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We introduce two additional lemmas that are frequently used in the proofs.

Lemma S.1. Assume that the conditions in Theorem 1 hold. Let f be

a continuously differentiable function on [0, 1]. Then, for 1 ≤ j ≤ p and

1 ≤ k ≤ d, it holds that

max
1≤i≤n

∣∣∣∣∫
[0,1]d

(X i
j − ηj(z))f(zk)K

?
g (z,Z∗i) dz

∣∣∣∣ = Op

(
‖f‖∞ · g−β(nα + g−β)

)
,

(S.1)

for any arbitrarily small α > 0.

Proof. For an additive function δ ∈ H and a univariate function γ, define

Tn,k(x,u; δ, γ) =

∫
[0,1]d

(x− δ(z))γ(zk)K
?
g (z,u) dz.

From ηj(z) =
∑d

`=1 ηj,`(z`) and the normalization property of K?
g that
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0
K?
g (z`, u) dz` = 1 for all u ∈ [0, 1], we get

Tn,k(Xj,u; ηj, f) = Xj

∫ 1

0

f(zk)K
?
g (zk, uk) dzk −

∫ 1

0

ηj,k(zk)f(zk)K
?
g (zk, uk) dzk

−
d∑
6̀=k

∫ 1

0

ηj,`(z`)K
?
g (z`, u`) dz` ·

∫ 1

0

f(zk)K
?
g (zk, uk) dzk.

(S.2)

For the first term on the right hand side of (S.2) we observe that

∫ 1

0

f(zk)K
?
g (zk, uk) dzk

=

∫ 1

0

f(zk)
1

2π

∫ ∞
−∞

e−it(zk−uk) · φK(gt)φK(gt; zk)

φVk(t)
dt dzk

=
1

2π

∫ ∞
−∞

eituk
φK(gt)2

φVk(t)
φf (−t) dt

+
1

2π

∫ ∞
−∞

eituk
φK(gt)

φVk(t)

∫
Ic0

e−itzk (φK(gt; zk)− φK(gt)) f(zk) dzk dt

=: Sn,1(uk; f) + Sn,2(uk; f),

(S.3)

where I0 = [2g, 1 − 2g] and Ic0 denotes its complement in [0, 1]. Since f

is continuously differentiable, integration by parts entails that |φf (t)| ≤

c0‖f‖∞(1 + |t|)−1 for some c0 > 0. Moreover,

∣∣∣∣∣
∫
Ic0

e−itzk(φK(gt; zk)− φK(gt))f(zk) dzk

∣∣∣∣∣ ≤ c1g‖f‖∞
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for some constant c1 > 0. It can be shown that

sup
u∈R

max
1≤i≤n

|Sn,1(u; f)| ≤ 1

2π

∫ ∞
−∞

∣∣∣∣φK(gt)2

φVk(t)
φf (−t)

∣∣∣∣ dt
≤ (const.)‖f‖∞

∫ ∞
−∞

(1 + |t|)β−1φK(gt)2 dt

≤ (const.)‖f‖∞ · g−β
∫ ∞

0

(g + t)β−1φK(t)2 dt

≤ (const.)‖f‖∞ · g−β.

(S.4)

Similarly, we get

sup
u∈R

max
1≤i≤n

|Sn,2(u; f)| ≤ (const.)‖f‖∞ · g
∫ ∞
−∞

∣∣∣∣φK(gt)

φVk(t)

∣∣∣∣ dt
≤ (const.)‖f‖∞ · g−β

∫ ∞
0

(g + t)βφK(gt) dt

≤ (const.)‖f‖∞ · g−β.

(S.5)

The second term on the right hand side of (S.2) equals Sn,1(uk; ηj,kf) +

Sn,2(uk, ηj,kf). The third term is a sum of the products of Sn,A(uk; f) and

Sn,B(u`; ηj,`) for A,B = 1, 2. Thus, we may get similar bounds for these

terms as in (S.4) and (S.5), and conclude that there exists a constant c2 > 0

such that

sup
u∈Rd

|Tn,k(x,u; ηj, f)| ≤ c2‖f‖∞ · g−β
(
|x|+ g−β

)
. (S.6)

Since Xj are sub-Gaussian, by applying Markov inequality we may also get

max1≤i≤n |X i
j| = Op(n

α) for any arbitrarily small α > 0. This with (S.6)

completes the proof of Lemma S.1. �
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Lemma S.2. Under the conditions of Lemma S.1, there exists a constant

C > 0 such that, for all 1 ≤ j ≤ p and 1 ≤ k ≤ d,

E

∣∣∣∣∫
[0,1]d

(Xj − ηj(z))f(zk)K
?
g (z,Z∗) dz

∣∣∣∣2 ≤ C‖f‖2
∞ τ(g; β)2

(
1 + τ(g; β)2

)
.

