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Supplementary Material

S1 Proofs

Lemma 1-Lemma 9 and Lemma 10-Lemma 13 are listed in the following for proofs of Theorem 1
and 2, respectively. Proofs of Lemma 1, 2, and Lemma 3- (i) can be found in Lemma 3.3 of Hall
and Hosseini-Nasab (2009), Theorem 3 of Hall and Hosseini-Nasab (2006), and Proposition 18
of Crambes and Andr (2013), respectively. Before continuing, we define the following operators
and notations.

First we define z, < y, or &, = Op(y») for random sequences (z,) and (y»), if for any
7 > 0, there exist M, > 0,and N > 0 such that for any n > N, Pr(|zn/yn| > M) < T} Tn = Yn,
or Yy, = Op(zn), if for any 7 > 0, there exists M, > 0 such that Pr(Jyn/zn| > M:) < 7; 2n < Yn
or T, = 0p(yn), if for any 7 > 0, Pr(|xn/yn| > 7) = 0; Zr > yYn Or Yn = 0p(zn), if for any 7 > 0,
Pr(lyn/xn| > 7) = 0; p ~ Yn, if » =< yn as well as z, = y,. Second, for an arbitrary bivariate
function f : ®, x Dy — R, random variables £ : Q — D, and 1 : Q — Dy, if E[f(z,n)] < oo
for any © € ©,, define the notation E_¢ f(§,n) by E_¢ f(§,n) = g(§) where g : D, — R, g(z) =
E[f(z,n)] for any x € D,. Note that if & and n are independent, E_¢ f(£,n) = E[f(&,n)|¢].
Third, we denote

S [6iM; (Ya, Zi, Wiy w55 By 0) + (1= 8)miy, i (Yi, Zi, Wi, 055 By o))

Tj - n)\j ’
A= Z?:ﬂdiMj(Yiv Zi, Wi, Uj?ﬁl,o) + (1 - 6i)miji7'Y](Yi7 Zi, Wi, Uj;ﬂLo)
7 n)\j ’

Yo = —¢o, (; = ming<; |Ax — Ax+1|, and define F((Z;, 00), G({Z;,W;)),W:) as the following
conditional expectation

E(E[(Z1, 00)d1 exp(v0Y1)| Zi, Wi]|{Z1, 00), G({Z1, Wi)), Wh).
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Furthermore, since Z;,i = 1,2,--- ,n are n independent and identically distributed realiza-
tions of Z, from Assumption (A.2), there exist random variables fj(-i),i < mn,j € Z4 such that
Z; = Z]Oil \/ng;”’l)j,i,j € Z4, where §§i),i = 1,2,--- ,n are n independent and identically
distributed realizations of ¢;, and f;i) are mutually independent for ¢ < n,j € Z,. Finally, for
a kernel function K : R+ [0,400), and K, : R — [0,4+00), Kp(-) = K(-/h) we define random
functions K }(Ll)(~) as

K () = Kn()8 exp(10Y:) (Z2, 00),
and f(,(il)(~) as

KD () = Kn()di exp(hoh),

forl=1,2,--- ,nand j € Z.

Lemma 1. Assume that with probability 1, X is left-continuous at each point (or right- con-
tinuous at each point), and that Conditions (B3) and (B4) hold. Then, for each C > 0,
E(|K=K|€) < constant xn~ /%, where K and K are the covariance and the sample covariance
function of the process Z(-), and

IK—-K|| £ \//[O 1]2[16(31, s52) — K(s1, 52)]2ds1dsa

Lemma 2 Under Assumptions (A.2) and (A.3), we have
195 = vjll < 8Y2¢HIK = K| for any j.

Lemma 3

(i) Under Assumptions (A.2) and (A.3), when j is large enough,

0 < constant x j~* < \; < constant x j~;

(i) under Assumptions (A.2) and (A.5), we have

Pr( lim U N =Xl > 0y = X41)/2) =0,

J<k
which implies
Pr(kli)n(’)lo U A]' < )\j+1) =0.
i<k

Proof of Lemma 3, (i).

From E(Z,Z) = >77° (Z, v;)? = D521 Aj < 00, we have \; < 7Y from \; = DIPOVES
Ai+1) and Assumption (A.3) we have A; > j7°.

g
Lemma 4. Under Assumptions (A.1), (A.2), (A.6) and (A.9), we have

(i) .
M5, (Yi, Wi B1 o) = E[M (Yi, Wi; By 0)|6: = 0, Zs, Wil;
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n

(1)
1

Lo 2 SN (Y Wis B o) + (1= 8)my . (Y, Wii B, 0)] = El(80, )W) = Op(1/ V).

i=1
Proof. Part (i) is shown in the following.

E{6: M (Y;, W;; exp(vY:)|Zi, W;
m(J)CI,i,y(Y;» Wi;ﬁLo) = { (E{(SZ exf(lf;/o))/,)\;l(,ywl)}l )
E{E[5: M (Yi, Wis By o) exp(YYi)| Zi, Yi, Wil | Zi, Wi}
E{E[6; exp(vYi)|Zs, Y, Wi]| Zi, Wi}
E{E[6:|Zi, Wi, Yi]M (Y:, Wi; By o) exp(vY:)| Zi, Wi}
E{E[6i|Zi, Wi, Yi] exp(7Y3)|Zi, Wi}
E{Pr(5; = 1|Yi, Zs, Wi) M (Y;, Wi; B, o) exp(7Y3)| Zi, Wi}
E{Pr(6; = 1Y, Z;, W;) exp(7Y3)| Zi, W3}
E{Pr(5; = 0|Y;, Zs, Wi) M(Y;, Wi; By )| Zi, Wi}
E{Pr(é; = 0|Y;, Z;, W))| Z;, W}
B0 - %ig@é;{;’?&ﬁ?zﬂ Wik = E[]/\Z(Yi, Wi;ﬁl,o)‘di =0,Z;, W;].

To prove (ii), first we calculate the expectation as below.
E[‘SiM(Yh Wi Bro) + (1 — 5i)m?€1,i,7(Yi7 Wi; B10)]
= B{aM(Y;, Wis B10) + (1= 0)EIM(Y:, Wis B, 0)l6: = 0, Z, Wil |
= Pr(6; = DE[M (i, Wi; By o)|0: = 1] + Pr(8; = 0)E{E[M (Y;, Wi; B, 0)|d; = 0, Zi, Wi]|8; = 0}
= Pr(6i = DE[M(Y:, Wi; B,,0)[6: = 1] + Pr(8; = 0)E{M (Y;, Wi; B, )|6: = 0}
= B[M(Y;, Wi 81,0)] = E[(80, 2)W].
Second we calculate the variance, using the independence across different subjects.

B S (M (Y, Wis By.0) + (1= 8mSy o, (Vi Wis By.0)] — El{6o, )W)}
=1

1 - —
= ;EQ D AGM(Yi, Wi By ) + (1 = 8i)m'yy , L (Yi, Wis By )] — El(60, Z)W]}
=1
1 —
= EE2{[51'M(YZ'7 Wi?:BLo) +(1- 6i)m?f4,i,«/(yi> Wi§/31,0)] — E[(60, Z)W]
1 —~
< CEOM(Y:, Wi By o) + (1= 8)miy ; , (Vi Wis By )]

1 — —
= EREM(Y:, Wi By o) + (1 — 0)E[M(Yi, Wi By o)I0: = 0, Z:, Wi}

IA

ZERNI(Y:, Wi By 0)]} = Op(1/n).

Finally, we have

% Z[‘SiM(Yiv Wi?:BLo) +(1- 6i)mg71,i,«,(yiv Wi?ﬁl,o)] = E[(60, Z)W] + Op(1/v/n).
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O

Lemma 5. Suppose (Z,W,Y,d) is independently and identically distributed with (Z;, W;,Y5,8:),1 =
1,2,--- ,n. Then under Assumptions (A.1), (A.2), (A.4), (A.6), (A.7), and (A.9), we have

(i)
E’I“; = <90,Uj>.

