RP,
p P P
=3 ajarom(k ZGJUML 3,8)+ Y ajomn(i t) +or(s,t)
j=1k=1 Jj=1

with op (4, k), opmr (g, t) and or(s,t) provided in the proof, for any j,k,s,t.

Proof. Recall that W,, = {W,(¢),t € T}, where

Gn[de(X)0(X)(1 = 6) +71(X, )5 — 72(X, 1) — Go(t)

Z (En + (U = EU)' By — (U; — EU;)CF By/Vi)(Uj — EU;)] + 0p(1).

Let U;; denote the i-th subject’s observation of U;. The empirical process W,, can be approximated

by triangular array:
P
t) = Za]f"”vj + gnz(t),’l = 17 s 7n7t € T}7
j=1

where

cr
(ém- +(U; — EU)TB, — (Uy; — EU;) JV’B 0
J

1

7

frij = ) (Ui; — EU;)
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and

1

gni(t) = \/ﬁ[sﬁt(Xi)Vo(Xz‘)(l —0i) +711(Xi, )0 — 72(Xi, 1) — Go(t)].

It is easy to see that E fy; j = 0 for all 4, j, and Egp(t) = 0 for any t € T (Stute (1995)). It implies
that we can directly formulate W, (¢) = D7 | hni(t) + 0p(1), and Ly () = > i gni(t), respectively.
Below, we check required conditions and apply Pollard’s functional central limit theorem to establish

the weak convergence of W,,.

Condition (A)

We start with verifying the manageability of triangular array. Let

Hp = {(hn1(t), hna(t), ..., han(t)) e R™ t € T}

whose envelope function is H,, = (Hp1,Hpa, . .., Hpy) € R™. For each i,
p
Hp; = Zaij,j + Gpi with Fpij = |fnij| and Gpi = sup |gni(t)]- (53.8)
A te
7j=1
Let ® denote the operation of point-wise vector product. For any non-negative vector & = (&1,...,&,)7 €

R", we can create a class

€O Hn = {(E1hn1(t), Eahna(t), ..., Enhnn(t)) € R, t € T}

Let || - || denote Ly norm, and || - ||g,2 denote Lo(Q)-norm, which is the norm of the class of square-
integrable functions under a finitely discrete probability measure Q. Let D(q, K) denote the packing
number of class I (the maximal number of points that can fit in K while maintaining a distance
greater than ¢ (measured by a pre-specified norm) between all points). Our triangular array of
processes {hn;(t),7 = 1,...,n,t € T} is manageable (with respect to the envelopes H,) if we can

find a deterministic function A\ (capacity bound) such that
(1) fy vIog A(z)dz < oo.
(2) D(C||€® H,||,€ ®Hyp) < AQ) for 0 < ¢ <1, & € R” of non-negative weights, all n > 1.
Let u; be the j-th element of u € RP. We define functions f,, j: X = R and gns: T % {0,1} = R,

where

1

fn,j(‘r?da u) = 7

)

Cl By
%

J

o(@

((C;ia:)—ao—uTﬁ()) + (u— EU)" By — (u; — EU;) ) (u; — EUj)
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and

L bi@r0@) (1 — d) + (e, 0)d — o, ) — Golt)].

gn,t(xy d) = \/ﬁ

We create another function class (changing with sample size n) H,, = {hn,t € T}, where the

t-indexed function h,;: X — R is defined by
p
hna(z,d,w) =Y a; foj(@,d,w) + gny(x,d) such that hy (X, 6, Us) = hni(t).
j=1
Moreover, its envelope function H,, : X — R, where H,,(X;,0;,U;) = \/nHy,;. For any £ € R", it is

easy to see that H, D & ® Hy.

Let N(q, K) denote the covering number of class I (the minimal number of closed balls of radius
g (measured by a pre-specified norm) required to cover any class K). Condition (1) for manageability
could be fulfilled if we let

M) = lim sup sup N(z||Hpl|Q,2/2, Hn),

n—oo Q

and if the class H,, satisfies the bounded uniform entropy integral (BUEI) condition

1

lim sup sup/ \/log N(z||Hnllg2/2, Hpn)dz < o0, (S3.9)
n—oo @ JO

where sup, means that the supremum is taken over all finitely discrete probability measures. To

verify the BUEI condition in (S3.9), it suffices to show #,, is a BUEI class, for all n > 1. Let

by & = Rand hy,: T x{0,1} = R, where

hy, i (z,d,w) Za]fn]a:du)
7j=1

—=[¢e(@)70(2)(1 = d) + 1 (x, t)d]

§H

and

Lo t) + Golt)),

* —
hn,t(x7 d) - \/ﬁ

such that we can further decompose hp s = hfy , + hyy . Let Hy = {h} ,,t € T} and H = {h); .t

T}. We can easily see for all n > 1, Hy and H¥ are both VC classes because (1) the collection
{(—o00,t],t € T} is a VC class (VC index=2), and (2) both k), and h,;, are monotone in t. Since
VC class belongs to BUEI class, then H} and H.* are both BUEI classes. The preservation property
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of BUEI class implies H,, is a BUEI class (Kosorok (2008)), such that for all n > 1,

1
sup/ \/10gN(x||Hn||Q72/2,Hn)dx < 0.
Q Jo

Hence, the BUEI condition in (53.9) holds for H,,. Subsequently, we verify Condition (2) for man-
ageability as follows. For any & € R", let ||-[|g,,2 denote La(Q¢)-norm, where Q¢ is a finitely discrete

probability measure:

Qe = (nllgl) "D &1(X4, 6, U).