Proof. Letting pW denote the density of W for a random variable W , we

get

E|Sn,1(Z∗k ; f)|2 ≤
‖pZ∗k‖∞

4π2

∫ ∞
−∞

∣∣∣∣∫ ∞
−∞

eitu
φK(gt)2

φVk(t)
φf (−t) dt

∣∣∣∣2 du
=
‖pZ∗k‖∞

2π

∫ ∞
−∞

∣∣∣∣φK(gt)2

φVk(t)
φf (−t)

∣∣∣∣2 dt
≤ (const.)‖f‖2

∞

∫ ∞
−∞

(1 + |t|)2β−2φK(gt)4 dt

≤ (const.)‖f‖2
∞g

1−2β

∫ ∞
0

(g + |t|)2β−2φK(t)4 dt

= O(‖f‖2
∞ τ(g; β)2).

(S.7)

The first equality in (S.7) follows from the Plancherel identity. Similarly,

we obtain

E|Sn,2(Z∗k ; f)|2 ≤ (const.)‖f‖2
∞ g

2

∫ ∞
−∞

∣∣∣∣φK(gt)

φVk(t)

∣∣∣∣2 dt
≤ (const.)‖f‖2

∞ g
2

∫ ∞
0

(1 + |t|)2βφK(gt)4 dt

≤ (const.)‖f‖2
∞ g

−1−2β

∫ ∞
0

(g + t)2β(1 + t)−2bβc−2 dt

≤ (const.)‖f‖2
∞ g

1−2β

= O(‖f‖2
∞τ(g; β)2).

(S.8)
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Since ηj,` are bounded, it also holds that, for A,B = 1, 2,

E|Sn,A(Z∗` ; ηj,`)Sn,B(Z∗k ; f)|2 = O(‖f‖2
∞ τ(g; β)4) (S.9)

for all 1 ≤ ` 6= k ≤ d. This with (S.7) and (S.8) entails

E|Tn,k(Xj,Z
∗; ηj, f)|2 ≤ C1 · E

[
X2
j (|Sn,1(Z∗k ; f)|2 + |Sn,2(Z∗k ; f)|2)

]
+ C2 · ‖f‖2

∞ τ(g; β)2
(
1 + τ(g; β)2

) (S.10)

for some C1, C2 > 0. On the other hand, since E(X2
j |Zk = ·) is bounded

on [0, 1],

E
(
X2
j |Sn,1(Z∗k ; f)|2

)
=

∫ ∞
−∞

∫ ∞
−∞

∫ 1

0

x2
j |Sn,1(u; f)|2pXj ,Zk

(xj, zk)pVk(u− zk) dzk du dxj

≤ ‖pZ∗k‖∞
∫ ∞
−∞

∫ 1

0

E(X2
j |Zk = zk) · |Sn,1(u; f)|2 dzk du

≤ (const.)‖f‖2
∞ τ(g; β)2.

(S.11)

Similarly, we get E
(
X2
j |Sn,2(Z∗k ; f)|2

)
≤ (const.)‖f‖2

∞ τ(g; β)2. This with

(S.10) and (S.11) establishes Lemma S.2. �

S.1 Proof of Lemma 1

We consider a class ∆n ≡ ∆n(κ1, κ2) of differentiable functions f on [0, 1]

for absolute constants κ1 and κ2 > 0 such that

sup
0≤u≤1

|f(u)| ≤ κ1h, sup
0≤u≤1

|f ′(u)| ≤ κ2. (S.12)
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From the results of Han and Park (2017) we get

sup
0≤u≤1

|η̂k,`(u)− ηk,`(u)| = Op

(
h+

√
log n

nh1+2β
· τ(h; β)

)
,

sup
0≤u≤1

|η̂′k,`(u)− η′k,`(u)− h · α(n)
k,` (u)| = Op

(√
log n

nh3+2β
· τ(h; β)

)

for deterministic sequences of bounded functions {α(n)
k,` }n≥1. Thus, for given

1 ≤ k ≤ p and 1 ≤ ` ≤ d, η̂k,`− ηk,` belongs to ∆n with probability tending

to 1, provided that nh3+2β/(τ(h; β)2 log n) is bounded away from zero as

n→∞. Below, we prove that, for all 1 ≤ j ≤ p and 1 ≤ ` ≤ d,

sup
f∈∆n

∣∣∣∣∣n−1

n∑
i=1

Tn,`(X
i
j,Z

∗i; ηj, f)

∣∣∣∣∣ = O
(
g2h+ n−1/2hg−2β

√
log n

)
, (S.13)

which establishes Lemma 1.

