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SUPPLEMENTARY MATERIALS 

Proofs of Theorems 

 Assumptions 1-6 hold throughout this appendix.  We use linear functional notation.  For 

any function f   

 ( ) ( ); ( ) ( )n nf f x dP x f f x dP x= =∫ ∫  , 

where   and n , respectively, are the distribution function and empirical distribution function 

of ( , ).Y X  

A.1  Replacing the random bandwidth h  with the non-stochastic bandwidth 0h . 

 For any bandwidth s  and any x∈  , define 

 1
0 1 0 1

1
( , , , ) [ ( )] ( )

n

n i i s i
i

Q x b b s n Y b b X x K X xτρ
−

=

= − − − −∑ . 

Let 0d  be as in assumption 6 and 1/5
0 0h d n−= .  The following lemma shows that replacing the 

random bandwidth h  with the non-stochastic bandwidth 0h  has an asymptotically negligible 

effect on the local linear estimator of ( )g x .   

 Lemma A.1:  Define 

 
0 1

0 1 0 1( , )
ˆ ˆ( , ) arg min ( , , , )h h nb b
b b Q x b b h

∈
=


 

and 

 
0 0

0 1
0 1 0 1 0( , )

ˆ ˆ( , ) arg min ( , , , )h h nb b
b b Q x b b h

∈
=


. 

For each x∈  and 0j =  or 1 , 
0

2/5ˆ ˆ ( )jh jh pb b o n−− =    
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 Proof:  Let 1D  be as in assumption 6(ii).  Define  

4

1/2

0

logD
n

na n
nh

−  
=  

 
, 

where 4 10 D D< < .  Let   be an open neighborhood of 
0 00 1

ˆ ˆ( , )h hb b  such that 

 
0 0

0 1
0 1 0 0 1 0( , ) \

ˆ ˆmin ( , , , ) ( , , , )n n n h hb b
a Q x b b h Q x b b h

∈
= −

 
. 

The proof takes place in three steps.  Step 1 shows that if  

(A.1) 
0 1

0 1 0 1 0
( , )

sup | ( , , , ) ( , , , ) | / 2n n n
b b

Q x b b h Q x b b h a
∈

− <


, 

then 0 1
ˆ ˆˆ ( , )h h hb b≡ ∈b  .  Step 2 shows that (A.1) holds with probability approaching 1 as 

.n →∞   Step 3 shows that 
0

2/5
0 0

ˆ ˆ ( )h h pb b o n−− =  if ˆ
h ∈b  . 

 Step 1: Let nA  be the event  

0 1

0 1 0 1 0
( , )

sup | ( , , , ) ( , , , ) | / 2n n n
b b

Q x b b h Q x b b h a
∈

− <


. 

Then 

(A.2) 0 1 0 1 0
ˆ ˆ ˆ ˆ( , , , ) ( , , , ) / 2n n h h n h h nA Q x b b h Q x b b h a⇒ > −  

and 

(A.3) 
0 0 0 00 1 0 0 1

ˆ ˆ ˆ ˆ( , , , ) ( , , , ) / 2n n h h n h h nA Q x b b h Q x b b h a⇒ > − . 

But 
0 00 1 0 1

ˆ ˆ ˆ ˆ( , , , ) ( , , , )n h h n h hQ x b b h Q x b b h≤ .  Therefore, it follows from (A.3) that 

(A.4) 
0 00 1 0 0 1

ˆ ˆ ˆ ˆ( , , , ) ( , , , ) / 2n n h h n h h nA Q x b b h Q x b b h a⇒ > − . 

Substituting (A.2) into (A.4) yields 

(A.5) 
0 00 1 0 0 1 0

ˆ ˆ ˆ ˆ( , , , ) ( , , , )n n h h n h h nA Q x b b h Q x b b h a⇒ > − , 
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Equivalently, 

(A.6) 
0 00 1 0 0 1 0

ˆ ˆ ˆ ˆ( , , , ) ( , , , )n n h h n h h nA Q x b b h Q x b b h a⇒ − < . 

Therefore, 0 1
ˆ ˆ( , )n h hA b b⇒ ∈  because 

0 00 1 0 0 1 0
ˆ ˆ ˆ ˆ( , , , ) ( , , , )n h h n h h nQ x b b h Q x b b h a− ≥  if 

0 1
ˆ ˆ( , )h hb b ∉ . 