=1

Thus for 0 < ¢ < 1, & € R™ of non-negative weights and n > 1, we have

Cleo Hpl =¢D> GHALY? =D n " GHAX,, 6, U)Y?
=1 =1

> ¢ (€l HR (X3, 6, U WX, 60, Ui)M? = (| Hllge 2-
=1

Arguments used in Section 8.1.2 (Kosorok (2008), Chap. 8) indicate the relationship between
packing number D(q, K) and covering number N(q, K) for each ¢ > 0 and any class K with respect

to the same norm :

N(¢,K) < D(¢,K) < N(q/2,K).
If we let ¢ =([|€® H nll, then this relationship implies for the class & ® Ho,

D(¢lI€ © Hnll,€ © Ha) < N(C[I€ © Hull/2,6 © Ha)-

Since we have perceived H, D € ® H,, and ¢||€ ©® H,,| > Cl[Hp|lQe,2, it leads to

N(C|l€ ® Hyl||/2,€ ® Hy) < N(C|[Hnllge,2/2, Ha)-

The above two equations further reveal that

D¢ ® Hyll,€© Hn) < sgpN(CIIHnIIQg/ZHn). ($3.10)

Let A(¢) = limsupsupN (¢||Hy|g,2/2, Hn). By (53.10), we can conclude
Q

n—oo

D(¢)1€ © Hall.€ ©Ha) < A(Q),

for 0 < ¢ <1, & € R™ of non-negative weights, and all n > 1. Note that A does not depend on n.
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Condition (B)

Since EW,,(t) = 0 for any ¢, we can obtain that for s,t € T,

ow(s,t) = lim EW,(t)W,(s) = lim ZEhm(t)hm(s)

n—oo
p p

= ZZ aron (J, k Za]UML Js s Z%UML(% t)+or(s,t).
j=1 k=1 Jj=1

where (oa1(J, k))jk=1,...p is the covariance matrix of the mean-zero normal random vector M, or,(s, t)
is the covariance function of the Gaussian process L at any s as well as ¢, and oprr(j,t) is the

covariance function of the joint Gaussian process (M, L) for any j,¢.

Recall that Y = 6X/Go(X) and & = Y — ag — UT3,. Specifically, (oar(j, k))j k=1, p can be

given by the covariance matrix of the random vector with components
(E+ (U~ BU)! By — (U; — EU;)C] Bo/V;)(U; — EUj), (S3.11)

for j = 1,...,p. The dominated convergence theorem ensures that o (s,t) can be provided by the

covariance function of a stochastic process at locations s and ¢, where the stochastic process is
{0e(X)70(X)(1 = 0) + (X, 1)8 — 2(X, 1) — Go(t), t € T} (53.12)
Moreover, we can obtain oarr(j,t) by the cross covariance between the component (¢ + (U —
Uu)'p,— (U; — EUj)C’fﬂO/Vj)(Uj — EUj) and the process in (53.12) at location ¢. The finite

fourth moment of U (implied by (A.1)) and the square-integrability of £ (implied by (A.2)), along
with the results in Stute (1995) (based on (A.4)), ensure the existence of oy (s,t) for any s,t € T.

Condition (C)

According to the definition of H,,, we first express Yoy EH?LZ as
n p
>~ E(Y agl fuigl + sup lga(t)])*
i—1 =1 teT

n
= Z Z a]akE‘fm]fmk’ +E(Sup |gm +2Zaj |fmj‘sup |gm( )|) ,

=1 | j,k=1
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which is bounded by

P cT
mzax{ [ Z ajakE(ém + (UZ — EU)TﬁO — (U,‘j — EUJ) VIBO)(EM + (Uz

k=1 J
T
Ck /80

— EU)" By — (Us — EUy) )Ui; — EU;)(Uj, — EUy) |

+ E(ngp[@(Xi)’Yo(Xi)(l — &) + 7 (X, )0 — 72(Xi, t) — Go(1)]?) (S3.13)
CTBy
J

?gg |¢t(Xi)'YO(Xi)(1 —8;) + 71 (Xi, 1)6; — y2(Xi, t) — Go(t)]) }-

+2Zaj Eni + (Ui — BU)" By — (Ui — EU;)—=—)(Uy; — EU;)|

We can further show that the first term in (S3.13) is finite because (A.1)—(A.2) imply the square
integrability € and U;Uy, for all j, k. By (A.3)—(A.4), the restriction X; < 7 < 7y leads to the uniform
boundedness of the second term in (S3.13) over T, for all i. By (A.1)-(A.4), it is easy to see the

third term is finite as well. Hence, we verify limsup,,_,. >, EHZ; < 00.

Condition (D)

Recall that H,(X;,d;,U;) = /nHy; and the definition of H,; in (S3.8). For each n > 0,

ZE 1(Hyi>n)=n 1ZEH2 Xy 60, Ui) L(Hn (X4, 65, Us) > ny/m), (83.14)
=1
where
(Xz,(s’nU Zaanz] +an}
7j=1
¢ ~ T CJT’BO

=Y ajl(Eni + (Ui = BU)T By — (Uy; — EU;) v )WUij — EUj)|

j=1 J

+ fUTP | e (Xi)v0(X3) (1 = 05) + v1 (X, £)ds — 72 (X5, ) — Go(t)].

