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Supplementary Material

In this supplementary material, we provide all the proofs of the main article
in Sections S1-S3. The effect of the initial values is discussed in Section S4. A
further analysis of the real data example is given in Section S5. Some tables
and figures of the simulation study and the real data analysis of the main
article are also presented in this supplement.

Throughout this paper, || - || denotes the Euclidean norm of a matrix or
vector. O,(1) (or 0,(1)) denotes a series of random variables that are bounded
(or converge to zero) in probability, = denotes the weak convergence for
sequences of (measurable) random elements of a space of bounded Euclidean-
valued cadlag functions on a compact set, £ means “ is defined as”, and —,

denotes convergence in distribution.

S1 A Strong Law of Large Numbers

The SLLN plays an important role in statistics. The existing theorems for the

forward sums of dependent random sequences, such as those in Stout (1974) (
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e.g. Theorem 3.7.6) and Hall and Heyde (2014) (e.g. Theorem 2.20), require
at least a finite second moment or do not have a rate of convergence. Shao
(1995) established a maximal inequality of partial sums of p—mixing sequences
under a finite second moment, which can be applied for the SLLN. Wu (2007)
established the strong invariance principles for stationary and ergodic Markov
chains, in which the SLLN requires a finite (1 4+ €)th moment with other
conditions. These conditions essentially are the NED in Ling (2007). It is not
clear if the process from the TAR model is NED yet and additional conditions
may be needed even if it is. In the proof of Theorem 3.1, it involves the

convergence of the following partial sum:

S 0.~ B0

t=—n

But the usual ergodic theorem cannot apply to this, since very few time series
have been known to be time-reversible, see Cheng (1999). On the other hand,
the weakest moment condition is given in the ergodic theorem, but it does not
have a rate of convergence. Furthermore, since the TAR model may not be
the near-epoch dependence (NED) sequences without more restrictions, the
strong law of large numbers (SLLN) for backward-sum in Ling (2007) cannot
be applied either. It demands a new SLLN for the backward-sum of a strong
mixing random sequence. In view of the moment condition in Assumption
3.1, we establish a SLLN for the forward and backward sums of a—mixing

sequences under a finite (1 + €)th moment.
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S1. A STRONG LAW OF LARGE NUMBERS

Theorem 1. Let {X,; :t = 0,£1,+2,-- -} be a stationary process with zero
mean and E|X;|P < oo for some 1 < p < 2. If it is a strong mizing sequence
with a(n) < Ka" for some a € (0,1) and a constant K > 0, then there exists

a constant 6 € (0,1) such that

1 n
((l) 15 E Xt —0 a.s.,
n
t=1

-1
1
(b) e Z Xy —0 a.s.,

t=—n

as n — Q.

PROOF. We only prove it for (a) since (b) is similar. We choose p with
1 < p < p and a constant ¢ > 0 which will be determined later. Denote
& = XiI(|1 Xy < t9) and g = XL (| Xy > t¢). By Minkowski’s inequality, it
follows that

Bl ZXt|ﬁ = B Z(ft — E§) + Z(m — Eny)P
t=1

=1

EIZ — E&)IP +0(1) EIZ — Eny)|?
=T+ 11,

where O(1) holds uniformly in n.
We note that |§] < i and |§;] < j% 1 < i < j <n. By Lemma 1.2 in

Ibragimov (1962) and the strong mixing condition, we have
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By Holder’s inequality, Minkowski’s inequality and (S1.1), we have

1<0(1)

E|) (& - E&)P

D
2

t=1

(NS0

ZE& E&)* +2) (E&S; — EGES;)

1<j

NS

Z E& +2) |EGE - E@Em

1<j

Zt20+822]aj—z

1<J

D
2

< O(nngﬁc).

By Holder’s inequality and Markov’s inequality, we have

Eli P < (BIXPYPP(1X,| > )] #-P/ <

E|X|P

— elp—p) ’

By Minkowski’s inequality, Hélder’s inequality and (S1.3), we have

DEY (e — Eny)l?

n

<0() | Y (Bl 7+ 3 |En

t=1 t=1

<0() | S (Eln)

p
t=1

P

n P
EIXefP 5
<0(1) Z(—tc(p_ﬁ)) P

t=1

[ tl+e—c(p—f))/ﬁ] P

tlte
t=1

< O(nPHHeew=P/P)

(SL.2)

(S1.3)

(S1.4)



S2. PROOF OF THEOREMS 3.1-3.2 AND 4.1

where we choose € such that 0 < e < ¢(p —p)/p.
Let 0 < ¢ < 1/2and 0 < ¢ < ¢(p — p)/p. By (S1.2) and (S1.4), there

exists a constant p € (0, 1) such that

E| ixtvﬁ < O(nP?). (S1.5)

=1
Let S, = > i, X;. By Proposition 1 in Wu (2007) and (S1.5), we have

1/p

1/ﬁ _21977'

> " E[Sari — Sori—) P

i=1

P

E

IN

max |5
1<t<2¥

-2k—'r l/ﬁ

2T
Z E|Y X|P (by stationarity)
i=1 t=1

M- 1M

IN

ﬁ
Il
=)

E |2k 1/p

<o)y |y 2w

r=0

< 0(2"). (S1.6)

Let T, = -32;. Using (S1.6), Borel-Cantelli Lemma and Lemma 2.3.1 in

nl

Stout (1974), it follows that 7,, — 0 a.s. as n — oo, which proves (a). This

completes the proof of Theorem 1. [

S2 Proof of Theorems 3.1-3.2 and 4.1

We first give several useful lemmas. The proofs are given in Section S3.

Lemma 1. If Assumptions 1-4 hold, then Esupg,cg ,.cr |l:(0s,7:)] < 0o and
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Ely(0;,7;) has a unique minimizer at 0; = 0;0 and r; = r;9, where i = 1 when

1<t<kyandi=2 whenkg+1<t<n.

Lemma 2. If Assumptions 1-/ hold, we have

(a) —max ;[ﬁt(e,r)—Eﬁt(G,r)] — 0 a.s.,
1 —1
(b) - max tz_:n[ﬁt(@,r)—Eﬁt(Q,r)] —0 as.,

as n — 0.

The following Lemma is from Li et al. (2013).