Step 2:  A Taylor series expansion of 0 1( , , , )nQ x b b h  about 0ĥ h=  yields 

0 0
0 1 0 1 0 0 1

0 1

0 0
0 12

0

0 0
0 12

0

1( , , , ) ( , , , ) [ ( )]

[ ( )]

( ) [ ( )]

n
i

n n i i
i

i
i i

i
n i i

h X x h hQ x b b h Q x b b h Y b b X x K
nhh h h

h X x h hY b b X x K
hhh

h X x h hY b b X x K
hhh

τ

τ

τ

ρ

ρ

ρ

=

− −  ′− = − − −   
  

  − −  ′= − − −   
    

− − ′+ − − − −  
 

∑
  









  ,
  
 
  

where h  is between 0h  and h .  By assumption 6 and Theorem 2.37 of Pollard (1984) 

 1

1/21
. .0 0

0 12
0 0

(log )( ) [ ( )] Da si
n i i

h X x h h nY b b X x K O n
h nhhh

ε

τρ
+

−
    − −    ′− − − − =               




   

for any 0ε > .  Standard calculations for kernel estimators combined with assumption 3 yield the 

result that  

 ( )1 20 0
0 1 02

0
[ ( )] Di

i i
h X x h hY b b X x K O n h

hhh τρ
−  − −  ′− − − =   

    




 . 

Therefore, 

 0 1 0 1 0| ( , , , ) ( , , , ) | / 2n n nQ x b b h Q x b b h a− <  

almost surely for all sufficiently large n . 
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 Step 3:  It follows from Theorem 2.37 of Pollard (1984) that

 
0 0 0

. .
0 1 0 0 1 0 0 0

ˆ ˆ ˆ( , , , ) ( , , , ) ( )( ) (1)a s
n n h h hQ x b b h Q x b b h x b b o− = − + , 

where   is a non-zero function that does not depend on n .  Therefore, ˆ
h ∈b   implies that 

0

2/5
0 0

ˆ ˆ ( ).h h pb b o n−− =    Q.E.D. 

 A.2  Proofs of Theorem 3.1, Theorem 3.2, and Corollary 3.3 

 Proof of Theorem 3.1:  The constraint 0 1( , )b b ∈  in Lemma A.1 is non-binding with 

probability approaching 1 as n →∞ .  Therefore, it suffices to consider the local linear estimator 

of ( )g x  obtained in Section 2.1 with the non-stochastic bandwidth 0h  in place of h .  Denote this 

estimator by ˆxg .  Denote the estimator of ( )g x′  by ˆxg′ .  Let 2 2( ) /xg d g x dx′′ = .  Then  

{ }

0
0 1

0
0 1

1
0 1, 1

0 1,

ˆ ˆ(A.7) ( , ) arg min [ ( )] ( )

arg min [ ( )] ( ) .

n

x x i i h ib b i

n hb b

g g n Y b b X x K X x

Y b b X x K X x

τ

τ

ρ

ρ

−

=

′ = − − − −

= − − − −

∑



 

For each x∈ , define 0 1( , )x x xb b ′=b  to be an arbitrary 2 1×  vector.   An argument similar to 

that used to prove Lemma A.2 of Ruppert and Carroll (1980) shows that he first-order conditions 

for (A.7) are 

(A.8) { }
00 1 0[ ( ) 0] ( ) ( / )n x x h pI Y b b X x K X x O h nτ − − − − ≤ − = .  

 { }
00 1 0[ ( ) 0] ( ) ( ) ( / )n x x h pI Y b b X x X x K X x O h nτ − − − − ≤ − − = . 

As is shown below, the asymptotic form of ˆx xg g−  depends only on (A.8).  Therefore, only 

(A.8) is treated in the remainder of the proof.  Define 

 { }
01( ) [ ( ) 0] ( )n x x hT x I Y g g X x K X xτ ′= − − − − ≤ − ,  
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 { }
02 ( ) ( ) [ ( ) 0] ( )n n x x hT x I Y g g X x K X xτ ′= − − − − − ≤ −  , 

 { }
03 0 1( , ) [ ( ) 0] [ ( ) 0] ( )n x x x x x hT x I Y b b X x I Y g g X x K X x′= − − − ≤ − − − − ≤ −b  ,  

and 

 { }
04 0 1( , ) ( ) [ ( ) 0] [ ( ) 0] ( )n x n x x x x hT x I Y b b X x I Y g g X x K X x′= − − − − ≤ − − − − ≤ −b   . 