(S

Note that (A.1)-(A.2) imply € and U;U}, are square-integrable for all j, k, and (A.4) gives that
G+ (Xi)y0(Xi) (1 —0;) +71(Xi, )6 —y2(Xi, t) — Go(t) is uniformly bounded over T for all i. Therefore,
we have H,,(X;,d;,U;) is bounded for all but finite many i for all n > 1. As n — oo, (S3.14) tends
to zero since the numerator is a finite sum but the denominator diverges. Hence, we show Condition

(D) (the analogy of the Lindeberg condition) satisfied.
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Condition (E)

For every s,t € T, pn(s,t) = (X1 E|hni(t) — hni(s)[?)1/2, such that
Pn S, t ZE|hnz - nz(3)|2 = ZE|gnz(t) - gni(3)|2'
i=1

Since gni(t) = gi(t)/v/n+o(1), where g;(t) = [61(Xi)70(Xi) (1 = 6i) +71(Xi, )i — 72(Xi, ) — Go ()]
and {g;} are i.i.d., then Condition (E) is trivially satisfied, according to Pollard (1990). O

Lemma 3.4. Suppose that (A.1)-(A.4) hold and By # 0. The function V; is continuous on R x
02° <P, for all j.

Proof. For @ > 0 and A € A, denote the Euclidean norm by || - || and we define the distance
d(xz,A) =inf{||x —a| :a € A}

and Ay, = {x : d(x, A) < a} if A # 0; otherwise, A, = (). For any probability measure Q € P, we

can further define the Prokhorov metric between P and Q) as
dp(P,Q) =inf{a > 0: P(A) < Q(Aa) + v and Q(A) < P(A,) + a,VA € A}

For any given € > 0, suppose that there exists a probability measure @ € P that satisfies dy,(P, Q) < €.
Since € can be arbitrarily small, it implies that there is a positive sequence a,, | 0, such that
P(A) < Q(Aa,) + an and Q(A) < P(Aa,) + o, for all n. We can easily see A, is closed, and
therefore so is A,, . Let A = N, Ay, , where A is closed and A is exactly the closure of A. It follows
that P(A) < Q(A) and Q(A) < P(A), which leads to P(A) = Q(A) for all closed sets A. Hence, we
can conclude that P = @) by inner regularity.

Recall that

Ui(m,h,Q) =m+Q

(U; — EU;)Y h(X)
Go(X) 7

where we should point out that @[] is the expected value of a random variable with respect to the
probability measure ) and EU; denotes the expectation of U; with respect to P € P. To show the
continuity of W; on R x £2° x P, it suffices to prove that the second term of ¥; is continuous on

(2 x P. For any € > 0, there exists € > 0 such that sup,c+ |L(t) — L(t)| < € and d,,(P, P) < &, where
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WU = BUHYL(X) (U — EU;)YL(X)

Go(X) Go(X)
g(ﬁ_m“4‘§%§£“)+1J%—Em§$§fw4uxw .
< |- pY Q%KMX>+P<w—Ewgigo—MX» |
<|(P-P) G gOU(j))(};H:(X) +§£|Il(t) —L(t)|P W

Recall that (A.1) and (A.4) imply that U; is bounded, and G is bounded away from zero, respectively.

Also recall that X € T = (—oo, 7], and let I € £2° (the space of stochastically bounded functions

on 7). Then, we can show the first term in the last inequality from (S3.15) disappearing because

of P = P by inner regularity. Accompanying the square-integrability of U;Uy for any j,k, the
finite second moment of &, and non-zero Go(t) for all t € T (indicated by (A.1), (A.2) and (A.4),

respectively), it leads to

(U; — PUj)Y
Pl | < M,
Go(X) -
where M is a constant. Hence, it implies that
pU = BUIVLX) (U= BUVL)| .

Let € > € - M, and the proof of continuity is completed.

Lemma 3.5. Suppose that (A.1)-(A.4) hold; that By # 0, and that jo is unique when By # 0. We

have that

Following notations in Theorem 1, it leads to

“ M. - (T
\/ﬁ(an _ Hn) i Jo —i;/jojo( )

, where ¢; (L) =FE (

g \Ijjo(Mjova P)
Vi

Uj, — EU,;,)TL(T)
Go(T)

Proof. Since Lemma 3.3 gives that (M, L,) converges weakly to (M,L) on R? x £>° a.s., and P,
converges a.s. to P, then we could have (M,,, Ly, P,,) 4 (M,L, P) on RP x £2° x P a.s. It can further
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indicate that (M, j,, L, Pr) KN (Mj,,L, P) on R x £2° x P a.s. Recall that Lemma 3.2 gives
V(6 — 60)S3 = Wj, (M, jo, L, Pr) + 0p(1).

Accompanying the continuity of ¥;, shown in Lemma 3.4, therefore we can use continuous mapping

theorem to develop that
d
\Iljo (MTLJO ’ an Pn) — \IIJO (M]() 5 ]L, P)

Along with the fact that S?, converges to Vj, a.s. by In g0 (shown in Lemma 3.6) and SLLN,

Slutsky’s lemma implies that,

; a ¥j,(Mj,, L, P)

SR — ) % 2 (U;, — EU,,)TL(T)

Gol) )

= Mj, + E

where the last equality follows from techniques of conditional expectation and the dominated con-
vergence theorem when (A.1)—(A.4) hold. O

Lemma 3.6 (The oracle property). Suppose that (A.1)-(A.4) hold; that By, # 0, and that jo is

unique when By # 0. We have Jn converges to jo a.s.

