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Supplementary Material

The supplement is organized as follows. Section provides more simulations results to
compare Ty, and T,. In Section Proposition 2 is proved. The proof of Theorem 1 appears
in Section Based on the asymptotic behavior of 6o and B (¢) under the local alternatives,
the proof of Theorem 5 is included in Section[S4] As Theorem 2 is a special case of Theorem 5
when C), = 0, its proof is omitted. In Section we only sketch the proof of Theorem 1 as it

is similar to that of Theorem 5. Section [S6] shows a sketch of the proof for Theorem 3.

S1 Simulation

The comparison between T, and T, is another purpose of Study 1. The

results are reported in Tables [1]



Hira L. Koul, Chuanlong Xie and Lixing Zhu

Tables [I] about here

We find that the empirical power of T, is slightly higher than that of 7},
but the size of T}, also tends to be slightly larger, even when n = 200 and
p = 2. Although T,, has bias, but each residual in T, is estimated by all
validation data which is more precise with smaller variance than that of T,
derived by half validation dat. We can then conclude, based on this limited
simulation, the test T), is slightly more liberal than the bias-corrected test

T, but also slightly more powerful. These two tests are competitive.

S2 Proof of Proposition 2

The claim (1) has been proved in Lee and Sepanski| (1995)). We now prove

the claim (2). The estimator is 6y = arg ming Q,,(6) where

Q6) = (Y- DD'D)'D'y(X5.7))’

n

X (Y —_D(D'D)'D"g(X5, ’y)).

Here X is the N x p matrix whose s-throwis 71, s =1,--- /N, Y isanx1
vector, and g(X 3,7) represents N x 1 vector [g(3"%1,7), -, g(8%En, 7)™
The matrices D and D are design matrices according to g. More precisely,

D is the n x k matrix whose i-th row denoted by w;, is a vector consisting

of polynomials of w;, while D is the corresponding matrix of validation
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data, whose s-th row @w? is a vector consisting of polynomials of w,. For
linear model, w; = w; and 1w, = w,. For nonlinear model, we let w;(w,) be
the vector consisting of a constant and the first two order polynomials of
w;(,). Let W is the vector consist of polynomials of W. It is easy to see

that @, (0) uniformly converges in probability to

Q) = {EWWTEWY] - EZ [WWTE[Wg(B"X,7)]}" E[WW"]
< {ET [WWTE[WY] - EZ [WW|E[Wg(8"X, )]}

HE[Y? - ElYWT|E ' WWT|E[WY]}

which achieves its minimum at 6y = (fy,7). Thus we obtain the consis-
tency of bo.

Next consider the asymptotic presentation of éo —0p. the The estimator
0, satisfies the first order condition: 9Q,(6y)/d0 = 0. By Taylor expansion

and the mean value theorem, éo — 6y can be decomposed into

(|22 X050 p] (5" ) Dr(y - DD D) D g(X.)
N [agT(g;B/.Y) D} (DTD)_I(DTD)(DTD)_I[agT(ggﬁ’PY) b] -1
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where § = (3;7) is a vector satisfying [|§ — || < ||fy — 6o||. By the LLN,

iagT(Xﬁ,v)D _ 1 ZN: 09(6"%s,7) x E[ag(ﬁTX, 7) W
N P ’

N o9 2 s 90
1 aQQT(Xﬁa’Y) r- azg(ﬁTXa 7) T
v avoer P v Bl a5 Wl

On the other hand,

1 ~ T~
~D"(Y - D(D D)'D g(X3,7))
Ch =~ 1 e _ 1 _ -
= Tizwz'@(%)+E;wi€i+ﬁ;wi(9<ﬁ ﬁz’ﬁ)

—ET WWTE[W (67X, ~)]w;)

1 1 -7~ ! 1 al =
— (_DTD> |:ND D:| NE@S(Q(BTQNTS,’Y)

BBV (87X, 1))
) 0y(—=).

Hence

T T -1
é() - (90 — {E[ag(ﬁoa:;(a ’70) WT]EI[WWT]E[89(6§;§7 70) W]}

" {E[ag(ﬁggfa VO)WT]E_l[WWT]}
(

« (CLE[VG(@)] + O, (—) + o,,(i) .

v VN

This completes the proof of part (2) of Proposition 2.
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S3 Proof of Theorem 4

Denote ¢ = Cov(X, W),/ W. In the discretization step, we construct new
samples ((;, I(y; < t)). For each t, we estimate A(t) which spans Sy <)
by using SIR and denote the estimate by A, (t). In the expectation step, we
estimate A = E[A(t)], which spans Sy|¢, by Ann = n7' 370 An(y;). Let
AL > Ay > s> Ay > A1 = 0 = --- = A, be the descending sequence
of eigenvalues of the matrix A and 5\1 > 5\2 > > j\p be the descending
sequence of eigenvalues of the matrix A, ,. Recall that the D,, was selected

as y/n. Define the objective function as
on

G = 1w Zmllosht V=M
2 P {log(\ +1) — A} 2p

We shall prove that for any [ > 1, P(G(1) > G(I)) = 1,ie, P(¢=1) — 1.