Recall that K̃h(z, u) = Kh(z, ·) ∗ Kh(u) and K̃h(z,u) = K̃h(z1, u1) ×

· · · × K̃h(zd, ud). We note that the unbiased scoring property, the second

identity at (3.4), and the independence of Vj for 1 ≤ j ≤ d conditional on

Z, implies E(K∗g (z,Z∗)|Z) = K̃g(z,Z). From this with the additivity of ηj

and the normalization property of K?
h, we have

ETn,k(Xj,Z
∗; ηj, f)

=

∫ 1

0

f(u)E
[
(ηj,k(Zk)− ηj,k(u))K̃g(u, Zk)

]
du

+
d∑
6̀=k

∫
[0,1]2

f(u)E
[
(ηj,`(Z`)− ηj,`(v))K̃g(u, Zk)K̃g(v, Z`)

]
du dv

=: (I) + (II).
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Here we have used the property that Xj−ηj(Z) is perpendicular to any addi-

tive function of Z in the sense that E(Xj−ηj(Z)) (q1(Z1) + · · ·+ qd(Zd)) = 0

for all square integrable univariate functions qj. By the standard theory of

kernel smoothing we get that, for 1 ≤ k 6= ` ≤ d,

E
[
(ηj,`(Z`)− ηj,`(v))K̃g(v, Z`)K̃g(u, Zk)

]
=

∫
[0,1]2

(ηj,`(ζ`)− ηj,`(v))K̃g(v, ζ`)K̃g(u, ζk)pZk,Z`
(ζk, ζ`) dζ` dζk

=

∫ 1

0

(g · η′j,`(v)µ1,`(v) +O(g2)) · K̃g(u, ζk) · (pZk,Z`
(ζk, v) + o(1)) dζk

= g · η′j,`(v)µ1,`(v)µ0,k(u)pZk,Z`
(u, v) +O(g2)

uniformly for u and v in [0, 1]. Here, µi,`(v) = g−i
∫ 1

0
(ζ` − v)iK̃g(v, ζ`) dζ`

for i ≥ 0. Since µ1,`(v) = 0 for v ∈ I0 and is bounded elsewhere in [0, 1],

from (S.12) we obtain

(II) =
d∑
6̀=k

∫
[0,1]2

f(u)µ0,k(u)·g·η′j,`(v)µ1,`(v)pZk,Z`
(u, v) du dv+O(g2h) = O(g2h)

uniformly for f ∈ ∆n. Similarly, we also get (I) = O(g2h).

Now, let T̃n,`(X
i
j,Z

∗i; ηj, f) = Tn,`(X
i
j,Z

∗i; ηj, f)−ETn,k`(Xj,Z
∗; ηj, f).

We claim

lim sup
n→∞

P

(
sup
f∈∆n

∣∣∣∣∣n−1

n∑
i=1

T̃n,`(Xj,Z
∗; ηj, f)

∣∣∣∣∣ > n−1/2hg−2β
√

log n

)
= 0,

(S.14)

which completes the proof of Lemma 1.

To prove (S.14), we consider δ-covering sets of ∆n, denoted by ∆n(δ),
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such that for any f ∈ ∆n, there exists g ∈ ∆n(δ) satisfying ‖f − g‖∞ ≤ δ.

Specifically, we take δ = κ1h · 2−N for N ≥ 1. Note that the entropy of

∆n(κ1h · 2−N) equals C02N for some constant C0 > 0. For a given f ∈ ∆n

and N ≥ 1, we choose fN ∈ ∆n(κ1h ·2−N) such that ‖f−fN‖∞ ≤ κ1h ·2−N

and set f0 ≡ 0. Then, using the bound at (S.6) we get

|T̃n,`(Xj,Z
∗; ηj, f)− T̃n,`(Xj,Z

∗; ηj, fN)| ≤ C1 ·2−Nhg−β(|Xj|+g−β) (S.15)

for some constants C1 > 0. Set εn = n−1/2hg−2β
√

log n and define

Jn = min

{
N ≥ 1 : 2−N ≤ εn

2C1 · hg−β(nα + g−β)

}
,

where α > 0 is arbitrarily small. Note that lim supn→∞ P (max1≤i≤n |X i
j| >

nα) = 0 for any arbitrarily small α. From (S.15) it holds that

P

(
sup
f∈∆n

∣∣∣∣∣n−1

n∑
i=1

(
T̃n,`(X

i
j,Z

∗i; ηj, f)− T̃n,`(X i
j,Z

∗i; ηj, fJn)
)∣∣∣∣∣ ≤ εn/2

)
→ 1

as n→∞. This basically enables us to restrict the supremum over f ∈ ∆n

in (S.14) to the one over f ∈ ∆n(κ1h · 2−Jn).