Proof. Recall that U;; denotes the i-th subject’s U;. Based on a marginal AFT model with respect
to Uj, we can have mean squared errors Rj =P, (Y —¢; — BjUj)2, where (&;, BJ) denotes the KSV
estimator of parameters in this marginal AFT model and can be written as (P,,Y — BjIP’n Uj, Pn(Uj —
P,U;)Y/ SJQ) Therefore for all j, we have

Rj =S} — P, (U; - P,U;)Y/S2,

and the above display indicates that the following two arguments are equivalent:

P, (U; — P,U;)Y
Sy S;

arg max
J

and arg min R;. (S3.16)
j

Equation (S3.16) reveals that

P, (U; — P,U;)Y
Sy S;

~

Jn = argmax
J

‘ = argmin ;.
J
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We first need to prove: for all j,
P, U;Y =P,U;Y as., and P,Y =P,Y as. (S3.17)

To construct the first equality in (S3.17), we re-express P,U;Y" as

P [go?;({)] ‘P”

U;idX [ Gu(X) — Go(X)
Go(X) Gn(X) ’

which can be defined as }P’nt}} —r1, and gives us that |P,U;Y — ]P’ntf/| = |rq]. It is easy to see the

remainder term |r;| bounded by

supy<, |Gn(t) — Go(t)]

= P,
Gn(T)

U;6X
Go(X) ' ’

where this upper bound doesn’t diverge since in (A.4) we assume non-zero Go(t), for all ¢t < 7. Along
with (A.3)-(A.4), SLLN and the square-integrability of ¢ as well as U;Uy, for all j,k (implied by

(A.1)-(A.2)) give that
Ujo X
Go(X)

‘ =P,|U;Y| % E|UT),

where E|U;T| can be shown as a finite constant by (A.1)-(A.2). Accompanying the strong uniform
consistency of Kaplan—Meier estimator (Stute and Wang (1993)), it implies that the upper bound
of |r1| converges to zero a.s., and so does |r1], leading to the first equality in (S3.17). We can also
ensure the second equality in (S3.17) by similar arguments. Along with the square-integrability of &

and U;Uy, for all j,k in (A.1)-(A.2), SLLN implies that
PrU;j - EU]Y = EU;T and P,Y “3 EY = ET,

where the equalities EUJY = EU;T and EY = ET follow from the arguments of conditional
expectation and (A.3). Combined with P,U; 3 EUj, the above display further indicates that

P, (U; — ]P’nt)f/ = EU,T — EU;ET = Cov(Uj;,T). (S3.18)
Because SLLN implies IPntQ s EUj2 and P, U; et EUj, it is also easy to see that

57V (83.19)
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Applying continuous mapping theorem on (S3.18) and (S3.19), we obtain that

~ P,(U; —PU,)Y a5 Cov(U;,T )
Bj = (U 5 ) = ov(U;, T) for each j,
Sz Vj

so that

5 a 5T as. (Cov(Ul,T) Cov(Up,T)>T

B=Br,....0p) = T v, (S3.20)

Let R = (Rl,...,f%p)T and 1, denote a p-variate vector (1,...,1)T. When B, # 0 such that
Var(U?B,) > 0, using continuous mapping theorem on (S3.19) and (S3.20) leads to

s21,-R [ p2s2 3252 s < Cov(Uy,T) Cov2(U,, T) >T
Var(UTﬂO) B Var(UT,BO) Y Var(UTBO) V1Var(UT,80) Y VpVar(UTﬁO)

= (Corr*(Uy,T),...,Cort*(U,, T)) .

Note that jo = arg max; |Corr(U;, T)|, which is equivalent to jo = arg max; Corr?(U;, T). Since we
have shown that j, can also be the argument to maximize (S3 — R;)/Var(U”? 8,) among all j’s, then

In %3 jo, given that jo is unique. O

Lemma 3.7. Suppose that (A.1)-(A.4) hold and By = 0. The joint limiting distribution of \/715 and

n(S¢1, — IA%) can be derived as

((lemmwfbo)/vl, (M + (L) + CToo) Y, )T
(My + @1(L) + CTbo)2 Vi, ..oy (My+@p(L) + CTb)2/V, )

where Cj as well as V; are as previously defined, for any fized j.

Proof. To prove this lemma, the first step is to derive the limiting distribution of \/ﬁ/é = (Vnby, ..., \/ﬁép)T,
where éj is the KSV estimator of the regression coefficient in a marginal AFT model with the pre-

dictor U; and the outcome Y. The second step provides the joint limiting distribution of \/55 and
n(S¢1, — ﬁ) = (n(S2 — Ry),...,n(S% — R,))T, where R; is defined as before, for all j. We begin

with re-expressing v/nf; as v/nP,(U; — P,U;)Y/ SJZ, which can be further written as, for all j,

- 1 - — BU; )YL, (X
@Pn(Uj—Pnt)Y—F—P W, Ui, ) (X)

s? s Go(X)

+ 0,(1). (S3.21)