+H-2 n S {log(Ai +1) — A}
p 2 iz {log(Ai + 1) — A}

If Ay, — A= 0,C,), then =\ = 0,(Cy,). By the second order Taylor

G(1) — G(l) = n*/? x

Expansion, we have log(A\+1)—A\; = —=A2+0,(A?). Thus, 31_, {log(A;+1)—
Ai} = 0,(C?) and Y {log(\; + 1) — A\;} converge to a negative constant
in probability. Since nC2/n'/2 — 0 and I(I + 1) > 2, P(G(1) > G(1)) — 1.

Now we check the condition of A,,,, — A = O,(C,,). First, we investigate

the convergence rate of A, (t) — A(t) for any fixed ¢. We have

A(t) = 2 Var(B[C[Y ()])p(1 — p) = S Sw Sy Var(E[CY (1)])p(1 — p).



Hira L. Koul, Chuanlong Xie and Lixing Zhu

It is easy to see that
Var(B[C|Y (1)) = (ur = uo) (w1 — uo)"p(1 = p)
where p = P(Y < t) = E(I(Y <)), u; = E[(|[V(t) = i], i = 0,1. Further,
Uy — g can be rewritten as
up —ug = {E[CI(Y <t)] - E[CJEL(Y <8)]} /(p(1 = p)).
We can nuse the matrix
A(t) = S SwEY [B{(¢ = BO)MY < ON[E{(C - EO(Y <)}

to identify the central subspace we want. Denote m(t) = E[((—FE(())I(Y <
t)]. The sample version of m(t) is m(t) = L 3" (¢ — ()I(y; < t), where
¢ = Cov(X, W)S5tw; and ¢ = (1/n) >, G. Let Y, be the response under

the local alternative, then
m(t) —m(t) = —Z — E{(( = E(O)(Y <t)}

= - Z — E{(¢ - E(Q)I(Y, <)}
+E{<< — E(O)(Ya <)} — B{(C— B(O)I(Y <t)}.

The convergence rate of the first term in the right hand side is O,(y/n). For

simplicity, we assume F(() = 0. The second term is

ECI(Yo <t)] = E[CI(Y <1)] = E{{P(Ya <t[¢) = P(Y <t[()]}
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Since ¢ = Xy Sy W,

P(Y, < t[Q) = P(Y < t[¢) = P(Yo < t|W) — P(Y < t|W)
= Fyw(t = CLE[G(B"X)[B*W]) — Fyw(t)

= —C.E[G(B"X)|B"W] fyiw(t) + 0,(C2).

Thus, we have E{(¢— E(())I (Yo < )} = E{(C—E(O)I(Y < t)} = O,(Cy).
Altogether, A, (t) — A(t) = O,(C,), for each t € R. Finally, similar to the
proof for Theorem 3.2 of |Li et al.| (2008)) the condition A,,,, — A = O,(C,)

holds.

S4 Proof of Theorem 5

In this subsection, we first prove (ii) which is the large sample property of
V,, under the local alternatives and then give a sketch of the proof of (i).
For the local alternatives in (3.5), according to Theorem 4, ¢ = 1 with a
probability going to 1. Thus, we can only work on the event that ¢ = 1.
Note that B(§) converges to By = £0,/||5o|| in probability rather than the

p X ¢ matrix B that is the dimension reduction base matrix of the central
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mean subspace. Recall the notations

n=g(B5 X, ) —rbW,0), &(Z)=En|Z,

A(Z) = E[G(B™X)|Z. (S4.1)

The variance of ¢ is o2. Write Z as Z, when W is replaced by validation
data W. Note Z = BIW = £bJW. The proof for the case By = —by is
similar to that for the case By = by. Also in practise, we can change the sign
of B to make sure By = by. So, in the following proof, we only discuss the

case By = by. To proceed further, we need some more notation as follows:

iy = BTw’ia gi = Q(ﬁg%a%)a ry = r<bTwi76)a

ni=gi—ri, Ai=A(z) (54.2)

Write Z,, gs, 7s and 7, for the entities in when w; is replaced by
validation data w, in there. When 6, and By are respectively replaced by
their estimators 6, and l%’(d) in the above definitions, write the respective Z;,
g;, 7; and 7; for z;, g;, r; and 1;, and similarly write the respective ﬁs, §s, 723
and 7, for Z,, s, 7s and 7. In addition, let G; = G(2;), where G is in (3.5).