Lemma 3. (i). If the density f.(x) of & is continuous and bounded, then
the density fi(z) of {y} € Y (0i0,740) is continuous and bounded for i =1, 2.
(i1). Under Assumption 2, there exist constants 0 < my < My < oo such that

mou < P(r < ¢ <r+u) < Mou for fited v € R and any u € [0,1], i =1, 2.

Proof of Theorem 3.1. (a). By Lemmas 1-2, and a similar proof to
that of Lemma 9.1 in Ling (2016), we can show that 7,, = 79 + 0,(1). So
we can assume that k,, k € [kp,n — kg], where k;, = [n7], 7 € (0,1/2) and
7o € (7,1 — 7). We prove only the case when k < kg, r; > 719 and 1y > 790,

as the other cases are similar. Denote

An(91,92,7’177”27 k) = Sn(91,92,7’1,7"27 /f) - Sn(910,92077’10,7“20, ko)-
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S2. PROOF OF THEOREMS 3.1-3.2 AND 4.1

We use the convention Zig 11 Xt = 0 for any series X;. When k < kg, we have

k n
An(01, 02,71, k) =Y {(01,71) = L(010,710)} + > {C(02,72) — £y(020,720) }
t=1 ko+1

+Z{€t(9277’2) — (610, 710) }- (52.1)

k+1
Let 615 = {(9’1,’)"1),, H91 - 610” + |7“1 - 7“10’ Z (5} By Lemma 1, C =
ming ;[Fl(61,7m1) — Eli(010,710)] > 0 when t < kg. Thus, by Lemma 2 and

Lemma 1 in Chow (1978) (pp. 66), we have

N kr<k<ko ©O1s

1 min min [Z{Et(Ql,rl) - &(91077“10)}]

k

Z[&(Gl,m) - Egt(‘gl,rl)]

t=1

2
> — — max max
N kp<k<ko ©Ois

+ 7 rgin[Eft(Hl, r1) — El(610,710))
16

—7C + 0,(1). (S2.2)

Since min92€@7T2ep[E€t(92,r2) — Egt(QQ(],rQO)] = 0 when t > k(], by Lemma 2,

it follows that

1 min [ Z {€:(02,72) — €1(020,720) }

n 62€0,r2€l’
t=ko+1

n

> [l(02,72) — Ely(0,75)]

t=ko+1

2
> — — max max
N kr<k<kg 02€0,r2€l’

n = ko min [El(0,79) — El; (09, 720)]

n 02€0,r2€l

+

—0,(1). (52.3)
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Note that mingee rer[E4(0, 1) — Eli(610,710)] = 0 when ¢ < k. We have

ko
1 . .
E kfgol%nfM GQGIG)I}TfQGF L;l{gt(e% Tz) B gt(elo, TIO)}]

ko
2
>—— max su 0(0,r)— E(0,r
- nk—koS—Meee,Fer t:zk;rl{ t( ) t( )}
ko — k .
+ - eerg}gér[Eﬁt(G,T)—Eft(eloﬂ"lo)]
1 | &
S _
22, 20 g | 32,60~ )
, t=k+1
~1
=, —2max sup — (0,7m) — E4(0,r
d uZMoe@,}?eru t;u{ 1(0,7) 1(0,7r)}
:OpM(1)7 (824)

where opp/(1) — 0 in probability when M — oo and it holds uniformly in n,
where the last step holds by Lemma 2, and Lemma 1 in Chow (1978) (pp.
66), and “ =; 7 denotes “ = 7 in distribution. On the event {||01, — 10| +

|71 — T10| > 0, |l§:n — ko| > M}, by (52.2)-(S2.4), we have

P(||01y, — 10| + |1 — 10| = 6, |k — ko| > M)

1 . )
< P(— min min A, (01,071,792, k) <0)
n |k07k‘|>M (6’1,7"1)/6915
(04,72)' €OXT

< P(FC + oppr(1) + 0,(1) < 0) — 0, (52.5)

as M,n — oco. When |kg — k| < M, the third term of (S2.1) is larger than

ko

—2 v 6,0 el 1(01,71)] = 0p(n). (52.6)



S2. PROOF OF THEOREMS 3.1-3.2 AND 4.1

On the event {||1, — 610 + |71n — 10| > 6, [kn — ko| < M}, by (S2.2)-(S2.3)

and (52.6), we have

P([|15 — 0]l + P10 — 710] > 6, [k — ko| < M)

1 . )
< P(— min min A, (01,0s,71,79,k) <0)
N |ko—k|<M (8],71)'€®15
(04,79)' €OXT

< P(7C + 0,(1) < 0) = 0, (S2.7)

as n — oo for any given M.

By (S2.5) and (S2.7), we can see that P(||01, — 610 + |10 — 10| = 6) — 0
as n — 0o, which implies 61, — 619 = 0,(1) and 71, — 119 = 0,(1). Similarly,
we can show that , — 6o = 0,(1) and 7y, — 199 = 0,(1). Thus, (a) holds.

(b). We only consider the case with k, < k. We note that

l%n n ko n
th(elna fln) + Z gt(92na 7§2n) S Z gt(elrw 72171) + Z gt(92na 7§2n> <S28)
t=1 t=1

t=kn, t=ko
Thus,
k() R k‘() R
= > 4O ) + D b2y an) < 0. (S2.9)
t:kn‘f'l t:fcn-i-l

Let dy, », = ||0; — Oi0l| + |ri — 7i0]. By (a) of Theorem 3.1, Assumptions 3.1-3.4

and dominated convergence theorem, we have

~

lim |El(Oin, Tin) — El(6i0,7i0)|

n—oo

S (lslm[E sup Mt(gi,ri) — ft(eio,ﬁo” -+ llIIl Egt](dﬁi,'ri Z 5)] = 0, 1= 17 2,
n—00

=0 dy, . <6
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where & = 2maxgeo rer [0:(0,7)|. Then, there exists a constant C' > 0 such

that, for k, + 1 < t < ky,

B {BL(0an, 10) = B(O1n, 720)} =EL(020,720) — Bbi(010,710)  (S2.10)