Now, let {νN} be a sequence of positive numbers such that
∑∞

N=1 νN ≤

1. An application of the chaining technique gives

P

(
sup

f∈∆n(κ1h·2−Jn )

∣∣∣∣∣n−1

n∑
i=1

T̃n,`(Xj,Z
∗; ηj, f)

∣∣∣∣∣ > εn/2

)

≤
Jn∑
N=1

exp(C02N)

× sup∗P

(∣∣∣∣∣n−1

n∑
i=1

(
T̃n,`(X

i
j,Z

∗i; ηj, fN)− T̃n,`(X i
j,Z

∗i; ηj, fN−1)
)∣∣∣∣∣ > νNεn/2

)
,

(S.16)
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where sup∗ runs over all fN ∈ ∆n(κ1h · 2−N) and fN−1 ∈ ∆n(κ1h · 2−N+1)

satisfying ‖fN−fN−1‖∞ ≤ κ1h·2−N+1. Moreover, since there exist constants

Kj and σj > 0 satisfying

max
1≤i≤n

K2
j · E

(
e|X

i
j |2/K2

j − 1
)
≤ σ2

j ,

we may find an absolute constant C2 > 0 such that, for all f ∈ ∆n,

max
1≤i≤n

Kn,j(f)2 · E
(
e|Tn,`(X

i
j ,Z
∗i;ηj ,f)|2/K2

n,j − 1
)
≤ σ2

j · c2
2‖f‖2

∞ · g−2β(Kj + g−β)2

≤ C2‖f‖2
∞ · g−4β,

where Kn,j(f) = c2‖f‖∞ · g−β(Kj + g−β). For the above inequalities we

have used

sup
u∈Rd

|Tn,`(x,u; ηj, f)|
Kn,j(f)

≤
c2‖f‖∞ · g−β

(
|x|+ g−β

)
c2‖f‖∞ · g−β(Kj + g−β)

≤ |x|+ g−β

Kj + g−β
,

which follows from (S.6). We take νN = 2−N/2
√
N/C3 for sufficiently large

C3 so that
∑∞

N=1 νN ≤ 1. Then, by applying an exponential inequality

for sums of independent sub-Gaussian random variables we may prove that

each summand on the right hand side of (S.16) is bounded by

exp

(
C02N − n · ε2nν2

N/2
2

2 · C2 · 2−2Nh2g−4β

)
≤ exp (−C4 ·N · log n)

for sufficiently large n for some constant C4 > 0. This proves

P

(
sup

f∈∆n(κ1h·2−Jn )

∣∣∣∣∣n−1

n∑
i=1

T̃n,`(Xj,Z
∗; ηj, f)

∣∣∣∣∣ > εn/2

)
≤ 2 exp (−C4 · log n)→ 0

as n→∞ and completes the proof of Lemma 1.
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S.2 Proofs of Lemma 2 and Lemma 3

Recall the definitions of Sn,1 and Sn,2 at (S.3). From the additivity of ηj

and the normalization property of K?
g , we have

E

∣∣∣∣∫
[0,1]d

(Xj − ηj(z))K?
g (z,Z∗) dz

∣∣∣∣2
= E

∣∣∣∣∣Xj −
d∑
`=1

(Sn,1(Z∗` ; ηj,`) + Sn,2(Z∗` ; ηj,`))

∣∣∣∣∣
2

≤ (const.)

(
EX2

j +
d∑
`=1

(
E |Sn,1(Z∗` ; ηj,`)|2 + E |Sn,2(Z∗` ; ηj,`)|2

))

= O(τ(g; β)2).

The last equality follows from (S.7) and (S.8). This establishes Lemma 2.