(ii) Ls 2
EZ (W7, ;) + (1= 6) E{(S(Ez{slvpv(;?)(&yiy}( YY) wi(00, 2)w) = 0(k/>),

Proof. Similar to the proof of Lemma 1, we have
Erj = EM;(Yi, Zi,Wi,v5;8,)/\; = (00,v;); (S1.1)

E{5<Z> Uj>W exp(ny)|X7 V}]
E{dexp(7Y)|X,V}

Ui 2 B (60.0)6W(Z )+ (1-0)

j=1
kn oo
= Y (60,v;)E[(Z,v;)W] =E[(00, Z)W] — Y (60,v;)E[(Z,v;)W]. (S1.2)
j=1 J=kn+1
Hence (i) has been proved. To prove (ii), using the independence of (Z, W,Y, §) with (Z;, W, Y5, 8:),1 =

1,2,--- ,n, and following (?7?), we have

E{6(Z,v;)W exp(yY)|X, V}

EZ E(r5)[6W(Z,v;) + (1 — 5)

s = y=t Bep(y)|X, vy - Ele Z)W]
= Ui —E[(60, 2)W] == > (60,v;)E[(Z,v;)W].
G=kp+1
It follows that

[Ls| = > (80,v)E[(Z,v)W] = > /Aj(00,v)E(W)

J=kn+1 J=kn+1
<D VB0 u) EWEE = VEW? 3 \/Aj(60,v;).

j=kn+1 J=kn+1

Together with A; < j7' in Lemma 3 and (8o, v;) < j7° in Assumption (A.4), we have Ls =
O(ky/*7"). 0

Lemma 6. Under Assumptions (A.1)-(A.7), and (A.9), we have

(i)
> 5N — (B0,03))? = Op (kX" /), for any z > —1.
j=1
(i)
sup G| A2 (7)) = Op(kn ™" /v/m),
JSEKn
where

1 [0:M;(Ya, Zi, Wiy 033 81) + (1= 8i)miy, i (Yi, Zi, Wiy v5581)]

’I’Lj\j

As(ry) =15 —
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(iii)
S Nl =1 P = 0p(ka™ 0Tt 4 k)
j=1

(iv)

iE[% w1 (Wil Zi,v5) + (1 = 6)E(WilZs,v5)| Zi, Wi, 6 = 0))] 0(1);
A' - b
=1 ’

(v)

1« . 1 o N
sup G~ Z(SiWi(Zi,Uj—vj)HSuPﬁ > B, [GIWiZi, 05—0;) || Zs, Wi, 6 = 0] = Op(1//n).
J J i=1

i=1

(Ui) LG £
n kn
1 R N a _ _
E ZAI {er [5¢'W¢<Zi,11j> =+ (1 — 5i)E7@j{<Zi,’Uj>W|Zi,Wi,5i = O}]} = Op(k‘i +1n 1/2 + knb),
i=1 j=1
where

A1 {zn: Tj [(5iWi<Zi,@j> + (1 — (5@)E7{,j{<Zi,@j>W|Zi,Wi,5i = O}]}

Jj=1

kn
= {Zr]- [6:Wi(Zi,05) + (1= 6:)E s, {(Zs,0;)W|Zs, Wy, 6: = o}]}

j=1

kn
_ {Zr; [6:Wi(Zi,vs) + (1 — 6:)E{(Zi, v;)W|Zs, W;, 6; = 0}] } .

j=1
Proof of Lemma 6 (i). Using conclusion 1 of Lemma 5, we have

Fn
EY 50 (r; — (00,v5))?
=1

b _ 6ZMJ(YZ7 Zia Wi?”j;ﬂl) + (1 - 5i)m?blj,i,'y(y'ia Zi7Wi7vj;ﬂ1)

= EZ]x(Z n\/x _\/)‘71'<907Uj>)2

=1 i=1

n2

J
j=1 L— \/x

Sy (1= 80)(mSy, i.0 (Y, Zis Wiy v B1) — Aj(60, ;)

k n
e 1 0:(M;(Yi, Zi;, Wi, vy; — (00, v;
_ Z EZ( ( J( Jﬁl) ]< 0 ]>)

+ 2
VA )

kn
< 2 ijE(5i(Mj(Yi, Zi, Wi, v5;B,) — >\j<907vj>))2
> nj:1 ,—)\j

En ) 0 7 W vt — M\ .
+ Ezle((l 757«)(mMj,i,'y(leaZHWZ?UJaﬁl) A]<607v]>))2 7y E(A(G'U +B(6’1)).

nj:1 ,/Aj n
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In the following the order of A1 and B are calculated separately.

kn
ijE(&(MJ‘(Yn Zi, Wi, 055 8) — Aj<907vj>))z

= VA
kn . . . vt (09, v; 9
Z 'I2E[(MJ(}/7/?Z7«7W7«7 J?ﬂl))2+(()\]<9 ) ]))) ]

EAGD —

< ]:1] ey ey

< ijzz[E< Y

= Za 2(E(&((0,2) +))° + (57 /*7")?]

< (\/ITG‘JW+ constant) if = O(kLt);

1 —0:)(B(M;(Yi, Zi, Wi, 055 8,)| Zi, Wi, 6 = 0) — >\j<907v;‘>))2

k'n,
EB©GYD  _— jIE((
Z VA

(K’Zhwhvwﬁl)lzlv W176 — 0)) + (()‘j <007Uj>))2]

< Z] 2E[ \/E \/x
= ZJ”2E[E K’Z“A?/”Uj’ﬁl)lzi,wuéi=0)+(WM)2}
J

K,ZZ’W17,UJ7ﬂ1) + M)Q} :O(kl+gc)

< ZﬁzE[ T )+ ( N n

Combine them together, and we have EZf"Ij (17 — (80,v;))? = O((A®Y + BV /n) =
O(kLT /n). O

Proof of Lemma 6 (ii). Denote

A2( (Y;JZHW“v]HBl)) M (Y;leaWHvJvﬂ ) (K’Z“W’ijwal)

and

A2(m]&{w1—y(Yri,Zini,{)j;ﬁl)) m]w ,4, (YL7Z’L7W’L7v]7IBl) mM ), (K7ZMW’L7’UJ7:81)

From Lemma 3 (i) we have A;/Aj+1 < k2" when j is sufficiently large. Then SUp; <y, Aj/Aj+1 <
kg~" when ky, is sufficiently large. Together with Lemma 3 (i) we have Esup, <, (;A;|Qa(r;)| <

E sup 7ZCJA |(s AQ( (}/ZaZleZaUJ?ﬁ ))|+|(1761)A2(m(1)\/[J,z,’y(KaZhWwﬁjaﬂl))”

j<kn T
< *ZEfEEﬁL G2 H6 Do (M;(Yi, Zi, Wiy 855 81))] + (1= 8:) Ao (mi, s (i, Zi, Wi, 855 81) )]
= Ejsgf CJA [16: 82 (M;(Ya, Zi, Wi, 855 8,)| + (1 = 6:) Az (mly, 1o (Y, Zi, Wi, 05 8,))]
< Esup Cg |A2( i (Yi, Zi, Wi, 05,81))| + E sup ¢; )\A | Ao (M, iy (Y, Zi, Wi, 055 81))|

J<kn J+ J<kn
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Aj R .
< sup _J [E sup Cj|A2(Mj(Y—¢,ZZ‘,Wi,’Uj;,Bl))‘+E sup CJ|A2(m(J)\/Ij,i,'y(Y25Ziywivvj;ﬂl))”
J<kn Nj+1 j<kpn J<kn
< constant x k' [B sup |Ax(M;(Y:, Zi, Wi, 955 81))| + B sup G| Ax(miy, i (Vi, Zi, Wi, 055 8))]
i<kn i<kn

[I>

constant szl(A(ﬁ’z) + B(672)).

Next the two terms A®? and B(®? are calculated separately. It follows from the Cauchy’s

inequality that

ABD = B sup Gl(Zi, 85 — v;)((Z:,60) + )]
i<kn
= Esup (((Z;,0) + ) Zi, (05 — v)))|
J<kn
< E\/_s<u]§a ((Z:,0) + €)Zi, ((Zs,0) + €) Zi) (i (D5 — v5), G (D5 — v5))]
ISFRn

= VE(Z,2)(Z.6) + *{Esup Gllos —vsl*}2 (14 0(1)).

From Lemma 1 and Lemma 2, {Esup, ., Clloy — v;]|?}Y/? < constant x n=*/2. Then A2 =

Op(1/+/n). Using Lemma 4, by Jensen’s inequality, we have

B2 _ E{sup Cj‘EfﬁjKZi,f)j —v;Y((Z;,0) + €)| Zi, W5, 0; :OH}

J<kn

< B {Efml,u.wsup ol Zosty — 03)(Z6,6) + €)1 25, Wi, 61 01}

J<kn

= E {E,(@h_“)[sup |<(<Z“0> + Ei)Zi,g]‘(’Uj — ’UJ)>||Z“VVZ’6Z = O]}

J<kn

< EV(Z 2)((Z,0) + )*{EE_(s, .. sup Gllog = villP}72 (1 + o(1))

= BV(Z,2)((Z,6) +*{E Sup G llog = vl Y72 (1 + o(1)).