=C >0,

since (610, r10) is the only minimizer of E4,(0,r) if t < ko. When |k, —ko| > M,

by (S2.9)-(S2.10),

ko

2 s | Y [6(6,r) - B(O,7)

ko — k,, 6corer| =
0 n t=kn41

ko
Z [gt(elna fln) - Egt(‘glna fln)]
t=kn+1

1
>
ko — ko

ko
- Z [gt(‘92na f2n) - Egt(‘g?m 72271)]

t=kn+1
ko

1 A N
= Z [E€t<02nar2n) _E€t<91n>r1n)]

>
ko — kn t=fen+1

=C +o(1),

as n — 00. By the previous inequality, the stationarity and Lemma 2, for any
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S2. PROOF OF THEOREMS 3.1-3.2 AND 4.1

e > 0, we have

ko

sup | Z [0,(0,7) — E6,(0,1)]| > C + o(1))

]{?0 — ]{5 0cO,rel’ N
t=kn+1

< P(maX— sup | Z [0(6,7) — E6,(0,7)]] > C + o(1))

u>M U georer [T

= Ploy(1) = 5 +o(1))

as M > 0 is large enough. Thus, ko — k, = O,(1). This completes the proof.
O

Proof of Theorem 3.2. (a). We only prove the case when i = 1.
Since éln and 7y, are strongly consistent and /%n — ko = O,(1), we restrict the

parameter space to a neighborhood of 6 :

‘/152{91 6@:”91—910” <(5, ‘T’l—T’10| <(5,|]{3—]{30| SM},

for some § € (0,1) and M > 0. By definition of (éln,fln, /%n), we have

Stn(O1n, Pins kin) < SO, 710, k). (S2.11)

11
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By Theorem 3.1 and (S2.11), we have

P(kolfjn — 7”10’ > B)
Sln(‘gl,ﬁ, k?) - Sln(ehrl()? /f)

<P inf <0
- (15’/"603121‘/—1;10@s ]{ZOG(|T1 - TlOD B )
. Sm(@l, T, k) - Sln(91,7“107 k?)
<1 - P( inf )
B/kogl\’“elv—lgloké k'OG(’TI — T10|)

where v > 0 is a constant and G(z) = El(rip < ¢ < 110+ x) for 1 <t < k.
Now, it suffices to show that, for any € > 0, there exists a constant v > 0, a

small § and a large B such that, as n is large enough,

S1n(91, 1, k) - Sln(91,7"107 k)

m
B/k();l\"el‘;lglold koG(’T1 - 7“10’)

B(

) >1—e (S2.12)

Here, we only treat the case when r; > riy and k£ < ky. The other cases are

similar. For simplicity, write r; = r1g + v for some v < §. Then

1
k—[Sln(Ql, T10 + 0, /f) — Sln(‘917 10, k)]
0
1
=— P [S1n (01,710 + v, ko) — S10 (01,710 + v, k)] —
0

[Sln(017T107 k?o) - S1n(91, 10, k’)]}
1

+ k—[Sln(el, 10 + v, ko) — S1n (01, 710, ko)]
0

::Aln + A2n-
By Lemma 3, we have

mov S G(U) = P(Tlo < q S T10 + U) S M()U. (8213)
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S2. PROOF OF THEOREMS 3.1-3.2 AND 4.1

By Lemma 1, on the event {|k, — ko| < M}, there exists a constant C' > 0

such that
1] &
E sup |Ap|=E sup — E [0¢(01, 710 +v) — £4(01,710)]
B/kg<v<$ B/kg<v<s R -
Vis Vis t=k+1

M
<2E(— sup |l(61,710 +0)])
0 B/k8<v<§
16

<=, (S2.14)

Then by (52.13)-(52.14), for any € > 0 and n > 0, we have

‘Aln’ ‘Aln’
P <n)>1-—P
oGy M2 PR Bk =
Vis Vis
>1— OM[ky
ano/kQ

CcM
nmoe’

where we choose B >
By the proof of Proposition 1 in Chan (1993) or Theorem 2 in Qian (1998)

with y;_4 replaced by ¢;_1, we can show that there is a constant v > 0 such

that

. A2n
P(B/kl(gfvd o) >2y)>1—e (52.16)
01eVis

13
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By (52.15) and (S2.16), we have

S1n(91,T1, /f) - Sln<917T107 k) >

P(B/lgid koG (v) 7)
01€V1s
. Aln + A2n
=PC N =G Y
01€Vis
AQn(”U) A1n<1})
>1— P( inf < 2v)— P( su >
o (B/"<v<5 G(v) — V) (B/n<I’3<5| G(v) 127)
>1 — 2e.

This proves (52.12) and hence n(ry,, — rip) = O,(1). Similarly, we can prove
n(7an — 120) = Op(1). Thus, (a) holds.
(b). We consider the case with k, < ko and 71, > 710. By the definition

of the LSE, we can show that

ZZt 1Zi 4 (71,)] ZZt (7)Y
1 & R
=<I>10+[E;Zt_1zt’ LD Zzt (7 )er, (52.17)

By Theorem 1, we have k, — ko = O,(1) and 7, — r1g = Op(%). Thus, we can

show that
. 1 ko 1 ko
V(1 — Brp) = [= Y thlzt{fl(r;ro)]il[f > Zialriy)ed + 0,(1)
n t=1 n t=1
0.2
— e N(0, =M (ry)), (52.18)

as n — 00. The proof is similar for Uy, and the other cases. This completes
the proof of Theorem 3.2. [
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S2. PROOF OF THEOREMS 3.1-3.2 AND 4.1

Lemma 4. If Assumptions 3.1-3.5 hold, then, for any B, M € (0,00), it

follows that

~ ~ ~

sup  |Sin(z, kn) — Sin(ko, b0, ri0, Ti0 + E)| =o0,(1), 1=1,2.
|z|<B n
i —ko| <M

where Sm(z, l%n) and Sm(kzg, 00, Ti0, Tio+2) are defined in (4.1) and (4.3)-(4.4).

