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The supplementary material contains an extension of the methodology to cases with addi-

tional regressors, additional numerical experiments, and all the proofs.

S1 Extension to cases with additional regres-

SOrs

In some applications, we may want to include a finite dimensional vector
regressor Z = (Z1,...,Z4)" € R? which we assume to include the constant
Zy = 1, in addition to a functional regressor X (cf. Shin, 2009; Kong et al.,

2016). Consider the model

Y =27y + /b(t)X(t)dt + ¢, (S1.1)



where ¢ is independent of (Z, X') with mean zero and variance o2 € (0, c0),
and v € R and b € L*(I) are unknown parameters. We shall discuss how to
modify our methodology to construct a confidence band for b in the model
(S1.1). In the following discussion, we will assume that E(Z?) < oo for all
j=2,...,d, E(|| X|]?) < oo, and the matrix E(ZZ7) is invertible.

The idea here is to partial out the effect of Z from X. To this end, con-
sider X¢(t) = X (t) — ZTY(t) with Y(t) = {E(ZZT)}'E{ZX (t)}, and ob-
serve that Y = ZT~y+ [, b(t) X“(t)dt+e where v¢ = v+{E(ZZ")} 'E(Z(b, X)).
Let K denote the covariance function of X¢, namely, K (s,t) = E{X¢(s)X“(t)}
for s,t € I (note that F{X(t)} = 0 since Z; = 1), and assume that
the integral operator from L?(I) into itself with kernel K is injective, so
that K admits the spectral expansion K(s,t) = >, r;d;(s)¢;(t) where
K1 > kg > --- > 0 and {¢;} is an orthonormal basis of L?*(I). Expand-
ing b and X as b = > ;bj¢; and X¢ = 3 . §;¢; with b; = (b, ¢;) and

& = (X, ¢;), we have

Y = ZT’76+ij§j +ée.

J

Importantly, each &; and Z are uncorrelated, namely, E(¢;Z) = 0, so that
we have b; = E(§;Y)/k; as before.
To estimate b, we shall first estimate K. Let (Y1, Z1, X1), ..., (Yo, Zn, Xn)

be independent copies of (Y, Z, X), and estimate X¢(t) by X¢(t) = X;(t) —



ZTY(t) with

n -1 n
Y(t) = {nl szzf} {nl szxj(t)} .
i=1 i=1
Now, we estimate K by K(s,t) = n=' 3" X¢(s)X¢(t) for s,t € I, and
let K(s,t) = > k\jaj(s)ggj(t) be the spectral expansion of K where &, >
Ky > +-- > 0 and {g/g]} is an orthonormal basis of L?(I). Under this

notation, the rest of the procedure is the same as before (replace X; —
X by )/(\'f) Namely, estimate each b; by Zj =nty ", YZ-E@-J///%]' with
Ei,j = ()?f,ggj% and estimate b by b = ZT:"lqugj. In construction of

2

confidence bands, estimation of the error variance o° is needed. We pro-

A~

pose to estimate 02 by 62 = n =t " (YV; — Z75° — (b, X¢))2, where 7° =

{n™' X0 2z} n T 0L, 23}

S2 Additional numerical experiments

In this appendix, we present additional experiments for comparison of our
band with the MS band. In the additional experiments, we assume that the
eigenfunctions ¢; are known to reduce the effect of estimating the eigen-
functions ¢;. In addition, we select m,, according to an AIC-type criterion
suggested in Miiller & Stadmiiller (2005). To ensure undersmoothing, we

also examine m,, + 1 for the cutoff level. Coverage probabilities of the ex-



periments are plotted in Figure 1. UCPs and MCPs of both bands are
(overall) better than the previous case of unknown ¢;, but still our band

performs better than the MS band in terms of coverage probabilities.

S3 Proofs

S3.1 Proof of Theorem 1

We first prove the following technical lemma, which is concerned with con-
centration and anti-concentration of a weighted sum of independent x?(1)

random variables.

Lemma 1. Let 1, ...,n, be independent x*(1) random variables, and let
ai, ..., 4, be nonnegative constants such that o = 27:1 a? > 0.

