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We provide outlines of the proofs of the theorems stated in Section 3 using modern empirical
process theory. Let D denote the sample space and D denote an arbitrary sample point with D €
D. Also, let P,f =n~! >, f(Dy), for a measurable function f: D — R, and Pf = fD fdpP
denote the expectation of f under P, the probability measure of the data on the measurable
space (D, A), with A being a o-algebra on D. In what follows, C' denotes a universal constant
that may vary from place to place. We start with two technical lemmas that will be used later

in the proofs.

Lemma 1. Let h(t) be a fized uniformly bounded function on [0,7] and ¢(t) a non-decreasing

random function on [0, 7] that belongs to the P-Donsker class ®. Then the class of functions

Fi= { / h(u)do(u) st € [0, ﬂ}
is P-Donsker.

Proof. For any probability measure @ and any t1,t2 € [0, 7] we can easily demonstrate that

where ||h||g,2 = (J h*dQ)"/?. Now, for any t € [0, 7] there exists at; € [0,7],i = 1,..., N(e, @, L2(Q)),

[ st [ nwaotw)

< Cllo(t2) — o(t1)ll@.2,
Q,2
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such that ||¢(t)—¢(t:)]|@,2 < €. Consequently, for any member of F; there exists a fotl h(u)dp(u),

fori=1,...,N(e,®, L2(Q)), such that

and thus we can cover the whole F; with N (e, ®, L2(Q)) L2(Q) €'-balls centered at fotl h(u)dd(u).

< Ce,
Q.2

[ st — [ hedst

t
0

By the uniform entropy bound (2.5.1) in van der Vaart and Wellner (1996) and the P-Donsker

theorem, Theorem 2.5.2 of van der Vaart and Wellner (1996), it follows that F; is P-Donsker. [

Lemma 2. Let g(t) be a data-dependent and uniformly bounded function and f(t) a continuous

fized function of bounded variation on [0,7]. Then, the class

ﬁz{Alwﬁwwenﬂ}
is P-Donsker.

Proof. The assumption on f(t) implies that f(t) = fi(t) — f2(t), where fi and f» are non-
decreasing continuous functions. The classes of fixed functions F3; = {fi(¢t) : t € [0, 7]}, 1 = 1,2,
are P-Donsker because they are totally bounded by the |- | metric. The total boundedness of
F3,1 and F32 is a consequence of the fact that their members are continuous functions defined
on the compact set [0, 7], and therefore F3 1 and F3,2 are compact. Now, for any t1,t2 € [0, 7]

and any finitely discrete probability measure @ it follows that

Similar arguments to those used in the proof of Lemma 1 can be used to show the Donsker

< Clfiltr) = filt2)], =12
Q,2

fﬁ@@®f[2@%@

property of Fao; = {fot g(s)dfi(s) : t € [0, T}}, [ = 1,2. Finally, the Donsker property of F3 is a
consequence of Corollary 9.31 of Kosorok (2008), since F» is formed by differences of functions

that belong to the Donsker classes F21 and Fz 2. O
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S1. PROOF OF THEOREM 1

S1 Proof of Theorem 1

Consider the underlying stochastic basis (2, F, {F; : t > 0}, Py), with
F; = 0<{N(u),N*(u),Y(u), RZ:0<u< t}>,

and define G = o({N*(u), Y(u),R,Z : 0 < v < 7} U{N(u) : 0 < u <
R = 1}>, the o-algebra generated by the observable random variables
on (0,7]. In the remaining of this proof, we present the arguments for
the estimators concerning the absorbing states which may be missing. The
corresponding arguments for the estimators regarding the transient states
that are completely observed, follow the same arguments as those given in
Andersen et al. (1993). The expected cause-specific counting process for an

absorbing state j € T is

E[Ninj ()] = E[bijNin.(t)] = E{E[0;jNin.(£)|G]} = E[Nin.(t) E(655|G)],
which immediately results in