In these definitions, xb  is an arbitrary, non-stochastic vector.  Then 

 { }
00 1 1 2 3 4[ ( ) 0] ( ) ( ) ( ) ( , ) ( , )n x x h n n n x n xI Y b b X x K X x T x T x T x T xτ − − − − ≤ − = + + +b b . 

We now derive the asymptotic forms of 1nT , 2nT , 3nT , and 4nT .   

 Analysis of 1( )nT x :  Let Fε  denote the distribution function of ε  in (1.1).  Then a Taylor 

series expansion yields 

( )

01

3
40 2
0

( ) [ ( ) ( )] ( ) ( )

(A.9) ( ) (0)
2

n x x h X

X x

T x F g z g g z x K z x f z dz

h f x f g O h

ε

ε

τ

κ

′= − − − − −

′′= +

∫
 

uniformly over x∈ . 

 Analysis of 2( )nT x :  Define 

 { }0 02
1

( ) ( ) [ ( )]
n

n a h i h i
i

T x K X x E K X x
n
τ

=

= − − −∑ , 

 
0 0

1
2

1
( ) { ( 0) ( ) [ ( 0) ( )]}

n

n b i h i i h i
i

T x n I K X x E I K X xε ε−

=

= ≤ − − ≤ −∑ , 

and 
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(

)

0

0

2
1

( ) { [ ( )] ( 0)} ( )

{ [ ( )] ( 0)} ( ) .

i

i

n

n c i x X x i i h i
i

i x X x i i h i

T x I g g g X x I K X x
n

E I g g g X x I K X x

τ ε ε

ε ε

=

′= ≤ − + − − ≤ −

′− ≤ − + − − ≤ −

∑
  

Then  

 2 2 2 2n n a n b n cT T T T= + + .  

Let XF  and nXF  and, respectively, denote the distribution and empirical distributions functions 

of X .  Define the stochastic process 1/2( ) [ ( ) ( )]nx nX XZ x n F x F x= − .  Define the limit process 

0 ( )xZ x  by 0( ) ( )nx xZ x Z x  as n →∞ .  Then a change of variables and integration by parts 

yields 

 

1/2
2

0

0

0 0
0 0 0

(1) (2)1/2 1/2
0 02 2

( ) ( )

( ) ( )

( ) ( ) [ ( ) ( )] ( )

( , ) ( , ).

n a nx

nx

x nx x

n a n a

v xn T x K dZ v
h

Z x h K d

Z x h K d Z x h Z x h K d

n T x h n T x h

τ

τ x x x

τ x x x τ x x x x

 −
=  

 

′= − +

′ ′= − + − + − +

≡ +

∫

∫

∫ ∫
 

It follows from Theorem 3 of Komlós, Major, and Tusnády (1975) that there are processes nxZ  

and 0
xZ having the same distributions as nxZ  and 0

xZ  such that  

 20 1/2
1sup | ( ) ( ) | log C

nx x
x

P Z x Z x C n n n−−

∈

 
− > < 

 
 


, 

where 1C  and 2C  are constants.  Therefore, 1/2
0 2( / ) ( )n an h T x  can be approximated by the mean-

zero Gaussian process (1)1/2
0 02( / ) ( , )n an h T x h  in the sense that 
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(A.10) 2(1)1/2 1/2 1/2
0 2 0 0 3 02sup | ( / ) ( ) ( / ) ( , ) | ( ) log C

n a n a
x

P n h T x n h T x h C nh n n−−

∈

 
− > < 

 
. 