Then B2 = 0,(1/y/n). O

Proof of Lemma 6 (iii). From definitions of 7;, 7}, and Az(r;) in Lemma 6, (ii), we

have

1 1 ¢
= <A )+ | — — — A
3 =731 £ 182(r)| I = b

It follows that

kn kn
* 1 N *
O Ailrs = i) < Do A2(A2(r)* + (o~ )2 A5r;?)]
j=1 j=1 7

> =

J

- 1 1 . .2¢
= Do onan) + 32 - R £ 400+ 5
- - J Vi
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Next the two terms A3 and B©®3 are calculated. From Lemma 3, we have EA®3) <

IA

IN

IN

<

kn n
B Al Dot = (280 + /)

kn,

Z)\ E ZE_UJ (i, 05— 03)((Zi, 80) + )| Zi, Wi, 65 = 0] /)

2 sup
J<kn

2 sup
J<kn

2 sup
J<kn

2 sup
J<kn

kn n
o 1 N
constant * k%1 Z n Z E[(Z:, Z:)||0;

Aj+1

* (Zn: % ZE|<Z¢,{;]~ -

*(Z%Zm@-,@j—
i=1
kn 1 n
«(Q_— > BB o [(Z:,0; -
j=1 = i=1

v;)({Zi, 00) + €:)|?)

Z ZEE

Zlvvﬂ -

v;)((Zi,00) + €)|*)

j=1 " i=1

v;)((Zi, 00) + €:)| Zi, Wi, 6; = 0])

v;)°((Zi, 00) + €)% Zi, Wi, 6; = 0])

— ;]2 ((Zi, 80) + €)?]

kn n
1
t t ka—l EZi ZiQ Zﬁe 7‘_4 Ellld: — v:||4
consitant * Ky, jE 7n ZE \/ < ) > (< 0> 5) \/ [HU] 'U]H]

k"l
-1 —2 -1
constant x k. E G n =

k’!l
O(ka Zj3a+2/n) _
j=1

Jj=1

O(ka*nh).

The last inequality holds from Lemma 1 and Lemma 2. Next, from Lemma 3, we have B3 —

Finally we have E(Zf;l

kn

Zﬂi Ai) )\2 *QA

=N
= ZQ%(TH — <907vj> + <607vj>)2Aj

)2
< 24 J+1 (* (B0, 0,))22; +Z4 J+1
< 24 — (60, v;)) 2)\j+z4<0077}j>2)\j
j=1
< constant X [Z)\j( (60,v5)) +Z]71J ]
j=1

L Opfkaf) + On(i™) = Oyl + 1),

Ajlri—r3|?)

= A3 B6:3) — O(kiat2 /4|7 2b).

(00,v;)%N;
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Proof of Lemma 6 (iv). The left side of the equation is equal to or less than

i ZE(SWZMW (1 = 6:)E(Wi(Zi, v))| Zi, Wi, 6 = 0))*
Aj

< *ZZE‘”’V (Zi, )2 /A + = ZZE[ 1 — 8)B(WilZi,v;)| Zi, Wi, 6 = 0)]* /X

j=11i=1 _]111

2 46 4 g6

We only need to calculate the order of A4 and BOED separately. We have AGA) =

k n

1
Z H ZE[élWl < Zi,vj >]2/)\j
j=1 " =1

kn 1 ] kn )
> 2 EBWAET < 3BT < EW,
j=1 " i=1 =1

and B(®% =

EZ[f Z (1 — 6:)E(Wi(Zi, v;)| Zi, Wi, 8 = 0)]° /A

IN

Z ZE (WilZi, v,)| Zi, Wi, 6 = 0)2/ A

IN

Z ZE W2 (Zi,0;)2|Zi, Wi, 6 = 0)] /A

71, kn
1 i i
> STEWEL? = 3°EWel P < B
j=1 " i=1 j=1
O

Proof of Lemma 6 (v). Using Lemma 1 and Lemma 2, we have

1 < .
Esup Gl > 6WilZi, 05 — v5)|
J i=1

< \JEEWX(Z, 7) \/Esupcm — ;]2 = 0p(1/ V),
J

and

Esup{]|sz,vJ i{Ziy 05 — v)| Zs, Wi, 85 = (]

i=1
1 A
< EsgpﬁgE_ﬁj[<j\Wi<Z¢,vj—vjwzi,wi,éi:0}
< \/E[E*@j(Wi2<Zi7Zi>|Wi7Zi75i:0)] EE_s, sup (|95 — vj?
J

~ 0,(1/vh).

This uses the similar technique to A®? in the proof Lemma 6 (ii).

S9
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Proof of Lemma 6 (vi). Denote

Al[i 13 (0:Wi(Zs, 05))] = i:rj((;iWi(Zm@j)) - i";(&Wi(Zuvﬁ)-

Then we have the following decomposition.

% Z Ay [Zn: 73 (0:Wi(Zi, 05))]

k, n k n
" 1 ) n 1
= > (r- (0 > Wil Zi b —v) + Y (15— i), > 6WilZi, v;)
j=1 i—1 j=1 i=1
kn kn 1 n
+ Zl(?"g (60, v;)) 25 WiZi, 05 — v;) + 2(907%?5 Z:l&Wz'(Zuﬁj — ;)
J= Jj= i=

2 466 4 p6o) +C(6,6) 4 peo),
Next we bound the A9 B0 C(6:6) and D6 separately.

From the Cauchy’s inequality, by conclusions 3 and 4 of this lemma, we have |B (© 6)\ <
kn 1 n
Aj(rs —r})? Z[ﬁ > 6 WilZi,v))]2 /A
j=1 j=1 " i=1

VOp (ki 201 4 k2 )0 (1) = Op (k202 4 ),

kn

and |[AG9)] <
kll
Z|A2 i) = Z‘SW Zi, b5 — vj)|
=1
oLl 1<
+ > |)\7j - T'Ajm = (8o, vj)ll > 6WilZi, 05 — ;)|
j=1 J i=1

k n
1 1 - 1 N
+ Z|; - 5\—|)\j|<60,v]~>|\5ZéiW¢<Zi,vj —vj)|
j=1 "7 J i=1

AL A(1616) +Aé6’6) —|—Aé6’6),

where A (r;) was defined in Lemma 6, (ii). To bound A(®®) we only need to bound A§6’6), AéG’G)

and A.(G’G) separately. From Lemma 6, (ii) and Lemma 6, (v), we have
A(6 ® < sup GA; ‘AQ(TJM SUP CJ|*Z(S Wi(Zi, 5 — v; |Zl/ (A (g) (kia+2”_l)~

J<kn =1

By the Cauchy’s inequality, we have

(I = £ 10/VA +1/
AE {1009 < (3 Cf VA 5 onny

j=1

% i[Z?:l Cj(SiW;'L(Zi’ 05 — vj) ]2}0.5‘

j=1
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Using the fact that
(|)\i - %|5\j/\/)\j +1/v/2)? /¢ < constant x (j2)2%5%%2 = constant x j>*+?
J J

implied by Lemma 3, together with Lemma 6, (i), and Lemma 6, (v), we have

AP 109 = \JO, (K8 m) 0 (1/n) = O (K72 /).

Similarly, we have

AL® 4+ D) = Zy—”/g (1/v/n) = Op(max(ks ", logn)n~1/?).

Therefore, = 37 | AI[Z 175 (0WiZi, 05))] =

A§6,6) +A;6,6) —|—A§6’6) i |B(6,6 |+ ‘0(6,6)| + |D(6,6)| :Op(kiaﬂn—l/z +EDY).
Similarly,
kn
= Zm er 1= 6)E—o,(WilZi, )| Zi, Wi, 6 = 0)] = Op (k2" 0™ 2 4 k).
Finally L¢ =
n kn
1
EZAl[ZT‘j((SZ‘Wi(Zi,U] —l— ZAl ZTJ 1—(5 ( <Z“UJ>|Z~L,WZ,5 —0)]
i=1 j=1

which is O, (k2*H1n=1/2 4 k).
O

Lemma 7. Under Assumptions (A.1)-(A.4), (A.6), (A.7) and (A.9), we have L7 =

n  kn
LS H Wi 0g) + (1= 8)B{(Zi, )W Zi, Wi, 6, = 0}]}

kn
- E{Z rIOW(Z,v;) + (1 — O)E{(Z,v;)W|X, V,8; = 0}]} = Op(v/kn/n).

