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In this supplementary material, we prove the lemma 1, equations (3.7) and (3.8), and Theorem

1.

S1 Proof of Lemma 1

The key idea is to use the calibrated condition (3.3) and cluster-specific

nonignorable assumptions (2.2). We first state the lemma again.

Lemma 1.

E

{
ni∑
j=1

xij(yij − xijβ)

}
= E

{
ni∑
j=1

δij
π̂ij

(xij − x̃i)(yij − xijβ)

}
, (S1.1)
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where x̃i = ni
−1∑ni

j=1 {δij/π̂ij(γ)− 1}xij, and

E

{ ni∑
j=1

(yij − xijβ)

}2
 = E

{ ni∑
j=1

δij
π̂ij(γ)

(yij − xijβ)

}2

− Ci(η)

 ,
(S1.2)

where Ci(η) =
∑ni

j=1

{
δij/π̂

2
ij(γ)− 1

}
σ2.

Proof. For (S1.1), it is enough to show

E

[
ni∑
j=1

{(
δij
π̂ij
− 1

)
xij −

δij
π̂ij
x̃i

}
(yij − xijβ)

]
= 0

E

[
ni∑
j=1

{(
δij
π̂ij
− 1

)
xij −

δij
π̂ij
x̃i

}
(yij − xijβ)

]

= E

[
ni∑
j=1

{(
δij
π̂ij
− 1

)
xij −

δij
π̂ij
x̃i

}
(ai + eij)

]

= E

[
ni∑
j=1

{(
δij
π̂ij
− 1

)
xij −

δij
π̂ij
x̃i

}
ai

]

= E

{
ni∑
j=1

(
δij
π̂ij
− 1

)
xijai

}
− E (nix̃iai) = 0,

where the last equality holds by definition of x̃i and the second equality

holds because CSNI implies

E(eij | xij, ai, δij) = E(eij | xij, ai) = 0. (S1.3)
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For the equation (S1.2),

E

{ ni∑
j=1

δij
π̂ij(γ)

(yij − xijβ)

}2

− Ci

 = E

{ ni∑
j=1

δij
π̂ij(γ)

(ai + eij)

}2

− Ci


= E

{niai +

ni∑
j=1

δij
π̂ij(γ)

eij

}2

−
ni∑
j=1

{
δij

π̂ij(γ)2
− 1

}
σ2


= E

(niai)
2 +

{
ni∑
j=1

δij
π̂ij(γ)

eij

}2

−
ni∑
j=1

{
δij

π̂2
ij(γ)

− 1

}
σ2


= E

[
(niai)

2 + niσ
2 +

ni∑
j=1

δij
π̂ij(γ)2

(e2ij − σ2)

]
= n2

iD + niσ
2,

and

E

{ ni∑
j=1

(yij − xijβ)

}2
 = E

{ ni∑
j=1

(ai + eij)

}2
 = E

{
(niai +

ni∑
j=1

eij)
2

}
,

= E

(niai)
2 +

(
ni∑
j=1

eij

)2
 = n2

iD + niσ
2.

Thus, we have (S1.2).

Additionally, for the equation (3.7),

E

[
x̄i

ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
(yij − xijβ)

]

= E

[
x̄i

ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
(ai + eij)

]

= E

[
x̄i

ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
ai

]
= 0,

where the second equality follows from (S1.3). Similarly, for the equation
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(3.8) in the paper, it is enough to show that

E

[
ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
(yij − xijβ)2

]
= 0. (S1.4)

Note that

E

[
ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
(yij − xijβ)2

]

= E

[
ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
(ai + eij)

2

]

=

ni∑
j=1

E

[
E

{{
δij

π̂ij(γ)
− 1

}
(ai + eij)

2 | xij, ai, δij
}]

=

ni∑
j=1

E

[
E

{{
δij

π̂ij(γ)
− 1

}
(a2i + 2aieij + e2ij) | xij, ai, δij

}]

=

ni∑
j=1

E

[
E

{{
δij

π̂ij(γ)
− 1

}
(a2i + e2ij) | xij, ai, δij

}]

= E

[
ni∑
j=1

{
δij

π̂ij(γ)
− 1

}
(a2i + σ2)

]
= 0,

where the fourth equality follows from (S1.3) and the last equality follows

from (3.3). Therefore, (S1.4) is established.
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S2 Proof of Theorem 1

We first check the conditions for the asymptotic normality of U1(η) =∑K
i=1 U1i(η) for p = 1. Since

U1i(η) =

ni∑
j=1

{
δij

π̂ij(γ)
(xij − x̃i)(yij − xijβ)− x̄iτi

δij
π̂ij(γ)

(yij − xijβ)

}

=

ni∑
j=1

cij(γ) (ai + eij) ,

where

cij(γ) =
δij

π̂ij(γ)
(xij − x̃i − x̄iτi) .

Define B2
K =

∑K
i=1 V {U1i(η)}. Since

∑ni

j=1 δij > 0, π̂ij(γ) is bounded away

from zero. Under conditions of bounded moments, we have

K∑
i=1

n2
i · C1 ≤ B2

K ≤
K∑
i=1

n2
i · C2

for some constants C2 > C1 > 0.

Now, to achieve the asymptotic normality of B−1K U1(η), we can use

Liapounov condition:

lim
K→∞

∑K
i=1E{|U1i(η)|2+δ}

B2+δ
K

= 0. (S2.5)

Now, there exists C3 = O(1) such that

E{|U1i(η)|2+δ} ≤
K∑
i=1

n2+δ
i · C3,
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and we have ∑K
i=1E{|U1i(η)|2+δ}

B2+δ
K

≤
∑K

i=1 n
2+δ
i(∑K

i=1 n
2
i

)(2+δ)/2 · C4,

for some C4 = O(1). Thus, (3.13) implies (S2.5) and the asymptotic nor-

mality of U1(η) can be established. Asymptotic normality of U1(η) when

p > 1 and that of Ψ(η) = {U1(η), U2(η), U3(η), ψ(γ)} can be established

similarly, using Cramer-Wold device.

To establish the asymptotic normality of the solution η̂K to ΨK(η) = 0,

where ΨK(η) = Ψ(η), we apply the first-order Taylor expansion to get

0 = B−12KΨK(η∗) + Γ(η̃K)(η̂K − η∗), (S2.6)

where B2
2K =

∑K
i=1 V {Ψi(η)}, Γ(·) = ∂(B−12KΨK)(·)/∂ηT , and η̃K lies on the

line segment between η̂K and η∗. Now, define

J2
K =

∑K
i=1 n

2
i

(
∑K

i=1 ni)
2
.

Note that J2
K = O(K−1) by condition (3.12). Then,

J2
KΓ(η̃K) = J2

KΓ(η∗) + op(1).

Since we can obtain J2
KΓ(η∗) converges in probability to its mean

M1(η
∗) = lim

K→∞
E
{
J2
KΓ(η∗)

}
,

and B−12KΨK(η∗) = Op(J
−1
K ) by central limit theorem. Therefore, if M1(η

∗)
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is nonsigular,

J−1K (η̂K − η∗) = −{M1(η
∗)}−1B−12KΨK(η∗) + op(1)

which establishes the asymptotic normality of J−1K (η̂K−η∗). SinceK1/2(η̂K−

η∗) = (KJ2
K)1/2J−1K (η̂K − η∗) = CJ−1K (η̂K − η∗) + op(1), where C2 =

limK→∞(KJ2
K), the asymptotic normality of K1/2(η̂K − η∗) also follows.

See Chapter 6.2.1 of Bickel and Doksum (1977) for more details about reg-

ularity conditions.
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