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S1 Proofs of Theorems 1–5

S1.1 Regularity Conditions for Measurement Error Models

(A1) For any population size N , the covariates (Xi, Zi), i = 1, . . . , N, rep-

resent independent observations from a common underlying distribu-

tion (Section 4, Huggins, 1989).

(A2) E
{

Φi(θ)ΦT
i (θ)

}
is positive definite in a neighborhood for the true θ.
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(A3) The first derivative of Uc(θ) with respect to θ exists almost surely in

a neighborhood for the true θ. Further, in such a neighborhood, the

first derivative is bounded above by a function of (Y ,W , Z), whose

expectation exists.

S1.2 Proof of Theorem 1

Denote a⊗2 = aaT for a vector a. Let Mc(θ) = E {I(Ci)Φi(θ)⊗2},

Gc(θ) = E

{
−I(Ci)

∂Φi(θ)

∂θ

}
and

Hc(θ) = E

{
∂

∂θ

I(Ci)
P̄ ∗i∆(θ)

}
which is a row vector of the length of θ.

Theorem 1. Under the regularity conditions A1–A3, θ̂c is a consistent

estimator as N → ∞. Moreover,
√
N(θ̂c − θ) converges in distribution to

the normal distribution N (0,Σc) where Σc = G−1
c (θ)Mc(θ)G−Tc (θ).

Proof: First, recall that

Φi(θ) =
1

mi

mi∑
j=1

(
∆ij

Zi

)
{Yi − E(Yi | ∆ij, Zi, Ci)} , i = 1, 2, . . . , D.

where ∆ij = Yiβσ
2
u +Wij, for j = 1, 2, . . . ,mi, i = 1, 2, . . . , D.

Now, Uc(θ) =
∑N

i=1 I(Ci)Φi(θ) is an unbiased estimating function since E {I(Ci)Φi(θ)} =

E[E{I(Ci)Φi(θ) | Ci}] = 0 for all i. Using regularity conditions (A1)–(A3)
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and the inverse function theorem as in Foutz (1977), we can obtain θ̂c, which

is the unique solution for Uc(θ) = 0 in a neighborhood for the true θ, and θ̂c

is a consistent estimator for θ as N −→∞.

To see the limiting distribution of θ̂c, we note that θ̂c is the solution

to Uc(θ) = 0. Consider the first-order Taylor expansion of Uc(θ̂c) at θ, then

we have

0 =
1√
N
Uc(θ̂c) =

1√
N
Uc(θ) +

{
∂Uc(θ)

N∂θ

}√
N(θ̂c − θ) + op(1).

Hence, we obtain that

√
N
(
θ̂c − θ

)
= −

{
∂Uc(θ)

N∂θ

}−1
1√
N

{
N∑
i=1

I(Ci)Φi(θ)

}
+ op(1).

Using the same arguments as in Section 4 of Huggins (1989), we regard I(Ci)Φi(θ),

for i = 1, . . . , N as i.i.d. random variables, thus the law of large numbers

implies that −∂Uc(θ)

N∂θ
→ Gc(θ) in probability, and

√
N
(
θ̂c − θ

)
= G−1

c (θ)
1√
N

{
N∑
i=1

I(Ci)Φi(θ)

}
+ op(1). (S1.1)

It then follows (via the central limit theorem) that

√
N
(
θ̂c − θ

)
d−→ N (0,Σc),

where Σc = G−1
c (θ)Mc(θ)G−Tc (θ).
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S1.3 Proof of Theorem 2

Theorem 2. Under regularity conditions A1–A3, N̂c/N converges to one in

probability as N →∞. Moreover, the limiting distribution of N−1/2(N̂c−N)

is N (0,νc) where νc is the variance of
I(Ci)
P̄ ∗i∆(θ)

+Hc(θ)G−1
c (θ)I(Ci)Φi(θ).

Proof: We consider the first-order Taylor expansion of N̂c(θ̂c) around θ,

such that

N̂c(θ̂c) = N̂c(θ) +
∂N̂c(θ)

∂θ
(θ̂c − θ) +Op

(
N(θ̂c − θ)2

)
.

By the law of large numbers we have Hc(θ) = E

{
∂

∂θ

I(Ci)
P̄ ∗i∆(θ)

}
which

is the limit of
1

N

∂N̂c(θ)

∂θ
as N → ∞. Since (θ̂c − θ)2 is Op (1/N) and

by (S1.1), we have

N̂c(θ̂c) =
N∑
i=1

{
I(Ci)
P̄ ∗i∆(θ)

+Hc(θ)G−1
c (θ)I(Ci)Φi(θ)

}
+Op(1). (S1.2)

Therefore, we have

N̂c −N
N

=
1

N

N∑
i=1

{
I(Ci)
P̄ ∗i∆(θ)

− 1

}
+Hc(θ)G−1

c (θ)
1

N

N∑
i=1

I(Ci)Φi(θ) + op(1).

Once again, the law of large numbers implies that both the first two terms

on the right hand side of the above equation converges to 0 and thus (N̂c−

N)/N −→ 0 in probability.

By (S1.2), it follows that

N̂c(θ̂c)−N√
N

=
1√
N

N∑
i=1

{
I(Ci)
P̄ ∗i∆(θ)

+Hc(θ)G−1
c (θ)I(Ci)Φi(θ)− 1

}
+ op(1).



S1. PROOFS OF THEOREMS 1–5

Again, the central limit theorem yields

1√
N

{
N̂c(θ̂c)−N

}
d−→ N (0,νc) ,

where νc is the variance of
I(Ci)
P̄ ∗i∆(θ)

+ Hc(θ)G−1
c (θ)I(Ci)Φi(θ). Note that,

the covariance of I(Ci) and I(Ci)Φi(θ) is 0.

S1.4 Additional Regularity Conditions for Measurement Error

and Missing Data Models

(B1) Let supp(Z) denote the support of Z. For any y = 1, 2, . . . , τ and z ∈

supp(Z), the selection probability π(y, z) is bounded away from zero.

(B2)

{
Φi(θ)ΦT

i (θ)

π(Y , Z)

}
is positive definite in a neighbourhood for the true θ.

(B3) The first derivative of Uwc(θ,π) with respect to θ exists almost surely

in a neighbourhood for the true θ. Further, in such a neighbourhood,

the first derivative is bounded above by a function of (Y ,W , Z), whose

expectation exists.

S1.5 Proof of Theorem 3.

Denote Φ∗i (θ) = {Φi(θ) | Yi, Zi}, g∗i (θ) =
δi
πi

Φi(θ)−δi − πi
πi

Φ∗i (θ), andMwc(θ,π) =

E{I(Ci)g∗i (θ)
⊗

2}.

Theorem 3. Under regularity conditions A1–A2 and B1–B3, θ̂wc is a con-
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sistent estimator as N →∞. Moreover,
√
N(θ̂wc−θ) converges in distribu-

tion to the normal distribution N (0,Σwc) where Σwc = G−1
c (θ)Mwc(θ,π)G−Tc (θ).

