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S1 Preliminaries

In this section, we use ¢ and C to denote any positive constants in the
generic sense. We will need the following lemmas in the proofs of our main

results.

Lemma S.1. (Komlds, Major, and Tusnddy, 1976, Theorem 4) Suppose
£,1 < i < oo, are i.id. rv.’s with B¢, = 0,EE = 1. Let H(x) >
0,z > 0 be a monotone increasing and continuous function such that for
constants 6 > 0,z > 0, :U_3_5H(x) s monotone increasing for x > xg, and

x Y og H(z) is monotone decreasing for x > xy. Define K,, by the equation
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H(K,)=n. IfEH(|&]|) < oo, then there exist constants Cy,Ca,a > 0 de-
pending only on the distribution of &, and a sequence {Z;},_, of i.i.d. 1.v.’s
with standard normal distribution such that for anyt, t > K,,t*/log H (t) <
Cin,

P { max |S; — W] > t} < Cyn {H (at)} ",

1<I<n

'U]he’re Sl = Zé:l 51 and VVZ = Zi:l ZZ

Lemma S.2. Assumption (M3) holds under Assumption (M3’).

Proof of Lemma Under Assumption (M3’) that E|e,[*"" < +oo
for some n > 2/ — 2,5 € (0,1/2—1/ (40 + 4p — 2)), hence n > 2. Now
let H(z) = x> which is increasing for x > 0. If one sets xp = 3, then
for ¥ > 20,0 < § < 1, 27379H(z) is monotone increasing, x~!log H(z)
is monotone decreasing, hence all conditions of Lemma S are met. Let
K, =n"%" ~ = (n+2)3—-1>1,t =t, =n’, then Lemma 51 entails
that there exist constants C4,C5,a > 0 depending only on the distribu-
tion of £; and the standard normal variables {Zin}?zl such that for ¢, >
K,,t2/log H (t,) < Cin, n/H (at,) = (aCy)~?Mn!=CM8 = =217 et
Co = Cy(Cra)~%7", then

l l
_ B\ < - — ) — .
P{III;%%JSZ I/Vl,n| >n } = CvOn 7Sl Z;ezam/l,n ;Zm; (S]-]-)

which implies Lemma 572

In the next following lemmas, we use O (1) to mean ‘bounded for any
fixed z € [0,1), Ous. (1) [04s (1)] to mean ‘bounded [tends to 0] almost
surely for any fixed z € [0,1]) and U, (1) [u, (1)] to mean ‘bounded [tends
to 0] in probability uniformly for any = € [0, 1]’.

Lemma S.3. Under Assumption (M3), as n — oo, Sy, Wy, in Equation

(S12) satisfy
|n’1Sn — n’lwnm! = O, (nﬁ’l) )
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Proof of Lemma 83 See the proof of Lemma A.5 in Cao et al. (2012).
For any Lebesgue measurable function ¢(z) on [0, 1], denote ||¢(z)||, =

SUP,e(o1] |¢(7)| and denote a class of Lipschitz continuous functions by

Lip([0,1], €) = {o(x)] |¢(x) — ¢ («)| < C'lw — 2’|, Y, 2" € [0,1],C > 0}

Lemma S.4. Under Assumption (E1), there exists a constant C, > 0 with
p > 1, such that for any m € C? [0, 1], there exists a function g € 7-[5\];_2) for
which ||g —mll, < C,N7P and g —m € Lip ([0,1], C,N'"P). Furthermore,

the function m,(x) given in (3.8) satisfies:

() = m(@)ll, <€ inf lg(z) —m(z)], =0 (NT).

Proof of Lemma K4 See de Boor (2001) Theorem 6 on p.149 and The-
orem 26 on p.155 for the detailed proofs.

The following result is based on Lemma A.3 of Song and Yang (2009)
and Lemma A.1 of Xue and Yang (2006) in which ||g|| represents the Eu-

clidean norm for any vector .