(i) (Anti-concentration). For every z >0 and h > 0,

P ( Z a;n; —z
j=1

2

a’

< h) < 24/2h/(0,m),
where o, = \/0

(ii) (Concentration). For every ¢ >0 and r > 0,

P {Z a;n; > (1+c¢) Zaj +2(1+ c_l)amaxr} <e’,

J=1 J=1

where Amax = MaxXi<j<m a;.
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Figure 1: Coverage probabilities with Gaussian noise (upper 2 rows) and x?
noise (lower 2 rows). The black markers show coverage probabilities of our band,
and the white markers show those of the MS band with AIC. Circles correspond
to cases with cutoff level max{m,,, 2}, triangles to those with m,, +1. The dashed

line shows the value 1 — 73 = 0.90.
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Proof. Part (i) follows from Lemma 7.2 in Xu, Zhang & Wu (2014), and
Part (ii) is derived from the Gaussian concentration inequality. For the sake
of completeness, we provide their proofs.
Part (i). Since sup..o P(| X7, agny—2] < h) = sup.s P S (/)i

z| < h/o,) for every h > 0, it suffices to prove the desired inequality when
0, = 1. Furthermore, without loss of generality, we may assume that
a; = maXi<j<m aj. Let V = 2721 a;n;. If a; < 1/2, then from the proof
of Lemma 7.2 in Xu, Zhang & Wu (2014), the density of V' is bounded by
1, so that P(|V — z| < h) < 2h. Consider the case where a; > 1/2, and
let V_; = 2212 a;n; (if m = 1, then let V_; = 0). Since 7, and V_; are

independent, we have for every z > 0 and h > 0,

PV =zl < h)
= P(lm = (z = Vo) /ar| < h/ar) <P(ln = (2 = Voa)/aa| < 2h)

= E[P(Im — (= = Vaa)/aa| <2 | Vo) < sup P([m — 2’| < 2h).

Z'eR
Pick any 2’ € R. Suppose first that 2/ — 2h > 0. Since 1; ~ x2(1), we have

that

P(lm — 2| <2h)

2'+2h

2/ +2h
= \/1/(27r)/ w1 2e™2dw < \/1/(2n) w2 dw
z'—2h

z'—2h

= /2/m(V2 +2h — V2" —2h) < 2/2h/T.
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On the other hand, if 2/ — 2h <0, then P(|n; — 2/| < 2h) < P(p < 4h) <
2v/2h /7.

Therefore, in either case of a; < 1/2 or a; > 1/2, we have sup,., P(|V —
z| < h) < 2max{h, \/2h/7} for every h > 0. This inequality is meaningful
only if A < 1/2 since otherwise the upper bound is larger than 1, but if
0 <h<1/2 then h < \/m This completes the proof of Part (i).

Part (ii). Let Z = (Z1,...,Zn)" be a standard normal random vector
in R™, and let F(Z) = />_7", a;Z7. Then F is Lipschitz continuous with
Lipschitz constant bounded by \/amax, and E{F(Z)} < /E{F%(Z)} =

qun:l a;j. The Gaussian concentration inequality (cf. Boucheron, Lugosi

& Massart, 2013, Theorem 5.6) then yields that

m
D )+ g p < e
j=1

for every r > 0. The desired conclusion follows from the fact that F?(Z)
has the same distribution as Z;”Zl a;n;, and the simple inequality 2zy <

cx® + ¢ y? for any z,y € R and ¢ > 0. O

Proof of Theorem 1. We will use the following notation. Let P. and E.
denote the probability and expectation with respect to ¢;’s only. The no-
tation < signifies that the left hand side is bounded by the right-hand

side up to a constant that depends only on «, 3, and (. We first note
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that b is invariant with respect to choices of signs of Ej’s, and so with-
out loss of generality, we may assume that [, &Ej(t)gbj(t)dt > 0 for all
j=1,2,.... Lemma 4.2 in Bosq (2000) yields that sup,>, |r; — x;| < A=
[IK — K[| Since E{|X — E(X)|} = B{(X72, 2%} = X, B(EE) <
D ik \/@m S (32, /5)° S 1 (which follows from the assump-
tion that E() < w7), we have that A = Op(n*/2). Observe that for
1< j < mp, [R/r; — 1] S 2R — k| < meA = op(1), from which we
have maxi<j<m, |K;/k; — 1| = op(1). Furthermore, observe that, whenever
1<j<myandj#k, |rj—re| > min{x;_1 —Kj,k;—kjpa} > Crl7o >

12 = o(m;*1), we have that P{|K; — ki| >

C;'m;o) and since n~
k; — ki|/V/2, forall (j, k) such that 1 < j < m,,k # j} — 1. Now,
following the arguments used in Hall & Horowitz (2007, p.83-84), we have

that with probability approaching one,

(1 — Cm2*2A2)16; — ¢,

<83 (1 — ) [ / (R(s.t) — K(s,)}5()be(t)dsde | |

kik#j

J/

~\~
—2
7u‘j

for all j such that 1 < j < m,. Here, C' is a constant that depends only on

C1, and E(@5) < j%/n. Since mia“ﬁQ = op(1), we conclude that

16 — 65lI” < 8{1+0p(1)}@ and E(@) < 5°/n, (S3.2)
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where op(1) is uniform in 1 < 7 < m,,. We divide the rest of the proof into
several steps.