Proof. We use the following decomposition.

n kn
%Z{Z i [0:WiZi,vg) + (1 = 6)B{(Zs, v )W |Zi, Wi, 8 = 0}]}
kn
— B riW(Z, ;) + (1 = OB{(Z,v))W|X, V,5; = 0}]}

Jj=1

IN

- Z{Z 7‘] UJ,OO [(52'W7;<Z¢,1}j> + (1 — 5¢)E{<Zi,’l)j>W|Z¢,Wi,5¢ = O}}}
+ anwo,vm% zn:&Wi(Zi,vj) + (1 = 6)E({Zi, v)W|Zi, Wi, 65 = 0)

j=1 i=1

- E{(W(Zuv)} 2 A7+ BT,
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kn n 2
B{" Z ( Z [0:Wi(Zi,v5) + (1 = 6:)E((Zs,v;)W|Zi, Wi, 6 = 0) — E{W(Z, m)}}) :

Using the Jensen’s inequality and the Cauchy’s inequality, after algebraic calculations, we have
B =

- ZE [6:Wi(Zi,v;) + (1 — 8:)E((Zi,v;)W | Zi, Wi, 8; = 0) — E{W(Z, v;)}]?

]71
kn
< % STEW(Z,v;))? + BE(W(Z,0,)| Zi, Wi, 6 = 0))* + E*(W(Z,v;))]
j=1
k o0
< sz‘:)\ (EW2e2 + EW?¢2 + EX(W¢;)) < %g \/M:O(l/n)_

It follows that

BT < J (S (60,0,)2) B < 100l VEr = Oy (1//).

Jj=1

Before we continue with A, first we denote

2
1 n AT s _ 5 oy | 7. A Y
R i[nzi_l (5:WilZeyv5) + (U= 8)B{(Ze, v5) Wil Ze, Wi, 6 = 0})
1 - s
j=1 J
2
kn Yy AW Z W S —
- Sy [B(EWiZi,v5) + (1= 8)B{(Zi, v)) Wi Zi, Wi, 8 = 0})]
! - n\;
j=1 J
S E(W?(Zi,v;)? + E(E*{{Zi, v;) Wil Zi, Wi, 8; = 0}))
j=1 )\j
o B(W2(Zi,v3)° + B(E{(Zi, ;) W7 | Zi, Wi, 6, = 0}))
< 2 v
j=1 ’
kn 242 kn
QE(W2EIN;
= ZW:ZQE(&?W%SQEW?
j=1 J i=1

Then the following equation

A(”g\jZ)\ (r7 — (v7,00))2A" = /Oy (kn/n)O ),
j=1

holds by the conclusion 1 of Lemma 6.

Finally we have Ly < A" + BM = 0,(\/kn/n).

Lemma 8. Under Assumptions (A.1)-(A.7) and (A.9), we have
kn kn

1S 705 — 3 (80, 05)05]| = Op (k527372 3 /n 4 /241270y,

7j=1 j=1
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Proof. First we make the decomposition of the formula.
k’!L kVL

I ZTJUJ - Z 60, v;)vj|
j=1

kn

< IIZ = (B0,07)) (05 = vj)l| + 1 Y (r; — (B0, v;))us|
j=1
k’l‘b

+ 1Y (00, 0) (05 — v3)| £ A®) + B® 4 0O
j=1

We will discuss A®, B® and C® separately. To calculate A® we define AgS) 2 Z?;l(r}‘ —
(00,v;))(9; — v;)||, and Ax = || Z?il(Tj — 737)(95 — v;)||. Using the conclusion of Lemmal,

Lemma 2, and Lemma 6, (i), we have A§8> <

ZA — (80,0,))?/(C2A,) Z@nvj—vjn = O, n)Oy (ki /)

3a/2+2/n),

which equals O, (k ; using the conclusion of Lemma 1, Lemma 2, and Lemma 6, (iii),

we have A;g) <

kn kn
D X =02 | D Moy —wl2/N = \/Op(kﬁa“/n + kn 2Oy (k22 /).
j=1 i=1

which equals O (kn/>T/% /n + k3*/2%3/27% / /n). Put them together and we get
A® < Ags) +A;8) _ Op(kia/2+3/2/n+kz/2+1/2 b/\/ﬁ).
To calculate B® we define B§8) 2 Z?zl(r; — (00,v;))vj]|, and Bés) 2 Z?;l(rj —ri)vs].

Using the conclusion of Lemma 6, (i), we have B§8) <

ZA — (80, 0,))2/2; = \J O (K& Jn) = Op (K12 ) /m);

using Lemma 1, 2, and 6, (iii), we have Bég) <

kn kn
DXl =2 D uil2/x = \/OP(kﬁ““/n +kn®)Op (K7HY),
j=1 j=1

which equals Op(kfla/2+3/2/\/ﬁ + k2/*T/270y Pyt them together, and we have
B® <« B§8) + BéS) — Op(kia/2+3/2/\/ﬁ+ kz/2+1/275)'
Using Lemma 1 and Lemma 2, the following inequality holds for C®.

kn kn
IC®) < ST G0 )00, 0,0 < D5 PO < ORI /).
j=1 j=1

Finally, we have

kn kn
I 785 =S (B0,05)v;] < A® + B® 4 ¢ = 0, (k322 )/ 4 k/>H1/270),

j=1 j=1
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d

Lemma 9. Under Assumptions (A.1)-(A.9), we have
10U (8,)/0(B™) = 31| = 0p(1).

Proof of Lemma 9. After straightforward algebraic calculations, U (3,)/0(87) =

%Z[aiwiwf + (1 = 8)E(W:W. | Zi, Wi, 6 = 0)] ZR (0, W)R(5;, WT) /A,

where
1 < )
R(0;, W 752 (Z,0,)Wi + (1 — 6:)B((Zs, 0;)Wi| Zi, Wi, 8: = 0)).
=1

It follows that AU (B,)/0(B") —J =
{~ Z;[&WZWZ + (1= 6:)B(WiWT| Z:, Wi, 6; = 0)] — EWWT}
k‘ll

kn,
- {Z FJR(@WWZT) - F;R(’UJ:WzT)}

j=1

- {Z (1, WE) = S [BAZ, o)) WIE(Z, 0 W71 /0s)

- Y Bz o)WIRZ )W/ 2 A0+ B 4 ¢ 4 D,
k 1

J=kn+
where -

[0 M(Zs, Wi 05) + (1 — 5i)m‘])\~4jym(2i, Wi, )]

7y = "y ;

L " (6 M(Zi, Wiy vp) + (1 — 8iymiy s (Zis Wi, v))]

= n\; '

and M;(Z;, Wi,vj) = (Zi,v;)W;. Note that |A®| = 0,(1) holds by law of large numbers;
BO —

n

kn n
1Z<Zi7(@'_v3 Z '_TJ %Z ZHU? W ]+Z ZZIF"A}J'_U]')W'LTL
j=1 i=1 i=1

j:l i=1

My
|.
Jz

3

which equals Op(/’c,%“ﬂrfl/2 + k27°~1) using the technique similar to the proof of Lemma 6,
(vi); similar to the proof of Lemma 7, ||C|| = Op(y/kn/n); | D] = o(1) since

i[E(Z, v \W][E(Z, 0, )W/ = iEngEngT <EWWT

j=1
holds by Assumption (A.8). In conclusion,
10U (85)/0(B") =3I < A + B + 1CY| + [ D] = 0,(1).

O
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Proof of Theorem 1. First we denote e £ U (B,)/08T — 3. From Lemma 4-Lemma 7,
we have
U(Byo) = Ls — La+ Le + L7 = Op (k20?4 k)70,
where the ‘L;’ is defined in Lemma 4,7 = 4,5,6,7. Then from |e|]| — 0 of Lemma 9, together
with Equation (1.5) of Stewart (1969), we have [|3; o — B oll =

I 001 < IS MU B0 = 13+ V(B0
< 0@+ 3+ I IIT BN < 11G+ 0™ =37 I/ 1+ 1108 o) 113
13" lel o WBIT
< (L o, i < TR — 0,080

which also equals Op(kflaﬂrfl/2 + k}/%b). Then the first part of the theorem is proved.

For the second part of the theorem, we make the following decompositions. 9(,@1) — 60y =

{Z 75 (B1) =13 (B1,0) UJ}+{Z7"J B1,0)0 Z<907U1>U7}+{_ Z < 6o,v; > v;}
Jj=1 Jj=1 j=kn+1

A ATl +BT1 +CT1.