Proof: The IPWCS estimator θ̂wc solves the following estimating equa-

tion:

Uwc(θ, π̂) =
D∑
i=1

δi
π̂i

Φi(θ) = 0,

where π̂i = π̂(Yi, Zi) and π̂ is the vector of π̂i for i = 1, . . . , D. Using a

Taylor expansion on Uwc(θ, π̂) around π = (π1, . . . , πD), we have

1√
N
Uwc(θ, π̂)

=
1√
N
Uwc(θ,π)− 1√

N

D∑
i=1

[
π̂i − πi
π2
i

+Op

{
(π̂i − πi)2

}]
δiΦi(θ)

=
1√
N
Uwc(θ,π)− 1

N3/2

D∑
i=1

D∑
s=1

{
(δs − πi)I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi)π2
i

}
δiΦi(θ) +Op

(
1√
N

)
.

Using the equality (δs − πi)δi = (δs − πi)(δi − πi) + π(δs − πi), we have

1√
N
Uwc(θ, π̂) =

1√
N
Uwc(θ,π)− A1N − A2N +Op

(
1√
N

)
,

where

A1N =
1

N3/2

D∑
i=1

D∑
s=1

{
(δs − πi)(δi − πi)I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi)π2
i

}
Φi(θ),

and

A2N =
1

N3/2

D∑
i=1

D∑
s=1

{
πi(δs − πi)I(Ys = Yi, Zs = Zi)

π2
i P (Y = Yi, Z = Zi)

}
Φi(θ).
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Rearranging the summation and noting that πi = πs whenever I(Yi =

Ys, Zi = Zs) = 1, we have

A2N =
1√
N

D∑
s=1

(δs − πs)
πs

{
1

N

N∑
i=1

I(Ci)I(Yi = Ys, Zi = Zs)

P (Y = Ys, Z = Zs)
Φi(θ)

}
+Op

(
1√
N

)

=
1√
N

D∑
s=1

{
δs − πs
πs

}
Φ∗s(θ) +Op

(
1√
N

)
.

Next, we define fis =
(δi − πi)(δs − πs)I(Yi = Ys, Zi = Zs)Φi(θ)

π2
i P (Y = Yi, Z = Zi)

. There-

fore, A1N can be expressed as the following:

A1N =
1

N3/2

D∑
i=1

D∑
s=1

fis.

Note that

E [E {fis |W i,Ys = Yi, Zs = Zi}] =


0 if i 6= s,

E

{
πi(1− πi)Φi(θ)I[Yi = Ys, Zi = Zs]

π2
i P (Y = Yi, Z = Zi)

}
if i = s.

Furthermore, we can simplify the expression of E(fii) as

E

{
πi(1− πi)Φi(θ)I[Yi = Ys, Zi = Zs]

π2
i P (Y = Yi, Z = Zi)

}
= E

{
(1− πi)Φ∗i (θ)

πi

}
.

Hence we obtain

E(A1N) =
1

N1/2
E

{
I(Ci)(1− πi)Φ∗i (θ)

πi

}
= O

(
1√
N

)
.

In addition, using the definition of fis, we have

Cov(fik, fsb) = E

{
(1− πi)2Φi(θ)ΦT

i (θ)

π2
i P (Y = Yi, Z = Zi)

}
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at (i, k) = (s, b) and Cov(fik, fsb) = 0 otherwise. Hence, we obtain

Var(A1N) =
1

N3

N∑
i,k

Var(fik) = O

(
1

N

)
.

Based on E(A1N) = O(1/
√
N) and Var(A1N) = O(1/N), we have A1N =

Op(1/
√
N).

As a consequence, we obtain

1√
N
Uwc(θ, π̂) =

1√
N

N∑
i=1

I(Ci)g∗i (θ) +Op

(
1√
N

)
.

Since θ̂wc is the solution to Uwc(θ, π̂) = 0, the Taylor expansion around θ

yields

0 =
1√
N
Uwc(θ̂wc, π̂) =

1√
N
Uwc(θ, π̂) +

{
∂Uwc(θ,π)

N∂θ

}√
N
(
θ̂wc − θ

)
+ op(1).

Note thatGc(θ) = E

{
−I(Ci)

∂Φi(θ)

∂θ

}
is the limit of

∂Uwc(θ,π)

N∂θ
. There-

fore, we have

√
N
(
θ̂wc − θ

)
= G−1

c (θ)
1√
N

N∑
i=1

I(Ci)g∗i (θ) + op(1).

As the estimating functions I(Ci)g∗i (θ) are zero unbiased, the central limit

theorem implies that

√
N
(
θ̂wc − θ

)
d−→ N (0,Σwc) ,

where Σwc = G−1
c (θ)Mwc(θ,π)G−Tc (θ).
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S1.6 Proof of Theorem 4.

Theorem 4. Under regularity conditions A1–A2 and B1–B3, N̂wc/N con-

verges to one in probability as N →∞. Moreover, let κ∗j(θ) be the expecta-

tion of

I(Cj)
P
∗
j∆(θ)

conditional on (Yj, Zj), such that the limiting distribution of N−1/2(N̂wc −

N) is N (0,νwc) where νwc is the variance of I(Ci)
{
δi
πi

1

P
∗
i∆(θ)

+Hc(θ)G−1
c (θ)g∗i (θ)− δi − πi

πi
κ∗i (θ)

}
.

Proof: The IPWCS population size estimator is

N̂wc(θ̂wc, π̂) =
N∑
i=1

δiI(Ci)
π̂iP

∗
i∆(θ̂wc)

.

Now, the first-order Taylor expansion of N̂wc around (θ,π) yields

N̂wc(θ̂wc, π̂)− N̂wc (θ,π) =
∂N̂wc (θ,π)

∂θ

(
θ̂wc − θ

)
+Op

{
N
(
θ̂wc − θ

)2
}

−
N∑
i=1

{
δiI(Ci)

π2
i P
∗
i∆(θ)

}[
(π̂i − πi) +Op

{
(π̂i − πi)2

}]
Since both (π̂i − πi)2 and

(
θ̂wc − θ

)2

are Op (1/N), thus

N̂wc

(
θ̂wc, π̂

)
− N̂wc (θ,π) =

∂N̂wc (θ,π)

∂θ

(
θ̂wc − θ

)
−

N∑
i=1

{
δiI(Ci)

π2
i P
∗
i∆(θ)

}
(π̂i − πi) +Op(1).

Replacing π̂i−πi with

∑N
j=1 I(Cj)(δj − πi)I (Yj = Yi, Zj = Zi)∑N

s=1 I(Cs)I (Ys = Yi, Zs = Zi)
in the second
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term, we obtain

N∑
i=1

{
δiI(Ci)
π2
i P̄
∗
i∆(θ)

}
(π̂i − πi)

=
N∑
i=1

N∑
j=1

{
I(Ci)δi(δj − πi)I(Cj)I(Yj = Yi, Zj = Zi)

P
∗
i∆(θ)π2

i

}{
1∑N

s=1 I(Cs)I(Ys = Yi, Zs = Zi)

}
.

Next, we rearrange the summation and note that πi = πj and P
∗
i∆(θ) =

P
∗
j∆(θ) since I(Yi = Yj, Zi = Zj) = 1, then

N∑
i=1

{
δiI(Ci)
π2
i P̄
∗
i∆(θ)

}
(π̂i − πi) =

N∑
j=1

{
I(Cj)(δj − πj)

π2
j

} N∑
i=1

{
δiI(Ci)I(Yi = Yj, Zi = Zj]

P
∗
i∆(θ)

∑N
s=1 I(Cs)I(Ys = Yj, Zs = Zj)

}
.