Since &, =Y — g — UT,Bn, the linear property of sample covariance implies that
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P, (U; — P, U;)Y =P, (U; — P,UNUTB, + P, (U; — P,U;)én, $3.22
J J J J n J J

where we can further have

P, (U; — P,U)U'B, = (P, — P)U,UT 8, + PU;U' B, — (P, — P)U,P, U3,
- PU;(P, — P)U' B, — PU;PU" B,

and

P, (U; — PuUj)én = (Pn — P)(En(U; — PU;) — Ppén(P, — P)U. (S3.23)

Let G, = \/n(P, — P). Along with CT 8, = PU;U" 3, — PU;PU"3,,, (S3.21)-(53.23) lead to

b (G U;UT — PU;GUT — G UPUT)B,  PuénGuU; N Gnén(Uj — PU;)

53 53 53
1 (U,, — BEU;,)YL,(X)]| vnCIB,
7]}»” Jo Jo J 1 .
s Go(X) 52 +op(1)

When B, = 0, then \/n3,, = by such that

(G, U;UT — PU,G,UT — G, U;P,U )by  P.£,G,U; N Gnén(U; — PU;)

Vinbj = -
RS 52 52
5 ’ (53.24)
o Lp Ui BUYL| G
s Go(X) sz o

Since the first two terms in (S3.24) are o,(1) by SLLN, along with the definition of M, ;, we can

have
;1 - , (U; — EU;)YL,(X) CT,
\/ﬁﬁj = SJZ {Gnsn(UJ PU;) + P, Go(X) 3]2 + 0p(1)
1 (U; — BU;)YL,(X) | = Clbo
= <M, +P,~2 J J 1).
5]2 { 5] GO(X) + SJ2 + Op( )

Using previous arguments along with (A.1)-(A.4), it further leads to

T
\/ﬁ/é i> M + g01(]L) + C?b() Mp + @p(lm + Cpro
" ey Vp .

To complete the second step, we re-express n(S’j2 1,— R) as (\/ﬁg) O] (\/ﬁb\) o(8%,..., Sg)T, where ®
denotes the Hadamard product. Hence when 3 = 0, the joint distribution of \/ﬁa and n(S21,— ﬁ)
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can be obtained as

( N )i(((Mwm(L)JrCfbo)/Vb <Mp+sop<L>+0§bo>/Vp>T>
(531, — R) (M1 +@1(L) + CTbo)2/Vi, ..., (My+ @p(L) + Clbo)?/V,)" )

Lemma 3.8 (McKeague and Qian, (2015)). Let z be a p-dimensional random vector and f : R?’ —
RP @ function such that f(z,-) is continuous for every z € RP, and f(z,b); # f(z,b)r a.s. for
all j # k and b € RP. Then, J(b) = argmax;—; __, f(2,b); is unique a.s. Also, if by — by, then
J(by) = J(bg) forl sufficiently large a.s.

Lemma 3.9. Suppose that (A.1)-(A.4) hold and that B, = 0.

V(0 — 6,) % (M + @ (L))/Vy + (Cy /Vy — Cibo)/ Viv)) " bo,

where J, j(bg), C;j and V; are as defined in Theorem 1, for each j.

Proof. It is easy to perceive f(z,-) we defined is continuous with respect to z. Also, Z =
(Z1,...,Zp)1" is a random vector and |Corr(U;, Uy)| < 1 for j # k, so it indicates that f(Z,by); #
f(Z,bg)y, for any j # k a.s., where f(Z,by); = (Z; + C’]Tbo)2/Vj. Thus, we can point out that J =
J(bg) = argmaxj—1__, f(Z,bg); is unique a.s. Since fn = arg min; Rj (equivalent to arg max; n(S%,—
ﬁ’])) and it is uniquely determined, then we can say that h(n(S31, — R)) is continuous. Moreover

in the case of 3, = 0, we also see that
ViCipBn  Clibo

Vb, = Vnbh(n(S31, — R)); Vnby, = = .
Vitbo) Vibe)

Hence, the desired limiting distribution of \/ﬁén can be derived by applying continuous mapping
theorem on the joint distribution of \/5/0\ and n(SZ1, — f{) derived in Lemma 3.7. O

S4 Proof for Theorem 2

Before entering the core of the proof for Theorem 2, we clarify the large sample behavior of the
maximally selected studentized statistic T,, in Lemma 4.1 below. Together with the conditions of the

threshold A, the results in this lemma would play a crucial role in designing adaptive resampling.

Lemma 4.1. Suppose that the threshold )\, satisfies A, = o(y/n) and A\, — 00, and that (A.1)-(A.4)
hold. We have 1(|Tp| > A\y) = 1(8, # 0).
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Proof. Recall that SJ2 is the sample variance of U; for all j and T, = \/ﬁén/6n, where 6721 =
P, (Y —a, — 0, U j‘n)Q / SJ2 We start the proof with verifying that 6,, is asymptotically bounded above
and below. Let (&;,6;) denote the estimated intercept and the estimated regression coefficient of
U; in the marginal AFT model that only contains one active predictor U; for the outcome Y. By
(A.1)-(A.4), SLLN and the uniform consistency of Kaplan-Meier estimator, we can show éj “50; =

Cov(U;,U)TBy/Var(U;) and &; “3 ag + EUT By — 0, EU;, for all j. This further leads to
P, (Y — a; — 0,U;)* “3 BE(Y —ap — EUTB, — (U; — EU;)8;)* = E(¢ — (U; — EU;)8;)%
Along with sz =S Var(U;) > 0 for all j, the continuous mapping theorem implies that

P, (Y — &; — 0;U;)* ag. B( = (U; — EU;)6;)
S2 Var(Uj)

For all j, we ensure that E(g — (U; — EU;)0;)* < oo by Var(U;) > 0 and the square-integrability
of € and Uj;. Therefore, maxj—1,  p{Pn(Y — é&; — éjUj)Q/S]?} converges to a finite constant. Since
Op < maxj—q, p{Pn(Y — 6 — éjUj)Q/S]?}]l/Q, it implies that &,, is asymptotically bounded above.