From Lemma 8, we have ||[BT| = Op(kia/QH/Q/\/ﬁ—i— kZ/QH/Q_b). Therefore we only need to
calculate the three terms AT, BT! and CT!. Note that

I =VIC.Cy = | 3 (B0.0)2=0( [ > j=2) = 0,(ki/*™"),
Jj=kn+1 i>kn

and AT has the following decompositions, AT! = (AT + AT + AT 4 ATY)(3, — B1,0), where

ko kn
ATY =3 (75 — B(Z,0)) W) (85 — 05); A3 = (75 — B(Z,v)W/\)vy;
j=1 j=1
31 =D B(Z,u))W/X(b; —v;); AT T = B(Z,v,)W/Ajv;.
j=1 j=1

In the following we will calculate the four terms AT, AT, AT' and AT*'. We have | AT} <

kn kn
EY (Z,0,)2W2 /N2 [0y — vjl|? = Op(KF1/2), | O Z /<2 = 0, (k&2 /)
j=1 j=1

using Lemma 1, 2 and the Cauchy’s inequality; we have ||AT*| <

kn

B (Z,0;)2W2/)2 = ZE (E2W2) /2, = 0, (K+D/?)

j=1

by Assumption 2; similar to Lemma 6, (i), we have

kn
>IN (7 = B(Z,0)W/A)? = Okt /n), for any x # —1,
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so that the following equation holds,

kn
JATH 2 \| DO1 — B(Zug) WA = Op (R T72);
j=1
similar to Lemma 6, (iii), we have
kn
>Nl = 7P = Op(ki 0 + k™),
j=1

so that the following equation holds,

kn kn
JAZE 2 SN - #2 <SS - F
st i=1

= ORI k)0, (k) = O, (K2 0/ 4 k2

consequently, we have ||ATY|| < [|AT| + | AT = Op(kéaﬂ)m). Similar to the derivation of
|AZ™||, we can prove that [|AT* || = Op(||AZ™[))-
In all,

[ATH < AT + AS™* + AT + ATH[18, — Bull
_ Op(kT(laH)/z)Op(kiaanl/z n k}l/sz) _ Op(k,i/zaw/znq/z n k71’b+a,/27b)‘
and finally, we get

10(B1) — Bl < AT +[|BT*| + ™|
_ Op(ki/2a+3/2n_l/2+/€,11+a/2_b).

Lemma 10. Under Assumption A.1-A.9 and B.1-B.5, we have

(i)
F((Z1,00), G(Zi1, W), Wi) = E[(Z1, 00)61 exp(0Y1) | Z1, Wi

(i3) for any C1 > 0, there exists a constant Ca > 0, such that
OF (x1, T2, x
sup ‘max \M| < Oy, sup F(z1,z2,23) < C2,
S, lagll<oy =123 Oz SO, leili<Cy

holds.

Proof of Lemma 10 (i) By algebraic calculations, we have

E[(Z1, 00)01 exp(vY1)| Z1, Wi
(Z1,00)E[Pr(d: = 1|21, Wi, Y1) exp(70Y1)| Z1, Wi]
exp(G(Z;, Wr))
1+ exp((g, Z1) + (Ba,0, Wi) + oY1)
/ (Z1,00) exp(G(Z;,,W;)) 1 exp(— (y — (Z1,00) — BfOWl)Q
1+ exp(G(Z1, W) + ¢oy) V2r 202

(Z1,00)E{

|Zy, Wi}

)dy,
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which is a measurable function of (Z;, 00), G(Z;, W;) and W.
g

Proof of Lemma 10 (ii) Continue with Lemma 10, (i), and we obtain the explicit form
of the function F' in the following.

T 2
x1 exp(z2) (y —z1 — B ,073)

F(z1,z2,23) = / exp(— : dy,

(@ Vor ) 14 exp(z2 + ,@;0963 + doy) ( 202 Jdy

and
OF(x1,x2,x3) / exp(z2) exp(— (y — 21— r31T,01’3)2 )y
O © V2r ) 1+ exp(az + ¢oy) 202
/ 1 exp (z2) exp(— (y—z1 *,@;om3)2)y*$1 *ﬂf,omd
Vor ) 14 exp(z2 + doy) P 202 o2 Y-

Note that both F and 0F/dx1 are continuous functions of (x1,x2,z3) within the compact set

3

{(z1,22,23) Y _ [l < C1}

i=1
Therefore, there exists C2,1 > 0,C2,0 > 0 such that
OF (x1, 2,
sup |7($5 2 I3)| < Cz1, sup F(z1,z2,23) < Cap
T lwill<or 1 T8, lwill<C
Similarly, there exist constants Ca,; > 0,7 = 2,3 such that
| 8F(m1, T2, l‘g)

sup E) | < Coy,
Y3, llesll<Cn T
and then we have op
sup max|M‘ < max(Ca.i),
fozl lzi | <C1 g axl <3
which completes the proof. -

Lemma 11. Under Assumption A.1-A.9 and B.1-B.5, we have

(i) Given a constant function z € H, a constant vector x € RP, and a constant wo € (0,1),
there exist constants 0 < c1 < co < 0o such that

Fn
1t (h) < E[Kn(wo| Y (Z = 2,05,)2 + (1= wo)[W — z|)] < caga(h/(1 — wo)),

j1=1

where Y, 5 (h) is defined in Assumption (B.4) and ¢z (h) = Pr(W € {Z| |Z — z|| < h}).

(i) The following two inequalities

1n i, K wwzle — Ziyvi,)? + (1= wo) W — Wil])
B (w57 (2 = Zivin)? 4 (L wo) [W = Wall)| Zi, W

supE{
—  E((Zi,00)8; exp(vY:)| Zi, W)]*| Zi = 2, W; = 36}

1
()

lI>

L<111) < constant x (h* +
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and
supE{[l/nZ:l:l R’;(J)(U)O\/Z?:':KZZ — Zi,0;,)2 + (1 — wo)|Wy — Wil|)
2 BIKn(woy/Sh_y(Z = Ziyun)? + (1= wo) W = Will)| Zi, Wi)
—  E(iexp(yYi)|Zi, Wi) || Zi = 2, Wi = m}
£ L<121) < constant X (h2 + %)
hold.

Proof of Lemma 11 (i). From Assumption (B.3) and the definition of type I kernel in
Martinez C. A. (2013), we have

>
>
>
and
D AZ = 205)% + (1= wo) |[W —=])]
kn
< ePr((Z,W) e {(2,%)] wo Z(Z — 2,002+ (1 —wo)||Z — || < h})
j=1
- - h
< aPr((Z,W) e{(E D) (1 —w)lz -2 < h}) = cade(T— ),
which complete the proof. O

Proof of Lemma 11 (ii). Before the proof, note that from Assumption (B.3) the kernel
function K (-) satisfies,

/K(t)dt = 1;/tK(t)dt = 0;/K2(t)dt < constant.

We divide the proof into two parts. In Part 1, we calculate the bias while in Part 2 the variance
is calculated.

Part 1. For simplicity, denote

kn
Dl(” = wo\j Z (Z1 = Zi,v5,)* + (1 — wo) [[Wr — Wil],

Jj1=1

o
Ry = E[Kh(UJOJ > 2 = Zi,v5,)2 + (1= wo) W — Wi||)| Zi, Wi,

Jj1=1
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and

By = B((Z:,00)d: exp(y0Y)| Zi, W)
In this step we calculate the bias A<11)(ZZ-,W1-) first. Using Lemma 10, (i), Assumption B.3,
and Lemma 11, (i), we have

1 '3
1/ny, KP(DY)
R{"

l '3
1y, KP(D)
R{”
LS Kn(DM)61 exp(r0Y1)(Z1, 60)
R

AU (Z;, W;) £ Bias( |Zi, W;) = E| |Zi,Wi] — B

=

|Z:, Wi] — Ef”
= E[{1/n Kn(D{)E[b exp(10Yi)(Z1, 00)|Zi, Wi, Zo, Wi)| Zi, Wi}/ RS — E{”
=1
= E[l/nY Kn(D{")F((Z1,00),G(Z, W), Wi)|Zi, Wi] /RS — E{”
=1

= E[l/nzKh(Dl(i))leShF((Zz,00>7G(Zl7Wz)7W1)|Zi7Wi]/Réi) - By

=1

IN

E[l/n Z Kh(Dl(“)lHZl*ZiHSwLO 1||W1*W7‘,H§ 1,}210 F(<Zl7 90)7 G(Zlv I/Vl)v Wl)‘Z“ W’L]/R(()l) - E(()l)
1=1
< E[/nY Kn(D{7)|Zi, Wil[F((Z:,00), G(Z;, W:), W;) + constant x h] /Ry — Ef”
1=1
_ (@) ( (®) @) _ @)
= Ry’ (Ey” + constant x h)|/Ry’ — Eq (S1.3)
which equals constant * h. Next we prove that this constant exists uniformly for Z; = z and
W; = w; in other words, there exists constant C' such that
Pr( sup AM(Z;, W;) < Ch) = 1.
Zi Wi