Now, by the law of large numbers we have

N∑
i=1

δiI(Ci)I(Yi = Yj, Zi = Zj)

P
∗
i∆(θ)

{∑N
s=1 I(Cs)I(Ys = Yj, Zs = Zj)

} p−→ πjE

(
I(Cj)
P
∗
j∆(θ)

| Yj, Zj

)
= πjκ

∗
j(θ).

A further calculation yields
∂N̂wc (θ,π)

N∂θ
which converges to Hc(θ) in prob-

ability. It follows that

N̂wc(θ̂wc, π̂)− N̂wc (θ,π)−
N∑
i=1

(δi − πi)I(Ci)κ∗i (θ)

πi
+Op(1).

As a consequence, N̂wc

(
θ̂wc, π̂

)
equates to

N∑
i=1

I(Ci)
{
δi
πi

1

P
∗
i∆(θ)

+Hc(θ)G−1
c (θ)g∗i (θ)− δi − πi

πi
κ∗i (θ)

}
+Op(1).

By the weak law of large number, it is easy to obtain that N̂wc(θ̂wc, π̂)/N −→

1 in probability as N −→ ∞. Once again, when applying the central limit

theorem this gives

1√
N

{
N̂wc(θ̂wc, π̂)−N

}
d−→ N (0,νwc) ,
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where νwc is the variance of I(Ci)
{
δi
πi

1

P
∗
i∆(θ)

+Hc(θ)G−1
c (θ)g∗i (θ)− δi − πi

πi
κ∗i (θ)

}
.

S1.7 Proof of Theorem 5

Theorem 5. Under regularity conditions A1–A2 and B1–B3, we have
√
N(θ̂wc−

θ̂mc) which converges to 0 in probability as both N and M are increased

without bound. Similarly, N−1/2(N̂wc − N̂mc) converges to 0 in probability

as N,M −→∞.

Proof: First, we show that
√
N(θ̂wc−θ̂mc) converges to 0 in probability.

Let m̃i = E(mi | Yi, Zi) and define

m̂i =
D∑
s=1

δsmsI(Ys = Yi, Zs = Zi)∑D
r=1 δrI(Yr = Yi, Zr = Zi)

.

For completeness, we recall the following notation used in the main text. We

denote Φi(θ) = (1/mi)
∑mi

j=1 φij(θ), where φij(θ) = (∆ij, Z
T
i )T {Yi − E(Yi | ∆ij, Zi, Ci)}.

For the generated imputation data, mi,v and W †
ij,v with j = 1, 2, . . . ,mi,v,

we denote φ†ij,v(θ) = (∆†ij,v, Z
T
i )T{Yi − E(Yi | ∆†ij,v, Zi, Ci)}, where ∆†ij,v =

βσ2
uYi +W †

ij,v.

Finally, we denote Φ̃†iv(θ) =
1

mi,v

mi,v∑
j=1

φ†ij,v(θ) and Φ̃†i (θ) =
1

M

M∑
v=1

Φ̃†iv(θ).

Next, note that

EF̂

{
φ†ij,v(θ) | Yi, Zi

}
=

∫
φi1(θ)dF̂ (w | Yi, Zi) =

D∑
s=1

δs
∑ms

j=1 φsj(θ)I(Ys = Yi, Zs = Zi)∑D
r=1mrδrI(Yr = Yi, Zr = Zi)

.
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In addition to the above, we have

EF̂

{
Φ̃†i (θ) | Yi, Zi

}
= EF̂

{
φ†ij,v(θ) | Yi, Zi

}
=

D∑
s=1

δs

(
ms

m̂i

)(
1

π̂i

)
Φs(θ)

I(Ys = Yi, Zs = Zi)∑D
r=1 I(Yr = Yi, Zr = Zi)

.

Thus, we express Umc(θ) as follows:

Umc(θ) =
D∑
i=1

δi
π̂i

Φi(θ) +
D∑
i=1

(
1− 1

π̂i

)
δiΦi(θ) +

D∑
i=1

(1− δi)Φ̃†i (θ)

=
D∑
i=1

δi
π̂i

Φi(θ)−
D∑
s=1

(1− δs)
π̂s

D∑
i=1

δiΦi(θ)I(Yi = Ys, Zi = Zs)∑D
r=1 I(Yr = Ys, Zr = Zs)

+
D∑
i=1

(1− δi)Φ̃†i (θ)

= Uwc(θ, π̂) +
D∑
i=1

(1− δi)
{

Φ̃†i (θ)− EF̂

(
Φ̃†i (θ) | Yi, Zi

)}
+

D∑
i=1

(1− δi)
π̂i

D∑
s=1

δs

(
ms

m̂i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)∑D
r=1 I(Yr = Yi, Zr = Zi)

.

Since π̂i =
D∑
s=1

δsI(Ys = Yi, Zs = Zi)∑D
r=1 I(Yr = Yi, Zr = Zi)

, this gives

π̂i − πi =
N∑
s=1

I[Cs]
(δs − πi)I(Ys = Yi, Zs = Zi)∑N
r=1 I[Cr]I(Yr = Yi, Zr = Zi)

= N−1

D∑
s=1

(δs − πi)I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi)
+ op

(
N−1/2

)
.

For m̂i, we also have

m̂i − m̃i =
N∑
s=1

I(Cs)
δs(ms − m̃i)I(Ys = Yi, Zs = Zi)∑N

r=1 δrI(Cr)I(Yr = Yi, Zr = Zi)

= N−1

D∑
s=1

δs(ms − m̃i)I(Ys = Yi, Zs = Zi)

πiP (Y = Yi, Z = Zi)
+ op

(
N−1/2

)
.
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Using the same algebra as above, we have

D∑
i=1

(1− δi)
π̂i

D∑
s=1

δs

(
ms

m̂i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)∑D
r=1 I(Yr = Yi, Zr = Zi)

=
D∑
i=1

(1− δi)
π̂i

1

N

D∑
s=1

δs

(
ms

m̂i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi) +Op(N−1/2)
.

As a result, we write

1√
N
{Umc(θ)− Uwc(θ, π̂)}

= M−1/2 1√
N

D∑
i=1

(1− δi)
√
M
[
Φ̃†i (θ)− EF̂

{
Φ̃†i (θ) | Yi, Zi

}]
+

1√
N

D∑
i=1

(1− δi)

{
1

N

D∑
s=1

δs
π̂i

(
ms

m̂i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi))

}
+ op(1).

It follows that
√
M
[
Φ̃†i (θ)− EF̂

{
Φ̃†i (θ) | Yi, Zi

}]
converges in distri-

bution to a normal random vector as M −→∞. This implies that

M−1/2 1√
N

D∑
i=1

(1− δi)
√
M
[
Φ̃†i (θ)− EF̂

{
Φ̃†i (θ) | Yi, Zi

}]
= Op(M

−1/2).

Next, we show that

1√
N

D∑
i=1

(1− δi)

{
1

N

D∑
s=1

δs
π̂i

(
ms

m̂i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi))

}
= op(1).