We now prove Lemma 3. From the normalization property of K?
g , we

have

∫
[0,1]d

(Xj − ηj(z))(Xk − ηk(z))K?
g (z,Z∗) dz

= (Xj − ηj(Z))(Xk − ηk(Z)) + (Xj − ηj(Z))

∫
[0,1]

(ηk(Z)− ηk(z))K?
g (z,Z∗) dz

+

∫
[0,1]d

(ηj(Z)− ηj(z))K?
g (z,Z∗) dz · (Xk − ηk(Z))

+

∫
[0,1]d

(ηj(Z)− ηj(z))(ηk(Z)− ηk(z))K?
g (z,Z∗) dz

=: Ajk +Bjk + Cjk +Djk.

(S.17)

Clearly EA2
jk = O(1) since E |XjXk|2 < ∞. Also, writing φDj,`

(t;u) =
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0
eitv(ηj,`(u)− ηj,`(v)) dv, we note that∫ 1

0

(ηk,`(u)− ηk,`(v))
1

2π

∫ ∞
−∞

e−it(v−w) · φK(gt)φK(gt; v)

φV`(t)
dt dv

=
1

2π

∫ ∞
−∞

eitw
φK(gt)2

φV`(t)
φDj,`

(−t;u) dt

+
1

2π

∫ ∞
−∞

eitw
φK(gt)

φV`(t)

∫
Ic0

e−itv (φK(gt; v)− φK(gt)) (ηk,`(u)− ηk,`(v)) dv dt

=: Wn,1(u,w; ηj,`) +Wn,2(u,w; ηj,`).

(S.18)

Thus,

E|Bjk|2 = E|Ckj|2

= E

∣∣∣∣∣(Xj − ηj(Z))
d∑
`=1

∫ 1

0

(ηk,`(Z`)− ηk,`(v))K?
g (v, Z∗` ) dv

∣∣∣∣∣
2

≤ (const.)
d∑
`=1

E

(
(X2

j + 1)

∣∣∣∣∫ 1

0

(ηj,`(Z`)− ηj,`(v))K?
h(v, Z∗` ) dv

∣∣∣∣2
)

≤ (const.)
d∑
`=1

E
(
(X2

j + 1) |Wn,1(Z`, Z
∗
` ; ηj,`) +Wn,2(Z`, Z

∗
` ; ηj,`)|2

)
.

(S.19)

Since E(X2
j |Z` = ·) is bounded, following the lines in (S.11) we may prove

E|Bjk|2 = E|Ckj|2 = O(τn(g; β)2). Finally, we note that

Djk =
d∑
`=1

(W̃n,1(Z`, Z
∗
` ; ηj,`) + W̃n,2(Z`, Z

∗
` ; ηj,`))

+
d∑

` 6=`′
(Wn,1(Z`, Z

∗
` ; ηj,`) +Wn,2(Z`, Z

∗
` ; ηj,`))(Wn,1(Z`′ , Z

∗
`′ ; ηj,`′) +Wn,2(Z`′ , Z

∗
`′ ; ηj,`′)),

where W̃n,1(u,w; ηj,`) and W̃n,2(u,w; ηj,`) are defined as Wn,1(u,w; ηj,`) and

Wn,2(u,w; ηj,`), respectively, with (ηj,`(u)−ηj,`(v))2 replacing ηj,`(u)−ηj,`(v)

in the definition (S.18). By using similar arguments as those in (S.7)–(S.9),
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we get

E|W̃n,A(Z`, Z
∗
` ; ηj,`)|2 = O(τn(g; β)2)

E|Wn,A(Z`, Z
∗
` ; ηj,`)Wn,B(Z`′ , Z

∗
`′ ; ηj,`′)| = O(τn(g; β)4)

for all A,B = 1, 2. This with (S.19) completes the proof of Lemma 3.

S.3 Proof of Lemma 4

Proof of Lemma 4 is simpler than that of Lemma 1. In the proof of

Lemma 1, we simply put ηj ≡ 0. Note that ETn,`(Uj,Z
∗; 0, f) = 0. Thus,

instead of (S.15) we have

|Tn,`(Uj,Z∗; 0, f)− Tn,`(Uj,Z∗; 0, fN)| ≤ C3 · 2−Nhg−β|Uj|

for some constant C3 > 0. Also, we change εn to ε̃n = n−1/2hg−β
√

log n and

Jn to

J̃n = min

{
N ≥ 1 : 2−N ≤ ε̃n

2C3 · hg−β · nα

}
for an arbitrarily small α > 0. Then, following the lines in the proof of

Lemma 1, we get

lim sup
n→∞

P

(
sup
f∈∆n

∣∣∣∣∣ 1n
n∑
i=1

Tn,`(Uj,Z
∗; 0, f)

∣∣∣∣∣ > ε̃n

)
= 0.

This completes the proof of Lemma 4.
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