From Assumption (B.1), we have [(Z;, 00)| < ||Z;]]]|0o]| < constant and ||W;|| < constant; from
Assumption (B.2), we have |G(Z, W)| < GT*(|Z]| + |W]|) < constant. It follows from Lemma
10, (ii) that there exist constant Cs, such that

|[F'({Z1,60),G(Z1, W1), W1) — F({Zi,00), G(Zi, W), W)
|F'((Z1,60), G(Zr, W1), W) — F({Zi, 00), G(Z1, W), W)
|F({Z;,00), G(Zi,W)), W) — F({Z;,00), G(Z;, W;), W})|
|F({Z;,00), G(Zi, W;), W) — F({Zi,00), G(Z;, W), W;)|

Col[(|Z1 — Zil, 00) + |G(Z1, W1) — G(Z;, W) + [|W1 — W]
constant x [(|Z, — Z;|,00) + | Z1 — Zi|| + ||Wi — W] + |W — W4l],

ININ + + A

The last inequality holds from the Lipschitz’s condition in Assumption B.2, and the constant
here is irrelevant to Z;, Z;, W; and W;. So that
Lyzi-zii< 2 Yiwy—wip < s ({20 00), G(Z1, W), W)
< l\IZz*ZiHSﬁlHWhWiHS e [F((Zi,G()),G(Zi,WiLWi)—l—constant X h],

h
T=ug
and the constant here is irrelevant to Z;, Z;, W; and W;. This illustrate the constant in (?7?) is
irrelevant to Z;, Z;, W, and W;. It follows that

Pr( sup A" (Z;, W;) < Ch) = 1.
Zi; Wi
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Part 2. First we calculate
B (Z;, W) 2 B[IK (DI 2, Wi] /RS,
for | # i. Using Lemma 10, (ii), we have B (Z;, W;) =
E[KZ(D{")8[exp(10Y1)(Z1, 80))%| Zi, Wi]
[R§]2
E[K2(D)(Z1,00) x E[8; exp(270Y1)(Z1, 80)| Zi, Wi, Zo, Wil | Zi, Wi /[RS]?
E[K2(D") exp(10Y1)(Z1, 80) F((Z1,80), (Z1, 9), Wi 270)| Zs, Wi /[RS]?
constant x B[K}(Dy)|Zi, WZ']/[R(()“]2

i i 1
< constant X E[Kh(Dl< N Zi, Wi)/[RS )]2 = constant x R0
0

The last inequality is from Assumption (B.3).

Then for lp # i, we have

Var[L/n [, (D{7)]/RE"| Zi, Wi]
=1

l i 1 l i i
< mn\/ar[[K,(L0’(D§0>)]|Zi,Wi} = HVar[[K,ﬁ“(Dl(o))}/z-‘ig)|Zz-,W,-]
n?[Ry’]
1 2, (8 D121 s 1
S gE[Kh(DZO )/[RO ] |Z7«7Wz} - OP(WBZ)L

where the Op,0p, term and the relevant constant hold uniformly with respect to Z;, W; by
Assumption (B.1).

Finally, we have

1 n KY(D
sup [A(H)(Zi,W,-)]z—k sup Var( /nZz:1 h (Do)
Zi Wi Zi\W; Ro

)

1
Ly

IN

|Zi, W)

< constant x (K> + sup —————
B ( Z?ﬂaVI;i nwziaxi (h)

1
< constant x (h® + ———).
It can be proved in the same way that
Lﬁ) < constant x (h® + m/)l(h))'
a

Lemma 12. Under Assumption A.1-A.9 and B.1-B.5, we have

(i)
sup GAj|Ax(75)| = Oy (ki /v/n),

J<kn

AN A Z?:J‘siMj(Yiv Ziy Wi, vy; ﬁl,o) + (1 - §i)mMjai7’7()/;7 Zi, Wi, vy; /31,0)].
Ag(Pj) =75 — 5 ;
nA;
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(ii)
Z Ny = 7517 = Op (30" + ki ™");

(iii)
2 1
D NI =i = 0ph® + —=]-

ny(h)
(iv) L12 £
*ZAl {Zm [6:Wi(Zi, 05) +szo ZzaW1a7)<ZlvvJ>Wl}}
Jj=1 =0
_ Op(kialenfl/Q+k;b+kg4a+3)/2n71/2[h+ 1 ),
ny(h)
where

Al {Zﬂ ’f']' [&LWZ(ZZ, ﬁj> + Z ’wl,o(Zi, Wi; ’y)(Zl, @j)Wl] }

j=1 1=0
kn
ZTJ 0:Wi < Zs, 0 >+szo ZzaWu’Y)<Zl7vJ>VVl]
Jj=1 =0
k’IL n

— f; [(L'Wi(Zi,’Uj) +Zwl,o(zi,wﬁ’ylevUj>Wl]'
j=1 1=0

Proof of Lemma 12 (i). The proof is exactly the same as Lemma 6, (ii?_ except that it uses
Agm’l) to replace A;‘S’Q), where AS“) is expressed in the following (here wl;g 2 wi0(Zi, Wi )

which is defined by (2.7)). A{*Y 2

E[SUP G Zwll (21,05 — v;)((Z1, 00) + &)

n

= Z Pr(arg maxwl(jg = lo)E[sup (;{Zi,, 95 — v;)((Z1y, 00) + €1)] argrﬂaxwffg = o]
lo=1 J<kn =n

< sup E[sup {i{(Zi,, 05 —v;)({Ziy,00) + €1,)| arg maxwfig = lo]
losn j<kn I<n 7

= E[sup (;(Ziy, 9 — v5)((Zig, 60) + 1,)| arg maxwiy = lo]
J<kn <n

< \/E[<Z, 2)((Z,60) + €)?| arg max w;) = lo]
\/E[SU_P Cllo; — v;[|?| arg Iln<axwl 0 =]
J <n
< constant X Op(n_1/2),

O

Proof of Lemma 12 (ii). The proof is exactly the same as Lemma 6, (iii), except using

A2 = Z 2X; Ao (7
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to replace A3 where its expectation is calculated in the following (here wl(i(; e wl O(Zi, Wi )
which is defined by (2.7)). Since w( Y is positive, we have N l(wl 0) O w ) =1, and

it follows that EA(122) =
k7l

Z,\ |*Z Zi, 05 — v;)((Zi,00) + &) >/ A;)

=1 l=1

oL S Sl - (00 + )

Aj 2
< 2(su E|{(Z;,0; —v;)((Z;,00) + €
< (J<kp /\j+1 Z Z (Zi, 05 = vj)((Zi, 00) + €i)]")
+ 2(su E w; 3 [{Z1, 05 — v;)((Zi1,60) + € 2
(sup o) Z Z |Z al(Z 95 = 3} ((Z2,60) + )I[)
Aj 2
< 2(su E|(Zi,0; —v;)({Zi,00) + €
< 2(swp ) Z L3 BBy )(200) + )
)\. kn 1 n n ) n
+ 20sup ) x Q0 =D TEY (i) D (2,05 — v5)((Z1, 00) + @))?)
j<kn Aj+1 — 1, £
1= J j=1""14i=1 I=1 =1
< 4(su E{(Zi, 05 —v;)((Z;:,00) + € 2
< a(swp ) Z Z (22,85 = 03)(( 2, 00) + )
am1 %A 1 A
< constant x k27! 2:1 - z:lEKZi,ZiH"U]’ —v;|I*((Zi,00) + )]
j=1""i=
kn
< constant X ky, IZC Tt = (szlzjg’wﬂ/n):O(kiawn*l).
j=1 j=1
g
Proof of Lemma 12 (iii). After straightforward algebraic calculation, 2?21 PHGE
r;)2:
kn 1 n
Z[EZ(mijiWo(YivZivwi’“j?ﬁl,o) m?\/l,,z,wo(yiaZz‘thUj;Bl,o))}Q
j=1 " i=1

k n

nq R )

< Z ﬁ Z (mf\fj,i,’yo (}/’u Z’i> Wivvj;ﬂl) - m?Mj,i,'yO (Yla Zi7 Wi7’Uj;ﬂl,0)) .
=1 " i=1

Yi, Zi, Wi, v;5; 81)|. Denote

Next we calculate |1, 6,0 (Yi, Zi, Wi, v5;8,) — mM],mm(

n kn
AP =1/ny K (wo Z = Zi,03,)% + (1= wo) [ Wi = Wi)),

B =1/ K\ (wo | > (2 — Zi,v5,)2 + (1= wo)[|[Wi — Wil)),
ji=1

O = B(6; exp(10Yi) (80, Z:)| Zi,Wi), DI = E(8; exp(r0Yi)| Zi, W),
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and

k’”
B = BIKy(wo, | Y (Z = Zi,v3,)% + (1 — wo)|[W — Wil|)| Zi, Wil.