Plug y; = ¢; + C,,G; 4+ ¢; into V,,, we obtain that V,, = V,,1 + V.o + Vi3 + Vs,
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where
an = —1 Z Z Kh — Zj 67, + CnGl)(ej + CnG])7
n_ i=1 j;éz
Vi = —_1ZZKh i — 2j)(ei + CuGy)(ry — T2),
n i=1 j;ﬁz
Vs = —1) ZZKﬁ 2 = 2)(ri — i) (e + CuGj),
’I'L i=1 j;ﬁz
Via = ﬁZZK}l '—Zj T’L(l))( _fJ(2))
=1 j#i

We now deal with V,,;’s in the following steps.
STEP S4.1. nh/2V,; —p N(vi, 1), where
v = E[A2)?f2(Z)], = 2/K2(u)du/(02 +&%(2))2f2(2)dz

Proof: Write V,,; as I + 2C, Iy + C*I3 where

n n

1 ..
Il = —ZZKh(Zi_zj)ei€j7
n(n—1) = j#i
1 n n R .
[2 — —ZZKh<Zi—Zj)€ZG],
n(n —1) i=1 j;ﬁi
A S D W IR
7’L i=1 j#i
Rewrite I} = Iy + I; 2, where
1 n n
L, = m;;[{h(%—zﬂeiem
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Note e; = y; —r; = €;+n; where ; is in (S4.2)). Thus E[e?|Z;] = o +&%(Z;).
Following Lemma 3.3a of Zheng| (1996), we obtain nh'/2I,; —p N(0,7),

where

= 2/(0+§ /K2

The Taylor expansion yields that [15 = I{5(1 4 0,(1)) where

) (B — By)" — 2 w; — w;
11’2 = i n—l ZZK, A ]€i6j
=1 j#i
xI(|zi — 2| < hor |z — 2| <h).

Note
[(Zi = 25) — (2 — )| < || B = Bo| max [wi — w;l| = Op(Cy log n).

When n is large enough, |(2; — 2;) — (z; — 2;)| < h. Then we have, for large

n?
Thus E[(IiQ)z] is bounded above by

1B — Boll*1 K15 max [|w; — wj|*E [efef (|2 — 2] < 2h)]

2h4

where K’ denote the first order derivative of the kernel function K and
|- loc is the uniform norm. Then E[n*hIf,] = O(log? n/(nh®?)) = o(1). By

Chebyshev’s inequality, we obtain nh'/2I 1,2 is asymptotical negligible.
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Next, consider Iy. Rewrite Iy = I + I3, where

n n

1
]2?1 = — Kh(zi—z-)eiG-,
n(n —1) ; ; J J
1 n n ) A
IQ,2 = m Z Z(Kh(z, — Zj) — Kh(zZ — zj))e,-Gj.
i=1 j#i

To compute the first two moments, E[l5,] = 0 and E[n*hC213,] = O(h'/?).
Thus, by Chebyshev’s inequality, nh/2C, I, = 0,(1). As to I, by Taylor

expansion, Iy = I3,(1 + 0,(1)) where

B-B 1 U Zi — Zi W; — W;
I* — K! 7 J ? ]iG‘
2.2 h n(n—1);; () el
X[(‘ZZ' —Zj’ < h or |22 —ZAJ]‘ < h)

Similar to I 5, we obtain that E[n?hC?I55] < O(log>n/(nh?)). Then, by
Chebyshev’s inequality, nh'/2C,, I 5 = 0,(1). Combining the results of I5;
and I, we know that nh'/2C, I, = 0,(1).

To finish the proof of this step, it suffices to show I3 —, 1. Write I3

as I3 + I3 2 where

1
b = m;;Kh(Zi_zj)GiGm

1 L
Iy = — S S (Eu(ei - &) — Kol — %))GiG
2 n(n—l);;( n(Zi — %)) n(zi — 25))GiG,

By the Law of Large Numbers, I3; —, ;. In addition, by Taylor expansion
and the fact B —, By, it is easy to see Iso = 0,(1).