Lemma S.5. Under Assumption (E7), there exists constants ¢ and C' in-

T
dependent of n such that for any vector n = {nl_p, e ,nN} c RN+p,

N N 2 N
¢y m|| D mBu)| <O Y 0 (S1.2)
j=1-p j=1-p 9 j=1-p
and for large n,
T/ 4T\ "1
el <n' (n'B'B) n<C ). (S1.3)

Lemma S.6. Under Assumptions (E2) and (E7), as n — oo, the function
gp(x) given in (3.7) satisfies ||, ()|, = Op (n7V/2N2) .

Proof of Lemma S According to Equation (3.9), &, (z) can be written
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as

BoV,, (B B) S By Gy imye)

By applying Equation (§SI2) in Lemma 83, ,(z) is bounded by

{ _IZ By (i/n)o (i/n)ei}]jl—p '

The definition of {By,(z )}N

cN—Y2 1—p < J < N, for some constant ¢ imply that SUD,c[0.1]

= O (N'/?). Hence,

le

le

st

and the simple fact that |bj,(x)|, >
{Bip(®)} )i,

sup |&, (z)] =0 (N1/2) . (S1.4)

z€[0,1]

(3 B imatime},

Let [x] represent the integer part of z. Notice that

{37 Buy(ifn)o(ifn) ei}jjl_p
=E ZLP {nfl Z; By (i/n)o (i/n) 52-}2
_ Z]jl_p w2y B3, (ifn) o (ifn)

<CZ(N+p)n?C([pnN7'+1) =0 (n7").

2

|

Thus, ||{n~! 0L Buy (i/m) o (i/m) i}y,
with (§T4) implies that

= O, (n™/?) which together

sup |&, (2)] = O, (n_l/QNl/Q) .
z€[0,1]

Lemma S.7. Under Assumptions (E2), (E4) and (E6), we denote ||@, ||, =
p,, for any function v, with domain [0,1]. Then for any i.i.d. N (0,1) vari-
ables {Z;,}7_| satisfying (E6), as n — oo,

Zin| = O, <n_1/2i~z_1/2p log!/? )

nt Y Ry (ifn— )0 (ifn) e, (i/n)

sup
z€[0,1]
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Proof of Lemma 87 Let A, (z) = n~ ' 3.7 K; (i/n — x) 0 (i/n) @, (i/n) Zin.
Obviously, A, (z) is the Gaussian process with mean 0 and variance
E{A @) =n? Y K2 (ifn— )0 (i/n) &2 (i/n)
2 2. 2N\ V" 2
< Cippn Zi:l K> (i/n — )
- 112 -
< C%pPn~%h? HKH <[2nh} + 1)

< Cepn

[N(H nilifl.

In the following, we use the well-known tail property of the normal
distribution, i.e., 1 — ®(z) < ¢(x)/x for x > 0, in which ®(z) and ¢(x)
are the cumulative distribution function and the density function of the
standard normal respectively. Hence there exists some ¢ > 0 such that
1 — ®(z) < cp(x) for large x. Take x = §,, = /16logn, and hence there

exists a constant ¢ such that for a large enough n,
P {|An($)| > Cpnn_l/Qﬁ_l/Qc?n} < cexp {—5721/2} =cn”S

Divide the interval [0,1] into M,, = n* equally spaced intervals with
disjoint endpoints 0 = zy < 1 < -+ < xp, = 1, so that the consecutive
endpoints make a total of M, subintervals with length M. One immedi-

ately obtains that

P{ max |A, (zx)| > C’pnn_lmﬁ_l/zén}

0<k<My

M,
<> P{IA @Il = Cpn 22, )
k=0
Mn
< Z en 8 =ent
k=0

Thus, > 2, P{ max |A, (z)| > Cpnn_l/zﬁ_l/Qén} < +00. The Borrel-

0<k<My,
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Cantelli Lemma implies

max |A, (zx)] = O (n’l/ziflmp log/? ) (S1.5)

0<k<M,
Taking the supremum over the whole interval € [0, 1], one obtains
that

An()] < Ay () — A A .
max [An()] < max A (2) = An (@) £ &%_%Esﬁﬂ]l n (@)

(S1.6)

Meanwhile, maxo<g<ar, —1 SUPye(z, a1 [An(®) — Ay (21)] is bounded by

Oélgﬁlﬁflxe[j;iﬂ]n Z‘K (x —i/n) — K (x1, — i/n)| po (i/0) | Zin]
< C,n'h7? Hf((l) M;! Z | Zin| = 0, (n"2p,,) . (S1.7)
i=1

Consequently, Equations (8IH), (8T6) and (8172) establish Lemma 8.7.