Since it is obvious that
E(é — (U; — EU;)0;)*/Var(U;) > 0 for all j,

then we see that [minj—;  ,{Pn(Y — &; — éjUj)2/Sj2}]1/2 converges to a non-zero finite constant.
Because 6, > [minj—;  p{P,(Y —&; — éjUj)Q/SJZ}]l/Q, we therefore show that &,, is asymptotically
bounded below. Together with results in Theorem 1, we then prove that |T,| %3 co when B, # 0
and |T,| = O,(1) when 8y = 0.

To prove this lemma, it suffices to show that the probabilities in the following equation converge

to zero:
E[1(|Ty| > An) — 1(By # 0)] = E[L(|Tn| < An) — 1(By = 0)]
= P(|T| >)\n750:0)+P(’Tn| S)\naﬁo#o) (84'1)
= P(ITal > AnlBo = 0)1(8y = 0) + P(ITu| < Aa|By # 0)1(By # 0).
We can see that the first probability in (S4.1) converges to zero because A\, — oo along with

IT,| = Op(1) when By = 0. Meanwhile, the second probability converges to zero because A, = o(y/n)
and 0 < |T,|/v/n = Op(1) when 3, # 0. O

More notations for the bootstrap version of estimators are introduced below. Let P} be the
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nonparametric bootstrap of P,. Replacing P by P, and P, by Pi, G} = /n(P; —P,) is the
bootstrapped empirical process, where P, P,, and P only operate on functions defined on the sample
space X. The notation é,’;, j;: and é;k means that the bootstrap version of én, Jn and éj, respectively.
The bootstrapped Kaplan—Meier estimator is denote by G;; Note that under the operation of P}, or
G;,, we use C;’,*I to replace G, and G, to replace Gy, respectively. All of the bootstrapped estimators
are based on n i.i.d. observations taken from P,,. Let E* denote the expectation conditional on the

data, and P* be the corresponding probability measure.

To justify the claimed results, we first verify the following statements: (1) 1(|T}| > A, or |T,| >
An) B 1(Bg # 0) and (2) 1(|T:| < Ay and [T, < Ap) N 1(By = 0) conditionally (on the data)
in probability. Afterward, we prove Lemma 4.2 and 4.3, and obtain the desired results along with

statements (1) and (2). To show statements (1) and (2), it suffices to give

EX[L(T5| > An) = LBy # 0)| = P*(IT,| > An, By = 0) + P*(|T;,| < An, By # 0)

(S4.2)
= P*(|T;| > AalBy = 0)1(By = 0) + P*(|T;| < \alBy # 0)1(By # 0) — 0

in probability, implying that 1(|T}| > \,) N 1(By # 0) and 1(|T%| < \p) r, 1(B, = 0) conditionally
(on the data) in probability. The convergence in (S4.2) follows from below arguments. Using Lemma
3.9 and the condition that A,, — oo asn — oo, we can have P*(|T}| > \,|3y = 0) — 0 in probability.
Besides, it is also easy to see |0, — |C;€,30| /Vj, when By # 0 and jo is unique. Along with the
condition that A, = o(y/n) and that 6}, converges to a finite constant conditionally (on the data) in

probability, we can use Lemma 3.5 and Lemma 4.2 (shown later) to prove

P*(|T:’ S )\n’ﬁo 7é 0) = P*(\/ﬁ’(é; - én) + (én - Gn) + en‘ S Ana'n‘:BO 7'é 0)
< P (|0n] < n7Y206% + 105 — 0,] + |65 — 0,] 1By £ 0) = 0

in probability. Since 1(|T%| > An) 2 1(B, # 0) and 1(JT%| < Ay) 2 1(3, = 0) conditionally (on the
data) in probability, along with 1(|T,| > A,) — 1(8y # 0) in probability, we can justify statements
(1) and (2), using Slutsky’s lemma.

Before stating necessary lemmas, we express the bootstrapped marginal regression coefficient as

follows, which will appear in Lemma 4.2. For j =1,...,p,

b _ VAPRUY — (PU)(BRY)] _ GuUsY — GRUPLY — PU,GhY + V[Pl Y — PUsP, Y]

Vi =
’ [PrU? — (PU;)%] [PrU7 — (PrU;)?]
GLU;Y — GLUPLY — PoU;GLY + /b [P, U? — (PoU;)?
B [ExU7 — (BLU;)?] '

Lemma 4.2. Suppose that (A.1)-(A.4) hold; that By # 0 and that jo = j(By) is unique when
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By # 0. We can have j* LN jo conditionally (on the data) a.s., and /n(6%—6,) A (Mjy+4, (L)) /V;
conditionally (on the data) in probability.