Using (
ms

m̂i

− ms

m̃i

)
= −ms(m̂i − m̃i)

m̃2
i

+Op

(
(m̂i − m̃i)

2
)
,

(
δs
πi
− δs
π̂i

)
= −δs(π̂i − πi)

π2
i

+Op

(
(π̂i − πi)2

)
,
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and the equality

δs
π̂i

(
ms

m̂i

− 1

)
=

δs
πi

(
ms

m̃i

− 1

)
+
δs
πi

(
ms

m̂i

− ms

m̃i

)
+

(
ms

m̃i

− 1

)(
δs
πi
− δs
π̂i

)
+

(
δs
πi
− δs
π̂i

)(
ms

m̂i

− ms

m̃i

)
,

we obtain

1

N

D∑
s=1

δs
π̂i

(
ms

m̂i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi))

=
1

N

D∑
s=1

δs
πi

(
ms

m̃i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi))
+Op(N

−1/2).

Define ξsi(θ) =
δs
πi

(
ms

m̃i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi))
. Taking the

expectation of ξsi(θ) yields

E {ξsi(θ)} = E [E {ξsi(θ) | Ys = Yi, Zs = Zi,ms,W i}]

= E

[
E

{
δs
πi

(
ms

m̃i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi)

∣∣∣Ys = Yi, Zs = Zi,ms,W i

}]
= E

[
φ∗i1(θ)E

{(
ms

m̃i

− 1

)
I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi)

∣∣∣Ys = Yi, Zs = Zi

}]
= 0,

where φ∗i1(θ) = E

{
1

ms

ms∑
j=1

φsj(θ)
∣∣∣Ys = Yi, Zs = Zi,ms

}
= E {φs1(θ) | Ys = Yi, Zs = Zi}.

Next, we show that

1√
N

D∑
i=1

(1− δi)

{
1

N

D∑
s=1

δs
πi

(
ms

m̃i

− 1

)
Φs(θ)

I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi)

}

=
1

N

D∑
i=1

(1− δi)

{
1√
N

D∑
s=1

ξsi(θ)

}
= op(1).
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Let ξsik(θ) be the kth element of ξsi(θ). Then, by Cauchy–Schwarz

inequality, we have

E
∣∣∣(1− δi){ 1√

N

D∑
s=1

ξsik(θ)

}∣∣∣ ≤
E{(1− δi)2}E

 1

N

{
D∑
s=1

ξsik(θ)

}2


1/2

,

and

E

 1

N

{
D∑
s=1

ξsik(θ)

}2
 =

1

N
E

{
D∑
s=1

ξ2
sik(θ) +

D∑
s=1

D∑
r 6=s,1

ξsik(θ)ξrik(θ)

}

=
1

N
E

{
D∑
s=1

ξ2
sik(θ)

}
<∞.

Thus, we have E
∣∣∣(1 − δi){ 1√

N

∑D
s=1 ξsik(θ)

} ∣∣∣ < ∞. Consequently, by

the law of large numbers we have

1

N

D∑
i=1

(1− δi)

{
1√
N

D∑
s=1

ξsi(θ)

}
= op(1),

and so

1√
N
{Umc(θ)− Uwc(θ, π̂)} = Op(M

−1/2) + op(1).

Let O denote the observed data. In the same manner as above, it can

be shown that

E

{
∂Umc(θ)

N∂θ

∣∣∣O} =
∂Uwc(θ, π̂)

N∂θ
+ op(N

−1/2) +Op(M
−1/2N−1/2),

and

E

{
∂Umc(θ)

N∂θ

}
= E

{
∂Uwc(θ, π̂)

N∂θ

}
+ o(N−1/2) +O(M−1/2N−1/2).
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Since Gc(θ) is the limit of

E

{
−∂Uwc(θ, π̂)

N∂θ

}
,

and let θ̂
(M)

mc be the solution to Umc(θ) = 0 where the index M is appended

for by noting that θ̂mc is dependent on M . We now write

N−1/2U (M)
mc (θ̂

(M)

mc ) = N−1/2U (M)
mc (θ) +

{
∂U

(M)
mc (θ)

N∂θ

}
√
N
{
θ̂

(M)

mc − θ
}

= N−1/2U (M)
mc (θ)−Gc(θ)

√
N
{
θ̂

(M)

mc − θ
}

+ op(1),

and

N−1/2Uwc(θ̂wc, π̂) = N−1/2Uwc(θ, π̂)−Gc(θ)
√
N(θ̂wc − θ) + op(1).

Therefore, we have

√
N
(
θ̂

(M)

mc − θ̂wc

)
= G−1

c (θ)N−1/2
{
U (M)
mc (θ)− Uwc(θ, π̂)

}
+ op(1)

= Op(M
−1/2) + op(1).

Let θ̂
(∞)

mc be the limit of θ̂
(M)

mc as M −→ ∞, hence we have shown

that
√
N
(
θ̂

(∞)

mc − θ̂wc

)
converges in probability to 0 as N −→∞.

Next, we show that N−1/2(N̂wc − N̂mc) converges in probability to 0.

Consider the multiple imputation estimator for the population size, N̂mc,

where

N̂mc(θ) =
D∑
i=1

{
δi

1

P
∗
i∆(θ)

+ (1− δi)
1

M

M∑
v=1

1

P̃ †vi(θ)

}
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Applying the same algebra used in the derivation of EF̂ (Φ̃†iv(θ) | Yi, Zi),

we obtain

N−1/2
{
N̂mc(θ)− N̂wc(θ, π̂)

}
= M−1/2 1√

N

D∑
i=1

(1− δi)
√
M

[
1

P̃ †i∆(θ)
− EF̂

{
1

P̃ †1∆(θ)
| Yi, Zi

}]

+
1√
N

D∑
i=1

(1− δi)

[
1

N

D∑
s=1

δs
π̂i

(
ms

m̂i

− 1

)
1

P
∗
s∆(θ)

{
I(Ys = Yi, Zs = Zi)

P (Y = Yi, Z = Zi))

}]
+ op(1)

= Op(M
−1/2) + op(1).

Hence, we have

N−1/2
[
N̂mc(θ̂

(M)

mc )− N̂wc(θ̂wc, π̂)
]

= N−1/2
[
N̂wc(θ̂

(M)

mc , π̂)− N̂wc(θ̂wc, π̂)
]

+Op(M
−1/2) + op(1)

=

{
∂N̂wc(θ,π)

N∂θ

}
√
N
(
θ̂

(M)

mc − θ̂wc

)
+Op(M

−1/2) + op(1)

= {Hc(θ) + op(1)}
√
N
(
θ̂

(M)

mc − θ̂wc

)
+Op(M

−1/2) + op(1),

since
∂N̂wc(θ,π)

N∂θ
→ Hc(θ) in probability.

Since
√
N
{
θ̂

(M)

mc − θ̂wc

}
converges in probability to 0 as both N −→∞

and M −→∞, we have established that N−1/2
{
N̂mc(θ̂

(M)

mc )− N̂wc(θ̂wc, π̂)
}

converges in probability to 0 as both N −→∞ and M −→∞.
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S2 Regression Calibration Estimation

Regression calibration in capture–recapture studies was originally proposed

by Hwang and Huang (2003) under the restriction that mi = 1, that is,

surrogate variables consist of homogeneous measurement error variance.

Here, we modify this approach that allows for the general case of mi > 1.