E[Nin;(t)] = E{[Ribi; + (1 — R)E(55|G)|Nin. ()} = E[Nins(t)], (S1.1)
forallh ¢ T, j€ T and t € [0,7]. It is also noted that after observing D;
we have that E(0;;|G) = E(0;;|D;) = m;(Z;, B,) with B, denoting the true
regression parameter for the probability of the absorbing state j € T, ;.
Hence the corresponding absorbing state-specific counting process can be

expressed as Nihj (t: By) = [Ridi; + (1 — Ry);(Z;, By)| Nin-(t).
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Define three classes of functions, £y ; = {Ny;(t) : t € [0, 7]} for h ¢ T
andj € Z, Loy ={Y(t):t € [0,7]}, h ¢ T,and L3, = {f;(B) = Ré;+(1—
R)mj(Z;,8): B € B}, j €T. L1, is a class of monotone cadlag functions
satisfying C2 and hence it is P-Donsker for any h ¢ T and j € Z, with
h # j, by Lemma 4.1 of Kosorok (2008), because P[Ny;(7)]> < C? < cc.

Note that Yh(t) = N.h(t—) — Nh.(t—), with Nh(t) = Z Njh(t) and

J#h
Np.(t) = >, Nij(t). The classes of functions N.,(t—) and Ny (t—) are
P-Donsker because they can be expressed as the finite sum of P-Donsker
classes (Kosorok, 2008). Thus, using the same argument as before, Ly, is
also P-Donsker.

Next, note that the fixed class B is trivially Donsker by condition CA4.
Conditions C4 and C6 imply that 7;(Z;, ) is a Lipschitz continuous func-
tion of B on compacts and, therefore, the class L3 ; is P-Donsker for any
j € T, by Corollary 9.31 in Kosorok (2008). Now, the class of functions
Ls,;L1n = {fi(B)Nu(t) = Ny;(t;8) : t € [0,7],8 € B}, for all h ¢ T and
j € T, is P-Donsker because it is formed by products of bounded functions

that belong to Donsker classes.

Since a P-Donsker class is also Glivenko-Cantelli, we have that

sup |P,Yi(t) — PY,(1)| 20 heT,

te(0,7]



S1. PROOF OF THEOREM 1

and

sup [P Ny (t; Bg) — PNus(t) 50, h¢ T, jeT, (S1.2)

tel0,7]

by (S1.1). Then it is straightforward to show

sup [P, Ny (t;8,) = PNuj (1) = |BuNaj (8 B,.) — PN (t) |

t€[0,7]

IN

C (“Bn — Boll + P Nw;(t: By) — PNhj<t)Hoo) ass o

for any h ¢ T,j € T by (S1.2) and C5. Next, performing the same calcu-

lation as that in Stute (1995), we have

A

Anpj(t) = Ao (t) = Li(t) + Ix(t) + I3(1),

[P PP
5O = || praprorign 058

We shall show that each of the above terms converges almost surely to zero

under the || - || metric. First,

[PY3(t) = PnYi (Bl

]PnN ) ; An a.s. 07
infte[oﬁ] [PYh(t)P hg (T 6 ) -

11 (#)]loo <

due to the fact that £, is Glivenko-Cantelli.
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Next, note that P, Ny, (u; 3,) — PNj;(u) is a right-continuous process

of bounded variation on any interval A C [0,7]. Now, we have

/t d[P Ny (w3 B,,) — PNij(u)] _ /t dP, Nps (3 B,) /t dP Np;(u)
0 0 0

and hence

[2()]|ee < C (HBn = Boll + ||(Pn = P)

thhj(u;ﬂ()) as
/o PY,(u) ”L) -0

by C2, C4-C6 and Lemma 1.
Finally, since Ly j, is Donsker and hence Glivenko-Cantelli, for any small
enough € > 0, P,Y,(t) > PY,(t) — € > LPY,(t), it follows that for any

t €0, 7]

[PYu(t) =B Ya ()] _ 2[PYa(t) = PuYa(B)F _ 2(PYa(t) = PaYa())]5

[PY,(0)PP,Yh(t) — [PY, ()] S T ihepn PP te0,7].

Thus for any h ¢ T and j € T

2| PpY (t) — P Y ()2 as.

I3(1)||o < - OOPnN'T;B”—)Q
|| 3( )H lnftE[O,T][PDYh(t)]g j( )

which leads to H/Aln’hj(t) — Ao pi(t)]ls 0, forall h ¢ T and j € T.
Thus, we conclude that A, (t) “ Ay(t), uniformly on [0, 7], and therefore

it follows that

il [1 + dAn(u)] 2T+ dAo(u)]

(s,t] (s,t]



S2. PROOF OF THEOREM 2

uniformly on s,t € [0,7], with s < t, as a consequence of a continuity
result from the Duhamel equation (Andersen et al., 1993). Thus the proof

of Theorem 1 is complete.