Hence the proof of Step is finished. O



Hira L. Koul, Chuanlong Xie and Lixing Zhu

STEP S4.2. nh'/?V,y —p N (15,2)\7'7) , where

ag(/@g'%m 70)
00

_— / K2 (u)du / (0 + E(2))E%(2) f2(2)d, (54.3)

vy = —E{AZ)E] 1Z112(2)} H (6o),

and H () is defined in Proposition 2.

Proof: Rewrite V5 as

1 n n A . R
Vo = ) D KalEi— Eeilr; — i) (54.4)
n(n—1) i=1 j#i
Crh v . A

= Vn2,1 + Cnvn2,27 say.

First, deal with the term V2. It can be decomposed as

n n

1
Vn2,1 e — Kh(zi _ Z‘)@Z‘(T‘ _ 72 9 )
n(n —1) ;; J AR [¢)
1 n n ) A )
i=1 jti

Recalling the definition of the estimator of 72 (bjw, 6) in (2.2), we have

N
A 2 o .
T = > My(bgw; — byds) (r; — g)
s=N/2+1
9 N
(5 > My(bw; — byie) (54.5)

s=N/2+1

where g, is defined in |D In order to analyze r; — 7j(2) further, we need
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the following entities. Let

N
_ 2 -
fre(2,b) = v > My(z—biy), (S4.6)
s=N/2+1
9 N
Qua(z.b) = + > My(x— by (ry — 7o), (S4.7)
s=N/2+1
9 N
Qup(.h) = & D Mo —B0) (7 — 3,
s=N/2+1
9 N
Q3(2)<x7b) = N Z Mv(x_bTwS)(gs_gs)'
s=N/2+1
Note z; = Bjw; = bjw;. The kernel function Mv(lsgwj — ngs) in the

numerator of (S4.5)) can be rewritten as
Mz = 2) + M5 — Bd) — My(z — 5]

and the denominator can be decomposed as

1 1 1

- Ll S — J
@ (z5,00)  fne (05w, bo) (2, bo)
Further, write

A~ A

Ty —4gs = [rj - Ts] + [7:8 - gs] + [gs - gs]'
Combining the above decompositions into (S4.5), r; — 72y can be decom-
posed into 12 terms, and then V2 can be decomposed into 24 terms. We

only consider the following three terms that make non-negligible contribu-

tion. The remaining terms can be shown to be asymptotically negligible,
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in probability. Accordingly, consider

I, = —n(n — 1) Z Z Kh(Zi - Zj)@in(z)(Zj, bo)fj\;(g)(zj’ bo),

I, = ;) Z Z Ky(z — Zj)eiQQ(Q)(Zj7 bO)fJ:f(IQ)(Zﬁ bo),

n(n —1 pr e
Iy = nln—1) D> Kz — 2)eiQsz) (25, bo) Frfay (25 bo)
where fy(2) is defined in (S4.6)), and Q12), Qa(2), Q3(2) are in (S4.7).

We first prove that nh'/?I; = 0,(1). Rewrite I, = n~' Y7 In(z;) X

I45(zj, bo), where

1 n Q (Z‘,b())
Ii1(z5) = (n—1) ZKh(zi — z)ei, Lia(z,bo) = fl\lfz;(zj bo)
i£] 7

Thus, the application of Cauchy - Schwarz inequality yields that |I;] <

\/(1/71) > iy I (25) % \/(1/n) > i1 I35(2j,bo). We only need to bound the

conditional expectations F[I% (z;)] and E[IZ,(z;,by)] when z; is given. For

111 (z),
1 n
E[I}(%)] = (n— 1)2E[(Z Kn(z = 2)e;)’]
i#j
. 1 2 Zi — Zj 2 L
For 145, we can obtain that given z;,
Q1(2)(5, bo) fz(z;)
Iyo(zi,bo)| < | —————|sup | —————],
Hialzs o) ’ fz(z5) | = | ) (25, bo)
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where f7 is the density of Z. Since

Ine(z,00)

sup v ) = F2(5)] = (1), sup | P2 | g1,

Z4 Zj

and fz is uniformly bounded below, we only need to bound Q%(Q)(zj, bo) in

the numerators. By Conditions (f),(r) and (M),

Bt = oD a2y - M, — 7y
2 Zs

B ) = )

S Cﬂ) -+ Nﬁlcﬂ),

where C; and Cy are two constants. Thus E[I,(z;,b)] is bounded above
by Civ* + Cyv/N, in probability. Summarizing the results of E[[%] and
E[I%,), we have E[n*hI}] < nh'/20,(L (v + £)) = 0,(1).