Measurement error analysis involving regression calibration is widely

used in many applications. For linear regression models, parameters are

estimated using least square estimators where the unknown Xi is replaced

with E(Xi | W i). For logistic regression type models, a similar but better

strategy is used, such that H(βXi+γ
TZi) is replaced by E{H(βXi+γ

TZi) |

Zi,W i}. Let µx = E(Xi) and σ2
x = Var(Xi). Using the approxima-

tion H(x) ≈ Φ(x/1.7) and a normality assumption on Xi (Hwang and

Huang, 2003), we have

E{H(βXi + γTZi) | Zi,W i} ≈ H

(
βX̃i + γTZi√
1 + 0.346β2σ̃2

i

)
,

where X̃i = µx +
miσ

2
x

miσ2
x + σ2

u

(W i − µx) and σ̃2
i =

σ2
xσ

2
u

miσ2
x + σ2

u

. The above

method is also commonly referred to as refined regression calibration (RRC,

Wang et al., 2000). In practice, µx and σ2
x are estimated from the ob-

served Wij – e.g., µ̂x =
∑D

i=1W i/D and σ̂2
x =

∑D
i=1{(W i−µ̂x)2−σ̂2

u/mi}/D.

The RRC approach then solves equation (1) by replacing the βW i + γTZi
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with (βX̃i + γTZi)/
√

(1 + 0.346β2σ̃2
i ).

Let θ̂r = (β̂r, γ̂
T
r )T denote the resulting estimate of the regression cali-

bration method, we estimate the population size N by using

N̂r =
1

τ

D∑
i=1

Yi

H{β̂rW i + γ̂Tr Zi + 1
2mi

β̂2
r σ̂

2
u}
.

Note that N̂r is an unbiased estimator of N if θ̂r was replaced by the

true θ. Regression calibration usually outperforms the näıve method when

measurement error is present. However, in cases where the measurement

error variance is large or there is obvious departure from normality in Xi

then severe bias can arise in both the regression parameters and population

size estimates, see Section 4.1.
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S3 An Alternative MICS Algorithm

Algorithm: Multiple imputation with conditional score (MICS) estimation

{Step 1:} First, impute the estimating function for each missing of δi = 0 and i ≤ D, and

then generate a simple random sample (with replacement) of size M from the set {k :

δk = 1,Yk = Yi, Zk = Zi} and let Ai denote the resulting sample. Define Φ̃†i (θ) =

(1/M)
∑
v∈Ai Φv(θ) where the summation has M terms.

{Step 2:} Solve the estimating equation:

Umc(θ) =

D∑
i=1

{δiΦi(θ) + (1− δi)Φ̃†i (θ)} = 0,

where θ̂mc is the solution.

{Step 3:} For each missing value of δi = 0 and i ≤ D, we define P̃ †i∆(θ) to be the

harmonic average of P̄ ∗v∆(θ), for all v ∈ Ai. The MICS population size estimator is

N̂mc =

D∑
i=1

{
δi

1

P̄ ∗i∆(θ̂mc)
+ (1− δi)

1

P̃ †i∆(θ̂mc)

}
.
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S4 Web Figures and Tables for Simulation Studies
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Web Figures for Simulation Study 2
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Web Figure 1: Simulation study 1. Comparative boxplots for β̂ (first top two panels)

and N̂ (last bottom two panels) with two measurement error variances for two scenarios

of different distribution for the covariate. The left-hand side column gives the results

for σ2
u = 0.25 and the right-hand side column for σ2

u = 0.5. In each panel, the top row

is scenario (a) and bottom row is scenario (b). In this simulation study we used β =

1, N = 200 and τ = 5.
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Web Figure 2: Comparative boxplots for β̂ (first top two panels) and N̂ (bottom last two

panels) with two measurement error variances for two scenarios of different distribution

for the covariate. The left-hand side column gives the results for σ2
u = 0.25 and the right-

hand side column for σ2
u = 0.5. In each panel, the top row is scenario (a) and bottom

row is scenario (b). In this simulation study we used β = 1, N = 1000 and τ = 5.
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Web Figures for Simulation Study 2
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Web Figure 3: Simulation study 2. Comparative boxplots for β̂ (first top three panels)

and N̂ (bottom last three panels) with three measurement error variances (by columns)

for three missing data cases (by rows). In this simulation study we used β = 1, N = 200

and τ = 5 for scenario (a).
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Web Figure 4: Simulation study 2. Comparative boxplots for β̂ (first top three panels)

and N̂ (bottom last three panels) with three measurement error variances (by columns)

for three missing data cases (by rows). In this simulation study we used β = 1, N = 200

and τ = 5 for scenario (b).
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Web Figure 5: Simulation study 2. Comparative boxplots for β̂ (first top three panels)

and N̂ (bottom last three panels) with three measurement error variances (by columns)

for three missing data cases (by rows). In this simulation study we used β = 1, N = 1000

and τ = 5 for scenario (a).
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Web Figure 6: Simulation study 2. Comparative boxplots for β̂ (first top three panels)

and N̂ (bottom last three panels) with three measurement error variances (by columns)

for three missing data cases (by rows). In this simulation study we used β = 1, N = 1000

and τ = 5 for scenario (b).
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Web Tables for Simulation Study 1

Web Table 1: Simulation study 1: Summary of results for α and γ (top rows for each panel) and β and N

(bottom rows for each panel). We used N = 200, τ = 5 for scenario (a) with two different measurement error

variances. The true parameter values (α, γ, β) = (−1,−1, 1). We fitted the näıve conditional likelihood model

of Section 2.1 (labelled here as näıve), a näıve conditional score (NCS) model, the conditional score 1 (CS1)

model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (a) σ2 = 0.25

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.91 0.15 0.15 0.18 0.88 -0.96 0.29 0.27 0.29 0.92

RRC -1.02 0.17 0.16 0.17 0.94 -0.96 0.29 0.27 0.29 0.92

NCS -1.08 0.18 0.18 0.20 0.94 -1.07 0.32 0.30 0.32 0.94

CS1 -0.99 0.18 0.17 0.18 0.92 -1.01 0.31 0.29 0.31 0.92

CS-new -0.99 0.17 0.16 0.17 0.92 -1.01 0.30 0.28 0.30 0.94

β N

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve 0.81 0.14 0.13 0.24 0.62 196.83 28.53 26.40 28.63 0.85

RRC 0.97 0.17 0.16 0.17 0.93 207.96 36.57 23.52 37.33 0.84

NCS 1.15 0.22 0.21 0.26 0.89 234.52 70.08 55.22 77.97 0.94

CS1 0.98 0.19 0.18 0.19 0.94 210.16 44.53 37.42 45.57 0.90

CS-new 0.98 0.18 0.17 0.18 0.92 208.38 39.43 34.19 40.21 0.90

D 128.15 6.48 - - - - - - - -

Ȳ 1.91 0.10 - - - - - - - -

σ2 = 0.5

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.85 0.15 0.14 0.21 0.78 -0.93 0.30 0.28 0.30 0.92