 Now consider 2n bT .  Let xFε  denote the distribution function of ( , )Xε  and n xF ε  denote 

the empirical distribution function.  Define 1/2( , ) [ ( , ) ( , )]n x n x xZ x n F x F xε ε εε ε ε= − , and let 

0 ( , )xZ xε ε  denote the limiting Gaussian process of ( , )n xZ xε ε .  Integration by parts and a change 

of variables yields 

 

1/2
2

0

0 0
0 0 0

(1) (2)1/2 1/2
0 02 2

( ) ( 0) ( , )

(0, ) ( ) [ (0, ) (0, )] ( )

( , ) ( , ).

n b n x

x n x x

n b n b

v xn T x I s K dZ s v
h

Z x h K d Z x h Z x h K d

n T x h n T x h

ε

ε ε εx x x x x x x

 −
= ≤  

 

′ ′= − + − + − +

≡ +

∫

∫ ∫  

To bound (2)1/2
2n bn T , let 0n̂  denote the number of observations for which 0iε ≤ .  Assume 

without loss of generality that these are the first 0n̂  observations.  The corresponding iX ’s are a 

random sample of X , because X  and ε  are independent.  We have 

 
0

0

1

1

ˆ
10

0
1

0
ˆ

(0, ) ( 0) ( )

ˆ ˆ ( )

ˆ
( ).

n

n x i i
i

n

i
i

n x

F x n I I X x

n n I X x
n

n F x
n

ε ε−

=

−

=

= ≤ ≤

= ≤

≡

∑

∑  

Moreover, because ε  and X  are independent, 
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0

0 0

0 0

0
ˆ

0
ˆ ˆ

1/2 0 1/2 1/2 1/2
ˆ ˆ0 0 1 2

ˆ
(0, ) (0, ) ( ) (0) ( )

ˆ
(0)[ ( ) ( )] (0) ( )

ˆ ˆ(0) ( ) ( ) (0) ( ) (0) ,

n x x n x x

n n x x n x

x n n n x n

nF x F x F x F F x
n

nF F x F x F F x
n

F n Z x n F x F n r x F n r

ε ε ε

ε ε

ε εx− − − −

− = −

 = − + −  

= + + +

 

where ~ (0, )N Vxx , (0)[1 (0)]V F Fx ε ε= − ,  

1/2 0ˆ (0) dnn F
n ε x − →  

, 

 
0

1/2 0
ˆ1 0ˆ( ) [ ( ) ( )] ( )n n x x xr x n F x F x Z x= − − , 

and  

1/2 0
2

ˆ
(0)n U

nr n F
n

x = − −  
. 

By Theorem 3 of Komlós, Major, and Tusnády (1975), there are a version 1( )nr x of 1( )nr x  and 

constants 4C  and 5C  such that 

 51/2
1 4sup | ( ) | log C

n
x

P r x C n n n−−

∈

 
> < 

 



. 

A similar result applies to 2 ( )nr x .  Therefore, 1/2
0 2( / ) ( )n bn h T x  can be approximated by the 

mean-zero Gaussian process (1)1/2
0 02( / ) ( , )n bn h T x h  in the sense that there are finite constants 6C  

and 7C  such that 

(A.11) 7(1)1/2 1/2 1/2
0 2 0 0 6 02sup | ( / ) ( ) ( / ) ( , ) | ( ) log C

n b n b
x

P n h T x n h T x h C nh n n−−

∈

 
− > < 

 
. 

 It follows from Theorem 2.37 of Pollard (1984) that  
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(A.12) 
1/2

. . 3/2 1/2
2 0

0
( ) [ (log ) ]a s

n c
n T x o h n
h

δ+ 
= 

 
 

uniformly over x∈  for any 0δ > .  Combining (A.10)-(A.12) yields the result that 

1/2
0 2( / ) ( )nn h T x  can be approximated by the mean-zero Gaussian process 

(1) (1)1/2
0 0 02 2( / ) [ ( , ) ( , )]n a n bn h T x h T x h+ .  The sample paths of this process are uniformly continuous 

in 0h  (Dudley 1967).  A straightforward but lengthy calculation shows that the covariance 

function of this process converges to  

(A.13) 1 2 1
1( , ) ( ) ( ) ( )XC x x f x K K dτ ζ ζ δ ζ
τ
− = + 

  ∫ , 

where 1 2 0( ) /x x hδ = − .  Let 1( )W ⋅  denote the mean-zero Gaussian process whose covariance 

function is 1 2 1 1( , ) / ( , )C x x C x x .  Then it follows from Theorem 5.8 of Boucheron, Lugosi, and 

Massart (2013) and criterion B of Loève (1978, p. 268) that for any 0η >   

(A.14) 
1/2 1/2

2 1
0 0

1lim sup ( ) ( ) 0n X Kn x

n xP T x f x B W
h h

τ η
τ→∞ ∈

     −   − > =             
. 