S2 Proof of Theorem 2

We start the proof of Theorem 2 by studying the asymptotic distribution of

Nhj (t; Bn), for h ¢ T and j € T. First, we have the following decomposition

VLN (t: B,) = PNus(t; B0)] = GulNu(t; B,) — Ny (t; Bo)] + GuNis (15 Bo)

+V/n[PNy;(t; B,) — PNui(t; By)],  (S2.1)
where G, f = /n(P, — P)f. For the first part, we have

sup P[Ny;(t; B,) — Nuji(t; B)]> < sup Plm;(D;B,) — m;(D; By))?

te[0,7] te[0,7]

< ClIB, = Bol*-
Hence, by C5 it follows that sup,cp P[Nyi(t: B,) — Ni;(t; 8y)]2 =5 0 for
all h ¢ T and j € 7. Additionally, we have that Pr(3, € B) — 1 and
that L, L1n; = {Nu;(t;8) : t € [0,7],3 € B} is P-Donsker for all h ¢ T
and j € T as shown in the proof of Theorem 1. Consequently, it follows by

Theorem 2.1 in van der Vaart and Wellner (2007) that

| Gal¥ii2: 8,) = ot 80| = onlD)
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The second part in (S2.1) is asymptotically equivalent to a tight zero mean
Caussian process Gy; as the class of functions {Ny;(t;B,) : t € [0,7]} is
a subclass of the P-Donsker class {N,;(t;3) : t € [0,7],3 € B} and it is
therefore a P-Donsker for all h ¢ T and j € T as well. Next, applying a
Taylor expansion at 3, to the third part of (S2.1) along with conditions

C4-C6 leads to
VPN (t B,) — Nij(t; Bo)] = VB, — Bo) Ruy(t) + 0p(1),
where Ry (t) = P[(1— R)Ny.(t)7;(Z, B,)]. Using condition C5 we have that
VAP Ny (85 B,) — PNyji(t; By)] = v/nPalNij(t; By) — PNyj(t; By) + w” R (t)]
+0,(1).
Since {Ny;(t; B,) : t € [0, 7]} is P-Donsker, w have bounded second moment

and zero expectation, and PN nj(t; By) is non-random, we conclude that
VAP (5 8,) = PNuj(580)] ~ Gl W@ T, GET,

with Gj; being a tight zero mean Gaussian process. Note that the map

(PN, PY),) — [ 57dPNy; is Hadamaard differentiable with derivative

OPY

at (a,b) over the whole domain

H={(PNB)s [ 1PN < C.C € 000), int [PY(0] 2 e 0
[0,7] tel0,T

given by fo Y f(f ?ZJ;N“ (Kosorok, 2008). By C1 and C2, we have that

(PNy;, PY;) € H and Pr((P,Ny;,P,Y,) € H) — 1 asn — oo, for h ¢ T
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S2. PROOF OF THEOREM 2

and j € T. Hence simple algebra followed by the Functional Delta Method

(van der Vaart, 2000) leads to

~

V[ A i ()= Ao i ()] = VAP [Unj1 () —tnja () +w R ()] +0,(1), h & T,jeT,

where

b = | SRR o) = [y on)

and Ryy() = P {(1 — R)y(Z, By) /0 i&ém .
Under the regularity conditions and Lemma 1, it can be shown that ¢y, 1 (%),
t € [0,7], forms a Donsker class. The same is true for ¢p;2(t), t € [0, 7],
as a consequence of the regularity conditions and Lemma 2. Therefore,
VI[Anni(-) = Agn;(-)] converges weakly to a mean-zero Gaussian process
forall h ¢ T and j € T. Using similar calculations, it is straightforward to

show for the transient states, which are completely observed, that

VA[An () = Aoni ()] = VAPultni (-) = Unja()] + 0p(1), B¢ T,

for h # j. Thus it follows that

VAL () = Ag()] = VP, [, () — () + w I R()] + €,

9
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where
— > iz0 Yoji You
'leOl - Zj#l 77ZJ1jl
Y, =

Zﬂ(q—k:)Ol w(q—k‘)ll

kal 0k:><1
R'Tc

R =
OkX(q—k+1)

and € is a (¢+ 1) x (¢ + 1) matrix that includes o0,(1) terms. In the matrix
R, Rrcisa (q—k+1) x (¢—k-+1) diagonal matrix with diagonal elements

— ier Rij, h € T, and Ry a (¢ — k + 1) x k matrix with elements Ry,

h¢T and jeT.