RRC -1.03 0.17 0.17 0.18 0.95 -0.93 0.30 0.27 0.30 0.92

NCS -1.16 0.22 0.22 0.27 0.94 -1.13 0.36 0.35 0.39 0.93

CS1 -1.00 0.20 0.19 0.20 0.93 -1.01 0.33 0.32 0.33 0.94

CS-new -0.99 0.18 0.17 0.18 0.94 -1.02 0.32 0.30 0.31 0.94

β N

näıve 0.68 0.13 0.12 0.35 0.28 189.37 25.33 23.30 27.41 0.76

RRC 0.97 0.19 0.18 0.19 0.94 208.53 40.50 23.95 41.29 0.82

NCS 1.32 0.29 0.28 0.43 0.85 284.97 223.00 124.50 238.12 0.95

CS1 0.99 0.23 0.22 0.23 0.92 213.81 57.94 46.65 59.43 0.88

CS-new 0.98 0.20 0.19 0.20 0.94 210.50 47.74 39.45 48.76 0.87

D 128.15 6.48 - - - - - - - -

Ȳ 1.91 0.10 - - - - - - - -
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Web Table 2: Simulation study 1: Summary of results for α and γ (top rows for each panel) and β and N

(bottom rows for each panel). We used N = 200, τ = 5 for scenario (b) with two different measurement error

variances. The true parameter values (α, γ, β) = (−1,−1, 1). We fitted the näıve conditional likelihood model

of Section 2.1 (labelled here as näıve), a näıve conditional score (NCS) model, the conditional score 1 (CS1)

model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (b) σ2 = 0.25

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.91 0.16 0.15 0.18 0.86 -0.99 0.28 0.27 0.28 0.94

RRC -1.03 0.18 0.17 0.18 0.95 -0.99 0.28 0.27 0.28 0.94

NCS -1.16 0.24 0.22 0.29 0.94 -1.07 0.30 0.29 0.31 0.98

CS1 -1.03 0.21 0.19 0.21 0.93 -1.03 0.29 0.28 0.29 0.96

CS-new -1.02 0.18 0.18 0.18 0.94 -1.02 0.28 0.27 0.28 0.96

β N

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve 0.81 0.14 0.13 0.23 0.63 197.21 27.79 26.87 27.86 0.88

RRC 1.00 0.18 0.17 0.18 0.93 210.77 36.49 24.73 37.95 0.90

NCS 1.23 0.25 0.24 0.34 0.90 252.81 75.07 72.55 91.63 0.99

CS1 1.03 0.21 0.20 0.21 0.94 215.04 40.90 41.65 43.48 0.94

CS-new 1.01 0.18 0.18 0.18 0.96 211.30 35.75 36.31 37.41 0.94

D 127.75 5.77 - - - - - - - -

Ȳ 1.93 0.09 - - - - - - - -

σ2 = 0.5

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.84 0.15 0.14 0.22 0.74 -0.96 0.28 0.27 0.28 0.94

RRC -1.05 0.20 0.18 0.20 0.93 -0.96 0.28 0.27 0.28 0.94

NCS -1.29 0.32 0.30 0.44 0.96 -1.12 0.35 0.34 0.37 0.98

CS1 -1.04 0.25 0.22 0.25 0.94 -1.03 0.32 0.31 0.32 0.96

CS-new -1.02 0.20 0.19 0.20 0.96 -1.02 0.29 0.28 0.29 0.95

β N

näıve 0.68 0.13 0.12 0.34 0.32 188.31 23.89 23.08 26.54 0.82

RRC 1.01 0.21 0.19 0.21 0.92 211.82 40.84 26.04 42.42 0.88

NCS 1.45 0.37 0.35 0.59 0.82 330.47 283.21 229.69 311.17 1.00

CS1 1.04 0.27 0.25 0.27 0.92 219.31 55.92 54.50 59.03 0.94

CS-new 1.01 0.21 0.21 0.21 0.94 211.70 39.76 40.97 41.35 0.91

D 127.75 5.77 - - - - - - - -

Ȳ 1.93 0.09 - - - - - - - -
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Web Table 3: Simulation study 1: Summary of results for α and γ (top rows for each panel) and β and N

(bottom rows for each panel). We used N = 1000, τ = 5 for scenario (a) with two different measurement error

variances. The true parameter values (α, γ, β) = (−1,−1, 1). We fitted the näıve conditional likelihood model

of Section 2.1 (labelled here as näıve), a näıve conditional score (NCS) model, the conditional score 1 (CS1)

model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (a) σ2 = 0.25

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.93 0.07 0.07 0.10 0.78 -0.94 0.12 0.12 0.13 0.94

RRC -1.04 0.07 0.07 0.08 0.94 -0.94 0.12 0.12 0.13 0.94

NCS -1.10 0.09 0.08 0.13 0.80 -1.05 0.13 0.13 0.14 0.94

CS1 -1.01 0.08 0.08 0.08 0.96 -0.99 0.13 0.13 0.13 0.97

CS-new -1.01 0.08 0.07 0.08 0.96 -0.99 0.12 0.13 0.12 0.98

β N

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve 0.83 0.06 0.06 0.18 0.20 957.27 54.10 53.80 68.83 0.80

RRC 1.00 0.07 0.07 0.07 0.96 1007.08 66.14 54.33 66.35 0.90

NCS 1.18 0.09 0.09 0.20 0.48 1110.39 102.01 100.46 150.13 0.94

CS1 1.01 0.08 0.08 0.08 0.96 1008.50 72.58 70.44 72.90 0.94

CS-new 1.01 0.07 0.08 0.07 0.97 1007.93 67.71 67.43 68.00 0.94

D 635.66 14.46 - - - - - - - -

Ȳ 1.91 0.04 - - - - - - - -

σ2 = 0.5

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.87 0.06 0.06 0.15 0.48 -0.90 0.12 0.12 0.16 0.88

RRC -1.06 0.08 0.08 0.10 0.90 -0.90 0.12 0.12 0.16 0.88

NCS -1.19 0.11 0.10 0.21 0.56 -1.10 0.15 0.15 0.18 0.90

CS1 -1.02 0.09 0.09 0.09 0.94 -0.99 0.14 0.14 0.14 0.98

CS-new -1.02 0.08 0.08 0.09 0.93 -0.99 0.13 0.13 0.13 0.98

β N

näıve 0.70 0.05 0.06 0.30 0.00 921.14 48.29 47.33 92.41 0.52

RRC 1.00 0.08 0.08 0.08 0.95 1007.62 69.20 55.32 69.44 0.88

NCS 1.34 0.12 0.12 0.36 0.14 1243.91 183.83 170.11 305.15 0.94

CS1 1.02 0.10 0.10 0.10 0.96 1011.69 83.90 79.77 84.51 0.94

CS-new 1.02 0.08 0.09 0.08 0.96 1009.77 74.90 73.75 75.35 0.94

D 635.66 14.46 - - - - - - - -

Ȳ 1.91 0.04 - - - - - - - -
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Web Table 4: Simulation study 1: Summary of results for α and γ (top rows for each panel) and β and N

(bottom rows for each panel). We used N = 1000, τ = 5 for scenario (b) with two different measurement error

variances. The true parameter values (α, γ, β) = (−1,−1, 1). We fitted the näıve conditional likelihood model

of Section 2.1 (labelled here as näıve), a näıve conditional score (NCS) model, the conditional score 1 (CS1)

model, a refined regression calibration (RRC) approach (see Web Appendix S3), and the proposed conditional

score approach (CS-new) of Section 2.2.