Lemma S.8. Under Assumptions (E2), (E4) and (E6), for any function
¢, € Lip([0,1],Cy) and ||¢,llo = pn, as n — 00,

xselﬁ)pl] n! Z;l K; (i/n—x)o(i/n) e, (i/n)e;

=0, (n’l/Q}Nfl/zpn log"?n +n~1C,,, + nﬁ’lﬁ’lpn) .

Proof of Lemma S8 According to Equation (SI), it is obvious that
€i =295 —Sic1, Zin = Wi —Wi_i1p,1 <i <,

where Sy = 0, Wy, = 0. Denote T, (i,z) = K; (i/n —z) o (i/n) ¢, (i/n),

hence

n_IZjﬂf(ﬁ(i/n_I) (i/n) @, (i/n)e Zr T, (4, x) (S; — Si—1)
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and

n Y K (i/n - ) (i/n) ¢, (i/n) Zi,

— _1 n ) . pE— .

=N Zi:l Tn (Z, 'I) (VVZ,TL 1—1,n) .

Thus, n= ' 32" K; (i/n —x) o (i/n) ¢, (i/n) e;i—n"" 30 K; (i/n —x) o (i/n)
X, (i/n) Zy, is bounded by

sup ’n_l n Y, (i,x)e; —n! Zn T, (i,2) Zp,

CUE[OJ.] =1 =1

< sup |Tn()| + sup |[n "0, (n,2) (Sp — Wan)|, (S1.8)
z€[0,1] z€[0,1]

where I,y (z) = n~ ' S0P, (i, 2) — Yo (i + 1,2)} (Si — Wiy). Assumption
(E2) and ¢, (x) € Lip{[0,1],C,} lead to

sw o (/) e, (i/n) ~ 0 (1) ), (1) /)] = O (07 o+ p,7").
Therefore,

sup [T (iv2) = Yo (i + 1,2)]

1<i<n—1

= sup |Kj (i/n—x)o(i/n)p, (i/n)

1<i<n—1

=U (E_Qn_lpn + n_lﬁ_lC%n) . (51.9)
According to Assumption (E6) and Equation (ST), for the first term of

Equation (8TR), one obtains that

sup [T (z)] < n! ([znﬁ] + 1) Supy<icr 1 |Tn (6, 2) — T (i + 1, 7))
z€[0,1] -

X maxj<i<mn—1 |Sz — Wz’n‘ = Op (ﬁ_lnﬁ_lpn + nﬂ_lC@m) . (S].].O)
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For the second term of Equation (8I8), according to Lemma 83,

sup |n 'y (1,2) (Sp = Wan)| = O, (nﬁfliflpn) : (S1.11)

z€[0,1]

Consequently, Equations (8I8), (8T10), (ST11) and Lemma 571 imply that

sup n Y R =)o (ifm) g (i/m)

< sup ‘n_l Z;l K; (i/n—z)o(i/n)e, (i/n) Z

z€[0,1]

+0p (iflnﬁ_lpn + n5‘10w7n>
= U, (n_l/zﬁ_l/gpn log"?n +nf~1C,, + nﬁ_lfz_lpn> :

which yields Lemma 5=8.

S2 Proofs of the Propositions

Proof of Proposition 1 According to Assumption (M4), one has that
| KM ()|, < C. Then for z € T,

1
sup |f(x —1‘ = sup n’lz, Kh(i/n—:c)—/ Ky (u—x)du
e€T, e€T, =1 0
= sup Z 1/ {Ky(i/n—z)— K, (u—2)}du
TE =

gzz 1/ sup |Kp (i/n —z) — Kj, (u — x)| du

/anZn
(i/nh—x) Kk (u;x)

=h" Zl 1/ sup
< h~ Zl 1/ HK(l)(x)Hoo\u—i/n]dugCn’lh’Q.