Next, by the regularity conditions and the Hadamard differentiability

of the product integral (Andersen et al., 1993)
AO — 7( [I+dA0],

on the whole domain space of the matrix-value functions with elements that

are continuous functions of bounded variation on [0, 7], and the functional

10




S2. PROOF OF THEOREM 2

delta method (van der Vaart, 2000) it follows that

VilPa(s.) = Pols )] = Vi, [ T{ L+ dao(w) 9dn) T{ L+ dAofe)] +

5 [s,u) (u,]

VP, y(s,)+€, s€0,7)

where 1 (t) = 1, (t) — 9, (t) + w? I,11R(¢). The components of the matrix-
valued influence functions =, (s, t) are

(5:) = 3 [ Posa(s. =) Py s )i (),

1¢T meT v s

where

)
Vitm1 (1) = Yitma(t) + wI Ry (t) if me T

Yim (1) =

L 77ZJz'lm,1(t) - ¢ilm72(t) if m ¢ T
for I # m, and Yu(t) = — >, Yan(t), | ¢ T, otherwise.

Without loss of generality, set s = 0. To show the Donsker property of
the class I'y; = {7,,(0,t) : t € [0,7]}, for all h ¢ T and j € Z, with h # j,

consider the classes
t
Ihji = {/ Poni(s,u—=)Pomj(u, t)dy, 1 (u) : t € [077]} ;
0

t
thg = {/ Po,hl(s, u—)P07mj(u,t)d1/Jlm,2(u) 1t e [0, T]} ,
0
and
t
Iy = {wT/ Poni(s,u—=)Pomj(u, t)dRyy, (u) = t € [0,7’]}.
0

11



GIORGOS BAKOYANNIS, YING ZHANG AND CONSTANTIN T. YIANNOUTSOS

The class I'y;1 is P-Donsker as a result of C2, C4, C6 and Lemma 1. The
Donsker property of I'; o follows from C2, C3 and Lemma 2. The class I'y; 3
is P-Donsker because it is formed by products of the random quantities w
which have bounded second moments by C5, with a fixed and uniformly
bounded function. Now, the classes I',; for h ¢ T and j € Z, with h # j are
P-Donsker because they are formed by finite sums of functions that belong
to P-Donsker classes.

Next, consider the processes Wi,5;(0,t) = v/1Ppyn; (0, 1), Wi n;(0,1) =

VP (0,8)€ and Wy, 1,;(0, 1) = /1Py A5 (0, )€, where & are random draws

from N(0,1),
’%h] O t ZZ/ nhl 0 u— j(U,t)dQ@ilm(u)’
Ig¢T mel
with
( ~ ~ ~
Vitm1 (1) = Vitm2(t) + & Ry (t) if me T

\ iﬁz’lmg(t) - %lmg(t) if m¢T

and the remaining components of the estimated influence functions are

@Zfilm,l(t) :/0 MW, @Z}ilm,2<t) :/0 P}g/(i?i)dfin,m(u),

Bl

Given the Donsker property of the classes {v,;(0,¢) : ¢t € [0,7]} for all

and Ry (t) = P, {(1 — R)in(Z, B,) /

12



S2. PROOF OF THEOREM 2

h ¢ T and j € Z and the conditional multiplier central limit theorem (van
der Vaart and Wellner, 1996), Wnyhj(O,t) converges weakly, conditionally
on the observed data D, to the same limiting process as that of W, ,;(0, %)
(unconditionally). To complete the proof of the second part of theorem 2

it remains to show that ||W,,4;(0,%) — Wy n;(0,1)||lee = 0,(1), for all h & T

and j € Z, unconditionally. After some algebra it can be shown that

||Wn,hj(07 t) - Wn,hj (07 t)”oo S Z Z(]n,lml + ]n,lm2 + ]n,lm?))a

1¢T mel
for all h ¢ T and j € T, where
t ~ A
In,lml = H\/E]P)ng/ [Pn,hl(07 u_)Pn,mj (U, t) - PO,hl(Oa u_)PO,mj (U, t)]
0
Xd[zz)lm(u) - ¢lm(u)] ‘ ;

)

. A1) — ()]

.

and

t
Inims = H / [P pi(0, u—) Py j(u, t) — Po (0, u—) P (u, t)]
0

Xd[v/nPpthim(w)]|| Op(1).