Scenario (b) σ2 = 0.25

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.89 0.06 0.07 0.12 0.60 -0.96 0.11 0.12 0.11 0.94

RRC -1.02 0.07 0.08 0.07 0.96 -0.96 0.11 0.12 0.11 0.94

NCS -1.15 0.09 0.10 0.17 0.73 -1.05 0.11 0.13 0.13 0.97

CS1 -1.01 0.08 0.09 0.08 0.97 -1.00 0.11 0.13 0.11 0.97

CS-new -1.01 0.07 0.08 0.07 0.96 -1.00 0.11 0.12 0.11 0.96

β N

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve 0.80 0.06 0.06 0.21 0.13 933.04 48.09 50.63 82.37 0.68

RRC 0.99 0.08 0.08 0.08 0.96 988.14 59.94 54.18 60.95 0.90

NCS 1.22 0.10 0.11 0.24 0.52 1148.58 110.24 121.41 184.85 0.96

CS1 1.01 0.09 0.09 0.09 0.95 1001.60 69.17 73.23 69.02 0.94

CS-new 1.00 0.08 0.08 0.08 0.96 998.74 63.59 68.89 63.44 0.94

D 633.05 12.41 - - - - - - - -

Ȳ 1.94 0.04 - - - - - - - -

σ2 = 0.5

α γ

Model Mean SD M.SE RMSE CP Mean SD M.SE RMSE CP

näıve -0.82 0.06 0.06 0.19 0.18 -0.94 0.11 0.12 0.13 0.92

RRC -1.03 0.08 0.08 0.08 0.96 -0.92 0.11 0.12 0.13 0.90

NCS -1.27 0.12 0.13 0.29 0.42 -1.11 0.13 0.15 0.17 0.94

CS1 -1.01 0.09 0.10 0.09 0.96 -1.01 0.12 0.14 0.12 0.96

CS-new -1.01 0.08 0.09 0.08 0.96 -1.00 0.11 0.13 0.11 0.97

β N

näıve 0.67 0.06 0.05 0.33 0.00 893.92 42.62 43.31 114.28 0.33

RRC 0.99 0.09 0.08 0.09 0.94 987.57 63.77 55.30 64.81 0.88

NCS 1.43 0.14 0.15 0.45 0.10 1359.08 246.29 239.58 435.08 0.96

CS1 1.01 0.11 0.11 0.11 0.96 1005.88 84.24 84.40 84.23 0.94

CS-new 1.01 0.09 0.09 0.09 0.97 1000.58 72.61 76.19 72.44 0.93

D 633.05 12.41 - - - - - - - -

Ȳ 1.94 0.04 - - - - - - - -
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Web Tables for Comparisons with Other Simulation Studies

Web Table 5: Comparison simulation study 1: Summary of results for α, β and N (top to bottom). We

used N = 500, τ = 5 with σu = 0.6. The true parameter values (α, β) = (0.2, 1). We fitted the näıve

conditional likelihood model of Section 2.1 (labelled here as näıve), a näıve conditional score (NCS) model,

the conditional score 1 (CS1) model, a refined regression calibration (RRC) approach (see Web Appendix S3),

and the proposed conditional score approach (CS-new) of Section 2.2. The results for the generalized method

of moments (GMM1) and semiparametric efficient score (Semi-Nor) methods are taken directly from Table 1

of Xu and Ma (2014). The relative efficiency (RE) is defined as the ratio between the mean square errors of

Semi-Nor with each model (RE=(MSE of Semi-Nor)/(MSE of model) for each setting.

α = 0.2

Model Mean SD M.SE MSE CP RE

näıve 0.2067 0.0626 0.0636 0.0040 0.958 1.0335

NCS 0.1428 0.0696 0.0711 0.0081 0.875 0.5047

CS1 0.1961 0.0687 0.0714 0.0047 0.964 0.8651

RRC 0.1420 0.0664 0.0674 0.0078 0.858 0.5270

CS-new 0.1960 0.0649 0.0663 0.0042 0.957 0.9689

GMM1 0.1970 0.0688 0.0690 0.0047 0.950 0.8638

Semi-Nor 0.2006 0.0640 0.0658 0.0041 0.954 1.0000

β = 1

Model Mean SD M.SE MSE CP RE

näıve 0.9377 0.0487 0.0497 0.0063 0.740 0.4629

NCS 1.0906 0.0601 0.0610 0.0118 0.701 0.2449

CS1 1.0056 0.0577 0.0607 0.0034 0.965 0.8613

RRC 1.0340 0.0576 0.0584 0.0045 0.933 0.6470

CS-new 1.0047 0.0545 0.0558 0.0030 0.951 0.9673

GMM1 1.0091 0.0591 0.0585 0.0036 0.958 0.8095

Semi-Nor 1.0033 0.0537 0.0546 0.0029 0.951 1.0000

N = 500

Model Mean SD M.SE MSE CP RE

näıve 503.5307 22.3323 22.7456 511.1975 0.956 1.0366

NCS 525.7275 28.8415 29.2725 1493.7364 0.972 0.3548

CS1 502.7117 22.8782 22.9453 530.7654 0.939 0.9984

RRC 524.1309 26.5265 2.6095 1285.9555 0.116 0.4121

CS-new 502.3458 22.1295 22.2775 495.2175 0.944 1.0700

GMM1 504.4400 23.9600 23.4000 593.7952 0.953 0.8924

Semi-Nor 502.1400 22.9200 22.2800 529.9060 0.933 1.0000

D 416.9180 8.4684 - - - -

Ȳ 3.1780 0.0739 - - - -
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Web Table 6: Comparison simulation study 1: Summary of results for α, β and N (top to bottom). We

used N = 500, τ = 3 with σu = 0.6. The true parameter values (α, β) = (−1, 1). We fitted the näıve

conditional likelihood model of Section 2.1 (labelled here as näıve), a näıve conditional score (NCS) model,

the conditional score 1 (CS1) model, a refined regression calibration (RRC) approach (see Web Appendix S3),

and the proposed conditional score approach (CS-new) of Section 2.2. The results for the generalized method

of moments (GMM1) and semiparametric efficient score (Semi-Nor) methods are taken directly from Table 2

of Xu and Ma (2014). The relative efficiency (RE) is defined as the ratio between the mean square errors of

Semi-Nor with each model (RE=(MSE of Semi-Nor)/(MSE of model) for each setting).

α = 0.2

Model Mean SD M.SE MSE CP RE

näıve -0.8570 0.1205 0.1213 0.0350 0.748 0.6438

NCS -1.1440 0.1788 0.1796 0.0527 0.932 0.4271

CS1 -1.0235 0.1608 0.1614 0.0264 0.958 0.8524

RRC -1.0149 0.1434 0.1444 0.0208 0.957 1.0831

CS-new -1.0198 0.1485 0.1500 0.0224 0.957 1.0030

GMM1 -1.0686 0.1782 0.1676 0.0365 0.956 0.6174

Semi-Nor -1.0101 0.1497 0.1465 0.0225 0.957 1.0000

β = 1

Model Mean SD M.SE MSE CP RE

näıve 0.7313 0.1086 0.1057 0.0840 0.285 0.2951

NCS 1.2027 0.2147 0.2074 0.0872 0.898 0.2843

CS1 1.0200 0.1774 0.1738 0.0319 0.943 0.7777

RRC 0.9986 0.1553 0.1479 0.0241 0.938 1.0275

CS-new 1.0154 0.1641 0.1597 0.0272 0.948 0.9123

GMM1 1.0692 0.2082 0.1800 0.0481 0.934 0.5149

Semi-Nor 1.0102 0.1571 0.1556 0.0248 0.950 1.0000

N = 500

Model Mean SD M.SE MSE CP RE

näıve 469.2274 42.2850 41.3299 2734.9741 0.780 1.7537

NCS 584.6809 135.3284 116.4296 25484.6307 0.981 0.1882

CS1 518.3482 77.0364 71.8022 6271.2634 0.929 0.7648

RRC 510.1921 62.1588 15.0108 3967.5953 0.414 1.2089

CS-new 514.7939 68.6821 65.2863 4936.0903 0.939 0.9717

GMM1 544.2200 142.2100 94.3400 22179.0925 0.962 0.2163

Semi-Nor 512.2700 68.1600 63.8500 4796.3385 0.933 1.0000

D 298.2930 10.9330 - - - -

Ȳ 1.5241 0.0401 - - - -
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Web Table 7: Comparison simulation study 2: Summary of results for N for σ2
u = 0.5

and σ2
u = 1 with no missing data cases Pmeas = 1 and some missing data with Pmeas = 0.9.