Proof. Let S3? =P;Y? — (P;Y)? and S;-‘Q = IP’:‘LUJ-2 — (PxU;)?. When By # 0, SLLN and Slutsky’s
lemma imply that,

§20% = V2 [GLUY — GLUPLY — P, U;GLY] + 0,57 5 CT By as.,

implying that é}“ LN CJ.T,BO /Vj as., for j =1,...,p. Using a similar fashion to expressing the mean
squared error, the corresponding bootstrap version can be written as R; = 55*/2 — é}‘zS;Z, leading to

that

. . S - R 01253
Jn = argmin R} = arg max YiTJ = argmax —~—/—.
j i Var(U* 3y) i Var(U* By)

Moreover, Slutsky’s lemma and SLLN indicate

Nx2 Q2
05°5;

Var(UT 8,) 2 Cor?(U;,UTBy) as., forj=1,...,p.
0

Along with the condition that jy is unique when B # 0, it implies that

. 052572 052552 <262 0525+
P*(];: #]0) — p* U Jo 7{0 < J 7{ < Z P* Jo %o < J 7{
G:j#j0 Var(U ﬁO) Var(U ﬁO) G550 va‘r(U I@U) va‘r(U /60)

converging to zero a.s. Let §, =Y — &,, — éntn. Recall that P,,&,, = 0 and the definition of é,’;, we

can have that

V(6 — én)sgf = V[P U.Y = PhU.PLY — énSji‘f]
_ XTT. 2 XTI X2 A (ORTT2 (XTI \2 _ XTI TT. *TT. TDXTT.
= VnlPLUj. én — BLU;. Prén — On(BLUZ, — (PLU;.)? = PLU,LU; + PLUGPLU; )]
= GUs.én — GhénPuUs. — GhU: Pré, — v/ [P;Uj.{ — (ByU;.)? = PRUS.U;

ni td (S4.3)
+PLULPLU; [ +0pe(1) aus.

n

= Gzén(Uj - PU} ) - Gzén(Pn - P)Uj* - G:LUj (Pq*m - Pn)én

+ Vb, [(PLU;. ) — IP’;‘LU% +PULU; —PhUPLU; [+ 0, (1) s,
where the third equality follows from ]P’nt.nén = 0; j,*L LN Jo a.8.; Jn — Jjo a.s., and the last equality
follows from P,é,, = 0. In the last equality in (S4.3), all the terms can be shown as 0,-(1) a.s.
by similar arguments and SLLN, except for the first term. The next to show is the first term

in (S4.3) converges in distribution to some weak limit conditionally (on the data) in probability.
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According to Lemma 3.6 (under (A.1)-(A.4)), we can easily see that 6, % 6 = C];CBO/V]-O and
Gy, LN aq + PUT,BO — HopUjO. Let &, =, + (U - PU)T,BO — QO(Ujo — PU]‘O). The first term on the
right-hand side (r.h.s.) of (S4.3) can be decomposed as

G;klén[(UA — PU@) — (Uj — PUjO)] + G:(én — é:n)(Uj — PUj ) + G;En(Uj — PUjO>. (84.4)

In In

In (S4.4), the first term is 0,+(1) a.s. because for any € > 0,
P @360, — PU,.) — (U, ~ PUL)] > ) < P(j5 £ o) 0 as
The second term in (S4.4) can be reformatted as

(P, — P,)[(U), — PU;,)U"bo] — [6n, — (a9 + PUT By — 60PU,,)|Gi(U;, — PU;,)
— (0 — 00)GU;, (Uj, — PU;,) + 0,.G[(U), — U; )(Uj, — PU;, )] (54.5)
+ G, (U;, — PU;,) (Y = Y).

A~

Because E*[G(t)] = G, (t) for all t € T (Lo (1993)), along with first order Taylor expanding with

respect to Gy, the last term in (S4.5) reduces to

(Uj, — PU;,) YLy (X)
Ga(X)

]P)*

n

+o0p<(1) as.,

where L7 : X — £2° is a bootstrapped empirical process
{GLlot(X)0(X)(1 = 6) + M (X, )6 —72(X,t) — Go(t)],t € T}

We use ¥ to approximate {y/n[G%(t) — Gy (t)],t € T} with ¢, 70, 71 and 7o stated in Lemma 3.1.

A~

By the consistency of (G, 0y,), bootstrap consistency of the sample mean and
P*(G[(U;, = Ujp)(Uj, = PU;,)| > €) < 1(jn # jo) = 0 aus.,
equation (S4.5) reduces to

(Ujo — PUjO)YL:(X)
Gn(X)

]P)*

n

+ 0p+ (1) in probability. (54.6)
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Parallel to M, ; = G,£,(U; — P,U;) for j =1,...,p, let
M, ; = G}én(U; — PU;). (54.7)

Since 6y = C};,@O /Vj, implying that &, = &,, then we can express the remaining term in (54.4)
Gén(Uj, — PUj,) as M, ;. By the definition of ¥; in (S3.1) and EU; = PUj for all j along with
the uniform consistency of Gy, (S4.3)(54.6) lead to

(U;, — EU;,)YL3(X)
Go(X)

Vn(6F — én)s]:ff =M. +P!

n7j0

+ 0p+(1)

=W, (M}, Ly Py )+ o0p-(1) in probability.

n,Jo) Ny n

Note that S]*f LN Vi, in probability. Together with bootstrap consistency of Kaplan-Meier estimator
based on Efron’s resampling plan (Efron (1981), Akritas (1986)), we obtain the desired result, using
similar arguments for the proofs of Lemmas 3.3-3.5 and Theorem 3.6.1 of van der Vaart and Wellner
(van der Vaart and Wellner (1996), Chap. 3). O

Lemma 4.3. Suppose that (A.1)-(A.4) hold; that By = 0, and that j(by) is unique when By = 0.
Then, QF(bg) converges to the limiting distribution of \/n(6, — 6,) conditionally (on the data) in
probability.