 Analysis of 3nT .  We have 

{ }
0

0

3 0 1

0 1

( , ) [ ( ) 0] [ ( ) 0] ( )

(A.15) { [ ( )] [ ( )]} ( ) ( ) .

n x x x x x h

x z x x z x h X

T x I Y b b X x I Y g g X x K X x

F b g b z x F g g g z x K z x f z dzε ε

′= − − − ≤ − − − − ≤ −

′= − + − − − + − −∫

b 

 

Suppose there is a constant 1C < ∞  such that  

(A.16a) 
1/2

0
0

logsup | |x x
x

nb g C
nh∈

 
− ≤  

 
 

and 
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(A.16b) 
1/2

1 2 3
0

logsup | |x x
x

nb g C
nh∈

 
′− ≤   

 
. 

Define 

{ : (A.16a) and (A.16b) hold for all }x x= ∈b�  . 

Then the change of variables 0( ) /z x hx = −  and Taylor series expansions about zero of the Fε  

terms in the integral on the right-hand side of (A.15) yield 

(A.17) 3 0 0 2
;

logsup | ( , ) (0) ( )( ) |
x

n x X x
x

nT x h f f x b g C
nε

∈ ∈

 − − ≤  
 b

b
 

   

for some constant 2C < ∞  and all sufficiently large n .  It follows from Proposition 2 of Guerre 

and Sabbah (2012) that 

(A.18) 
1/2

0

logˆsup | |x x p
x

ng g O
nh∈

   − =  
   

 

and 

(A.19) 
1/2

3
0

logˆsup | |x x p
x

ng g O
nh∈

   ′ ′− =      
. 

Let ˆ ˆ ˆ( , )x x xg g′=b .  Then (A.17)-(A.19) imply that 

(A.20) 3 0 0
logˆˆsup | ( , ) (0) ( )( ) |n x X x p

x

nT x h f f x b g O
nε

∈

  − − =     
b


. 

 Analysis of 4nT .  We have 

 

{ }
0

0

0 1

0 1

0 1

[ ( ) 0] [ ( ) 0] ( )

{ [ ( ) ( )]

[ ( ) ( )]} ( ).

x x x x h

x X x x X x

x X x x X x h

I Y b b X x I Y g g X x K X x

I g g g X x b g b X x

I b g b X x g g g X x K X x

ε

ε

′− − − ≤ − − − − ≤ −

′= − + − < ≤ − − −

′− − − − < ≤ − + − −
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Let (A.15) and (A.16) hold.  Then, 

 { }( )0

2 2 0
0 1

log[ ( ) 0] [ ( ) 0] ( )x x x x h
h nI Y b b X x I Y g g X x K X x C

n
 ′− − − ≤ − − − − ≤ − ≤  
 

  

for some C < ∞  and all sufficiently large n .  It follows from Theorem (2.37) of Pollard (1984) 

that 

 
3/4

1/4
4 0

,

logsup | ( , ) |
x

n x
x

nT x h
n∈ ∈

 
 
 b

b 0

 
 

almost surely.  Therefore, it follows from (A.18) and (A.19) that  

(A.21) 
3/4

1/4
4 0

logˆ( , )n x p
nT x O h

n

  =   
   

b . 

 Now combine (A.9), (A.14), (A.20), and (A.21) to obtain 

{ }

( )

0

3
0 2

0 1

1/21/2
40

1 0 0
0

1/2 3/4
1/40
0

ˆ ˆ[ ( ) 0] ( ) ( ) (0)
2

1 ˆ( ) (0) ( )( ) |

log log

n x x h X x

X K X x x

p p p

hI Y b b X x K X x f x f g

h xf x B W h f f x g g O h
n h

hn nO o O h
n n n

ε

ε

κτ

τ
τ

′′− − − − ≤ − =

  −    + + − +           

        + + +                



1/21/23
0 2 0

1
0

1/2
0

0

1(A.22) ( ) (0) ( )
2

ˆ(0) ( )( ) |

X x X K

X x x p

h h xf x f g f x B W
n h

hh f f x g g o
n

ε

ε

κ τ
τ





  −    ′′= +            

  + − +   
   

 

uniformly over x∈ .  The theorem follows from combining (A.8) and (A.22).  Q.E.D. 