Here, we used N = 200, τ = 5 and the true parameter values were (α, β) = (−1, 0.5).

We fitted the näıve conditional likelihood (labelled here as näıve CL), näıve inverse

probability weighting (IPW), the conditional score (CS) approach with complete case

only inverse probability weighting conditional score (IPWCS), and multiple imputation

conditional score (MICS). The results for the parametric maximum likelihood (ML) are

taken directly from Table 1 of Xi et al. (2009). The relative efficiency (RE) is defined as

the ratio between the mean square errors of Xi et al. (2009) with each model (RE=(MSE

of Xi et al. (2009))/(MSE of model) for each setting).

σ2
u = 0.5 and Pmeas = 1 σ2

u = 0.5 and Pmeas = 0.9

Model Mean SD M.SE MSE CP RE Mean SD M.SE MSE CP RE

näıve CL 199.50 13.15 12.51 173.173 0.93 1.155 194.90 12.16 11.57 173.876 0.86 1.150

IPW 199.50 13.15 12.51 173.173 0.93 1.155 199.36 13.13 14.10 172.806 0.95 1.157

CS 202.14 14.35 13.68 210.502 0.95 0.950 197.13 13.15 12.93 181.159 0.90 1.104

IPWCS 202.14 14.35 13.53 210.502 0.95 0.950 202.23 14.45 13.68 213.775 0.95 0.936

MICS 202.15 14.36 13.69 210.832 0.95 0.949 202.20 14.43 13.80 213.065 0.95 0.939

Xi et al. 202.00 14.00 14.00 200.000 0.95 1.000 202.00 14.00 14.00 200.000 0.95 1.000

D/N 0.77 0.03 - - - - 0.77 0.03 - - - -

D̄δ/N 0.00 0.00 - - - - 7.58 2.81 - - - -

Ȳ 1.81 0.07 - - - - 1.81 0.07 - - - -

σ2
u = 1 and Pmeas = 1 σ2

u = 1 and Pmeas = 0.9

näıve CL 195.05 11.75 11.02 162.565 0.87 1.439 190.91 10.99 10.25 203.408 0.75 1.303

IPW 195.05 11.75 11.02 162.565 0.87 1.439 194.77 11.73 12.22 164.946 0.88 1.607

CS 202.89 16.32 15.45 274.694 0.95 0.852 197.18 14.39 14.18 215.024 0.89 1.232

IPWCS 202.89 16.32 15.11 274.694 0.94 0.852 203.06 16.60 15.57 284.924 0.95 0.930

MICS 202.90 16.34 15.47 275.406 0.95 0.850 202.96 16.44 15.93 279.035 0.95 0.950

Xi et al. 203.00 15.00 15.00 234.000 0.95 1.000 203.00 16.00 15.00 265.000 0.95 1.000

D/N 0.77 0.03 - - - - 0.77 0.03 - - - -

D̄δ/N 0.00 0.00 - - - - 7.58 2.81 - - - -

Ȳ 1.81 0.07 - - - - 1.81 0.07 - - - -
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Web Table 8: Comparison simulation study 2: Summary of results for N for σ2
u = 0.5

and σ2
u = 1 with no missing data cases Pmeas = 1 and some missing data with Pmeas = 0.9.

Here, we used N = 200, τ = 5 and the true parameter values were (α, β) = (−0.5, 1).

We fitted the näıve conditional likelihood (labelled here as näıve CL), näıve inverse

probability weighting (IPW), the conditional score (CS) approach with complete case

only inverse probability weighting conditional score (IPWCS) and multiple imputation

conditional score (MICS) and the Xi et al. (2009) approach. The results for the para-

metric maximum likelihood (ML) are taken directly from Table 1 of Xi et al. (2009).

The relative efficiency (RE) is defined as the ratio between the mean square errors of Xi

et al. (2009) with each model (RE=(MSE of Xi et al. (2009))/(MSE of model) for each

setting).

σ2
u = 0.5 and Pmeas = 1 σ2

u = 0.5 and Pmeas = 0.9

Model Mean SD M.SE MSE CP RE Mean SD M.SE MSE CP RE

näıve CL 197.38 11.12 10.95 130.519 0.89 1.793 193.42 10.03 9.81 143.897 0.82 1.842

IPW 197.38 11.12 10.95 130.519 0.89 1.793 196.84 10.97 11.77 130.327 0.90 2.033

CS 201.51 13.18 12.93 175.992 0.93 1.330 197.04 11.81 11.73 148.238 0.89 1.788

IPWCS 201.51 13.18 12.74 175.992 0.93 1.330 201.58 13.34 13.07 180.452 0.93 1.469

MICS 201.51 13.18 12.93 175.992 0.93 1.330 201.60 13.43 13.25 182.925 0.93 1.449

Xi et al. 203.00 15.00 15.00 234.000 0.92 1.000 203.00 16.00 14.00 265.000 0.93 1.000

D/N 0.83 0.03 - - - - 0.83 0.03 - - - -

D̄δ/N 0.00 0.00 - - - - 5.28 2.29 - - - -

Ȳ 2.39 0.09 - - - - 2.39 0.09 - - - -

σ2
u = 1 and Pmeas = 1 σ2

u = 1 and Pmeas = 0.9

Model Mean SD M.SE MSE CP RE Mean SD M.SE MSE CP RE

näıve CL 189.45 9.13 8.41 194.659 0.65 1.361 186.24 8.27 7.46 257.730 0.48 1.028

IPW 189.45 9.13 8.41 194.659 0.65 1.361 188.59 8.89 8.71 209.220 0.65 1.267

CS 201.81 19.88 17.00 398.490 0.90 0.665 196.54 18.06 16.72 338.135 0.82 0.784

IPWCS 201.81 19.88 16.90 398.490 0.90 0.665 202.11 21.47 18.17 465.413 0.90 0.569

MICS 201.81 19.88 17.25 398.490 0.90 0.665 202.09 21.27 19.04 456.781 0.90 0.580

Xi et al. 203.00 16.00 15.00 265.000 0.93 1.000 203.00 16.00 15.00 265.000 0.93 1.000

D/N 0.83 0.03 - - - - 0.83 0.03 - - - -

D̄δ/N 0.00 0.00 - - - - 5.28 2.29 - - - -

Ȳ 2.39 0.09 - - - - 2.39 0.09 - - - -
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