Jj1=1

By Condition (B.1), we have D§12’3> >

max{||z|, |l =]} <C
= inf / ¢y + Gz 2) L R K
max{|z|l.lzll}<C1 J 14 exp(poYi + G(z,2)) v2r

> constant > 0.

The last inequality is because the integral is a continuous function of (z, G(z,z), (z,60¢)) and
each item of z, G(z, x), (z, Oo) is positive in a compact set from Condition (B.1) and (B.2). From
|mMjai7’YO (Y:La Zi7 Wi7 Vj5 /81) - mg/lj,i,'yo (Ka Z’iv Wiv V53 /61)‘ =

A2 029 S K (e[S (20— Zi,05,)2 + (1= wo) [Wa = Will)(Z1 — Zs,v5)
B(12.3) - pD12:3) + B(12.3) ’

i

(Zi,v5)]

[e'e] n A 12,3
we have Zj:l Ei:l |m1\4j,i,’y0 (}/'M Z’i>Wi7vj;/81) - m?Mj,i,’yO (Yl7 Zi7 WZ7UJ7/81)|2/n S Fl( ) +

F2(12’3>, where
00 n (12,3) (12,3)
(12,3) 2 A; C,
I ot L )
l n
p2e) a2 /T K wo\/Zfl V(20— Zi,3)? + (L= wo) [Ws — Will){Z0 - Zi,0))
2 ZEZ B(123) 1%
: =1 7

Next we calculate the two terms Ff12’3> and F2(12’3) separately. By Lemma 11, (ii), the following
equations hold uniformly with respect to (z,x).

4(12.:3) (2.3) B2 1
—— (7 < tant h? + ——— —D; < tant h? 4+ ——.
ngys) C; < constant x 4 [ ( m/)( )) (12 B < constant x + ()

It follows that sup, , [A{'>® /B! — 019 pi23)| =

| A(12,3)/E(12,3) C,(12,3) 0(12 3)(D(12,3) B(12,3)/Ei(12,3)) |
12,3 12,3 12,3 12,3 12,3 12,3 12,3 12,3 12,3
( )+( ( )/E( ) DZ( )) [D( )+( ( )/E( ) DZ( ))]Dl( )
1
<  constant X h2 + —).
W em)
Then we have
12,3 — 1 1
F( ) < constant x h2 ;E; Zl,v] = p(h2+m).

Note that F2(12’3) can be simplified as

> g Vi K TR T+ (1= wn) W= WD = 2

n pa BZ(12,3)
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which equals (similar to Lemma 11 (ii))

l
n 1/n S KL o/ S (2= Zv3)? 4 (= w0) IWe = Wil 5, < 1120 - Zz'HZ]Q

2
; — B§12,3)
= O,(h").
Finally, we have
k’!‘b 1
Ay —r)? = FY 4 B2 = 0,0 + :
Z J J 1 2 P( nw(h))
d
Proof of Lemma 12 (iv). Denote
kn kn, kn
ALY A (6WilZa o)) = D 5 (6 Wil Zi, 85)) — D 75 (5 Wil Ziyv;)),
j=1 j=1 j=1
and
kn n kn n
Al[z fJ(Z w0 Wil Zy,0;))] = ZTJ Zwl 0O Wi(Zy,0;)) ZTJ (Z w00 Wi(Z1,v5)).
j=1 1=1 j=1 i=1 j=1
We have the decomposition similar to the proof of Lemma 6, (vi).
k‘ll
*ZAI ZTJ (6:WilZs, 05))]
kn
= Z 75 — 71) ZéW (Zi, 05 — vj) —1—2 5 — 1) Z(SW (Zi, v5)
j=1
kn 1 kn 1
+ > (7 - i) Z&Wi(Zu by —v) + Yy (1} — (60, v;)) > 6WilZi, 05 — v5)
j=1 i=1 j=1 i=1
kn
n Z(go’% Z(s WilZi,0; — v)) 2 A2 | p(2.4) | 5024 | H(24) 4 p24)
j=1

Similar to the proof of Lemma 6, (vi), and using Lemma 12, (i), and Lemma 12, (ii), we have
A2 4 g2d) 4 p24) 4 pA2d) — o (k201 =1/2 4 k%), We only need to calculate the
order of the term C(*?% . Using the Cauchy’s inequality and Lemma 12, (iii), we have

k k n
- 7k * - 1 N
oY < 1Y Ny — )2 D LG 0WilZ, 05— v)) /A2
j=1 j=1 =1

o k%4a+3)/2[h+
= | O0uh? +7]Z1/g2/x2 X 1/n = Op( NG

\/anm)]).

Then we have = 37 | A1[Z VP (0WilZi,05))] =

(4a+3)/2
A(12,4) +B(12’4) +C(12,4) +D(12’4) +E(12’4> _ Op(kia+ln—1/2+k;b+ kn, h+ 1 D).
vn ny(h)
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Similarly, we can also prove

YA 503 b Wi,

j=1 =1
_ Op(kia+1n71/2 + k;b + k;4a+3)/2n71/2[h n 1 ).
ni(h)
The conclusion holds based on the above results. O

Lemma 13. Under Assumption A.1-A.9 and B.1-B.5, we have

n kn n
1 *
L13 é EZ{ZfJ [6,’W¢<Z¢,Uj> +(1 —(5,-)Zwl,o(Zi,Wi;'y)<Zl,vj)Wl]}
i=1 j=1 1=0

)

i=1 j=1

= OV 21 4 1/y/mib(h)).

(Zi,v5) + (1= 8)E((Zi, ;)W | Zi, Wi, 6; = 0)|}

Proof of Lemma 13. First we decompose Li3 in the following.

1 n n n
Lis < = ry =i | X |B((Zi,v;)W|Zi, Wi, 6; = 0) — Zi, Wiz Y){Z1,v3) Wi
13 < nZ{ZIm i | < [E((Zi, v;) W] )= > wiof YV){Z,vi) Wi}

i=1 j=1

+ 72{Z| — 5| X [8WilZi,v) + (1 — 8:)BE((Zs, v;)W | Zs, Wi, 6; = 0)]

=1 j=1
+ fZ{Zhﬂ (80, ;)| X [E((Zi,v3)W | Zs, Wi, 6 = 0) = > wio(Zi, Wis 7)(Z1, v;) Wi}
i=1 j=1 =0
n kn n
+ fZ{D 00,v;)| X [B((Zi, v;)W|Zs, Wi, 85 = 0) = > wio(Zi, Wiz 1) (Wi, 0;) Wi}
i=1 j=1 =0

lI>

A(13> +B(13) +C(13) +D(13>

Define I?}(Ll)() = K (-)d exp(70Y;)W;. Similar to the proof of Lemma 11, (ii), we have

VDM RO (wo\ /Sy (20— Ziyvi2)? + (1= wo) Wi — W)
sup
57 B[Kn(woy/SHy (7 — Zi i) + (1= wo) [W = Wil)| Z:, Wi]

—  E(Wibiexp(vY3)|Zi, Wi)*|Zi = 2, Wi = x}

1
< constant x (K% + ———).

Consequently, similar to the proof of Lemma 12, (iii), we get

1

()

kn n
D B Zi,0)W | Zi, Wiy 8i = 0) = > wio(Zi, Wis 7)(Za, v) Wil = Op(h* +

j=1 1=0
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Then from Lemma 6, we have

k’!l
o3 < JZ(T; — (B0, v;))?

j=1

kn n
J D [B((Zi,0)W |23, Wi, 65 = 0) = > wio(Zi, Wi 7){ Z1, v5) Wi?