Proof of Theorem 4.1. By Theorem 3.2, we can reparameterize 71,

and 7o, as rip + z1/n and o + 22/n, respectively, for some z, 2z € R. Thus,

A 21 = A Z9 z Zo 2
Sh, (91n(7“10 + —1, kn), O2n(rao + —2, kn), 10 + —1,7“20 + —2, k’n>
n n n n
—Sn (é1n<T107 ko), ézn(@o, ko), 10, 20, ko) (52-19)

:Sln<zla ffn) + ‘§2n(227 ]%n) + S?m(]%na kO)a

where Sy, (21, k), Son(22, ky) are defined in (4.1) and

ko
Ssn(ffn, ko) :{[(iﬂn < ko) Z [ft(é%(?"zo, ko)ﬂ"zo) - gt(éln(ﬁo,ko)ﬂ’w)]
Fn+1
~ ];n ~ A~
-+ I(l{?n > ko) Z [ﬁt(an(rw, l{?(]), 7”10) — ft(egn(Tgo, ko), 7’20)]}.
ko+1

By Lemma 4, it follows that

~

~ 21 A ~ Z z zZ9 &
Sh, <91n(7’10 + —1, kn), Oan (120 + —2, kn), 10 + —177“20 + —2, k?n)
n n n n
—Sn (éln(ﬁo, ko), é2n(7"20, ko), 710, 720, ko)
~ 21 ~ %)
=S1n(ko, 010, 710, T10 + E) + Son(ko, 020, 720, 720 + g) (52.20)

~

+ S?m(km kO) + 0p<1)7

15



Zhaoxing Gao and Shiqing Ling

where 0,(1) holds uniformly on {|z| < B, |z| < B, |kn — ko| < M}. On the

event {|k, — ko| < M}, by (S2.17) and (S2.18), we can show that

ko
Z [gt(gm(ﬁo,ko),rio) - gt(eioﬂ“io)] = Op(l)v 1=1, 2.

kn+1
It follows that

ko
S3n(i€n7 ko) = f(fﬂn < ko) Z [0(020,720) — €+(010, 710)]
font1
N ’;TL
+ I(]Cn > k?g) Z [ﬁt(Qlo, 7”10) — ét(9207 7“20)] + Op(]_>. (8221)
ko+1

By Lemma 4 and (4.2), we have

n(Tin — ri0) = argmin | Sy, (ko, 0, rio, Tio + E) +o,(1)|,i=1,2. (52.22)
z€R n

Thus, for i = 1, by a similar proof to Theorem 3.3 in Li and Ling (2012) with

Z in (52.22) rewritten as % and noting that ky = [n7g], we have

. . Ia z
n(F1, — 710) = arg min | Sy, (ko, Oio, Ti0, Tio + 5) + 0,(1)
zZER

= argmin P;(792)

zER
1
= —argmin P (z2). (52.23)
T0  zeR

The proof is similar for the case of i = 2. Thus, (a) holds.

Since b;ln and 3% do not depend on l%n, we replace /%n with & in (S2.20). By

16



S3. PROOFS OF LEMMAS 1-2 AND 4

(S2.21), it follows that

~

k, = argmin Sy, (k, ko)

1<k<n

ko
= arg min {I(k: < ko) Z [€:(620, 720) — €¢(010,710)]

1<k<n t=k+1

I(k > ko) D [6(B10,710) — 1620, 720)] +op(1)}, (S2.24)

t=ko+1

By the stationarity of Y (019, 710) and Y (629, 20),
l%n — ]{70 —r argmin W(/{Z,elg,eggﬂ“lo,’f’go). (8225)
k

This completes the proof of Theorem 4.1. [J

S3 Proofs of Lemmas 1-2 and 4

Proof of Lemma 1. By Assumptions 3.1-3.4, E'supy,ce ,cr [{:(0:,7:)| < 00
for i =1, 2. The rest of the proof is similar to that of Lemma 6.4 in Li et al.
(2013). O

Proof of Lemma 2. We only prove it for (a) since (b) is similar. We first

prove that, for each (6,7) € © x I and any n > 0,

hm P( max—|2€t (0,r) — EL(0,7)]| >n) =0. (S3.1)

n>0 N
Taking X; = £,(0,7) — E4,(0,r) and p = 1+ /2, by Assumptions 3.1 and 3.4,
{X,} is a strong mixing sequence with geometric rate and F|X;|P < co. By

17
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Theorem 1 in section S1, it follows that, for each (6’,7) € © x T,

nl — Z [0i(0,1) — EL(0,1)] — 0 a.s.. (S3.2)

By (S3.2) and Lemma 1 in Chow (1978) (pp. 66), we can see that (S3.1)

holds. By the standard piece-wise argument, we can show that
lim P rggfgrg%dz [0,(0,7) — EL,(0,7)]| > n) = 0. (S3.3)

Thus, by Lemma 1 in Chow (1978) (pp. 66), (a) holds. This completes the
proof. [
Proof of Lemma 4. We only prove it for + = 1 and l%n < k. On the event

{|2| < B, |k — ko| < M}, by (S2.17)-(S2.18), it follows that

~ z ~ )
\/ﬁ sup ||9m(r10 + E, ]{?) — Qin(’f’l(), k())“ = Op(1)7 1 = 17 2, <S34)

2I<B
|k—kq| <M
where 0,(1) uniformly goes to zero in probability as n — oo for any fixed

B, M € (0,00). By (S3.4), it is not hard to show that

~ ~

Sz‘n(ém(ﬁo, k’n), 750, k?n) = Sin(éin(TiOa k’o), T30, ffn) + Op(1)~
Thus, (4.1) becomes

gln(zy kn) :Sin<91n(r10 + ];1 ) - Sin(éin(rlo; kO); T30, l%n) + Op(l)

ko kO
R Z - z A
= {th(eln(ﬁo + n kn), 10 + E) — ;ft(em('f’lo, ko), 7’10)}

- Z [€t<‘91n(r10 + % k n)s T10 + %) — ft(ém(ho, ko), 710)]

t=kn+1

=Rin(2, k) — Ron(z, k).
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S3. PROOFS OF LEMMAS 1-2 AND 4

Then it is easy to obtain

sup | Ron(2, kn)| = 0,(1). (S3.5)
z|<
\’;n‘—‘k_()fﬁﬂf

~

For notational simplicity, by Theorem 3.2, we can replace ém(ho + 2, kn)
and 7o + £ with 0y, and T1n, respectively, without affecting the asymptotic

properties of Ry, (z, /%n) We only consider the case when 7,, > r19. Then

ko kO
th(elnu fln) = Z[gt - ((I)m - @10)/Zt—1]21(%—1 > TAln)
t=1

t=1

ko
+ Z[& — (U1, — 10) Z 11 (r10 < g1 < F1p)
=1
ko
+ Z[gt — (¥, — ‘Iflo)lth]w(%q < r10)
=1

I:Bln + BQn + Bgn. (836)