Due to the weak convergence result for the NPMPLE that was shown above

and after some algebra, we have

~

VP 1t (0, =) Pry i (1, 1) — P (0, =) Py i (1, 1)] = Op(1).

13
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Thus, after some algebra and C2 and C3, we have

It < \Pn [ Wit = vt LO”“)
< {lr [ |20 - o) amo|

+||An,lm(t) - AO,lm(t)Hoo +

1 1
BYi(0) PV
t
#Palo — wl + [Byel) st / AR (1) — Ryp(u)
tel0,7 0

/0 Ry (1)

After some algebra and by C2, C4 and C5, it can be shown that first term in

}opu). (S2.2)

+(Paflw — wll) sup
te[0,7]

the right side of (52.2) is 0,(1). The second and third terms are also 0,(1)
as a result of the uniform consistency of Amlm(t) and the Glivenko-Cantelli
property of the class {Y;(¢) : ¢ € [0,7]} which were shown in the proof of
Theorem 1. For the last two terms, we have that P,||w — w|| = 0,(1) and
P,w = 045(1) by C5 and the strong law of large numbers. Next, C2, C4 and
Cb, the continuous mapping theorem and the strong law of large numbers,

imply that

sup
te[0,7]

/0 AR (1) — Ry (11)

' = 0,(1), (52.3)

and therefore the forth term in (52.2) is 0,(1). Finally, C2, C4 and C6

ensure that sup,¢( fot dem(u)H = O,(1) and thus the fifth term is also

0p(1) and, therefore, I, jm1 = 0,(1).

14



S2. PROOF OF THEOREM 2

Using C2 and C3, (S2.3) and the fact that Hm - #(t) = 04s(1)
and sup;¢(o fg dem(u)H = O,(1), it can be shown that
[n,lm2 S H\/E]Pnf/ d[qzjzlm(u) - ¢zlm(u)] ‘
0 oo
LB n(Bo)
< [vame [ |2 - B | i

VA A i (8) = Ao ()] [0 |Ba€|Op(1)
Ao (1) oo |v/1Pnl0us(1)
HVnPn(@ — w)llop(1) + [|vVnPyw | o,(1)
HIVnPa(@ — w)E[Op(1) + 0,(1). (52.4)

The first term in (S2.4) can be shown to be o,(1) by conditions C2, C4-
C6, and the central limit theorem. The second term is also 0,(1) because
VA i (1) = Ag i (1)] = O,(1) and the fact that P& = 044(1) by the strong
law of large numbers. Conditions C3 and C5, and the central limit theorem
ensure that the third term converges in probability to 0. Finally, the fourth,
fifth and sixth terms are all 0,(1) by the fact that ||v/nP, (& —w)&|| = 0,(1),
which follows from C5 and Lemma A.3 of Spiekerman and Lin (1998), and
also the fact that /nP,wé converges in distribution by C5 and the central
limit theorem. Therefore, I, jm2 = 0,(1).
Finally, I, jm3 = 0,(1) by Lemma 4.2 in Kosorok (2008), because

||pn,hl(07 u_)Pn,mj(ua t) - PO,hl(Oa u_>PO,mj(u7 t)”oo = Oas(1)7

15
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as a result of Theorem 1, and the fact that /nP,,(t) converges weakly
to a tight mean-zero Gaussian process by the Donsker property of the class

{im(t) : t € [0, 7]}. Taking all the pieces together it follows that
Wi (0,8) = Wi (0, 8)lloc = 0,(1), (52.5)

forall h ¢ T and j € T. The fact that (52.5) also holds for all h,j ¢ T can
be shown by similar but simpler arguments because the influence functions
do not involve the terms w’Ry,,(t). Therefore, the proof of Theorem 2 is

complete.