X
j=1 =0
1 1
= /Op(kstt /n)Op(h2 + = Op (kTP P+ ———=]),
\/ (K5 /m)Op (12 + ) = O o+ )
and
kn
D(lg) < Z<007Uj>2
j=1
kn n
XA DB Zs,v)) W Zi, Wi, 60 = 0) = > wio(Zs, Wi v){Z1, v;) Wil
j=1 1=0
=[O0+ ) = Oy (h+ ———).
nap(h) ni(h)
Similarly, using the Cauchy’s inequality and Lemma 12, (iii), we have
kn
A < IS —r7)2
j=1

kn n
X $ D B((Zi,05)W |23, Wi, 65 = 0) = > wio(Zi, Wi v){Z1, v5) Wi

j=1 =0

1

nip(h)

1
nip(h) np(h)

Similarly, using the Cauchy’s inequality and Lemma 6, (iv), we have

kn
3 Ak *
B < E A (Px —rr)?
\ i=1

X \j Z{% > [6:WilZi,v5) + (1 = 8)E((Zs, v;)W | Zi, Wi, 6; = 0)]}2/A2

i=1

= \/Op(k%a[h2+ 1Oy (R? + ) = Op(kn[h* + D)

ol
nip(h)

1
B \/OW L0, (k) = ORI + — ).

nip(h)
Finally, we get L1z = O, (A + B1® 4¢3 4 p03y = 0, (kS 2[h 4 1/ /nab(h))).
O

Proof of Theorem 2.
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From Lemma 4, 5, 7, 12 and 13, we get
U(ﬁLo) =Ls—Lys+ L7+ Li2+ L13
1
Oy (kY278 4 fpn=V/2 4 20+ =12 gty a2 -z L g gz, g foa )

i (h)
= Op(k/* P+ k2T 2 L kT2 1)/ (h))),

where the ‘L;’ is defined in Lemma 4,7 = 4,5,7, 12, 13. Similar to Lemma 9, we have H62U(ﬂ1’0)/(8ﬂ18,@1T)—
Jll = o(1). Then we have

181 = Buoll = 1IN0 (B1,0) (1 + 0p(1))
= Op(ka/*™" kT2 KTV 4 1/ (R),

and the first part of Theorem 2 is finished.

We continue with the second part of the theorem. For = 2?21 r; (,Bl)'i)j7 we have

0—00
k"l

= {Z Tj B1 —13(B1,0) U]}+{ZTJ B1,0)0 Z(OO»”J'>UJ'}

j=1 j=1
+ {- Z (60, ;) UJ}+Z ﬁ1 _TJ( 1))0;}

k1
N AT2+BT2+OT2+DT2
By the proof of Theorem 1, [|CT2|| = [|CTY|| = O, (k/*™"); | BT2|| = |B™|| = Op(k2*/***? )\ /n+

kz/2+1/2_b); and

1A < AT + A% + AT + AT([1B, = Byl
Op (k™ Y/ 2)0p (™ 02 4 270 V2[R 4 1/ /b (R)])
Op (ks 232712 4 P00 4 ki [t 1/ /g (W),

where AT? = ATY AT2 = AT AT2 = AT and AT? = AT, and AT? are defined in Theorem
1, for i = 1,2,3,4. So that we only need to calculate |[DT?||. First we define

- X [0iM(Zi, Wi ) + (1= 8y, (Zi, Wi, 85)]
7= — ,
! nA]’

and
e _ i1 10i M (Zs, Wiy v5) + (1 = 6i)rivyg, o (Zi, Wi, v;)]

where the definition of M;(Z;, W;, 0;) can be found in the proof of Lemma 9. Then similar to
the proof of Theorem 1, we have

kn B B En : _
HDT2H = \j 2[72](/61) —-1i(B))? = \j Z[’f.j(ﬁl,o) - T'j(ﬁl,o) + (75 — 75)(By — /@1,0)]2

Jj=1 Jj=1

Jj=1 Jj=1

< $ zn:[fa (31,0) -7 (ﬁl,O)P + \j i[(@ - fj)(151 - /31,0)]2 £ D;rz + D’QM,



S28 T. Li, F. Xie, X. Feng, J. Ibrahim, and H. Zhu

By the conclusions of Lemma 12, (ii), Lemma 12, (iii), Lemma 6, (iii), and the Cauchy’s
inequality, we have

IN
=
3
—
i
<
I
=3
*
~
V]
_|_
_
<. -
3
—
=3
'
I
<
Sk
~
S}
_|_
7
3
—~
<
<.
I
<
<
~
S}

j=1 —1 j=1
kn kn 1 kn kn 1 kn kn 1
SN D IR R D B S DORH GRS v Ny =) Y
i=1 j=1"7 i=1 j=1"19 i=1 j=1"7
1
= Okt 4+ k) x kit 4 [Op(h? + ——=) x k3t
\Ou( ) 02+ )
+ A Op (ATt 1 ) xRt
_ Op(kia/2+3/2n_l/2 + k71L+a/2—b + kﬁ+1/2[h + 1 D).
nip(h)
Similar to the calculation of DT2, we have
> 1
S Iy — 7 = Op(Re/332n 7 g LAyt 2 )
2 o)
Note that DF? = /525" [(7; — #)]2]|B, — By oll, which implies DF? = 0,(DT?).
Finally, we get the conclusion.
16 — 60| < AT+ |BTZ(| + |C2|| + | D™
_ Op(kia/2+3/2n71/2 + k”ll+a,/27b + kz+1[h i 1 ).
ny(h)
O
Proof of Theorem 3
First of all, minimizing the following expression
(Y -Z'r—WB)S(Y - Z'r—WpB)+ (Z*r)" (I, — ©)Z"r,
where ¥ = {D + diag[Z(I, — D)1,]}, is equivalent to solving the following eqnarray
1 1 * *
~Z*"{D + diag[E(I, — D)1.,]} (Y = WB) — ~Z*"Z*r = 0,
" " S1.4)
1 (S1.
—W{D +diag[E(ln — D)1} (Y = Z"r = W) = 0.
21V,
From the definitions of Subsection 2.2.2 of the main text, Z* = , where Z; £

vak

n
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(ZLI,ZI"Q,' . ,Zi’n),i = 1,2, e, and

> i (1= 0i)wi i
=(I, — D)1, = e (1 = GuJuzs
Z?:1(1 - 5i)wn i

Then we have the following equivalence.

%Z*T {D + diag[E(In — D)1.]} (Y — WS3) — %Z*TZ*T' =0

Zl‘_/k" n n
1 .
p i d1ag{51+2(15¢)w1,¢,--' 7§n+z(16i)wn,i}
vakn =1 =1
Y1 - Wi
X —Ar=0
Y., - W,03
<
1 n o - n [\
- ZZ‘an 0; + 1— 6k Wi,k Y Wﬂ 1*5k Wi, k —r =0
. ;( ) ;( Jwi k] ( g ; Jwik]
<~
1<~ 5 _
- (ZiVi ) 6:(Ys = WiB) + > (ZiVi,)T (1 = 8)wi (Y — WiB)
i=1 i,k<n
— i[(sz + i(l — 5k)wi k]§’l° =0
. in
=1 k=1
<
1 L
~ ;(zivkn) 6i(Y: — Wi +”Z<:n ZiVi, )T (1 = 6:)wi s (Yi — Wi8)
- i[dz -+ i(l — 5k)wl k]ﬁ"' =0
. i
=1 k=1
<
1 n o n o
o > 0 ZiVie )T (Y = WiB) + (1= 6) > wia( ZiVi,)T (Vi = WiB)]
i=1 =1
S3 T+ S0 - S e =0
i=1 =1 n
<
n 5\11"1
1
= {8(ZiVi,) (Vi = W) — ]+ (1 —di) x
gt .
)\k”'Pk
" A7
> wi(ZiVi,) T (Vi - WiB) — }=0
=1
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<
Z[éﬂﬂl(yu Zi7Wi;'r7ﬂ1) + (1 - 6i)mw17iv"/(m7zi7 Wi;’rwBl)] = 07
i=1
where )
A171
G (Yi, Zi, Wiy, By) = (ZiVi, )" (Yi = WifB) — : :
anrkn

is a discretized form of .
(Zi, 01)(Yi = WiB) —

: (S1.5)
(Ziy ok, ) (Y = WiB) = Ak, Tk,
Similarly, the second equation of (??) is equivalent to
D it (Y, Zi, Wiz e, By) + (1 = 8i)1ivs i (i, Zi, Wi, B1)] = 0,
i=1
where ¥2(Y;, Z;, Wi r, 8,) = [Yi — ,B?WZ — Zanr]Wi is a discretized form of
kn
WY = BYWi = Y ri(Ziy ;)] (S1.6)
j=1
Compare (?77) and (??) with (2.5), and we get the conclusion in Theorem 3.
O

Proof of Corollary 1

The proof is the same as that of Theorem 2 if we use

V() = _inf o ()it (h) = Pr(Z,W) € {(28)| wollz - 2] + (1 wo)l|& — o] < A},

to replace of the corresponding notation in Theorem 2.

O
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