On the event {ko — k, < MYy n{ri < 71p < 1o+ %}, by Theorem 3.2 and

(52.17)-(S2.18), we have
ko
1 ~ z !
% Z Zt—16t1<qt—1 > rln) = \/ﬁ(q)ln - (I>10) T()Ml (T’fb) + Op(]_). <S37)
t=1

Thus,

ko kO
Bln = Z 8?]((]13_1 > 7’A’1n> — 2(@171 - (I)l()), Z Zt—lgtI(Qt—l > fln)

t=1 t=1
ko
+ (D1 = ®r0) D Zia Ziy(7],) ($1n — P10)
t=1
ko
= Z 5?1—(%4 > 1) = V(o — d10) oM (1) V(P — P1o) (S3.8)
t=1

+ 0,(1).
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Similarly we have
ko
Bs,, = Z 531(%—1 <7r10) (S3.9)
=1
— (T, — Uy0) 70 M, (r7) V(T 1, — Tyg) + 0,(1).
We note that

ko kO
Bsn, 22531(7’10 < Gi-1 < F1n) — 2(W1, — @10),2 Z-1(r10, T1n) s

=1 =1
ko
+ (U, — 1) Z Z1Zy (110, T10) (U1, — P1g)
=1

We continue to calculate each term of Bs,. On the event {ky — k, < M 1N

{rio < f1n <10+ 2},

ko

Con = — 2(‘11171 — Uyp+ Wy — yp) Z Zi—1(r10, T1n)Et
t=1
ko
= —2(Wyo — P10)' > Zim1(r10, F1n)er + 0p(1), (S3.11)
t=1

where the last equality holds by Markov’s inequality and Theorem 3.2.

ko
Can =(V10 = P10) Y Z{ 1 Z1-1(r10, 71n) (W10 — P10)
=1
ko
+2(Wy, — V) Z Zy1Z1-1(1105 T10) (W10 — P1o)
t=1

ko
+ (Vy, — ‘I’lo)lz Zy 1 Z-1(110,T10) (W1, — W1p)
=1
ko

:(\Ifl(] — q)lO)/ Z Z{_th,l(rlo, T'Aln)<\1j10 — @10) + 0p<1), (8312)

t=1
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S3. PROOFS OF LEMMAS 1-2 AND 4

where the last equality holds by Markov’s inequality and Theorem 3.2.

Then by (S3.6) and (S3.8)-(S3.12),

ko
th(elna 721n Z & — Cbm - ‘Dm) To M (7"10)\/5(‘13171 - @10)
t=1

- \/ﬁ(\ijln - ‘Dlo)/ToMl(Tﬂ))\/ﬁ(\ifln — U1

ko
+ (Uy9 — Pyp)’ Z Zy 1 Zy1(r10, T1n) (P19 — P1p)

ko

— 2(\1110 — (I)lo)l Z thl(rw, fln)&f + 0p(1). (8313)

t=1

Now, we replace 0, and 7y, in (S3.13) with éln(rlo + %,/%n) and ry + 2,

respectively. Then we have

Zet (eln 1o + en), 10 + Z)
— f(@ln(rlo % k) — <I>1o>/ToM1(7“$)
X Vi (@1alrio + = k) = @10 )
it (Bralrao + 2 k) = o) oM ()
i (i + 2 ) — )

+ 1(z > 0)S1(ko, 010, 710, 10 (S3.14)

+
-
i\g
ﬂmw
+
,UQ
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Similarly we can show that

ko X
th(eln(ﬁo, ko), 7"10)

t=1

= \/ﬁ(‘iln(ﬁo, ko) — (I)lo)lToMl(Tfo)\/ﬁ((i’ln(ﬁo; ko) — ®10)
— V(W1 (r10, ko) — W10) 70 M1 (o) V(W1 (rr0, ko) — Wao)  (S3.15)
ko
+ Z & + 0p(1)
=1

y (S3.4) and (S3.14)-(S3.15), for any |z| < B, we have

ko
AR z ~
Rln Z, k th (‘9171 TlO E k ) T10 + E) - th <61n(T107k0)7T10>
t=1

= Sin(ko, 010, 710, 710 + ) + 0,(1). (S3.16)
By (S3.5) and (S3.16), it follows that

- . - p
‘S}lp |10 (2, kn) — Sin(ko, 010, 710, 710 + E>| = 0,(1). (S3.17)
z|<B

[kn —kq| <M

This completes the proof. [

S4 The Effect of the Initial Values

Now, we discuss the effect of the initial values Z;y and Zs, on the results
obtained in Sections 3-5. Since we only have one data set {yi,...,yn}, we
use this and replace Z;9 by some constant Z10 to calculate 0,(0,7). Although

we do not know kg, this calculation has implied that we replace Zy, by
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S4. THE EFFECT OF THE INITIAL VALUES

22/%0 = {Uko, -, Y1, Z10} When t > ky. That is, we first choose some constant
Z19 to generate the data and the initial value of the second period are from
the data of the first period, as implied by the model presentation. With these
initial values, the results of Ling and Tong (2005) and Li et al. (2011) show that
they do not affect the asymptotic properties of ém and 7;,. To see their effect
on the estimated change-point ko, we denote lz(é’l, r1) = 001,71, Y, .- Y1, 210)
when ¢t < ky and gt(eg,rg) = ((0y, 79, yt, ...kaH,ZN%O) when ¢ > ky. From the

proof of Theorem 3.3, we can see that

l;n — ko —, argmin W(k‘> 10, 920,7“1077’20)7
k

where k, is the estimator given these initial values and W (-) is defined as (4.8)
with replacing ¢;(6;0,7:0) by Zt(ew,n-o). Since the distribution of W(-) and
W (-) are different, the initial values always affect the asymptotic distribution
of the estimated kg in Theorem 3.3. However, under Assumption 4.2, if ®5y —

@10 ~ Kin, \1120 — \1110 ~ Kon and @10 — \1120 ~ KR3n, it is not hard to show that

W(k, 10, 92077“10,7‘20) - W(k7 tho, 920,7“10,7’20) = Op<1)a

as n — 00. Thus, we can see that the approximating distribution in Theorem
4.2 and the likelihood-ratio based distribution in (5.10) are still valid in this

case.
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S5 Further Analysis of the Real Data Exam-

ple

In this section, we re-examine some steps in Section 7 of the main article.
In Step 1, we have applied the threshold nonlinearity test to the data and
found significant threshold effect on the data {y;}. After we fitted a TAR(8)
model with threshold variable 1;_g to the data, we further applied the Sup-
likelihood-ratio test for the existence of a change-point in the TAR model and
found an estimated change-point k, = 578.