S3 Proof of Theorem 3

Using similar arguments to those used in the proof of Theorem 2, it can be

shown that under the null hypothesis PL;(¢; 8,) = 0,

Vis(t) = VaPuL;(t; By) — Vn(B, — Bo)" Plit;(Z, Bo) RN..()] + 0,(1)

= Pk (t) +o,(1), je T, (53.1)

where ¢ (t) = L;(t;8y) — w' P[7;(Z,8,)RN.(t)]. Note that the class
Ll = {¢F(t) : t € [0,7]} is P-Donsker, due to the Donsker property of
the class {N;(t) : t € [0,7]} and the fact that the class £} is formed by
(finite) sums of functions that belong to Donkser classes, which are multi-

plied by bounded random variables (conditions C4 and C6) and added to

16



S4. ADDITIONAL SIMULATION RESULTS17

bounded random variables (condition C5). Now, we can make use of the
conditional multiplier central limit theorem (van der Vaart and Wellner,
1996) and argue that the asymptotic distribution of V,,;(t) is the same as
the conditional on the data limiting distribution of V,;(t) = VNPT ()€,
where ¢ is a random draw from N(0,1). Next, we need to show that
V(1) = \/ﬁIP’nzﬁ]L (t)¢; and V,,;(t) converge weakly (unconditionally) to the
same distribution. As in the proof of Theorem 2, this requires showing that

Vi (£) = Viij(t)]loo = 0,(1). Tt can be shown that

Vs () = Vo (Dlloe < VP& [Pty (Z, B,)RN..(t) — Pirj(Z, By) RN..(t)&; ]l
+ 3 ) VAP (D; B,) — m5(D; Bo) RNw ()|

hgT IET
VAP (@ — w) [P75(Z, By) RN..(£)]E; | o (53.2)

The right side of (S3.2) is 0,(1) and this can be shown by using similar
arguments to those used in the proof of Theorem 2. Therefore, the proof of

Theorem 3 is complete.

S4 Additional Simulation Results

Additional simulation results that are referred in Section 4 of the main text

are presented below.

17
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logit[tr:(Z,B0)]

0.8 1.2
T (time to absrobing state)

Simulation scenario

Figure S1: Dependence of the parametric model logit[m1(Z, 3;)] on time to absorbing
state T', according to the misspecification simulation scenarios 2—4 with 14, = 0.8, v; = 0.4

and v; = 0.2, respectively.
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transition probabilities (solid grey lines) according to the sample size and the misspeci-

fication simulation scenarios 2—4 with 1y = 0.8, v, = 0.4 and v; = 0.2, respectively. The

missingness probability was 0.8.
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Figure S3: Monte Carlo standard deviation (MCSD) of the estimates for t = 0.4, ¢t = 0.8
and t = 1.2, according to the probability of missingness and the sample size (dashed

lines: n = 200; solid lines: n = 400).

Table S1: Pointwise simulation results for absorbing state 1 with n = 200 at ¢; = 0.4,
to = 0.8 and t3 = 1.2, under model misspecification scenarios 3 and 4 with v; = 0.4 and

vy = 0.2, respectively.

CPx102
to

ASEx 103
ty 13

MCSDx 103
ty  ta  t3

Biasx 10?2

Scenario (Vl) tl tQ t3 tl tl tg

Missing: 80%

3 (0.4)

4(0.2)

-0.8 0.4 0.7

-0.5 0.7 0.8

49.1 57.7 62.1

51.3 56.6 59.0

47.2 55.2 58.9

47.8 53.2 55.5

92.9 93.4 92.2

92.4 92.7 91.4

Missing: 60%
3 (0.4)

4(0.2)

-0.6 0.4 0.6

-0.5 04 0.6

36.5 41.7 43.9

39.0 41.6 43.2

36.5 41.8 44.1

38.2 41.3 42.9

93.8 94.9 95.1

94.2 94.5 94.6

Scenario, simulation scenario; MCSD, Monte Carlo standard deviation; ASE, average standard error;

CP, coverage probability
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Table S2: Pointwise simulation results for absorbing state 1 with n = 400 at ¢; = 0.4,
to = 0.8 and t3 = 1.2, under model misspecification scenarios 3 and 4 with v; = 0.4 and

vy = 0.2, respectively.