Proof of Theorem 3.2:  Define * *( ) ( ).n nbT x E T x=   By definition,  
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ˆ ˆ
j jj j n i X X nq g g qε ε ε= − = + − − .   

Then conditional on the original data,  

 
0

2 1

1 1

ˆ ˆ ˆ ˆ( ) [1 ( ( ) )] ( )
j j

n n

n j X X x X x i n h i
i j

T x n I g g g g g X x q K X xτ ε− −

= =

′= − ≤ − + − + − + −∑∑ . 

By construction, 

 1 1 1

1

ˆ[1 ( 0)] ( )
n

j p
j

n I O nτ ε− − −

=

− ≤ =∑ , 

so 

 

0

0

2
1 1

1

( , )
1

1

1 ˆ ˆ ˆ ˆ( ) { [ ( ) ]

ˆ( )} ( ) ( )

1 ˆ ˆ ˆ ˆ{ [ ( ) ]

ˆ( )} ( ) ( ),

j j i

j j

i

n n

n j X X x X x i n
i j

j X X n h i p

n

n Z Z Z x X x i n
i

Z Z n h i p

T x I g g g g g X x q
n

I g g q K X x O n

I g g g g g X x q
n

I g g q K X x O n

ε

ε
τ

ε

ε
τ

ε

= =

−

=

−

′= − ≤ − + − + − +

− ≤ − + − +

′= − − ≤ − + − + − +

− ≤ − + − +

∑∑

∑



  

where ( , )n Zε  is the empirical measure of ( , )Xε  and this notation is used instead of ( , )n Xε  to 

avoid confusion with the data { : 1,..., }jX j n= .  Define 

 ˆ( )Z Zv g gε= − − , 

and let v  and nv , respectively, denote the population and empirical measures of v .  Then,   
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0

0

0

1

1

1

1 ˆ ˆ ˆ( ) { [ ( ) ] ( )} ( ) ( )

1 ˆ ˆ ˆ(A.23) { [ ( ) ] ( )} ( )

1 ˆ ˆ ˆ( ){ [ ( ) ] ( )} ( )

i

i

i

n

n nv x X x i n n h i p
i

n

v x X x i n n h i
i

nv v x X x i n n h i
i

T x I v g g g X x q I v q K X x O n
n

I v g g g X x q I v q K X x
n

I v g g g X x q I v q K X x
n

τ

τ

τ

−

=

=

=

′= − − ≤ − + − + − ≤ − +

′= − − ≤ − + − + − ≤ −

′+ − − ≤ − + − + − ≤ −

∑

∑

 



  1

1
( ).

n

pO n−+∑
The summands on the right-hand side of (A.23) are non-zero only if | |i nX x h− ≤ , ( )g x  is 

continuous, and ˆ ( ) ( ) 0pg x g x− →  uniformly over x∈  by Proposition 2 of Guerre and Sabbah 

(2012).  In addition, the empirical process ( ) ( ) ( )n nv vt I v tϕ = − ≤   is stochastically 

equicontinuous.  Therefore, the second term on the right-hand side of (A.23) is 1/2
0( )pO h n− , and  

0

1/2
0

1

1 ˆ ˆ ˆ( ) { [ ( ) ] ( )} ( ) ( )
i

n

n v x X x i n n h i p
i

T x I v g g g X x q I v q K X x O h n
nτ

−

=

′= − − ≤ − + − + − ≤ − +∑  . 

Because ε  and X  are independent, 

0

1

1/2
0

1 ˆ ˆ ˆ ˆ(A.24) ( ) { [ ( ) ]

ˆ( )} ( ) ( ).

i

n

n Z Z Z x X x i n
i

Z Z n h i p

T x I g g g g g X x q
n

I g g q K X x O h n

ε ε
τ

ε

=

−

′= − − ≤ − + − + − +

− ≤ − + − +

∑  

 

Define 

 1
ˆ ˆ ˆ ˆ ˆ( , , ) ( )

ii Z Z x X x i nA x X Z g g g g g X x q′= − + − + − +  

and 

 2
ˆ ˆ( ) Z Z nA Z g g q= − + . 