Step 1. In this step, we shall verify the expansion (3.5). Since {(}5]};";1
is an orthonormal basis of L*(I), expand b as b = ) I;quﬁj with b; =
[; b(t)(}gj (t)dt. Arguing as in the proof of Theorem 1 in Imaizumi & Kato
(2016), we have that b; = by + n~ ' 327 ,&;/R; and Y7 (b — by)? =
Op(n1). Now, observe that

o~

b—10
=> (nl Zé‘ii@j/@) 6+ > (b —b))oi+ > bi(d;— )+ > b,
=1 i1 =1 =1 j>mn
=1, +1l,+ 11,4+ 1V,.
Since
E.(|Z.]1%)
Mn n 2 Mn n
=Y E. <n_1 Zs@,ﬂ%) =(0/n)) (n_l Zﬁ?g/@)
=1 i—1 =1 i—1
= (0%/n) Z//%J_l = Op (n_l Z Iij_1> = Op(m&*tt/n),
= =1
we have that ||I,]|> = Op(m&™!/n). Furthermore, observe that
I[P = (0, = ;)" = Op(n™h), VLIPS D 57 = O(m;,***"), and
j=1 J>mn

L2 S man Y 57216, — 651 = Op {(mn/m Zﬂﬁ“} = Op(my/n).

Jj=1 J=1
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Therefore, we have

||B— bl|? = || L |* + 2, I L, + I11, + IV,)) + |11, + I1I, + IV,|]?

- ||InH2 + OP(mﬁ/M/n + n_1/2mgﬂ+a/2+1 + m;25+1),

This leads to the expansion (3.5).

Step 2. In this step, we shall show that for any fixed 7 € (0,1),
P{n|lb—b|> < 0?1 -7} =1—71+4o(1).

Define R, = n([5 — b|*  [[1,][2), and observe that R, = op(mi*/2). So

a+1/2) N

there exists a sequence of constants d,, | 0 such that P(|R,| > §,m,

0. Now, observe that

m{m@—mﬁ<a%ﬂ1 ﬂ}

<P {nHInH2 < 0-2/0\2(1 - T) + 5nmg+l/2} + Pa(|Rn| > 6nm7(');+1/2)’

and conditionally on X, n| I, ||* has the same distribution as o 3 77 n; /K,
where 71, ..., 7y, are independent x*(1) random variables independent of

X7. Lemma 1 (i) then yields that

, b o 5nm3+1/2 1/2
P An|L|? <01 —7)+06met?} —(1—7) < {W} :
Since Y7 Ry 2 > {1—op(1)} X7 k52 2 {1—o0p(1)}m2**, the right-hand

side on the above displayed equation is op(1). This yields that Ps{n||g—
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b|> < o%2(1 —7)} < 1—17+ o0p(1). Likewise, we have Pg{n||/b\— b||I* <

222(1—7)} >1—17—o0p(1), so that
B{M@—MF<U%%1—ﬂ}:1—T+0MD.

Finally, Fubini’s theorem and the dominated convergence theorem yield
that P{n|[b — b||2 < 022 (1 —7)} =1 — 7 4 o(1).
Step 3. In this step, we shall show that 52 = o2 + 0p(mﬁl/2). Observe

that

“<|

y - / (X,(t) — X(O)}b(t) — B(t)}dt + & — =,

where £ = n~! Z?Zl &, so that

52 :n—lz(ei—g)%ﬂ/
i=1 I

n Z [ [xio - wyom o]

From Step 1, it is seen that ||b— b||> = Op(m&*t1/n), so that by the Cauchy-

n

nTt Y (e —E{X(b) - 7(?5)}] {b(t) = (1) }dt

=1

Schwarz inequality, the second and third terms on the right-hand side are

Op(m3"* ™7 /n) and Op(m2*! /n), respectively. Furthermore, n=! 2" (g;—

£)? = 024+ Op(n~Y2). The conclusion of this step follows from the fact that
—1/2

n~Y2 £ m2H In = o(m, 7).