1)/n z€ln
1)/n

du

This completes the proof of Proposition 1.
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Proof of Proposition 2 For z € Z,, A, (z) in (3.1) can be written as

A, () :Z/ Ky (u—2){m(u) —m(x)} du+

i=1 Y (i=1)/n

Z/ (K (i/n = @) {m (i/n) —m(z)} = K (v = z) {m (u) = m(z)}] du.

i—=1 Y (@—=1)/n

Notice that

/0 Kp (u—x){m (u) — m(x)} du

K (u—2){m(u) —m(z)} du
> [, =) ) = mio)}

/1 K (v) {m (x 4+ hv) — m(z)} dv

1
(p—1)!

+/—1 > _C ol |K (v)] (}w)9+p71 do= O (h0+p—l) ' (82.1)

<

[ e by g+

m®Y (z) (hv)pl} dv

Meanwhile,

n i/n
Z/ (K (ifn — @) {m (i/n) —m(z)} = Ky (u = z) {m (u) —m(z)}]du

i=1 Y (i=1)/n

= Ky (i/n—x){m(i/n) —m(z)} — Kp, (i/n —x){m (u) — m(x)}] du
;/@_W[ (i — ) {m (i) — m(@)} — Kn (i/n — ) {m () — m(z)}

+ ; /( i) ) = )} = K ) b 1) = me)]
(82.2)

Thus, the first term in Equation (§822) equals

n i/n
Ky (i/mn—z){m(i/n) —m(u)}du
S K= i/ )

-1 (1) - ifm . . _ 17 -1
<K [[mP @) D . i/n—uldu=0(n"'n") (S2.3)
i=1 v =l)/m
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and the second term in Equation (822) equals

{Kh (i/n—x) = Ky (u—x)} {m (u) —m(x)} du

(i—1)/

<Z/ {Kp(i/n—x) — K (u—2)} {m (u) — m(z)}| du

SCHm HK hZ/_)n 2li/n—u|du=0 (n""h7").

(S2.4)

Collecting (82, (822), (8233) and (824) establishes Proposition 2.

Proof of Proposition 3(a) Equations (3.2) and (3.3) imply that sup |B,(x)

z€[0,1]
—B,1(x)| can be written as

sup
z€[0,1]

1 n . . o : . o
nt Y K@ —i/n)o (i/n) {S; = Win + Wi sz_l}\

< sup |A,(z)] + sup ’n_lKh (x—1)o(n/n){S,
2€[0,1] z€[0,1]

(52.5)
in which A, (z) equals

n 2:11 {Kh (@ —i/n)o(i/n) = Ky (z — (0 +1) /n)o (i +1) /n)} (S = Win)

and {S;}; , and {W;,};_, are in Equation (8I) with Sy = 0, W, = 0.
Under Assumption (M2), one obtains that maxi<;<,—1 |0 ((¢ + 1) /n) — o (i/n)|
= O (n~'). Thus, for n large enough,

(S8, B {En (x —i/n)o(i/n) = Kn(z = (i+1) /n)o (i +1) /n)}]

= Imax sel[lopl]|o (i/n) {Kn(x —i/n) — Ky (z — (i + 1) /n) + O (n"'h") }|

< C, KO hnt = 0 (071,
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which along with Assumption (M3) implies that

sup |[An ()] < n 1 ([2nh] 4+ 1) max |S; — Win| sup max
3:6[0,1]‘ ( )’ ([ ] )1 <i<n— 1’ ’mE[O 1) 1<i<n—1

[Kn (z —ifn)o (i/n) = Ky (z = (i+1) /n)o (i +1) /n)]
= U, (n"'h7Y). (S2.6)

Meanwhile, according to Lemma 83,

|n_1Kh (= 1) o (n/n){S, - Wn,n}} < WK [Sh = Wil
= Ous (n"'h7h). (S2.7)

Then Equations (82H), (826) and (8271) imply Proposition 3(a).