We have 1/2 1/2
0ˆ| ( ) ( ) | [( ) (log ) ]pg x g x O nh n−− =  and 3 1/2 1/2

0ˆ| ( ) ( ) | [( ) (log ) ]pg x g x O nh n−′ ′− =  

uniformly over x∈ .  Moreover, in the summand on the right-hand side of (A.24), only terms 
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for which 0| |iX x h− ≤  are non-zero.  Therefore, arguments like those used to obtain (A.24) 

show that  

 

0

1/2
1 2 0

1

1/2
0

(0) ˆ ˆ( ) [ ( , , ) ( )] ( ) ( )

( ) ( ) ( ),

n

n Z i h i p
i

na nb p

fT x A x X Z A Z K X x O h n
n

T x T x O h n

ε
τ

−

=

−

= − − − +

≡ + +

∑

 



 

where 

 
0

1

(0)( ) [ ( )] ( )
i

n

na x X x i h i
i

fT x g g g X x K X x
n

ε
τ =

′= − − + − −∑  

and 

 
0

1

(0) ˆ ˆ ˆ( ) [( ) ( ) ( )( )] ( )
i i

n

nb x x X X x x i h i
i

fT x g g g g g g X x K X x
n

ε
τ =

′ ′= − − − − + − − −∑ . 

Standard calculations for kernel estimators show that 

 
3

42 0
0

(0) ( ) ( )( ) ( )
2

X
na

h f g x f xT x O hεκ
τ
′′

= − + , 

uniformly over x∈  and 

(A.25) 
1/2 5/2

2 0
0

0

(0) ( ) ( ) ( )
2

X
na

d f g x f xn T O h
h

εκ
τ

  ′′
= − + 

 
  

uniformly over x∈ . 

 Now consider ( )nbT x .  It follows from Theorem 3.1 that 

 

5/2
1/2 1/20 2

0 0 0 1
0

1/2 1/2
0 0 1 0

0

ˆ ˆ( ) ( ) ( ) [ ( ) ( )] ( ) ( )
2

( ) ( ) [( ) ].

i ix x X X i

i
i p

d xg g g g nh g x g X nh x W
h

Xnh X W o nh
h

κ
ψ

ψ

− −

− −

 
′′ ′′− − − = − +  

 

 
− + 
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Combining this result with assumption 4 yields  

0

0

0

1

1/2
0 0 1

0 1

1/2
1/2 0

0 0 1
01

1/2
0 0

1
0

(0) ˆ ˆ[( ) ( )] ( )

(0) ( ) ( ) ( )

(0) ( ) ( ) ( )

(0) ( ) ( )

i i

n

x x X X h i
i

n

h i
i

n
i

i h i p
i

X

f g g g g K X x
n

f xnh x W K X x
n h

f X hnh X W K X x o
n h n

h f f x x xW
n h

ε

ε

ε

ε

τ

ψ
τ

ψ
τ

ψ
τ

=

−

=

−

=

− − − − −

 
= − − 

 

    + − +     
     

 = − 
  

∑

∑

∑

1/2
0

p
ho
n

   +     
    

 

uniformly over x∈ .  Therefore, 

 

0

1/2
0 0

1
0

1/2
0

1

(0) ( ) ( )( )

(0) ˆ( ) ( ) ( )

X
nb

n

x x i h i p
i

h f f x x xT x W
n h

f hg g X x K X x o
n n

ε

ε

ψ
τ

τ =

  = −   
   

  ′ ′− − − − +   
   

∑



 

uniformly over x∈ .  In addition, 3 1/2 1/2
0ˆ| ( ) ( ) | [( ) (log ) ]pg x g x O nh n−′ ′− =  uniformly over 

x∈ , and 

 
0

1/21/2
3/2 0
0

1

1 log( ) ( )
n

i h i
i

hnX x K X x h o
n n n=

   − − =          
∑ 0  

almost surely uniformly over x∈  by Theorem 2.37 of Pollard (1984).  Therefore, 

(A.26) 
1/2 1/2

0 0 0
1

0

(0) ( ) ( )( ) X
nb p

h f f x x hxT x W o
n h n

ε ψ
τ

     = − +      
       

  

uniformly over x∈ .  Combining (A.25) and (A.26) yields 
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1/2 5/2
2 0 0

1
0 0

1 2
2 1

0

(0) ( ) (0) ( ) ( )( ) (1)
2

( ) ( ) ( ) (1)
2

X X
n p

p

d f f x f f x xn xT g x W o
h h

A x xg x A x W o
h

ε εκ ψ
τ τ

κ

   
′′= − +   

   

 
′′= − + 

 



 

uniformly over x∈ .  This proves part (i) of the theorem.  Part (ii) is an immediate consequence 

of part (i), uniform consistency of ˆ ( )Xf x , and consistency of ˆ (0)fε .  Q.E.D. 