Step 4. In this step, we shall show that for any fixed 7 € (0,1),

P{n|b—b|> <5221 —7)} =1—7+0(1). (S3.3)
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By Lemma 1 (ii), we have ¢, (1—-7) < 37" "Ry R log(1/7) = Op(math),

so that

(1 —1) =021 -1)+ (2= )E1—7) =02 (1 —7) + op(m2H/?).

Hence, arguing as in Step 2, we obtain the result (S3.3).
In view of the discussion in Section 2.2, the result (2.9) follows directly

from (S3.3). Finally, the width of the band C is < 6¢,(1 — 71)/v/n =

Op(y/mat!/n). This completes the proof. O

S3.2 Proof of Theorem 2

The proof of Theorem 2theorem.2 relies on the following multi-dimensional
version of the Berry-Esseen bound, due to Bentkus (2005). Let || - || denote

the standard Euclidean norm.

Theorem 1 (Bentkus (2005)). Let Wy, ..., W, be independent random vec-
tors in R™ with mean zero, and suppose that the covariance matriz ¥ of
S, = 2?21 W s invertible. Then there exists a universal constant ¢ > 0

such that

sup [P(S, € A) —ys(A)| < em!* Y B(|S7W),
AeC i—1

where C 1is the class of all Borel measurable convex sets in R™, and vy =

N(0,%).
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We will also use the following well-known inequality.

Lemma 2. Let (1,...,(, be random variables such that E(|(;|") < oo for

alltv=1,...,n for somer > 1. Then,

1/r |\ 1/7
b (ju 161} < 0 (G P

1<i<

This inequality follows from the observation that

1<i<n 1<i<n 1<i<n

1/r
E(max |¢]) < {E(max |G")}/" < {ZE |Gl } < '/" max {E(|G|")}".
We are now in position to prove Theorem 2theorem.2.

Proof of Theorem 2. We follow the notation used in the proof of Theorem
1theorem.1. In view of the proof of Theorem 1theorem.1, it suffices to show

that

sup P.(n||L|*/0” < 2) (Zm/%a < Z)‘
where P, denotes the probability with respect to n;’s only. To this end,
let W, = {elfu/(a\/_ﬁ])}m” for i =1,...,n. Observe that the covariance
matrix of Y | W; conditionally on X7 is A,, = diag(1/Ry,...,1/Rm,), and
ALl /0 = || 0 Will3. For = > 0, let B = {w € R™ : [Jull§ < =,
and observe that P, (3 7" n;/R; < z) = ya,(B.). Therefore, the problem

reduces to proving that

sup |P. (Z Wi € Bz> — 7, (B2)| 5 0,
i=1

2>0
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but in view of Theorem 1, the left hand side is < my/* Yo EE(HA;UQW}H%).

Observe that

. 3/2
ZEQ(IIA;WWAI%) E(le/a|*)n 3/QZ<Z§M/>

1/2 - 1/2
< O(mnn™ %) max <Z£m/ﬂy> < Op(man~""?) max <Zém/ﬁg> :

We have to bound max;<i<, Y52 fzj /k;, to which end it is without loss
of generality to assume that E{X(¢)} = 0 for all t € I. Let §; =

J; Xi(t)¢;(t)dt, and observe that

= [L0O-XNE 0 = &5t | XOG -0}t [ X0

From this decomposition, we have

Mn
§ :/2
max R
1<i<n fz,]/ J
Jj=1
mn

S I%Z%/@ (m HW) S 10— ol + IR
o =t Jj=1

Jj=1
1<i<n

. Z@m (m X, H2> Op(ms /) + Op(mz ),

where we have used (S3.2). Condition (3.13) together with Lemma 2 yield

that

- 1/q1/a
(%2%25 /@) < 3B { (et ) | < manrcy
]:
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Furthermore, a repeated application of Holder’s inequality yields that

B fr) - (€2 o)} < [BA(ER frs )Y/ - [BA(EL s, )17 < €,
from which we have

E([|x[*)

=E { (Zﬁ) } = ) (kg ki BUE JRg) - (€ )R}

J1=1 Jg=1

0o oo 0o q
§012-~~Z/<cj1~~/%201(Z/@-) < Q.
j=1

Ji=1 Jg=1
This implies that E(maxi<;<, || X;]|?) = O(n'/?) by Lemma 2. Therefore,

we conclude that max;<;<, Y AZ%j//{j = Op(m,n'/?), so that

miL/4 Z E€(||A;1/2VVZH§) — OP{TnZL/4/711/2—1/(2@7)}7

=1

which is op(1) under Condition (3.14). This completes the proof. O
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