Consider I5. Rewrite it as I5 = I5; + I52, where

Is) = E[[5’ﬁs,5s,2’i,€i], I5o = (I5 - E[]E)’ﬁagsaziaei])-

Note z; = Byw; = bjw;. Thus,

Iy, = Z Z ezns/ K M(Zj_zs)dzj

v
i=1 s= N/2+1
1
_ Z Z i / PRI M )z, + o)
i=1 s=N/2+1 v
Further,
K — _UU)M( )d —lK(Zi_2S)+1K”(Zi_gs)u2m
W=7 h I n T
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Thus, Iy = -2 >0, Zf:N/ul eiNsKn (2 — Z5) (1 +0,(1)). By Central Limit

Theorem we have

niN
Vo I o N, [ K [ 0+ €€ ),
where ¢? is the variance of ¢ and ¢?(Z) is defined in (S4.1). By some

elementary calculations, we can derive that E[(Is2)?] = O,(1/(n*Nhuy)).

Chebyshev’s inequality yields that nh'/2I5, = 0,(1). Hence

nh'2I; —p N<0,2)\_1/K2(u)du/(02 + E%z))f%z)f%(z)dz).
Now consider Is. Recall the definition of (QJ3() in (S4.7) and the def-
inition of g below (S4.2). Taylor expansion of the function g yields that

Is = I5(0y — éo)(l + 0,(1)), where

n

N -
Kh Zz —Zj ez ~ 8g(ﬁTx8 ’YO)
Is = 4 My(z; — 3,)—20—2 T
6 Nn(n—1) ZZ P (25, bo) Z (2 — Z) 90

L j#i s=N/2+1
1 "N O
= T e el sy

39(50 Z,70) |Z ]
J

It is easy to see that for any given z;, Is2(2;,00) —p E| by

noticing that & has the same distribution as that of x. By Lemma 2 of |Guo
et al.| (2016),

s Y st e R 0,

zlz;éj

Similarly, as in the proof for I, we can also derive that as N — oo,

sup T2 (2, by) — E[Ww < O(v? +log(N)/VNv)
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and then

e ZZKh Dei(Iga (25, bo) — E[WMD = Op(%)-

zlz;ﬁ]

Hence nh'/2I5 = 0,(1). Combining the above results for I, I5 and I with
the fact that the remaining 21 terms tend to zero, in probability, we obtain
that nhl/QVnm —p N(0,2\7173), where 7 is in (S4.3).

Next, consider the second term V5 » of the decomposition (S4.4]). Rewrite

1 n n

- - Ki(z — 2)G: (1 — 7
Va2 n(n —1) ; ; n(zi = 2)Gi(rj = 7))
1 n n A A )
+n(n —1) Z; -Z}Kh(% — %) = Kz = 2))Gilry = 7).
1= JFT

Similarly as the decomposition in (S4.5)), V,22 can also be decomposed into
24 terms. Again, we only give the detail about how to treat the three
leading terms. Again, the remaining 21 terms tend to zero, in probability.

The three leading terms are:

I; = n—l ZZKh R Rj GQ1(2)<Zjvb0>/fN (Zj>b0)a

i= 1 Hél

Is = n—l ZZK’l 2 — %) GiQu2) (%, b0) / fvi) (25, bo),
i= 1 j;ﬁz

19 - n_ 1 ZZKh _Z])G Q3(2 (Z]7bo)/fN (Zjab(])
=1 j#i

where Q1(2), Qa(2), @32) and fy(2) are defined in (S4.7) and (S4.6). Recall

that C,, = n™"?h™"* and E[Q7 (2, b0)] < Crv* + Cou/N given z;, which
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was proved when we handled I;. By the Cauchy—Schwarz inequality,

Inh'/2C, 1| < O, <n1/2h1/4\/01v4 ¥ OQU/N) = 0,(1).
To deal with Ig, decompose Is = Ig; + Igo, with

Iy, = ZZKh G Qz (Zj,bo)/fz(zj),

i= 1 ]751
1 1
Igo = Ki( ;)G L bo)[—= —
o ;; : Qe 0)[fN(2)(zj,b0) fz(zj)]’

where f is the density of Z. By some elementary calculations, one can
verify that E[I] = O,(1/N). This implies nh'/2C,Is; = o,(1). Next,
consider Igy. By the Cauchy—Schwarz inequality, 12, is bounded above by

a product of 77| I3, (2;)/n and Y77 I3, (2;)/n, where

[821(2j) = EZKh(Zi—Zj)Gi,

Isna(zj) = Qa)(z),b0)]= - ~ ).
Now we bound FE[I3;(z;)] and E[I%,(z;)]. Clearly, conditional on z;,
E[I%,(z;)] = O(1), which in turn implies that E{ > i 13,(z)/n} = O(1)
Next, note that

| 2

1 5 1 1
E;]SQQ(Zj) S _ZQQ 2) Z])b()) Sup|fN(2 (Z b()) fZ(Z)