Proof of Proposition 3(b) According to Equations (3.3) and (3.4),

By (x) — Bpa(z) is the Gaussian process with mean 0 and variance

E{n—l Z:L Ky (i/n — 1) {cr(z'/n)—0(96)}Zm}2
=n 2y " KR (i/n—w){o(i/n) - o(2)}"
<n 02| K2 oD (@)||2 h? (120h] + 1) < Cnth,

Using the tail property of the normal distribution and applying the dis-
cretization method as in the proof of Lemma E7, one immediately obtains

that

sl[lp} |Bp1(z) — Bna (z)] = O, <n71/2h1/2 log1/2 n) 7
z€[0,1

which completes the proof of Proposition 3(b).

Proof of Proposition 3(c) The B,s(z) in (3.4) can be written as the
Gaussian process n~ V23" Ky (x —i/n) o () {W;,, — Wi_1,} where {W; .},
are in Equation (8T) with Sp = 0,W,; = 0. Meanwhile note that,
under Assumption (M4), K, (xr —u) = 0 for v € Z, = [h,1 —h] and
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u € (—o0,0] U [1,+00). Thus, for z € Z,,
Bo(z) = n 12 Zf“_l Ky (z —i/n) o(z) {Wip — Wi_i,}

n i/n
= nV20(z) Zizl /  En(z—u)dW, (u)
() 3 / (K (z — i/n) — Kn (z — u)] dW, (u)

= /Kh (z — u) dW, (u) + n 20 (z )Zizl 1) {Kh (z —i/n)
—Kp (x —u)} dW, (u) = Bus(x) + kn(x), (52.8)
where k,(z) =n 20 (z) Y0 lfz/nl yn VS (& —i/n) — Ky (z — )} AW, (u)

is a Gaussian process with mean 0 and variance

n i/n 2
Ex2(2)=E [n_1/20'(l‘) Z /'_1 {Kp(z—i/n) — K (z —u)}dW, (u)]

—n’laQ Z E

i/n
=n"1o? Z/ {Ky(x —i/n) — Ky (x — u)}” du.

/ o {Kh(x—z'/n)—Kh(x—u)}de(u)]

Thus the variance of k,(z) is bounded by
C2n~th Z/ KD ju—i/nfdu < C2||[KD|” n~3h* < Cn3h™.

Similarly, using the tail property of the normal distribution and applying

the discretization method, one obtains that

sup [in(2)] = Ous (=202 10g /2 n)

z€[0,1]

which together with (§2]) implies Proposition 3(c).

Proof of Proposition 3(d) The B,3(x) in (3.5) is the Gaussian process
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with mean 0 and variance
2
E B2 (x) = n_la2(:c)E{/Kh (x —u)dW, (u)}
1
= n'o?(z) / K} (x —u)du=n"'h"'o%(x) / K2 (u) du.
-1

Once again using the tail property of the normal distribution and applying

the discretization method, one obtains Proposition 3(d).

Proof of Proposition 5 Obviously, /;(z) in (3.10) is bounded by

nt S R (/=) [2{m (ifn) = i, (i/m)} + 2 22 (i/n)]
<on '3 R (ifn — ) {lm(@) — iy (@))% + 1Ep(@) 1%}

<U, (N e n)

completing the proof of Proposition 5.

Proof of Proposition 6 From Equation (3.7), one knows that I5(z) in
(3.11) equals 2n~' 27 | K; (i/n —z) o (i/n) & SN a;,B;,(i/n). Hence

j=1-p %
the Cauchy- Schwartz inequality implies that

N ~ N _ n g . . . 2 1/2
ISIEEID SN DA U S AU e OB B U
(S2.9)
According to Equation (§SI2) in Lemma 83
2 2

N N N
~ ~9 ~
¢ szzl—p ajijp(x)H = ijl—p Gp = ¢ szzl—p aj’ij’p(m)H .

2 2
Hence applying Equation (3.7) and Lemma 8, one obtains that

N

ijl_p ij, = Oy (n'N). (52.10)

Applying Lemma 8B with ¢,(z) = Bj,(z), Cppn = O (N*?) and p, =
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O (Nl/Q) , one has that

N
sup

z€[0,1] nil Zj:l*ﬁ [N(;l (Z/n B .CC) g (Z/Tl) giijp (Z/n>‘

=0, <n’1/2ifl/2N1/2 log/?n + h~1nfINY2 4 nﬁ’1N3/2> . (S2.11)

Putting (8210) and (82ZT) together one obtains that

. {ZN 2y {n—lzjlkﬁu/n_x>a<z'/n>eiBj,p<z‘/n>}2}

z€[0,1] j=1-p J=1-p

-0, (n—1B—1/2N3/2 logl/Q n 4 b inf 32 N3/2 4 n5—3/2N5/2> ,

1/2

which together with (829) implies Proposition 6.