Now, we change the order of the tests in Step 1 and Step 3, i.e. we
first fit the data using an AR(8) model, where we adopt the order 8 of the
TAR model in the main article for the purpose of comparison. Then we will
perform the threshold nonlinearity test on the two segments, respectively. In
this experiment, when we apply the Sup-likelihood-ratio test to the AR(8)
model, we find that sup, ¢ 50.95 LR(7) = 85.78, which is larger than the
critical value 31.61 at the 0.01 significance level, see Table 1 in Andrews (1993)
with degrees of freedom 9(= p + 1). The estimated change-point ky = 560,
which is different from the one (l;:n = 578) obtained in the main article. This
is understandable since the structural change in AR model may be different
from the TAR one. On the other hand, according to our Theorem 3.1(b), the

~

k, is not a consistent estimator and only 7, is consistent to 7y. Therefore, we
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allow some discrepancy when it comes to the estimator for the change-point,
as long as l%n/n is consistent to the true one. In this case, the estimator
l%n = 560 does not contradict with the one l;:n = 578 in the main article.

Next, we apply the threshold nonlinearity test to the two segments of the
AR models, respectively. For the first segment, under the null hypothesis that
there is no threshold effect, and the alternative is the threshold model with
threshold variable y;_g, the p — value is 0.3088 > 0.05, which suggests that
there is no threshold effect in the direction of y;_g as the threshold variable,
and the p—value of the second segment is 1.45x 10~ which suggests that there
is threshold effect. But this does not mean the first segment does not have
threshold effect since the p — values for other alternative threshold variables
may significantly small. For example, when the threshold variable is ;4
in the alternative, the p — value is 0.014 < 0.05. However, when we set
k, = 578 as the main article and apply the threshold nonlinearity test to the
two segments, the p — values in the direction of the threshold variable ¥, g
are 0.00043 and 0.00024, respectively, which suggests that there is significant
threshold effect along the two segments and the two fitted sub-models are
more reasonable than pure AR models.

Finally, we examine the performance of the fitted model (7.3) in the main
article by computing the average of the mean squared forecasting errors. We

first choose the forecasting period from ¢t = 579 to ¢t = 608, which contains 30
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data points after the estimated change-point. We denote the models in (7.3)
for t <578, ¢ > 578 and model (7.2) by Models I, II, and III, respectively. The
averages of mean squared errors of the forecasting values based on theses three
models are reported in Table S11. From this table, we can see that the mean
squared error produced by Model II is the smallest one and the performance
of Model I is the worst one. Therefore, the performance of model (7.3) with
a change-point is better than the model (7.2) which is fitted to the whole
dataset, and the TAR model fitted to the second segment can characterize the
second segment of the data in a better way. We then examine the performance
of the out-of-sample forecastings by choosing the last 30 points (from ¢ = 901
to t = 930) as the testing sample. We denote the fitted TAR models for the
period t = 1 to t = 930 and the period t = 579 to t = 900 by Model IV and
Model V, respectively. The mean squared errors based on Models IV and V are
reported in Table S11. As we can see that with a change-point k, = 578, the
fitted model using the period from ¢ = 579 to t = 900 outperforms the model
fitted to the whole series (from ¢ = 1 to ¢t = 900), which means that our model

with a change-point in (7.3) improves the performance of the forecastings.
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Table S1: Simulation studies for model (6.1) with true parameters (0},,710) =
(—1,-0.6,1,0.4,0.8) and (8, r20) = (—0.8,—0.9,0.7,0.6,0.5), £, ~ N(0,1),

/{ZO = TL/2

n 10 d10 V10 Y10 r10 120 P20 V20 Y20 720

400 Bias -.0070 .0026 .0100 .0029 -.0198 .0125 -.0133 .0123 .0014  -.0217

ESD 3753 2191 1142 .0717  .0289 .3439 2433 1241 .0748 .0366

ASD 3631 2102 .1076  .0678  .0286 .3274 .2340 1173 .0732 .0365

EASD  .3559  .2068 .1053 .0699  .0282 .3205 2281 1156 .0722 .0373

800 Bias -.0079 .0059 .0035 .0024 -.009 -.0066 .0022 .0048 -.0008 -.0083

ESD .2657  .1526  .0786  .0479  .0133 2324 1634  .0852  .0526 .0180

ASD 2537 1469  .0758  .0479  .0145 .2289 .1630  .0826  .0516 .0180

EASD 2505  .1448 .0751 .0475  .0141 .2260 .1603  .0817  .0511 .0186

1200 Bias .0011  .0005 .0056 .0026 -.0064 -.0033  .0002 .0045 .0017  -.0054

ESD 2119 1213 .0617  .0394  .0089 .1894 1361 .0650  .0427 .0112

ASD .2058 1188  .0618 .0390  .0096 .1864 1321 0673  .0420 .0118

EASD  .2048 .1181 .0614 .0388  .0094 1841 1306 .0670  .0418 .0124

* ESD: empirical standard deviation; ASD: asymptotic standard deviation; EASD:

estimated asymptotic standard deviation.
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Table S2: Coverage probabilities of r;y by the simulation method of Li and
Ling (2012), the approximation method in Section 4 and the likelihood-ratio

method in Section 5.