< Op(v* +log N/v NU)E Z Qg(z)(zjy bo)-
j=1
The second inequality is from the fact that f; is bounded below and

sup, | fv) (2, b0) = f2(2)] = Op(v* +log N/VNv). By E|(Fs — gs)|Z] = 0,
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E[Q32(2,b0)] < O(1/(Nv)) given z; which implies

E{)_ Q3(z:bo)/n} < O(1/(Nv)).
j=1
Thus Y7 I3(2;)/n is bounded above by O,(1/Nv)O,(v* 4 log N/v/Nv) =
0,(1/(nh/2C,,)?). Combining these results, we obtain that

[nh2Colsa| < nhM2Co0,(1/ (nh2C,)) = 0,(1).

The above results about Ig; and Ig, in turn yield that nh'/2C, Iy = 0,(1).

Now we analyze Iy. Recall the definitions that G; = G(B"z;) and

A, = E[G(B"X)|Z = z;]. Write Iy = Iy + Igo, where

T = ZZKh — 2j)AiQ3(2) (Zj,bo)/f]v ) (25, bo)
= 1 J#z

lo> = ZZKh — 2j)(Gi = Di)Qs2) (25, bo) / fz (2, bo).
i=1 j#i

For Iy, E[G; — A;|Z;] = 0. Thus, nh'/?Iy; = 0,(1), at the same rate as
Is. So nh'/2C,Igy = 0,(1). Next, we deal with Io;. Similar to Ig, rewrite
Iy; = Ig11 + Ig12, where

Ig = w =D ZZKh zi — 2j)AiQ3(2) (25, b0) / f2(25),

zl];éz

Iy = Z Z K (z VA Qs(2) (25, bo)

zl];éz
1 1

X[fN(2)(Zjvb0) N fZ(Zjﬂb())].

Similar to Iga, we have nh/2I5;5 = 0,(1), because E[Q35)(25:00)] = Op(C7).
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Next, consider Igy;. Write E[lg11|2;, Zs, Ts) = 15;,(1 + 0,(1)) where

911— Z Z Kin(zi — Z5) Ai(3s _55)-

i=1 s=N/2+1

By the first order Taylor expansion,

n N ~
. 2 =\ A 2980 Ts, j
g = N Z Z Knp(zi — Zs)Ai$(90 —00)(1 +0,(1))

i=1 s=N/2+1

Combining the result of Proposition 2(2),
nh'2C, I = va = —E{A(Z) B[22 7] £,(Z) L H (0).

By computing the second moment of Ig;; — I;; and using the Chebyshev’s
inequality, one can verify nh/2C,,(Ig1; — I3;,) = 0,(1). Hence nh'/2C, Iy —
vy. These results about I, Is and Iy imply that nh'/2C,, Vg5 —, v5. Hence

Step is finished. O

STEP S4.3. nh'/?V,3 —p N (15,2A7'7,), where 15 and 7, are as in ((S4.3).

Proof: The proof is similar to that pertaining to V,,5 in STEP [S4.2] The

only difference is that instead of the representation (S4.5) we now use

9 N/2
T —Ti1) = NZM bng bowt)( 9t>
i
X ; M, (bFw; — bly). (54.8)

Further the definitions in (S4.6) and (S4.7)) are changed into
N/2

fN = —ZM (x — bTy),
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and
2 T T, ~ ~
Ql(l)(ziab) = ZMv<b w; — b wt)(ri - Tt),
2 T T~ \ (= ~
Qa1y(2:,0) = — Z M,(b"w; — b™ ) (T — Ge),
2 T T~ \( z
Qs (zi,0) = — > My(b"w; — b™in) (G — Gu)-
We omit the details here. O
STEP S4.4. nh'/2V,y —p N(vs,2A7273), where

vy = 1T 0) 7 g OO T00) 1 o),

T3 = 2/KQ(u)du/(§2(z))2f%(z)dz. (54.9)
and H () is defined in Proposition 2.

Proof: By the same decompositions in ((S4.5) and (S4.8)), V4 can be de-

composed to 9 dominant terms, and seven of those are of order 0,(1/(nh'/?)).