Proof. Following previous arguments, we can have

\/ﬁéj = (Mmj + Dy + n1 Z(UU — BJ)UZTbo)/SJZ, (84.8)
=1

where
Mn’j = Gnén(Uj — Pnt) N

Dn,j = VP (Uj = PuUp) (Y = Y) = Po[(U; — PU;)Y Ly (X)/Go(X)] + 0p(1).

According to the definition of ¥;, (54.8) implies that

. WM, L, P,) + Cov(U;, UTH
Vnb; = § (M )52 (U; 0)'
J

Let M,, be a p-dimensional vector with the j-th components given by M, ;. Let J,(b) denote a
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p-dimensional vector with the j-th component defined by
In,j(b) = (¥} (M, L, Pn) + Cov (U, UT))*/S},

and J(b) is a p-dimensional vector whose j-th component is J;(b) = |Corr(U;, UTd)|. Moreover, we

define a p x p matrix A, (b) whose (j, k)-th component is provided by

(¥ (M, j, Ly, P) + Cov(U;, UT))/S? — O,/ V.

In addition, let H, (b) and H(b) be p-dimensional vectors of zeros, except with a 1 at the entry that
maximizes J,(b) and J(b), respectively. We can have that

Qu(b) = M, 1, 6) + Pn,, 0) + PuUs, 6) = PulUs, 6))U " 0)/S5 5y — i/ Viw)
= H,,(b)T A, (b)H(b).

We define J(b), A(b) and H(b) as processes (not indexed by n) with the same form as J,,(b), A, (b)
and H, (b), except with M, ; replaced by Mj;; L,, replaced by L; P, replaced by P, and the sample
variance or covariances replaced by their population versions. According to Theorem 1 (under (A.1)—

(A.4)), it implies that when 8, = 0,

A~

V(0 — 60,) = Qu(bo) = Hy, (bo) T A (bo)H (bo) % H(bo)T A(bo) H (bo). (S4.9)

Recall the bootstrap version of M, ; defined in (S4.7) Let A7 (b) and Jj,(b) denote the bootstrap
versions of A, (b) and J,(b), respectively, where the (j, k)-th component of A*(b) is given by

WH (M, L, Pr) + Cov (U, UTb) ~ Cov(Ui, U"b)

n,j’ nrtn

*2 2 ?

and the j-th component of J (b) is provided by

5 (6) = [0 (M 5, L By) + Cov (U5, UT B/,

n,jr =ns -t n

The above display enables us to derive that, together with similar arguments used to close the proof

of Lemma, 4.2,
(Ho(bo), A% (bo), % (bo)) % (H (bo), A(bo), I(bo))

conditionally (on the data) in probability, where H,(b) denotes the sample version of H(b). Moreover,

we can observe that
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L:,P*) + Cov (U;,UTbg)
52
J

n7]7

(M

+0p(1) a.s., for all j,

Hence, parallel arguments to obtain (54.9) imply that
N* N * * * 2 d
V(b = 0,) = @}, (bo) = Hi, (bo) " A;, (bo) Hin(bo) =+ H(bo)™ A(bo) H (bo)

conditionally (on the data) in probability, where HY (b) is a p-dimensional vector of zeros, except

with a 1 at the entry that maximizes J (b). O

S5 Screening performance of ARTS

In this section we report the results of a simulation study to assess the screening performance of
ARTS when applying the cut-off to all marginal regression estimates. That is, we conduct ARTS
and obtain a pair of cut-off points (kq/2, K(1—a/2)), the /2 and (1 — a/2) quantiles of the limiting
distribution of \/ﬁén, where a = 5%. We declare a predictor active if the point estimate of its slope
parameter falls outside the interval Z, = [kq/2/v/7, K(1—a/2)/v/]-

We will assess screening performance in terms of false discovery rate (FDR), false negative rate

(FNR) and false positive rate (FPR). Their empirical versions are given by

#{j: Bj ¢ Lo, Bj =0}

A _#iBi€TaBi #0} L rpp #ii8 ¢ Ta 8 =0}
#{J: B; € Lo}

FDR = #i B £ 0) s =0k

, FNR

respectively, where (3; is the marginal slope parameter based on U; and has the point estimate @
as defined in Lemma 3.6.

We generate 1000 samples of size n = 100 from Model (S1) given by T' = Z§:1 B;U; + €, where
Pr=02=083=12,84=05=08, B = pr=Ps =—08, Bg = P10 =—0.5and 3; =0, j > 11. The
components of U and ¢ are independent standard normal. We also applied the Benjamini-Hochberg
procedure (BH, Benjamini and Hochberg (1995)) and the Holm—Bonferroni procedure (HB, Holm
(1979)) to the p-values based on marginal Z-tests of 3; = 0, j = 1,...,p, using a nominal FDR
or significance level of 5%. The results of the BONF-AFT procedure (Bonf) are also provided for
comparison. The average values of ﬁ, FNR and FPR are provided in Table 1, along with their
counterparts obtained from BH, HB and Bonf. See Section 6.2 of the main paper for discussion of

the results.
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