Biasx10? | MCSDx10? ASEx10? CPx10?
Scenario (Vl) tl t2 t3 tl t2 t3 tl tQ t3 tl tg tg

Missing: 80%
3(0.4)]-1.1 0.1 0.5[33.0 38.7 40.7|32.9 38.8 41.5|93.0 94.2 94.5

4(0.2)|-1.0 0.3 0.5]35.1 38.0 39.4|34.6 38.3 40.2|93.0 94.8 94.9

Missing: 60%
3(0.4)(-0.8 0.2 0.5|25.4 29.4 30.9|25.7 29.4 31.2|92.9 94.7 94.3

4(0.2)|-0.7 0.4 0.7]27.1 29.2 29.9|27.2 29.3 30.4|92.6 94.7 95.0

Scenario, simulation scenario; MCSD, Monte Carlo standard deviation; ASE, average standard error;

CP, coverage probability

Table S3: Simulation results on the coverage probability of the proposed 95% simul-
taneous confidence bands based on equal-precision (EP) and Hall-Wellner-type (HW)
weights, under model misspecification scenarios 3 and 4 with 1 = 0.4 and 1, = 0.2,

respectively.

Scenario 3 | Scenario 4
n missing| EP HW | EP HW

200 80%|89.1 90.8 |81.8 89.4
60% |94.1 93.7 |88.3 92.0
400 80% |82.9 92.6 |62.3 87.3

60% |89.2 93.6 |73.0 89.5
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Table S4: Simulation results on Monte Carlo standard deviation (x10%) of the estimator

according to the probability 7}; = Pr(C* = 1|C = 1), while setting 73, = Pr(C* =

2|C = 2) = 7}, in all cases. A larger value of 7}; indicates a higher accuracy of the
11 11

auxiliary imperfect diagnostic test C™*.

*
11

n = 200
Missing: 80%
t1  t2 3

n = 200
Missing: 60%
1 t2 3

n = 400
Missing: 80%
t1 to t3

n = 400
Missing: 60%
t to ts

0.5

0.6

0.7

0.8

0.9

46.1 63.0 72.1
45.8 63.5 72.1
45.3 62.4 70.6
44.3 60.8 68.7

42.8 58.2 65.8

33.9 46.5 52.5

33.3 45.9 51.9

33.1 45.2 50.8

32.8 44.7 50.1

32.0 43.3 48.5

32.1 44.1 50.2

31.0 42.9 48.6

31.3 43.1 48.9

30.6 41.9 47.3

29.6 40.4 45.5

23.4 32.0 36.6

23.2 314 35.7

23.2 314 35.6

22.8 30.6 34.8

22.4 30.0 33.9
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Table S5: Pointwise simulation results for absorbing state 1 with n = 400 at ¢; = 0.4,
ty = 0.8 and t3 = 1.2, based on the Gouskova, Lin and Fine nonparametric approach
(GLF) which does not incorporate auxiliary covariates, and the proposed method that
incorporates the auxiliary covariate, under a correctly specified (Scenario 1), a mildly
misspecified (Scenario 2), and a moderately misspecified (Scenario 3) model for w1 (Z, 3).
The probability of missingness was Pr(R = 0) = 0.6, and did not depend on the auxiliary

variable.

Biasx10? | MCSDx10® | MSEx10*
Method tl t2 t3 tl t2 t3 tl t2 t3

Scenario 1
GLF|-0.1 0.0 -0.2[25.5 33.4 38.8|6.5 11.1 15.1

Proposed | 0.1 0.1 0.2 |22.8 29.9 33.6(5.2 89 11.3

Scenario 2
GLS|{0.1 0.1 0.127.0 34.3 55.1|7.3 11.7 304

Proposed |-0.2 0.2 0.3 {24.3 30.6 33.7/6.0 9.4 115

Scenario 3
GLS|{04 04 0.5|29.5 55.6 96.0(8.9 31.1 92.5

Proposed [-0.6 0.4 0.7 [27.1 31.1 33.1|7.7 99 11.5
MCSD, Monte Carlo standard deviation; MSE, mean squared error
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Table S6: Pointwise simulation results with n = 400, for absorbing state 1 at t; = 0.4,

to = 0.8 and t3 = 1.2, based on the Gouskova, Lin and Fine nonparametric approach

(GLF) which does not incorporate auxiliary covariates, and the proposed method that

incorporates the auxiliary covariate, under a correctly specified (Scenario 1), a mildly

misspecified (Scenario 2), and a moderately misspecified (Scenario 3) model for w1 (Z, 3).