We investigate the other two terms as follows:

Lo = ﬁZZKh i — 2j)Q2(1) (25 bo) Qa2) (25, bo)

=1 j#i

XfN (Zw bO)fN (Zj7 bO)

_[11 = ﬁ ZZK}Z — Zj Q?) (zi7b0)Q3(2)(zj7b0)

=1 j#i

X fﬁu) (2, bO)fN(g) (2j,bo).
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Similar to the proof of I5, we have Nh'/2I,, —p N(0,273), where 73 is

defined in (S4.9). Similarly as Ig;, I;; can be rewritten as

N/2 N

4 ~ ~ ~ 2 ~ 2
In = mz > Kn(Ge— 2)(Gs — 35 (@ — G0 (1 + 0,(1))
t=1 s=N/2+1
N/2 N N ~
N \T 4 ~ ~ 0 ﬁTxm /a BTxa
SRR S S S O LI LA LeD
s=1 t=N/2+1
X(eg—éo).

By the Law of Large Numbers and Proposition 2, nh'/?I;; converges to v

in probability. Hence Step [S4.4]is completed. O

Altogether, Steps conclude the proof of (ii) in Theorem 5.

Next, we give a sketch of the proof of (i), which describes the asymptotic
power performance of the test under the global alternative with fixed C,, =

C. Let

6= (5;4) = argmin E {Y — WE™ [WWTE[Wg(5"X,7)]}"
which is different from the true parameter #y. Here W is a vector consisting
of polynomials of . In this case, Z = B"W and b = 3/||3||. Then, for
fixed C,, = C,
E[Y —r(b"W,0)|Z] = E[CG(B*X) + r(b"W,6p) — r(b"W, 0)|Z] := A(Z).
We can obtain that V,, tends to a positive constant E[A%(Z)fz(Z)] in prob-

ability. Similarly, we can also prove that 7 converges to a positive constant.



S5. PROOF OF THEOREM 1

We then have that V,,/7 converges in probability to a positive constant.
That is, the test statistic nh/2V,, goes to infinity at the rate of order nh'/2.

The proof is finished. O

S5 Proof of Theorem 1

As the arguments used for proving Theorem 5 with C, = 0, the results
|B — B|| = 0,(1/y/n) and By — 8 = O,(1/+/n) are applicable for proving
this theorem, we then omit most of the details, but focus on the bias term.
The terms fN(j), Qri), k= 1,2,3 and j = 1,2 in the proof of Theorem 5

are replaced by

N
fn(z,b) = % > My(x — by, (S5.1)
s=1
and
1 N
Qi(w,b) = + > My — by (r; — 7), (S5.2)
1 8;1
QQ(x>b) = N ZMv(x b ws)(fs - §5)7
s=1

Using the same decomposition as in the proof of Step [S4.4] we also have a

term similar to I1o with the conditional expectation as

1 ¢ :
o = m ; ; Ky (zi — 2;)Qa(zi, bo) Q2( 2, bO)fN(ZZ.’ bo)fN(zj, bo)
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and

B (1 + 0p(1)).

K(h

SRS

1 N N
E[1—10|778,55777t>5t] = ﬁzz
s=1 t=1

Separate the summands with s # ¢t and s = t to write the leading term in

the above expression as the sum of the following two terms.

o= s S KT T = 1 3 KO
101 = 72 o h h Nsts 102 = N2 o h Ns-

Since K is symmetric, I}, can be written as an U-statistic with the kernel

1 gs_gt,,

Hﬂ((gsa ﬁs): (gt,ﬁt» = %K( h )775777&-

Further,

1 Zs — 2t

B{H((Gor ), G 0)| o )] = 37 ELK (2—) x Elul]} = 0.

Thus the U-statistic [, is degenerate. By Central Limit Theorem for

degenerate U-statistic (see, |Hall (1984)),

NAY2L, —5p N(0,2 / K2 (u)du / (E(2))12()dz).

Hence nh'/?I},, —p N(0, \~273), where 73 is defined in (S4.9)). Further, the
fact that NhEI},, = K(0)E[¢*(Z)] implies that nh'/2EI},, — oo, which

results in the asymptotic bias in V. U
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S6 Proof of Theorem 3

When N/n — 0, 0, and B(g) are VN consistent estimates of 6, and B,
respectively. Again as the decompositions used in the proof of Theorem 5
are applicable for proving this theorem, we give only a sketch of the proof
of (i) here. Put C,, = 0 in the proof of Theorem 5. We only consider I,
Vioa, and Ig. As (Nv'/2)/(nh'/?) — 0, Nv'/21, 1 in Step [S4.1]is 0,(1). In
addition, Nh? — oo leads to Nv'/2I;5 = 0,(1). Thus Nv'/2I; = o,(1).
For V2.1, following the proof of Step we obtain that Nv/2I, = 0,(1),

Nv'2I5 = 0,(1), Nv'/2Is = 0,(1). These imply that Nv'/2V,,, = o,(1).