Proof of Proposition 7 For I3 in (3.12), one obtains that

n

T = [ S R Gifn = @) {m Gi/n) — iy (ifn)} o (ifn) e
n S R Gifn =) {m (i) — g /)Y o (i/n) e,

! K (i/n = 2) {g (i/n) — 1, (i/n)} o (i/n)e;

1=

IN

+

(S2.12)

in which g € H?™? satisfies ||g — m| ., < C,NP g—m € Lip ([0,1],CN*?).
Applying Lemma 88 with ¢, (z) = m(z) — g(z), one obtains that

sup

~U, <n’1/2i~fl/2]\/'1’p log"2n + P IN? 4 nﬁflile*p) . (S2.13)

Since g,m, € 7-[5\’,’_2), one can write g(x) — my(x) = Z]jzl_p TrpBrp(T).

According to Lemmas 84 and 83, we have

2
S < mnBu@ < Clte) ol = U, (V).
(52.14)
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Equations (§Z11) and (S214) imply that

sup | S0, K i/ =) {g (/) =iy (/) }o (i)

z€[0,1

N N n n . . . 2 1/2
< xsel[lop” {ZJl_p T ZJ:1_p {n_l Ziﬂ K; (i/n —x) By, (i/n) o (i/n) 5,} ]

=U, (n‘l/%_l/z]\/l_” logl/2 n+ h'nf NP 4 nﬁ_lNz_p) ,

which together with (S212) and (8213) implies Proposition 7.

S3 Figures

This section shows some figures for the simulated data examples with

the noise ¢ following a t-distribution and the strata pressure data examples.
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Figure S.1: Boxplots of A,

= /nmax;j%

00

2
0K

(z) —

15
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0.0

15

1.0
|

05

0.0

0K (xj)| in which z; are the equally

spaced points on Z,, over 2000 replications with & ~ /0.8  t1o: (a) Case 1; (b) Case 2;

(c) Case 3; (d) Case 4.
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sample size = 300, 99% SCB sample size = 600, 99% SCB

15

Figure S.2: Plots of 99% SCB (thick solid) for m(z) (solid) and the estimator m(z)

(dashed) in Case 1 with € ~ N(0,1) and n = 300, 600 respectively.

sample size = 300, 99% SCB sample size = 600, 99% SCB

Figure S.3: Plots of 99% SCB (thick solid) for ¢2(x) (solid) and the estimator &2 (z)

(dashed) in Case 1 with € ~ N(0,1) and n = 300, 600 respectively.
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sample size = 300, 95% SCB
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(d)

Figure S.4: Plots of SCB (thick solid) for m(z) (solid) in Case 1 with & ~ /0.8 * t1g

which is computed according to (4.2) and the estimator m(xz) (dashed).
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sample size = 300, 95% SCB sample size = 300, 99% SCB

sample size = 600, 95% SCB sample size = 600, 99% SCB

(c) (d)

Figure S.5: Plots of SCB (thick solid) for o2(x) (solid) in Case 1 with & ~ /0.8 xt;9 and

the estimator 63, () (dashed).
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Figure S.6: For record 1, plots of the acfs of (a) {£;}7,, (b) {|&i|}iy, (c) {£7}7,, ()
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Figure S.7: For record 2, plots of the null hypothesis curve of m(z) = ag +
Zizl{ak sin(kwx) + by cos(kwx)} (solid), kernel estimator 7 (z) (dashed), SCB (thick

solid) for m(x) with (a) a = 0.05 and (b) o = 0.492.
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Figure S.8: For record 2, plots of the null hypothesis curve of 6° = n=' 31" | &2 (solid),
SCB (thick solid) for o?(z) and the spline-kernel estimator 63y (z) (dashed) with (a)

a =0.05 and (b) a = 0.0024.
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