CMy CBy CLRy | CMy (CBy CLRy

(o}

v il lld2all |

10% | 0.901 0.598 0.969 | 0.874 0.692  0.946
400 5% 0.953 0.736 0.980 | 0.933 0.809 0.966

1% 0.988 0.906 0.997 | 0983 0.935 0.988

10% | 0.906 0.600 0.967 | 0.902 0.710 0.959
0 2,236  2.121 800 5% 0.947 0728 0.983 | 0.946 0.823  0.979

1% 0.991 0.904 0995 | 0.989 0.950  0.997

10% | 0.907 0.600 0.975 0.901  0.699  0.960
1200 5% 0.955 0.735 0.984 0.952  0.817  0.982

1% 0.991 0909 0.996 | 0989 0.939 0.998

10% | 0.887 0.746  0.947 | 0.892 0.817 0.941
400 5% 0.935 0.848 0.969 | 0.929 0.896 0.962

1% 0.983 0948 0.988 | 0.975 0.961  0.991

10% | 0.901 0.736  0.955 0.889 0.810 0.944
0.2 1.709 1.56 800 5% 0.950 0.859  0.975 0.935 0.895  0.968

1% 0.991 0963 0.990 | 0986 0.971  0.993

10% | 0.890 0.730 0.962 | 0.901 0.830 0.958
1200 5% 0.944 0.841 0.981 0.953 0.911  0.979

1% 0.988 0.952 0.994 | 0.989 0.981  0.993

10% | 0.852 0.807 0.917 | 0.810 0.801  0.888
400 5% 0.915 0.878 0.955 | 0.848 0.847 0.944

1% 0.959 0.952 0.986 | 0.881 0.908 0.974

10% | 0.885 0.832 0.946 | 0.841 0.833  0.909
0.4 1.217 0.99 800 5% 0.934 0900 0975 | 0.892 0.897 0.959

1% 0.975 0.967 0.992 | 0.933 0.949 0.988

10% | 0.907 0.864 0.945 0.876  0.861 0.924
1200 5% 0.959 0.%% 0.976 0.925 0.927  0.960

1% 0.993 0990 0.997 | 0963 0.983 0.993
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Table S3: The mean, ESD, ASD and the estimators of d;y, ¢ and £ for (6.2).

1 Kn n kg Mean  ESD ASD din don bn =~ &n
400 200 199 1.464 0.559 6.684 17.196 2.573
0 4.69 800 400 400 1.342 0.560 6.669 17.259 2.588
1200 600 599 1.291 0.560 6.676 17.107 2.563
400 200 199 1.419 0.741 5.711 8.902 1.559
0.1 4.36 800 400 399 1.534 0.743 5.712 8.853 1.550
1200 600 599 1.446 0.743 5.714 8.818 1.543
400 200 199 1.780 0.980 4.882 5.528 1.132
0.2 4.15 800 400 399 1.852 0.974 4.878 5.623 1.153
1200 600 600 1.775 0.974 4.884 5.614 1.149
400 200 199 2.338 1.551 3.523 3.041 0.863
0.4 3.88 800 400 399 2.393 1.553 3.524 3.034 0.861
1200 600 599 2.288 1.550 3.523 3.043 0.864
* ESD: empirical standard  deviation; ASD:  asymptotic  stan-
dard deviation; For one instance of 1000 replications, (621076220) =

(6.515,17.447), (5.770, 8.905), (4.846, 5.618), (3.458,2.996) for 71 = 0,0.1,0.2,0.4,

respectively, where (cilo, 6220) are obtained by (4.13) using the true parameters and

sample estimates of Mi(rl%) when the sample size n = 1200.

33



Zhaoxing Gao and Shiqing Ling

Table S4: The coverage probabilities of the estimated k¢ for (6.2).

1 n T@‘Bn»én LR,
10% 5% 1% 10% 5% 1%
400 0.690 0.690 0.876 0.975 0.985 0.992
0 800 0.735 0.735 0.896 0.976 0.986 0.995
1200 0.731 0.736 0.899 0.982 0.990 0.999
400 0.630 0.790 0.943 0.969 0.984 0.995
0.1 800 0.633 0.812 0.925 0.966 0.987 0.995
1200 0.637 0.797 0.947 0.972 0.984 0.995
400 0.733 0.799 0.945 0.957 0.976 0.993
0.2 800 0.753 0.810 0.960 0.968 0.979 0.997
1200 0.760 0.810 0.960 0.964 0.982 0.998
400 0.783 0.884 0.971 0.930 0.971 0.993
0.4 800 0.792 0.885 0.971 0.942 0.963 0.991
1200 0.799 0.880 0.977 0.937 0.970 0.992

* T(z;" é is the approximative distribution in Section 4 and LR;, represents the

likelihood-ratio based distribution in Section 5.
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Table S5: The mean, ESD, ASD and the estimators of d;, ¢ and & for (6.3).

2 Kn n ko Mean ESD ASD dAln cign qgn =~ én
400 200 202 41.770 25.186 0.198 0.205 1.036
0.1 2.385 800 400 402 41.830 25.443 0.196 0.203 1.036
1200 600 601 41.780 25.190 0.201 0.204 1.014
400 200 199 20.599 12.407 0.404 0.414 1.023
0.2 2.535 800 400 398 20.600 12.454 0.405 0.410 1.014
1200 600 599 19.398 12.521 0.403 0.411 1.007
400 200 199 12.733 8.144 0.632 0.613 0.971
0.3 2.687 800 400 399 11.590 8.132 0.631 0.613 0.973
1200 600 599 11.100 8.129 0.630 0.618 0.982
400 200 199 6.621 4.694 1.148 1.078 0.887
0.5 2.995 800 400 399 6.205 4.693 1.147 1.109 0.889
1200 600 599 6.380 4.670 1.147 1.020 0.889

*  ESD: empirical standard  deviation; ASD:  asymptotic  stan-
dard deviation; For one instance of 1000 replications, (cilo,dm) =
(0.204,0.201), (0.408, 0.415), (0.641,0.623), (1.152,1.050) for 5> = 0.1,0.2,0.3,0.5,
respectively, where (cho, 6220) are obtained by (4.13) using the true parameters and

sample estimates of Mi(riio) when the sample size n = 1200.
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Table S6: The coverage probabilities of the estimated k¢ for (6.3).