Recalling the notation in (S4.1)), (S4.2)), (S5.1)) and (55.2)), I1¢ can be written

as

1 ~\ 1
Iio = n(n — 1)N? 221 ; Kn(zi = 2)Qa(zi; bo) Q2(2;, bO)fN(Zia bo) [ (21, b0)

Again define its conditional expectation as

Iy = ElholZs, s, Zt, ]

1 L& 1 zi—2: 1. 2,—3.1. 2:—3
~ ~ ] 1~ ~s ] T ~t
= oY [ [ R ME T M duds,

s=1 t=1

h v v v
1. hu+z — 2, lM 2 — Z

(% v (% (%

1 o zi—z; 1 2= 1z —
1
h

)d(z; + uh)dz;
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/ “M(Z M(Zj_zt)dzj

v

hQ
/M<—U M,

Then we have I3, = (l101 + f102)(1 + 0,(1)) where

1 N N
fon = g3 2 D
s=1 ts

1 1 2i — Zg. 1 P —Z
Lipp = — Y 72 | ~M(Z -M (= dz;.
102 N2 £ ns/v ( y )v ( )dz;

Rewrite 1191 as

o1 1 Zi — Zg. 1 Zi — %
2323 i [ MO M s,

s=2 t<s

By Theorem 1 of Hall (1984), Nv'/2I,4; —p N(0,7), where

Foo [ ([ s vata [@0) Bea

We also have in probability

_ZS 2 —

VM (A2 q /M2 VAuE[E(2)].

1
Nulis —, E[/ ;M(Z]

(%

ThenWe have Nv'/2{I}, — v} —p N(0,7). We can further prove that

Bl(ho ~ Fo) = Oyl 52--) = opl ).

Hence Nv'/2{I,y—v} —p N(0,7). This completes the proof of Theorem 3.

OJ
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Table 1: Empirical sizes and powers of T}, of Hy vs. Hy, k =1,2,3 in Study 1.

p=2

=3

p=8

Y=

P

p=2

Y=

P

p=8

Y =23

H11

n=100

n=200

n=100

n=200

n=100

n=200

n=100

n=200

:ﬂx

0.1

0.2

0.3

0.4

0.5

0.0485

0.0645

0.1130

0.2530

0.4365

0.6475

0.0520

0.0760

0.2335

0.5205

0.8055

0.9495

0.0440

0.0505

0.1230

0.2245

0.3800

0.5715

0.0525

0.0865

0.2210

0.4975

0.7980

0.9360

0.0440

0.0790

0.2010

0.4110

0.6945

0.8545

0.0510

0.1300

0.4135

0.7900

0.9720

0.9995

0.0485

0.1070

0.2720

0.5845

0.8125

0.9280

0.0460

0.1615

0.6240

0.9500

0.9930

1.0000

H12

n=100

n=200

n=100

n=200

n=100

n=200

n=100

n=200

;ﬂr

0.1

0.2

0.3

0.4

0.5

0.0445

0.0705

0.1375

0.2805

0.4415

0.6315

0.0490

0.0825

0.2280

0.4830

0.7750

0.9250

0.0500

0.0625

0.1130

0.2280

0.3700

0.5875

0.0515

0.0790

0.2245

0.4630

0.7410

0.9165

0.0555

0.0635

0.1425

0.2545

0.4165

0.5705

0.0480

0.0855

0.2235

0.4335

0.7050

0.8935

0.0475

0.0695

0.1055

0.1995

0.3120

0.4650

0.0410

0.0820

0.1880

0.3615

0.6335

0.8275

H13

n=100

n=200

n=100

n=200

n=100

n=200

n=100

n=200

éﬁr

0.1

0.2

0.3

0.4

0.5

0.0455

0.0605

0.1360

0.2680

0.3750

0.5520

0.0530

0.0910

0.2420

0.4595

0.6920

0.8730

0.0585

0.0665

0.1100

0.2090

0.3365

0.4400

0.0455

0.0805

0.2240

0.4440

0.6405

0.8375

0.0475

0.0765

0.1100

0.2120

0.3375

0.4605

0.0565

0.0965

0.1980

0.4065

0.6135

0.7775

0.0500

0.0590

0.0880

0.1335

0.1910

0.2685

0.0485

0.0725

0.1570

0.2905

0.4665

0.5910
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