 Proof of Corollary 3.3:  A Taylor series expansion of ˆ( , )xπ α  about ˆ( ) ( )x xλ λ=  yields 

 1 /2 1 /2
ˆˆ( , ) [ ( ) ( )] [ ( ) ( )] ( )[ ( ) ( )]nx z x x z x x r x x xα απ α λ λ λ λ− −= Φ − −∆ −Φ − − −∆ + − ,  

where 

 1 /2 1 1 /2 2( ) [{ [ ( ) ( )] [ ( ) ( )]}nr x z x x z x xα αφ λ φ λ− −= − + ∆ − − + −∆   

and 1( )xλ  and 2( )xλ  are between ˆ( )xλ  and ( )xλ .  The corollary now follows from Theorem 

3.2(ii) and  boundedness of ( )nr x .  Q.E.D.   

 A.3  Proofs of Theorems 3.4 and 3.5 

 Proof of Theorem 3.4:  Part (i) follows from Corollary 3.3.  The process ( )∆ ⋅  is a non-

stochastic multiple of 1W  and has uniformly continuous sample paths (Dudley 1967).  Parts (ii) 

and (iii) of the theorem follow from arguments identical to those used to prove results (4.12) and 

(4.13) of HH.  Q.E.D. 

 Proof of Theorem 3.5:  It suffices to show that asymptotically, max
ˆ max ( )x xλ λ∈≥   and 

min
ˆ min ( )x xλ λ∈≤  .  We prove that max

ˆ max ( )x xλ λ∈≥   asymptotically.  The proof for minλ̂  is 

similar.  
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 To show that max
ˆ max ( )x xλ λ∈≥   asymptotically, observe that ( )xλ  is a continuous 

function on the compact interval  .  Therefore, there is a point *x ∈  such that 

*max ( ) ( )x x xλ λ∈ = .  Assume that *x  is unique.  The proof for a unique *x  holds with minor 

modifications if *x  is not unique.  Given any 0ε > , choose 0δ >  so that 

 *| ( ) ( ) |x xλ λ ε− <  

whenever 

 *| |x x δ− ≤ . 

Because 

 
*| |

ˆ ˆsup ( ) sup ( )
x x x

x x
δ

λ λ
∈ − ≤

≥


, 

it suffices to show that  

 
*

*

| |

ˆsup ( ) ( )
x x

x x
δ
λ λ

− ≤
≥ . 

By Theorem 3.2(ii)  

 
ˆ

( )ˆ( ) ( )
( )g

xx x
x

βλ
σ

= + ∆ .  

If * *[ , ]x x xδ δ∈ − + , then  

 
*

*
*

ˆ ˆ ˆ

( ) ( ) ( )ˆ( ) ( ) ( ) ( )
( ) ( ) ( )g g g

x x xx x x x
x x x

β β βε λ ε λ
σ σ σ

∆ > ⇒ = + ∆ > + > = . 

Therefore, ( )x ε∆ >  for some * *[ , ]x x xδ δ∈ − +  implies that *
max

ˆ ( )xλ λ≥ .  To prove that 

( )x ε∆ >  for some * *[ , ]x x xδ δ∈ − + , let 0 ,...,
nJx x  be a set of points such that 

 * *
0 1 ...

nJx x x x xδ δ− = < < < = + . 
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Let 1 02j jx x h−− >  for each 1,..., nj J=  and nJ →∞  as n →∞ .  This is possible because 

0 0h →  and δ  remains fixed as n →∞ .  Then 0( ),..., ( )
nJx x∆ ∆  are independent random 

variables that are normally distributed with means of 0 and variances that are bounded away 

from 0 as n →∞ .  Let 2
min[ ( )] 0Var x σ∆ ≥ > ,  Then as n →∞ , 

 1
min

0
[ ( ) ] [ ( / )] 0

n
n

J
J

j
j

P x ε ε σ +

=

  ∆ ≤ ≤ Φ → 
  


, 

and 

 *
max

ˆ[ ( )] 1P xλ λ≥ → .  Q.E.D. 
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