2 n T@‘Bn»én LR,
10% 5% 1% 10% 5% 1%
400 0.710 0.820 0.941 0.550 0.670 0.835
0.1 800 0.719 0.826 0.949 0.591 0.705 0.881
1200 0.738 0.846 0.949 0.621 0.729 0.915
400 0.771 0.858 0.955 0.739 0.816 0.926
0.2 800 0.781 0.868 0.960 0.735 0.828 0.958
1200 0.799 0.881 0.962 0.762 0.848 0.957
400 0.805 0.879 0.960 0.777 0.851 0.945
0.3 800 0.826 0.895 0.974 0.820 0.891 0.960
1200 0.839 0.905 0.977 0.829 0.902 0.977
400 0.826 0.904 0.970 0.866 0.930 0.982
0.5 800 0.836 0.907 0.981 0.878 0.931 0.981
1200 0.837 0.905 0.976 0.874 0.935 0.979
* Tén,én is the approximative distribution in Section 4 and LR;, represents the

likelihood-ratio based distribution in Section 5.
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Table S7: p—values when testing for threshold nonlinearity, the null model is

AR(p) for 5 <p <09.

d= 1 2 3 4 5 6 7 3 9

AR(5) 0.013 0.093 0.015 0.000 0.003

AR(6) 0.036 0.122 0.028 0.000 0.015 0.000

AR(7) 0.001 0.056 0.013 0.000 0.019 0.000 0.000

AR(8) 0.000 0.062 0.002 0.000 0.027 0.000 0.000 0.000

AR(9) 0.000 0.007 0.003 0.000 0.004 0.000 0.000 0.000 0.000

* d denotes the delay lag of the threshold variable y;_g4 in the alternative hypothesis.
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Table S8: The AICs and BICs of TAR(p) models based on (7.1) for 1 < p < 12.

a 1 2 3 4 5 6 7 8 9 10 11 12
TAR(1)  AIC  —2392.27
BIC —2382.6
TAR(2) AlIC —2456.36 —2450.52
BIC  —2441.84  —2436.02
TAR(3) AIC 249112  —2480.9  —2485.91
BIC —2471.78 —2461.56 —2466.57
TAR(4) AIC —2493.51 —2488.4 —2496.56 —2527.82
BIC  —2469.33 —2464.22 247239  —2503.64
TAR(5) AIC —2511.57 —2503.17 —2511.45 —2539.21 —2516.78
BIC —2482.56 —2474.16 —2482.44 —2510.2 —2487.77
TAR(6) AIC —2526.35 —2520.19 —2529.66 —2527 —2544.93
BIC ~ —2492.5  —2486.34 249581  —2521.46  —2493.15  —2511.08
TAR(7) AIC  —2537.59 —2528.99  —2537  —2556.02 —2528.55 —2552.95  —2541.77
BIC —2498.91 —2490.31 —2498.32 —2517.34 —2489.87 —2514.27 —2503.09
TAR(8) AIC —2545.8 —2533.07 —2548.22 —2561.1 —2532.29 —2558.35 —2549.36 —2584.92
BIC ~ —2502.28 —2489.56  —2504.7  —2517.58 —2488.77 —2514.84  —2505.84 541.4
TAR(9) AIC  —2552.35 —2540.81  —2551.7  —2571.71  —2549.79  —2570.42  —2552.2  —2586.79  —2555.68
BIC —2504 —2492.46 —2503.35 —2523.36 —2501.44 —2522.07 —2503.85 —2538.44 —2507.32
TAR(10) AIC —2550.97 —2559.02 —2550.33 —2573.27 —2552.75 —2573.15 —2552 —2585.35 —2555.94 —2590.06
BIC ~ —2497.78  —2505.83 —2497.14  —2520.09 —2499.56 —2519.97 —2498.81  —2532.16  —2502.75  —2536.87
TAR(11) AIC  —255445 —2558.34  —2551.88 —2574.83 —2554.08 —2573.36  —2550.31  —2586.24  —2538.50  —2590.91  —2587.25
BIC —2496.43 —2500.31 —2493.86 —2516.81 —2496.96 —2515.34 —2492.28 —2528.22 —2500.57 —2532.88 —2529.23
TAR(12) AIC  —2566.71 —2568.93 —2562.71  —2580.2  —2561.69 —2579.22  —2550.51  —2586.48  —2564.03 ~2590.1  —2591.1
BIC  —2503.85 —2506.08 —2499.85 —2517.34 —2498.83 —2516.36 —2496.66  —2523.62  —2501.18  —2532.44  —2527.24  —2528.24

* For each 1 < p <12, the AICs and BICs are calculated for TAR(p) models with

the threshold variable y;_4, where 1 < d < p.
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Table S9: Estimated coefficients of model (7.2).

Iz 1 @2 ¢3 [o%} ?5 o6 o7 o

—0.0920 —-0.8766 —0.7905 —0.6514 —0.4799 —0.4184 —-0.3661 —0.3173 0.2004

(0.0267)  (0.0638)  (0.0702)  (0.0676)  (0.064)  (0.0634) (0.0683)  (0696)  (0.0701)

v Y1 Y2 U3 () »s Y6 Y7 g
—0.0075 —0.5176 —0.244 —0.0893 —0.0022 —0.0695 —0.0718 0.0919 0.0605

(0.0115)  (0.0375)  (0.0446)  (0.0494)  (0.0525) (0.0516)  (0.0489)  (0.0445)  (0.0509)

* Standard deviations are given in the parentheses.
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Table S10: Estimated coefficients of model (7.3). (* not significant at 5% level

)

ui 11 P12 13 14 ?15 P16 17 1s

—0.0089 —0.3828 —0.2246 —0.0934 —0.2101 —0.2518 —0.2296 —0.067 —0.0529

(0.0131)  (0.048)  (0.053)  (0.0521) (0.0557) (0.0545) (0.0623)  (0.0618)  (0.0661)

vy P11 P12 Pis Uiy Vs Pl P17 ¥ig
—0.0468 —0.2874 —0.4187 —0.1766 0.1702 0.0656 —0.0528 0.2138 —0.0253

(0.0452)  (0.0988)  (0.1038)  (0.1391)  (0.1113) (0.1195) (0.0836) (0.0825)  (0.1151)

12 P21 P22 23 24 P25 P26 27 P3g

—0.099 —1.1219 —1.0419 —-0.9784 —0.7289 —0.6346 —0.698 —0.6104 0.1481

(0.0399)  (0.0854)  (0.0997) (0.1063) (0.1236)  (0.1469)  (0.1329) (0.1172)  (0.0961)

v Y21 22 )23 (N a5 126 V3, h3g
0.0085 —0.6389 —0.3462 —0.2101 —0.1731 —0.186 —0.1033 —0.0519 0.0355

(0.018)  (0.0589)  (0.0811)  (0.0939) (0.0968)  (0.0847  (0.0807)  (0.073)  (0.0806)

* Standard deviations are given in the parentheses.

Table S11: The forecasting errors for the period 579-608 using the Models I,
IT and III, and 901-930 using Models IV and V. MSE denotes the average of

the mean squared errors of the 30 forecasting values.

I II I1I IV \Y

MSE 0.4961 0.1238 0.1868 | 0.0747 0.0601

40