The probability of missingness was Pr(R = 0) = 0.5 + 0.2/;¢+—1}, depending on the

auxiliary variable.

Biasx 102 MCSDx10? MSE x10*
Method tl tg t3 tl tQ t3 tl tg t3
Scenario 1
GLS|-2.7 -44 -5.423.3 31.2 36.6 |13.0 28.7 42.9
Proposed | 0.1 0.2 0.2 |24.2 32.0 36.3 | 5.9 10.2 13.2
Scenario 2
GLS|-3.0 -4.4 -5.2|25.0 31.9 51.7 |15.1 29.5 53.7
Proposed |-0.2 0.2 0.4 [25.7 32.6 36.2 | 6.7 10.7 13.3
Scenario 3
GLS|-2.7 -3.6 -4.4|28.7 38.3 175.2|15.3 27.4 326.2
Proposed [-0.6 0.5 0.8 |29.0 33.5 35.8 | 8.7 11.5 13.6

MCSD, Monte Carlo standard deviation; MSE, mean squared error
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Table S7: Simulation results on computing time in seconds for point estimates and
standard errors under the proposed estimator for Scenario 1, according to the sample

size.

Missing: 80% Missing: 60%
No SCB  With SCB| No SCB With SCB
n |Mean SD Mean SD |Mean SD Mean SD

200 06 01 09 01} 07 01 09 0.1

3000 1.7 02 26 03| 19 01 27 01

4001 3.2 0.1 49 02| 34 01 49 0.1

500| 5.1 0.2 78 02| 54 02 77 0.2

600 81 0.3 11.7 04| 80 0.3 11.3 0.3

700| 11.8 0.3 17.0 0.5 120 0.5 165 0.5

800| 17.7 0.7 246 09| 170 0.8 229 0.8

900| 24.1 0.7 325 09237 09 30.8 0.9

1000| 30.2 09 40.7 1.1]30.1 0.8 38.7 1.0

1100| 40.0 1.2 515 1.5| 387 1.0 493 14

1200| 50.9 1.9 65.7 23| 489 2.0 61.8 1.7

1300 629 19 799 18] 600 1.7 752 1.8

1400| 77.7 23 973 22| 738 2.0 914 20

1500| 94.2 2.4 116.3 3.1 | 89.4 2.3 109.6 24

SCB, simultaneous confidence band based on 1,000 simulations; SD, standard deviation
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Table S8: Pointwise simulation results for the naive approach under Scenario 1, according
to the probability 77, = Pr(C* = 1|C = 1), while setting 73, = Pr(C* = 2|C = 2) = 77,

in all cases. A larger value of 77 indicates a higher accuracy and a lower misclassification

rate of the imperfect diagnostic test C*.

*

Biasx 102

ty  ta  t3

MCSDx 103

t1 12

t3

ASEx103

ty  ta  t3

CPx102

ty  ta  t3

n = 200
0.9

0.8

0.7

0.6

0.5

19 25 25

3.9 51 5.1

59 78 79
7.8 10.3 10.5

9.9 13.0 13.2

24.8 31.3

26.1 32.2
27.9 34.1
28.9 34.3

294 34.1

34.1

344

36.1

36.5

36.3

254 31.4 34.2

26.7 32.4 35.0

28.0 33.4 35.7

29.1 34.2 36.2

30.1 34.9 36.7

89.7 88.4 90.2

68.1 64.5 70.4

36.9 32.0 39.6

16.9 10.5 14.0

4.8 26 3.3

n = 400
0.9

0.8

0.7

0.6

0.5

20 26 26

4.0 52 53
6.1 7.8 8.0
8.1 104 10.8

10.0 13.0 134

18.8 22.8

19.3 23.2
20.2 23.6
20.8 23.8

21.3 24.0

24.2

24.9

254

26.2

26.3

18.1 22.3 24.3

19.1 23.0 24.8

20.0 23.7 25.3

20.8 24.3 25.6

21.4 24.7 259

79.0 76.8 81.3

41.6 36.8 42.2
10.2 6.0 10.0
09 05 1.1

0.0 0.0 0.1

Scenario, simulation scenario; MCSD, Monte Carlo standard deviation; ASE, average standard error;

CP, coverage probability
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